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Abstract: Urban spatial form is a significant reference to getting to know cities and running the
cities. The fractal theory is an effective means to quantify urban spatial form. Taking the buildings
in the outer ring of Zhengzhou City as the research object, the basic architectural models are built
by extracting their forms. The research site is subdivided into 199 regions. The distribution of
architectural forms in Zhengzhou is analyzed by fractal theory and spatial autocorrelation from the
perspective of two-dimensional(2D) and three-dimensional(3D). The results indicate that the archi-
tectural layout of Zhengzhou has distinct fractal characteristics; Both global spatial autocorrelation
and local spatial autocorrelation show significant positive correlations; There are obvious spatial
differences in architectural space forms in different regions. The refined grid analysis strengthens
the understanding of the urban spatial structure and development rules in more detail. The study
promotes the refinement and visualization of fractal theory effectively and improves the depth of
urban spatial form cognition.

Keywords: fractal theory; architecture; urban spatial form; visualization; 2D fractal; 3D fractal; grid

1. Introduction

An urban spatial system is an organism formed by the interaction of many urban
morphological elements and usually takes architecture as the skeleton [1–4]. The urban
spatial form can reflect the deep structure and development trend of urban space and is
the basic reference for high-quality urban development [5–8]. Strengthening the research
on urban spatial morphology increases understanding of the urban development process,
urban development trends, and growth mechanisms, as well as provides a reference for
urban planning and design practice [9–12].

At present, urban spatial morphology research includes qualitative and quantitative
forms [12,13]. The qualitative analysis focuses on image comparison and narrative de-
scription of the evolution process of urban morphology [13,14]. Quantitative analysis uses
mathematical methods (the eigenvalue method, fractal research, network topology analysis,
etc.) to quantify the form, distribution, evolutionary trends, and growth mechanism of
urban space [14–16]. Among these methods, urban fractal research is based on the rela-
tionship between the overall form and parts of the form of urban space. It describes the
relationship between the whole and part of the city with self-similarity [17]. Fractal theory
can condense the numerous and complex geospatial data of cities into a concise digital
expression, thus revealing the hidden space-time information behind urban evolution [18].
With the development of urban geography, the combination of GIS technology and fractal
theory has become an important method to study urban spatial morphology [19–23]. The
research of fractal theory in urban spatial form involves urban road networks, land use,
building layout, etc. [24–26]. In terms of specific indicators, urban spatial form quan-
tification utilizes indicators such as capacity dimension, radius dimension, information
dimension, and the box-counting method [27–29].

At present, fractal research has been widely used in urban spatial morphology, but the
following limitations must be acknowledged. First, the visualization capability of fractal
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results is low. Planners and decision-makers are often unable to intuitively obtain the
specific form of urban space from the digital fractal results [30–33]. Secondly, the scale
of urban fractal research is relatively macro, thus the spatial morphological differences
in different areas of the city cannot be displayed [34–36]. Finally, the research on urban
fractals is mostly concentrated in the 2D field, while the research on 3D fractals is relatively
few, and the research on the combination of 2D and 3D fractals is almost nonexistent.

However, the city is a complex entity with ever-changing architectural forms. There is
no convincing method to quantify the difference in architectural forms. The basic architec-
tural model is extracted from the architectural form, and the corresponding relationship
between the basic architectural model and the fractal dimension is established, which can
quantify the spatial differences of all architectural forms in the whole city. At the same
time, it is also helpful to promote the visualization research of fractal theory. The city is
divided into several grids. Through the description of the architectural forms in each grid,
the architectural forms in each location of the city can be more finely displayed, and the
differences in the distribution of buildings can be more finely quantified. Finally, the com-
bination of 2D and 3D fractals for architectural form analysis can interpret the complexity
of urban spatial form from multiple perspectives, and can more accurately interpret urban
spatial information.

Taking the outer ring area of Zhengzhou as the study area, the spatial distribution dif-
ferences of urban spatial forms on a fine scale are illustrated through refined grid division.

The research results help identify the development status of different regions from
a spatial perspective and promote the visualization of urban fractals. Moreover, through
multi-dimensional fractal research, the study of the spatial correlation between the whole
region and the local region can be graphically displayed, which is of great significance to
urban planning and decision-making. Through the refined grid division, the architectural
form and distribution differences in various regions of the city can be quantified and
visualized. This study can provide a decision-making reference for urban management and
improve the scientificity of urban planning.

The rest of this paper consists of the following parts. Section 2 describes our research
sites, data preprocessing, and calculation methods. Section 3 introduces the research results,
including the two-dimensional and three-dimensional forms and spatial distribution of
buildings. Section 4 discusses the differences between our and other studies. Section 5
gives a brief summary of the manuscript.

2. Materials and Methods
2.1. Study Area

Based on the investigation of the current situation of building growth, the buildings
in the Fourth Ring Road of Zhengzhou City, Henan Province, China were selected as the
research objects. The study area is enclosed by four roads: East Fourth Ring Road, West
Fourth Ring Road, South Fourth Ring Road, and Dahe road. The total length of the study
area boundary is about 93.3 km (km), and the study area spans about 550 km2. The study
area is shown in Figure 1.

2.2. Data Source and Preprocessing
2.2.1. Basic Model Building

The 2D plane and 3d elevation data of buildings in the study area were purchased
from the Beijing Qianfan Shijing Technology Co., Ltd. (Beijing, China). The 2D plane
data accuracy reaches 1 × 1 m (m), Sand the 3D elevation data accuracy reaches 3 m.
Subsequently, the obtained 2D and 3D building data were processed using GIS 10.0. Based
on the previous investigation, ten basic architectural models were built according to the
plane and spatial layout of the buildings in the study area (Figures 2 and 3).
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Figure 2. The basic model of the 2D building.

Figure 2 (Type1 to Type3) shows the basic pattern of the 2D plane distribution of
buildings. In order to eliminate the influence of area on measurement results, the sum of
plane distribution areas of each basic form is consistent. Type 4 indicates an area with few
or no buildings.

Figure 3 (Type 5 to Type 9) shows the basic mode of building distribution in 3D space.
To eliminate the influence of volume on measurement results, the total volume of each
basic form is the same. Type 10 indicates an area with few or no buildings.
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Figure 3. The basic model of the 3D building.

2.2.2. Grid Subdivision of Study Area

In order to detail the differences in architectural spatial form distribution throughout
the study area, the study area was divided into 199 fine grids. The blank area in the study
area is dominated by non-construction land, and the spatial form is homogeneous resulting
in no grid division. Taking the central position of the study area (113◦40′33”, 34◦44′26”) as
the coordinate origin, a rectangular coordinate system was established. The 199 grids are
numbered according to their orientation, as shown in Figure 4.
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2.3. Research Methods
2.3.1. Calculation Method of 2D and 3D Fractals

It should provide a concise and precise description of the experimental results, their
interpretation, as well as the experimental conclusions that can be drawn. The calculation
of 2D and 3D fractals both require a measurement of space but at different scales. For
example, different scales of “measurement units” can be built to conduct the fractal study.
The scale of the measurement units is r, and the number of measurement units required
for the measurement space is N(r). The relationship between r and N(r) should obey the
negative power law:

N(r) ∝ r−D (1)

where D is the fractal dimension.
After obtaining the N(r) values that correspond to different r values, lgr and lgN(r) as

the abscissa and ordinate, respectively, are plotted using the following regression equation:

lgN(r) = −Dlgr + lgk (2)

where k is a constant. In Equation (2), the negative value of the slope of the regression
line is the calculated value of the 2D fractal dimension, D. Additionally, D represents
the complexity and regularity of the region’s morphology, and lgk is the intercept of the
regression line.

The measurement units are grids in 2D and cubes in 3D. Taking 3D as an example,
3D urban space M can be completely covered by a cuboid with length L, width W, and
height H. Start with an L ×W × H box as the ruler, and its scale as r1 = L. Then the number
of cubes required to measure the whole urban space M, that is, the number of non-empty
boxes, must be N(r1) = 1. Divide the length, width, and height of the cuboid equally to
form a cuboid with a size of L/2 ×W/2 × H/2, its scale R2 = L/2. The number of scales
required to cover the whole urban space is N(r2). Further, use L/4 × W/4 × H/4 and
r3 = L/4 to measure the 3D space of the city, and the number of scales required is N(r3).
Continue to gradually and proportionally reduce the size of the box ruler, and the size of
the box ruler in step n is L/2n−1 ×W/2n−1 × H/2n−1 with scale rn = L/2n−1. The number
of non-empty cuboids required to cover M space is recorded as N(rn). If the urban 3D
space is fractal, the scale r value and its corresponding non-empty box number N(r) satisfy
the power relationship of Formula (1), and the fractal dimension value can be calculated
according to Formula (2).

2.3.2. Spatial Auto-Correlation Analysis

In order to investigate the spatial auto-correlation degree of architectural forms in
the study area, the following study selected the Global Moran’s I to analyze the overall
correlation of urban agglomeration buildings and the Local Moran’s I to analyze the spatial
dependence’s degree of architectural indicators. Global Moran’s I is calculated as:

Global Moran′s I =
∑n

i=1 ∑m
j=1 Wij(xi − x)

(
xj − x

)
S2 ∑n

i=1 ∑m
j=1 Wij

(3)

where S2 = 1
n ∑n

i=1(xi − x)2, x = 1
n ∑n

i=1 xi,xi, represents the attribute value of the ith
region, and n is the number of grids. Wij is a binary adjacency space weight matrix (i = 1,
2, . . . , n; j = 1, 2, . . . , m). Where Wij = 1 indicates that area I and area j are adjacent and
Wij = 0 indicates area i and area j are not adjacent. Moran’s I is generally between −1 and
1. Less than 0 represents a negative correlation, equal to 0 represents no correlation, and
greater than 0 represents a positive correlation.

Local Moran′s Ii =

(
xi − x

m

) n

∑
j=1

Wij(xi − x) (4)



ISPRS Int. J. Geo-Inf. 2022, 11, 622 6 of 14

where m = ∑n
j=1,j 6=1 x2

j /(n− 1)− x2. A positive Ii value represents the spatial clustering
of similar values (high or low) around the spatial unit, and a negative Ii value represents
spatial clustering between dissimilar values.

3. Results
3.1. Visual Expression of Architectural form Based on Fractals

The results of the fractal dimension calculations for the ten basic building models are
shown in Figures 2 and 3. Each basic model’s goodness of fit is higher than 0.996, showing
strict fractal self-similarity. Which indicates that the basic form model has significant self-
similar characteristics and conforms to the general law of fractals. According to the basic
model calculation results, different fractal intervals were determined to make different
fractal values correspond to the specific basic model (Table 1). By comparing the fractal
calculation results of different grids with ten basic architectural forms, the approximate
spatial form of each grid can be obtained.

Table 1. Fractal interval division based on basic architectural models.

Dimension Basic Form Basic Form Description Fractal
Dimension (D) R2 Fractal Interval

2D form
Type1 Concentration form 1.8364 0.9963 [1.8205,1.8433]
Type2 Semi centralized form 1.8047 0.9962 [1.7764,1.8205)
Type3 Dispersion form 1.7480 0.9986 [1.6261,1.7764)

3D form

Type4 No building 1 1

Type5 Plane concentration—no
difference in height 2.5084 0.9991 [2.4809,2.5571]

Type6 Plane semi concentration—no
difference in height 2.4534 0.9976 [2.4397,2.4809)

Type7
Plane semi

concentration—height
difference

2.4259 0.9987 [2.4158,2.4397)

Type8 Plane dispersion—no difference
in height 2.4057 0.9986 [2.3933,2.4158)

Type9 Plane dispersion—height
difference 2.3808 0.9994 [2.0967,2.3933]

Type10 No building 2 2

On the 2D level, with a decreasing fractal value, the three basic architectural models
(Type 1 to Type 4) show a trend from “concentration” to “dispersion.” At the 3D level,
with a decreasing fractal value, the five basic architectural models (Type 5 to Type 10)
show a trend from “plane concentration— no difference in height” to “plane dispersion—
difference in height.”

3.2. Grid Scale Architectural Form Distribution
3.2.1. Architectural Spatial Form Distribution Based on the 2D Fractal

The 2D fractal dimensions of the buildings in each grid of the outer ring of Zhengzhou
City are calculated, and then the calculation results are compared with the fractal dimen-
sions of the basic forms (as shown in Table 1). According to the comparison results, the
architectural forms in the study area are divided (Figure 5). Finally, the local autocorrelation
analysis of the 2D spatial forms is carried out (Figure 6).
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As shown in Figure 5. Comparing the spatial differences of different grids, the 2D
fractal dimension of the buildings from the inner ring to the outer ring gradually decreases,
and the building layout trends away from concentration towards dispersion with distance
from the city center, reflecting an obvious gradient. This result corresponds to the devel-
opment status of Zhengzhou: the buildings in the inner ring are densely distributed with
more open spaces from the inner ring to the middle ring, and the distribution of buildings
between the middle ring and the outer ring is relatively scattered. There are no buildings
or few buildings in the northeast, northwest, and southwest grids of the outer ring, so it is
defined as Type 4.

This rule is verified in local auto-correlation analysis. As shown in Figure 6, two
H-H clusters (Type 1) occupy the western half of the middle ring. The large H-H cluster
is enclosed by N5E1-N1W4-S1W4-S6W1-N1E3, and the small H-H cluster is enclosed by
N3W4-N4W4. The L-L cluster (Type 3) mainly occupies in the northeast area between the
middle ring and the outer ring, and the main area is surrounded by N7E4-N4E3-N5E5.
Finally, the H-L clusters (Type 2) include N3E5-N2E6-N2E7, N5E2-N4E2, S1E6-S1E7, and
grid N5E7, mainly located in the east and north between the outer ring and the middle ring.
The L-H grid does not appear.

3.2.2. D Fractal Research

The 3D fractal dimensions of the buildings in each grid of the outer ring of Zhengzhou
City are calculated, and then the calculation results are compared with the fractal dimen-
sions of the basic forms (as shown in Table 1). According to the comparison results, the
architectural forms in the study area are divided (Figure 7). Finally, the local autocorrelation
analysis of the 3D spatial forms is carried out (Figure 8).
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According to Figure 7, the log goodness of fit of the 3D fractal of buildings in each grid
is above 0.996, showing strict fractal self-similarity. In the whole study area, the 3D fractal
dimension shows a decreasing spatial trend from the inside to the outside. Combined
with the basic 3D fractal model, the distribution of architectural forms in the study area
progresses from “plane concentration—no difference in height”, corresponding to the
many old, uniformly-tall buildings in the inner ring of Zhengzhou City, to “plane semi
concentration—the difference in height”, corresponding to a large number of new real
estate communities, commercial buildings, logistics and storage buildings, high-speed
rail stations that have been built interspersed with the old buildings between the inner
and middle rings, to “plane dispersion—the difference in height”, corresponding to the
suburban industrial plants and natural villages of the outer ring. Overall, the 3D fractal
accurately characterizes the urban-rural crisscross phenomenon. There are no buildings or
few buildings in the northeast, northwest, and southwest grids of the outer ring, so it is
defined as Type 10.

This rule is more evident in the local auto-correlation analysis (Figure 8). H-H ag-
glomeration is mainly distributed around the middle ring, with the main area composed
of N5W1-N1W3-S4W1-S1E4-N1E4. L-L clusters are mainly distributed in the northwest,
northeast, and southeast between the middle and outer rings and are defined by N7E4-
N6E3-N4E4-N5E5 and N1E6-S1E6-S1E7. In addition, the L-L agglomeration also includes
grid N2E7, the rectangular region N8W3-N7W3, and grid N6W5. The H-L configuration
is scattered mainly in the northwest between the middle ring and the outer ring and is
composed of N3E4-N2E6-N3E5, grid N6E2, grid N8E2, and grid N6W3.
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3.3. Spatial Relationship between 2D Mode and 3D Mode

The 2D and 3D fractal dimensions of the buildings in each grid of the outer ring of
Zhengzhou City are calculated, and then the calculation results are compared with the
fractal dimensions of the basic forms (Table 1). Finally, the bivariate local autocorrelation
analysis between 2D and 3D spatial forms is conducted (Figure 9).
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According to Figure 9 and Table 1, the Global Moran’s I is positive, meaning the 2D
form and 3D form of the buildings are matched on the whole. The more scattered the
building layout, the greater the height difference of the building facade. Considering that it
is difficult to determine the basic shape mode of buildings through the 3D fractal dimension
alone, the 2D fractal and 3D fractal must be combined to carry out bivariate ESDA analysis.
H-H clusters (Type 5, Type 6) are distributed in the western half of the middle ring. The
H-H agglomeration area is dominated by the irregular area enclosed by N5E1-N1W4-
S4W1-S4W2-S4E1-N1E3. The H-L agglomeration area (Type 7) is mainly distributed in the
northeast of the middle and outer rings, including grids N5E7, N4E7, N3E5, and N2E6.
The L-H cluster (Type 8) has only one grid, N3W4, located in the northwest between the
middle and outer rings. The L-L agglomeration area (Type 9) is mainly distributed in the
northeast and southeast between the middle and outer rings and consists of two patches:
N7E4-N6E3-N4E5-N5E6 and N2E7-N1E6-S1E6-S1E7.

4. Discussion
4.1. Fractal Study of Urban Morphology on Grid Scale

Research on an urban spatial form based on fractal theory mostly measures the fractal
dimension of a city at the macro level. For example, Frankhauser calculated the fractal
dimension of many urban forms in the world, including Beijing and Taipei, China [34], and
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Benguigui et al. calculated the fractal dimension of the whole urban area of Tel Aviv as
a function of time to study the development trend of urban dynamic evolution [35], and
Batty [36], Longley [37], White [38], Kuang Yi [39], Chen Yanguang [40], and other scholars
have also carried out urban fractal studies. However, the scale of these case studies is too
large to describe the fine differences in spatial morphology of each local city area. Our
research divides the main urban area into 199 grids and describes the architectural spatial
form of each, which aids in understanding the specific spatial form of each part of the city.
In future studies of urban spatial morphology, this method will allow for the division of
urban space at multiple scales.

4.2. Combination of Fractal Theory and Spatial Auto-Correlation

Cases of fractal theory in urban research include urban boundary and urban land
use [17], urban form entropy and urban fractal dimension [18], timeliness of urban frac-
tal [19], and urban simulation [20]. Research on urban fractal mainly focuses on two-
dimensional fractal of the urban plane form [18–20], and a few scholars conduct three-
dimensional fractal research on an urban spatial form based on the volume of build-
ings [30,31]. The focus of the relevant study is a specific expression of urban forms which
are lacking in the analysis of the agglomeration mode and distribution rules of urban forms.
Spatial auto-correlation is suitable for measuring the agglomeration of geographical units
in space, which can present the distribution pattern of urban geographic units [41–43].
Overview, relevant research either uses fractal theory or spatial autocorrelation method in
architectural form, which is missing the necessary combination of the two methods. A basic
architectural form model is built in the manuscript, which combines both fractal theory
and spatial autocorrelation, will reveal the distribution law and correlation of architectural
form in a better way.

4.3. Research on 2D and 3D Fractal Combination

Traditional 2D fractal research aims to reveal the plane shape of a city, but it struggles
to reflect the changes in a city’s 3D space. There are even a small number of pioneering
scholars trying to expand the research scale of urban space into 3D [30–32]. However, there
is a lack of research combining 2D and 3D fractal analysis, despite the clear benefits. Based
on the basic architectural form, combining the 2D with 3D fractal allows urban space to be
visually expressed from two perspectives: plane and elevation.

4.4. Application of Fractal Theory

Based on the three-dimensional fractal research, the three-dimensional form of the
urban space can be described digitally, such as defining the form of urban buildings
and the aggregation situation. The practical significance requires further exploration, the
further research can be conducted in the following areas: 1© Study on the relationship
between architectural form distribution and architectural function [43]. 2© Study on the
relationship between architectural form distribution and urban development process [36].
3© Study on the relationship between architectural form distribution and urban traffic [17].
4© Study on the relationship between architectural form distribution and urban human flow

distribution [44–46]. 5© Study on the relationship between architectural form distribution
and urban and rural planning [22].

In summary, the theoretical and applied research of architectural form and layout
based on fractals is still in a phase of exploration. However, it can help people deepen
their understanding about the urban process, meanwhile, it will enhance rationality and
sustainability about the construction of the urban.

5. Conclusions

This study establishes the corresponding relationship between fractal dimension and
architectural form, and quantifies the plane and spatial form of architecture, which is
helpful to promote the visualization research of fractal theory. In addition, the refined grid
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division can more accurately show the architectural form of various locations in the city.
The main conclusions of the study are as follows.

5.1. Grid-Scale Fractal Research, Urban Spatial Form, and the Direction of Urban Development

In this study, the buildings surrounded by the Fourth Ring Road of Zhengzhou were
divided into 199 research areas, and the architectural space form of each area was calculated
and visualized. This study displays the architectural space form of various areas of the city,
which is a more refined study of urban space form compared to traditional approaches. By
calculating the fractal dimension of each grid, the spatial differences in various regions of
the city can be revealed, reflecting the regional differences in urban development.

Taking Zhengzhou as an example, the expansion in the east was faster than that in
the west in the previous development process. Based on the analysis of spatial form, the
distance from the east inner ring to the east middle ring is much larger than the distance
from the west inner ring to the west middle ring, and the urban spatial functional attributes
and architectural forms on the east side are also richer. In the fractal dimension, the regional
variation of the northeast and southeast is more obvious than that of the northwest and
southwest. The local regional changes are more obvious in the northwest and southwest.
The results show that by analyzing the building fractal dimension of different grids, the
main development direction of the city can be identified.

5.2. D and 3D Fractal Combinations and Urban Space Visual Expression

2D fractals can analyze the characteristics of urban form from the perspective of
building plane distribution while 3D fractals focus on the façade expression of urban
spatial form; the combination of 2D and 3D fractal analysis can describe the urban spatial
form with more accuracy. In addition, by comparing the fractal calculation results of each
grid with the fractal interval, the fractal value can be visualized and the 2D and 3D visual
forms of each part of the study area can be clarified.

5.3. D and 3D Fractals and Spatial Auto-Correlation

In this study, the spatial auto-correlation value of the 2D fractal is 0.053, the spatial auto-
correlation value of the 3D fractal is 0.125, and the spatial auto-correlation value of the 2D
and 3D fractal combined is 0.087. The value of local auto-correlation and the fractal results of
the architectural form in the study area show obvious spatial auto-correlation. Introducing
spatial auto-correlation into the fractal theory can clarify the relationship between them
and the surrounding areas on the basis of the characterization of the architectural forms in
each grid.
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