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Abstract: Although economic processes and systems are in general simple in nature, the 

underlying dynamics are complicated and seldom understood. Recognizing this, in this 

paper we use a nonstationary-conditional Markov process model of observed aggregate 

data to learn about and recover causal influence information associated with the underlying 

dynamic micro-behavior. Estimating equations are used as a link to the data and to model 

the dynamic conditional Markov process. To recover the unknown transition probabilities, 

we use an information theoretic approach to model the data and derive a new class of 

conditional Markov models. A quadratic loss function is used as a basis for selecting the 

optimal member from the family of possible likelihood-entropy functional(s). The 

asymptotic properties of the resulting estimators are demonstrated, and a range of potential 

applications is discussed. 
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1. Introduction 

In this paper we recognize that understanding and predicting the future state of an economic-behavioral 

process is statistical in nature and that the underlying dynamics may be complex and not well 

understood. Within this context, in order to develop a general quantitative approach to information 

recovery, we use a first order Markov process in discrete time and an information theoretic probability 

model to characterize, in a time ordered state space form, causal influence information in dynamic 

economic-data. To seek new ways to think about adaptive intelligent behavior of dynamic micro 

systems, we follow Wissner-Gross and Freer [1] and use causal entropy maximization or optimizing 

criterion as the systems status measure. While the emphasis is on recovering the unknown transition 

probabilities associated with the underlying micro process, the observed dynamic data often only exist in 

macro-aggregate form. Thus, information recovery involves the solution of an ill-posed inverse 

problem, and by its nature suggests the use of the tools of information theory. 

In the context of a stochastic dynamic Markov economic process and a sample of time ordered 

aggregate data, we use a k, t state-space Markov model, as a basis for recovering the unknown 

transition probability parameters p(j,k,t) and the unknown underlying sample probability distribution 

function. In terms of a solution framework we recognize that although the transition parameters p(j,k,t) 

are unobserved and unobservable, we usually do know some linear functionals or moments, u(p(j,k,t)),  

that are linked to the data—see for example [2,3]. Given the unknown underlying data distribution 

function, under this formulation there are many possible optimal solutions for p(j,k,t), and the question 

arises as to how to choose among them. As a way of reducing the solution uncertainty, we use an 

information measure I(p) to characterize a given probability distribution, and divergence measures to 

identify the distance between the candidate probability distributions. This permits us to exploit the 

statistical machinery of information theory to gain insights into the unknown transition parameters and 

the underlying probability distribution behavior of the dynamic state space process. As a solution basis 

we use the Cressie-Read [4] family of entropy-likelihood functionals, as a way to recover an estimator 

of the transition probabilities p(j,k,t), and the underlying model error data process. In terms of 

estimator choice, we use in a statistical loss function context, a convex combination of entropy 

functionals-likelihoods from the Cressie-Read (CR) family. 

2. The Markov Econometric Model and the Information Recovery Process 

In this paper, we focus on first-order Markov chain models of events with a finite number of 

outcomes measured at discrete time intervals. From the micro perspective, the decision outcomes for 

agent i = 1,2,…,n are denoted Y(i,k,t) with finite states k = 1,2,…,K at time t = 0,1,2,…T, where 	( , , ) = 	 1 if agent selects state at time0 ℎ  

In this context, we consider a finite economic process that involves the outcome space in the form of 

agents that are driven by a maximization principle. If the decision outcomes exhibit first-order Markov 

character, the dynamic behavior of the agents may be represented by conditional transition 

probabilities p(j,k,t), which represent the probability that agent i moves from state j = 1,2,…,K to state k 

at a time t. Given observations on the micro behavior Y(i,k,t), a number of researchers have used the 
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discrete Markov decision process framework to model the agent-specific dynamic economic behavior 

(see for example [5–7]). 

In practice, the observed information may be limited to the aggregated outcomes,  	( , ) = 	 ∑ ( , , ) for each k and t, and the approach to estimating the Markov transition 

probabilities, is based on the estimating equations 

	( , ) = ( , − 1) ( , , ) (2.1)

that link the observed aggregate data to the transition probabilities. The transition probabilities may be 

directly estimated from Equation (2.1) if the Markov process is unconditional or stationary such that 

p(j,k,t) = p(j,k,t + s) for all integers s. In this case, the estimation problem reduces to a set of ( − 1) ×  

estimating equations with (K − 1) × (K − 1) unknown Markov transition probabilities, p(j,k), which 

fulfill the row-sum conditions, ∑ ( , , ) = 1. For this case, Lee, Judge, and Zellner [8] use least 

squares, quadratic programming, or other established estimation procedures to directly compute 

estimates of the unconditional Markov transition probabilities if T ≥ K. 

2.1. Sample Analogs of the Markov Process 

In this paper we are concerned with nonstationary or conditional Markov models in which p(j,k,t) 

varies with t. In the conditional case, we have T × (K − 1) × (K − 1) unknown transition probabilities 

in the ( − 1) ×  estimating equations, and the estimation problem is ill-posed. One way to 

overcome the ill-posed nature of the problem is to specify parametric functional forms for the 

Markov transition probabilities. For example, MacRae [9] and Theil [10] recommend the logistic 

functional form ( , , ) = exp( )∑ exp( ) (2.2)

where zt−1 is a vector of explanatory-instrumental variables and βjk is a vector of conformable  

state-specific and time-invariant model parameters. The parametric logistic specification has some 

advantages for the purposes of estimation and interpretation since the transition probabilities satisfy 

p(j,k,t) > 0 and the row-sum conditions. 

Since for estimation and inference, the available data may be partial or incomplete, one key step is 

linking the Markov process to the indirect noisy observations. In this context we note that the sample 

analog is a noisy version of the traditional estimating Equation (2.1). Accordingly, the sample of 

analog Equation (2.1) may be stated as 

	( , ) = 	 ( , − 1) ( , , ) + ( , ) (2.3)

Following Miller [2], the error term e(k,t) may be formulated as a first-order vector moving average 

(VMA) process in the underlying agent-specific innovations. Under modest assumptions on the agents’ 

Markov decision process, this composite error term has null mean and may be conditionally 

heteroskedastic. We discuss the implications of these properties of e(k,t) for the large sample properties 
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of the proposed parameter estimators in Section 5. For empirical purposes, the remaining task is to 

choose a feasible specification of the statistical model of the Markov transition probabilities. 

2.2. Modeling the Conditional Transition Probabilities 

In the next section we derive a new class of conditional Markov models. The proposed model of 

the process is based on a set of estimating equations-moment equations E ( , ) = 0 (2.4)

Where Zt is an appropriate set of instrumental-intervention variables and the model error is assumed to be 

ergodic such that the expected value is suitably defined. By substitution of Equation (2.3) into (2.4), we 

form a set of estimating equations that are expressed in terms of the unknown transition probabilities. ′ ( , ) − ( , − 1) ( , , ) = 0 (2.5)

This set of moment-estimating equations depicts the Markov process in terms of exogenous and 

endogenous variables. The endogenous state transition probabilities are conditioned on the exogenous 

variables and produce a conditional Markov process. Given there may be many feasible transition 

probability models that satisfy the moment-estimating equations, the next step is to provide a model 

for the data [11], and a basis for identifying parametric data sampling distributions and likelihood 

functions in the form of distances in probability space. In this context, the Cressie-Read (CR) family of 

divergence measures provides access to a rich set of distribution functions that permits a basis for 

identifying the parametric data sampling distribution. This family of divergence measures permits us  

to recognize that the natural solution may not be a fixed distribution, but a well-defined set of 

distributions-likelihood functions. The CR flexible family of divergence measures is introduced in 

Section 3 and permits us to seek, given a sample of data, the optimum convex combination of likelihood 

functions, under a quadratic loss measure. This leads to estimators of shrinkage form and permits us to 

derive a conditional Markov model from the sample analogs of Equations (2.3) and (2.4). 

3. Cressie-Read Power Divergence (PD) Criterion 

The Cressie-Read (CR) power divergence (PD) statistic [4,12,13], may be defined for a set of  

first-order finite and discrete conditional Markov probabilities as 

	( , , ) = 	 1	(1 + ) ( , , ) ( , , )( , , ) − 1  (3.1)

Here, the PD statistic measures the pseudo-distance between p and a set of reference transition 

probabilities q. We note that Equation (3.1) encompasses a family of estimation objective functions 

indexed by discrete probability distributions. For our purposes, the PD statistic is a useful estimation 

criterion due to its information theoretic properties such as strict convexity in p. 

The CR family of entropic-likelihood functionals and the corresponding convex combinations of its 

family members’ represent a very useful collection of divergences (see [14,15]). In order not to 
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introduce subjective information, the reference distribution in the formulations to come will be 

specified as discrete uniform distributions. 

Minimum Power Divergence (MPD) Models 

Given reference weights q and the orthogonality conditions Equation (2.4), our proposed method 

for deriving a model of the conditional Markov transition probabilities is to choose p that satisfies 

the estimating equations and is closest to q under the PD criterion. The resulting minimum power 

divergence (MPD) transition probabilities satisfy the behavioral conditions of the Markov decision 

process while remaining “least-informative” relative to the set of reference weights. Formally, the 

MPD problem may be solved by choosing transition probabilities p to minimize I(p,q,α) (for some α) 

subject to the sample analogs of Equations (2.3) and (2.4) 

( , ) − ( , − 1) ( , , ) =  (3.2)

for each j = 2, ... , K and the row-sum constraint ( , , ) = 1 (3.3)

for all j and t. 

If, for expository purposes, we consider cases where the reference weights are discrete uniform, 

when α → 0 the entropy-likelihood functional is 

− ( , , → 0) ∝ − ( , , )ln ( , , )  (3.4)

When α → −1, the entropy-empirical likelihood functional [16] is 

− ( , , → −1) ∝ ln ( , , ) . (3.5)

and the Maximum Likelihood objective function is defined. Correspondingly, the Kullback-Leibler 

directed divergence or discrimination information statistic with non-uniform reference weights  

q(j,k,t) [17,18], is ( , , → 0) ∝ ( , , )ln ( , , )( , , )  

and ( , , → −1) ∝ ( , , )ln ( , , )( , , )  (3.6)

In the case of α → 0 for Equation (3.4), the MPD solution produces Markov transition probabilities 

that have a general logistic functional form but different arguments than Equation (2.2) 
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̂ ( , , ) = exp − ( , − 1)∑ exp − ( , − 1)  (3.7)

under uniform reference weights. In general, the MPD solution with non-uniform reference weights 

takes the form ( , , ) = ( , , )exp ( , − 1)∑ ( , , )exp ( , − 1)  (3.8)

The vectors λ
K

 and λ
K

 are the set of optimal Lagrange multipliers for the constraints Equation (3.2) 

under MPD objectives Equations (3.4) and (3.6), respectively. A closed-form solution for λ  and λK K
   

do not exist in general, and estimates of p(j,k,t) must be numerically determined. This entropy-based 

approach yields a model of the Markov transition probabilities in terms of the observed outcome 

variables and a finite number of estimable transition probabilities or parameters. 

Under the usual regularity conditions on the moment-estimating equations, the large-sample 

properties of consistency, asymptotic normality and efficiency of the MPD estimator follow. Even if 

the model is not correctly specified, the MPD estimator may converge in probability and be 

asymptotically normal. Under these large sample results, classical hypothesis tests may apply for the 

MPD Markov formulation. The sampling properties of the MPD estimator are developed in Section 5 

of this paper. 

4. The Optimal MPD Estimator Choice under KL and Quadratic Loss 

The likelihood function and the sample space for the MPD estimation problem are inexplicably  

linked and it would be useful, given a sample of indirect noisy observations and corresponding 

moment conditions, to have an optimum choice of a member of the CR family. However, at this point 

we should recognize that the solution may not be a fixed distribution, but a well-defined set of  

distributions-likelihood functions-PDFs. 

4.1. Distance-Divergence Measures 

In Section 3, we used the CR power divergence measure, 

	( , , ) = 	 2	(1 + ) ( , , ) ( , , )( , , ) − 1  (4.1)

to define a family of likelihood functions. Given this family of likelihood functions, one might follow 

Gorban [19] and Gorban and Karlin [20], and consider a parametric family of concave  

entropy-likelihood functions, which satisfy additivity and trace conditions. Using the CR divergence 

measures, this parametric family is essentially the linear convex combination of the cases where α → 0 

and α → −1. This family is analytically tractable and provides a basis for joining (combining) 

statistically independent subsystems. When the base measure of the reference distribution q(j,k,t) is 

taken to be a uniform probability mass function (PMF), we arrive at a one-parameter family of additive 

convex functions. From the standpoint of extremum-minimization with respect to the transition 

probabilities, the generalized divergence family which in the case of uniform q(j,k,t) reduces to 
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∗ = 	−(1 − ) ( , , ) ln ( , , ) + ln	 ( , , )  (4.2)

which is a convex combination of the CR family members in Equations (3.3) and (3.4) with weight  0 β 1. 

In the limit, as β → 0, the Kullback-Leibler or minimum I-divergence ( , , → 0) is recovered. 

As β → 1, the MEL stochastic inverse problem ( , , α → 0) results. This generalized family of 

divergence measures permits a broadening of the canonical distribution functions and provides a 

framework for developing a loss-minimizing estimation rule. In an extremum estimation context, when 

β = 1/2, the resulting estimation criterion is commonly known in the literature as Jeffrey’s J-divergence. 

In line with the complex nature of the problem, in the sections to follow, we demonstrate alternative 

convex estimation rules, which seek to choose among MPD-type estimators to minimize the quadratic 

risk (QR) objective in Equation (4.2). 

4.2. A Minimum Quadratic Risk (QR) Estimation Rule 

In this section, we use the well-known squared error-quadratic loss criterion and associated QR 

function to make optimal use of a given set of discrete alternatives for the CR goodness-of-fit 

measures and associated estimators for the transition probabilities (see for example, [14]). The method 

seeks to define the convex combination of a set of estimators that minimize QR, where each estimator 

is defined by the solution to the extremum problem Equation (4.1) subject to Equations (3.2) and (3.3) (α) = argmax − ( , , α)| ∑ ( , ) = 0, ∑ ( , , ) = 1, ( , , ) 0  (4.3)

where ̂ ( ) is the vectorized set of transition probability estimators for a given α. 

The squared error loss function for this problem is defined by ( ,p) = (p − p)′(p − p) and has 

the corresponding QR function given by (p,p) = E (p,p) = E (p − p)′(p − p) . (4.4)

The convex combination of estimators is defined by ( ) = β (α ) 
where 0 and ∑ = 1 (4.5)

The optimum use of the discrete alternatives under QR is determined by choosing the particular 

convex combination of the estimators that minimizes QR, as 

p = ∑ p( ) where  = arg min∈ ρ( ( ), )  (4.6)

and CH denotes the H-dimensional convex hull of possibilities for the β vector, defined by the 

nonnegativity and adding-up conditions represented in Equation (4.5). 

This represents one possible method of addressing the combining issue, relative to an appropriate 

choice of the gamma parameter, in the definition of the CR power divergence criterion. 
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4.3. The Case of Two Alternatives 

In this section, we consider the case where there are two discrete alternative CR measures of 

interest. In this context, the analyst wishes to make optimal use of the information contained in the two 

associated estimators of , ( )	and	 ( ). The corresponding QR function may be written as (p( ),p) = (p(α ) − p) + (1 − )(p(α ) − p) ′ (p(α ) − p)+ (1 − )(p(α ) − p)  (4.7)

and can be represented in terms of the QR functions of p( )	and	p( ) as (p( ),p) = (p( ),p) + (1 − ) (p( ),p)+ 2 (1 − ) (p( ) − p)′(p( ) − p)  (4.8)

To minimize ( ( ), ), the first-order condition, with respect to β, is given by (p( ),p) = 2 (p( ),p) − 2(1 − ) (p( ),p)+ 2(1 − 2 ) (p( ) − p)′(p( ) − p) = 0 
(4.9)

Solving for the optimal value of β yields = (p(α ),p) − (p(α ) − p)′(p(α ) − p)(p(α ),p) + (p(α ),p) − 2 (p(α ) − p)′(p(α ) − p)  (4.10)

and the optimal convex-combined estimator is defined as p = p( ) + 1 − p( ) (4.11)

By construction,  is QR superior to either p( )	or	p( ) , unless the optimal convex  

combination resides at one of the boundaries for β, or the two estimators have identical risks and  (p( ) − p)′(p( ) − p) = 0. In any case, QR wise, the resulting estimator  is certainly no 

worse, QR-wise, than either p( )	or	p( ). 
5. Sampling Properties of the MPD Estimators 

To demonstrate the large-sample properties of the MPD parameter estimators, we consider the 

special case of the Kullback-Leibler cross-entropy functional (i.e., α → 0). First, the constrained MPD 

problem may be reduced to an unconstrained form by concentrating the Lagrangian objective function. 

If we view the implicitly defined Markov transition probabilities Equations (3.7) and (3.8) as 

intermediate solutions and substitute these forms back into the Lagrangian expression, we can form a 

concentrated objective function that only depends on the vector of Lagrange multipliers, λ. In 

particular, the concentrated MPD objective function associated with Equation (3.8) reduces to (λ) = ( , ) λ − ln ( , 1, ) + ( , , )exp( ( , − 1) λ )  (5.1)

By the saddle-point property of the constrained minimization problem, Equation (5.1) is strictly 
concave in λ such that (λ) λ 	∀	λ λ. Accordingly, the optimal values of λ can be computed 
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by maximizing m(λ) by choice of λ. The gradient vector of m(λ) is simply the set of sample analog 

estimating Equation (3.2), and Newton-Raphson or related optimizations algorithms may be used to 

compute the optimal Lagrange multipliers. 

The large-sample properties of the MPD estimator (including the minimum cross-entropy and 

maximum entropy estimators as special cases) may be derived under the following regularity conditions: 

• B1: There exists λ such that (λ ; , , ) = 	 ( , , ) for all j, k, and t. 

• B2: The sample analog Equation (3.2) is consistent such that 

′ ( , ) − ( , − 1) ( , , ) → 0 (5.2)

• B3: The moment condition Equation (3.2) is asymptotically normal as 

/ ′ ( , ) − ( , − 1) ( , , ) → (0, ∆) (5.3)

Note that we should expect the asymptotic covariance matrix to exhibit heteroskedastic and 

autocorrelated (HAC) character due to the properties of the composite model errors. Following  

our discussion of Equation (2.3), e(k,t) is serially correlated because it is composed as a VMA process 

in the agent-specific innovations in the underlying Markov decision process. Further, the weights in 

the moving averages are based on the Markov transition probabilities, so the variance of e(k,t) may be 

conditionally heteroskedastic if the Markov transition probabilities p(j,k,t) are nonstationary and vary 

with t. Given these conditions, the consistency and asymptotic normality of the MPD estimator  

follows under: 

• Proposition 1: The MPD estimator is consistent such that λ →λ  under Assumptions B1 

and B2 plus: 

1. there exists function (λ) that is uniquely maximized at λ  

2. m(λ) is twice continuously differentiable and concave 

3. (λ) → (λ) for all λ 

• Proposition 2: The MPD estimator is asymptotically normal as √ − → N(0, ∆ ) (5.4)

• under the conditions of Proposition 1 plus Assumption B3 and 

1. there exists Γ(λ) continuous in λ such that supλ ∂ (λ)∂λ ∂λ − Γ(λ) → 0 (5.5)

2. Γ = Γ(λ ) is nonsingular 

In particular, the stated regularity conditions may be used to prove Propositions 1 and 2 under  

Theorems 2.7 and 3.1 provided by Newey and McFadden [21]. 

Following the test results developed for the frequency-based data cases by Kelton and Kelton [22], 

we can use the large-sample results presented above to conduct classical hypothesis tests under the 
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fitted MPD Markov models. In particular, we can test sets of linear restrictions under the general null 

hypothesis ∶ λ =  with the Wald statistic = λ − Γ ΔΓ λ − ∶ →  (5.6)

where matrix c has full row rank of Q. For example, we can conduct a Wald test for time-invariance 

(i.e., stationarity) of the Markov process under the null hypothesis ∶ λ∗ = 0 where λ* is the subset 

of the Lagrange multipliers associated with non-constant elements of  and the reference weights 

q(j,k,t) do not vary with t. Following the discussion above, the Wald statistic should incorporate an 

HAC-consistent covariance estimator (e.g., [23]) in order to accommodate the HAC structure of the 

underlying error process. 

At this point, it is important to note that the proposed estimators are also asymptotically efficient if 

the specified Markov transition model is correctly specified. Further, the efficiency property is lost if 

the model specification is incorrect, but versions of Propositions 1 and 2 may hold if Assumption B1 is 

untrue. In this case, the specified Markov transition model may be viewed as “pseudo-true”, and  

its properties may be developed from the known results on misspecified models (e.g., [24]). For 

example, although λ  is not the vector of “true” model parameters in this case, these model parameters 

represent the limiting MPD model based on the constraints. Thus, even if the model is not correctly 

specified, the MPD parameter estimator may yet converge in probability to  and exhibit 

asymptotically normal character. The key implication of this outcome is that the sampling properties 

may be used to test some relevant hypotheses that do not explicitly require the model specification to 

be correct. For example, we can still use an incorrectly specified Markov model that does not satisfy 

Assumption B1 to test the time-invariance hypothesis, ∶ λ = 0, where λ  is the subset vector of 

Lagrange multipliers associated with the non-constant instruments in . 

6. Applications of MPD Estimators 

Markov models-processes recognize patterns and this opens up a range of applications in big-data 

economic settings such as time series observations, investment decisions under uncertainty, and  

life-cycle consumption and savings. For example, recent papers such as Gospodinov and 

Lkhagvasuren (2011) [25] and Tanaka and Toda (2013) [26] consider approximations of continuous 

processes with discrete Markov chains. Also, several numerical applications of MDP estimators of 

Markov chain models are provided by Golan, et al. [27]. Finally, we note that Claude Shannon, one of 

the developers of information theory, used Markov models to construct probabilistic models of words 

sent in noisy messages. Given the twenty-seven possible states (or letters, including a space), he used 

the Markov transition probabilities to indicate which letters are likely to follow a given letter (state)  

in a sequence of letters that form the words in a message. Thus, there are a wide range of possible 

applications of MDP estimators for finite Markov chains that range across a very broad selection  

of fields. 
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7. Conclusions 

In this paper we have developed an easy-to-implement information theoretic basis for nonparametric 

estimation of dynamic econometric models from aggregate data. Estimating equations involving 

exogenous and endogenous variables are used as a link to the data and as a basis for modeling the 

Markov process. To address the unknown data sample process, we use a convex combination of 

members of the flexible Cressie-Read family of divergence measures to select and estimator that 

minimizes quadratic loss. Sampling properties of the minimum power divergence estimator are 

demonstrated. Application of the model is straightforward and does not involve the usual tuning 

parameters and regularization methods. 
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