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Abstract: The paper begins with a figurative representation of the contrast between present-day
and formal applied econometrics. An explication of the status of bridge principles in applied
econometrics follows. To illustrate the concepts used in the explication, the paper presents a
simultaneous-equation model of the equilibrium configurations of a perfectly competitive commodity
market. With artificially generated data I carry out two empirical analyses of such a market that
contrast the prescriptions of formal econometrics in the tradition of Ragnar Frisch with the commands
of present-day econometrics in the tradition of Trygve Haavelmo. At the end I demonstrate that the
bridge principles I use in the formal-econometric analysis are valid in the Real World—that is in the
world in which my data reside.
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1. Introduction

Econometrics is a study of good and bad ways to measure economic relations. This paper is about
the use of economic theory in such measurements, and about the need for bridge principles in applied
econometrics.!

A long time ago in Fahlbeckska Stiftelsen’s Statsvetenskaplig Tidskrift (1931) [2] (p. 281),
Ragnar Frisch insisted (in my words) that economic statistics and parameter estimates tell us
nothing about pertinent economic phenomena unless they are produced and analyzed within
an economic-theoretic conceptualization. A few years later (cf. Haavelmo (1944) [3] (p. 1)),
Trygve Haavelmo professed the same idea: “Theoretical models are necessary tools in our attempts
to understand and ‘explain” events in real life. In fact, even a simple description and classification
of real phenomena would probably not be possible or feasible without viewing reality through the
framework of some scheme conceived a priori.” I grew up with this idea, and I took it to be valid not
just in the paradigms of Frisch and Haavelmo’s econometrics but in all of econometrics. Now I am not
so sure. The younger generation of econometricians seems to think differently.

The present paper is based on ideas that I developed and presented in chapters 1, 2, 3, and 10 of my 2015 book, Econometrics
in a Formal Science of Economics [1]. It gives a novel explication of the status of bridge principles in applied econometrics,
and develops necessary and sufficient conditions that their use in an empirical analysis be valid. A simultaneous-equation
example serves to illustrate both the empirical relevance of the explication and the usefulness of the axiomatic method
in theory-data confrontations. In writing the paper I have benefitted from questions and comments by Jorgen Aasnes,
Leif Andreassen, Adne Cappelen, Taran Feehn, Roger Hammersland, Eilev Jansen, Tom Kornstad, and Terje Skjerpen in a
seminar in Statistics Norway. I have also benefitted from discussions with Tony Hall, Edwin Leuven, and Timo Terasvirta.
Finally, I have benefitted from interesting and constructive criticisms by two referees and from helpful comments by the
Academic Editor of Econometrics.
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1.1. Three Scenarios for Applied Econometrics

The younger generation of econometricians and the members of Frisch and Haavelmo’s paradigms
carry out the theory-data confrontation in different ways. Thus, one may envision three abstract
scenarios for the empirical analysis of an economic theory. The scenarios differ in the way the
researchers in charge view theory and use it in the measurement of economic relations.

In the first scenario the researcher in charge is an econometrician who, like Frisch, has one leg in
mathematical economics and the other leg in mathematical statistics. The theory he confronts with
data is an axiomatized theory about a few undefined terms that live and function in an imaginary
model world. The researcher acknowledges that there is a definite divide between his model world
and the world of observations, and that his data need not provide accurate measurements of the
undefined terms of his theory.> He formulates his theory in a theory universe and uses bridge
principles to describe how his theoretical variables are related to his data variables. The theory-data
confrontation, then, becomes a triple of two disjoint universes—one for theory and one for data—and
a bridge between them. This scenario I take to depict the way formal econometrics in the tradition of
Frisch functions.

In the second scenario the researcher in charge is an econometrician who confronts an abstract
theory with data. The theory may be axiomatized or formulated in accordance with the semantic
view of theories. In Haavelmo’s treatise the theory is taken to comprise a system of ordinary or
functional equations that express definitional identities, technical relations, or relations depicting
behavior (Haavelmo (1944) [3] (p. 2)). The researcher acknowledges the divide between his model
world and the world in which his data resides. To overcome the divide, he identifies his theory
variables with true variables in the real world, and he allows the possibility that he might not have
accurate observations of all the relevant true variables.® Thus in the second scenario there is no need
for a bridge between theory and data. The researcher formulates his theory, describes his data, and
carries out the empirical analysis in a data universe. To me this scenario pictures the way present-day
econometrics in the tradition of Haavelmo is carried out.

In the third scenario the researcher uses his knowledge of economic theory and the functioning
of economic institutions to formulate his econometric model. The model concerns the behaviour
of data variables and may account for both errors of observations and errors in equations. Then,
the theory-data confrontation is carried out in a data universe, where the researcher formulates his
econometric model and carries out the empirical analysis. It differs from the second scenario in that
the model is not derived from the theorems of a pertinent economic theory but springs from the
imagination of the researcher in charge. I think this must be a description of the way present-day
econometrics is carried out by many young econometricians.

1.2. A Significant Contrast

The statistical analyses in the three scenarios differ, and the inferences about social reality that
the respective researchers gain from their statistical results also differ. One way to describe the
contrast between the empirical analyses in the three scenarios is as follows: The data variables
constitute a vector-valued random process, Y = {y(t,wp); t ¢ N}, on a probability space, ((Op, Xp, Pp(-)),
where N = {0, 1, 2, ... }, Qp is a subset of a vector space, Np is a o-field of subsets of Qp,
and Pp(:):Rp — [0, 1] is a probability measure. The family of finite-dimensional probability distributions
of the members of Y relative to Pp(-) is the true probability distribution of the data variables. I denote
it by the acronym TPD in which T is short for true, P for probability, and D for distribution. In the

Frisch describes his model world in Bjerkholt and Qin (2010) [4] (p. 32).
In Haavelmo’s Treatise [3] (p. 8) the true variables are variables in the real world with which a researcher identifies his
theory variables.
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last two scenarios the true values of the estimated parameters are taken to be values of pertinent
TPD parameters.

The probability distribution that the researcher in the first scenario derives from the probability
distribution of his theory variables and the bridge principles is, also, a family of finite-dimensional
probability distributions of the members of Y. I denote it by the acronym MPD in which M is short
for marginal, P for probability, and D for distribution. With an MPD I can associate a probability
measure, Py(+):Xp — [0, 1], such that Y has the probability distribution MPD relative to Pys(-), and such
that Y can be thought of as a vector-valued random process on the probability space, (Qp, Xp, Pp(+)).
In a given theory-data confrontation there may be many MPD distributions. They vary with the models
of the theory and the models of the bridge principles. Consequently, parameter estimates in the first
scenario are estimates of the parameters of any one of the possible MPD distributions.

1.3. A Figurative Representation of the Contrast

The probability measures, Pp(-) and Py(-), are probability measures on one and the same measure
space, (Qdp, Np). For pedagogical reasons it is useful to think of (Qp, Np, Pp(-)) and (Qp, Np, Pum(+))
as forming part of two different data universes—an upper data universe for (QQp, Xp, Pp(-)) and a
lower data universe for (QOp, Np, Pp(+)). The picture I have in mind looks roughly like Figure 1. Here,
the bridge connects the theory universe with the lower data universe. The two data universes share
the pair, (Qp, Np) and the random process, Y. The probability distribution of Y is TPD in the upper
data universe and MPD in the lower data universe. I picture in my mind that present-day econometric
analyses in accord with the second or third scenario take place in the upper data universe, while
formal-econometric analyses in accord with the first scenario happen in the lower data universe.

Upper Data Universe

(Qp, Np, Pp(%))
TPD

Theory Universe  grioce {y(top);t e N}
MPD
(Qp, Np, Py ()

Lower Data Universe

Figure 1. A Theory Universe and two Data Universes for an Empirical Contrast. TDP: true probability
distribution; MDP: marginal probability distribution.

1.4. The Preferred Scenario

I believe that Frisch and Haavelmo were right in insisting that economic theory is a necessary tool
in a researcher’s attempts to understand and explain the economic phenomena that he observes in social
reality. An economic theory is a family of models of a finite number of assertions—axioms—concerning
a few undefined terms that live and function in a Frischian model world. As such the theory does not
describe behavior and events in real life. Instead it delineates characteristic features of objects and
relations in social reality that the originator of the theory has observed. The researcher is to determine
when and where the given characteristics have empirical relevance.
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The researchers in the three scenarios differ in the way they use theory in their empirical analysis.
I'have misgivings with the third scenario. The researcher’s cavalier use of theory hampers his ability to
give a well-founded analysis of his empirical results. Different theories lead to different interpretations
of the results, and the researcher ought to reveal on which theory he bases his analysis. Without such
information, meaningful discussions of the researcher’s results become difficult.

I have misgivings with the second scenario, too. An economic theory about behavior or events is
a family of models of a finite number of axioms. By identifying theoretical variables with true variables
in the real world, and by using his assumptions about the true variables and the data variables to
describe properties of the TPD, the researcher in effect treats his theory as if it has only one model.
The theory, then, becomes a theory about the characteristics, say, of a representative individual or of a
typical strike in the public sector of the economy. Such a theory restricts the kind of inference about
social reality that a researcher’s empirical results may confer.

I like the first scenario. In it the researcher’s theory is about the characteristics of behavior and
not about the characteristics of a representative individual’s behavior. The statistical analysis confers
information about how different the individuals may be for whom the theory is empirically relevant.
Similarly, the researcher’s theory about characteristics of events; e.g., strikes in the public sector,
is about strikes and not about the typical strike. The statistical analysis confers information about how
different the groups that conduct the strikes may be and for which the theory is empirically relevant.
Such an empirical analysis is novel both in the way theory is used in the statistical analysis and in the
way bridge principles are used to form the inference about social reality that the researcher can derive
from his statistical results.

The first scenario is the one I prefer. It ought to appeal to applied econometricians once I have
convinced them that there is a way to establish the validity of the bridge principles that are used in an
empirical analysis. I hope to do that in Section 2 of the paper.

2. The Status of Bridge Principles in Applied Econometrics

The bridge principles play three roles in the empirical analysis in the lower data universe.
In one role, the bridge principles translate the theory so that it becomes a statement about relations
among variables in the data universe. In the second role, the bridge principles convert the probability
distributions of variables in the theory universe into a family of probability distributions of variables
in the data universe—the MPD—that plays the role of the data generating process in the empirical
analysis. In the third role the bridge principles provide the means by which the researcher can identify
the empirically relevant models of his theory that his statistical results determine. The three roles of
the bridge principles in the lower data universe depict the way theory is incorporated in the empirical
analysis of formal econometrics.

Since the MPD may be very different from the pertinent data generating process, the
meaningfulness of the empirical analysis in the lower data universe hinges on the validity of the
bridge principles. For that reason it is important to search for a general explication of the status of
bridge principles in applied econometrics. I will set out to provide such an explication in this section
of the paper.

To explicate the status of bridge principles in applied econometrics, I need to explain what I
mean by several new concepts: empirical context, empirical relevance, encompassing, congruence,
and a data admissible confidence region.

First, empirical context: In the upper data universe in Figure 1, the empirical context has two
components: (1) axioms and loosely formulated assumptions that the pertinent researcher uses to
delineate the characteristics of the data generating process; and (2) the prescriptions that underlie the
statistical analysis. The second component details, for example, the way the researcher is to search
for a data admissible econometric model that parsimoniously encompasses the so-called local data
generating process (cf. Bontemps and Mizon (2003) [5] (p. 356,359,366) and Hendry and Krolzig
(2003) [6] (p- 380,386-391)).
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In the lower data universe in Figure 1, the empirical context has, also, two components:
(1) the prescriptions that underlie the statistical analysis and (2) a description of the characteristics
of a data admissible mathematical model of the MPD. The prescriptions that underlie the statistical
analysis detail the way the researcher is to obtain a consistent estimate of a mathematical model of the
MPD. Also, a mathematical model of MPD is data admissible if (1) the estimated mathematical model
of MPD satisfies the strictures on which the axioms of the data universe and the prescriptions that
underlie the statistical analysis insist; (2) the values that the given model assigns to the parameters of
MPD satisfy the strictures on which the theory-axioms, the data-axioms, and the axioms of the bridge
insist; and (3) the model lies within a 95% confidence region of the estimated mathematical model
of MPD.

Next, empirical relevance: in the upper data universe in Figure 1 the empirical relevance of
a theoretical hypothesis is determined the way the validity of a null hypothesis is decided in
mathematical statistics. Specifically, the theoretical hypothesis is judged to be empirically relevant in a
given empirical context if and only if it cannot be rejected. In contrast, in the lower data universe in
Figure 1 a family of models of the theory axioms is empirically relevant if and only if there is a member of
the given family which—together with a model of the data axioms and the bridge principles—induces
a model of the MPD that belongs to a 95% confidence band of a meaningful statistical estimate of
the MPD.

Then, three different concepts of encompassing: exact encompassing, encompassing in the upper
data universe, and encompassing in the lower data universe.

Roughly speaking, an econometric model is said to encompass another econometric model if it can
account for the results obtained by the latter (cf. Mizon (1984) [7] and Hendry and Richard (1989) [8]).
My discussion of encompassing is designed to exhibit the characteristics of the three concepts of
encompassing as simply as possible. I consider only cases of parametric encompassing. Also,
I adopt the simplest version of the many binding functions that appear in articles on encompassing;
e.g., in Gourieroux et al. (1983) [9], Mizon (1984) [7], and Florens et al. (1996) [10]. Finally, since I
have had little to say about Bayesian econometrics in the paper, I do not discuss Bayesian ideas of
encompassing here. For a comprehensive survey of the development of the encompassing principle
in econometrics, the interested reader is referred to Bontemps and Mizon’s (2008) [11] article on
“Encompassing: Concepts and Implementation”.

I will discuss the problem of encompassing within the confines of some given formal theory data
confrontation as depicted in Figure 1. Hence, I am discussing cases in which there is one measurable
space, (QQp, Np), with many different probability measures. I also presume that I am considering
the probability distribution of a random vector, y(-), relative to the given probability measures.
The distribution of y(-) relative to Pp(-) is the TPD distribution of y(:). Relative to a particular
Pym(+) the distribution of y(-) is the MPD distribution corresponding to Py(-). 1 will denote
a vector of parameters of the TPD distribution of y(-) by 6p and any one of the theoretically
possible vectors of parameters of the MPD distribution of y(-) by 6p. Also, I will denote an
econometric model of MPD by a pair, (M1, 8)°(-)) and an econometric model of TPD by a pair,
(M2, 0p°(-)), where, M1 and M2 , and 6y°(-), and 0p°(-) are two probability distributions and
two estimators of Oy and Op, respectively. Finally, I will let s, denote a finite sample, y1, ..., yn,
of observations of y(-).

The fact that there is one true TPD and many “true” MPDs has one particularly important
implication: The estimator in an econometric model of the TPD is an estimator of the “true”
value of a pertinent TPD parameter. In contrast, the estimator in an econometric model of the
MPD is an estimator of the value of an MPD parameter of any one of the possible mathematical
models of the MPD. In different words: In an econometric model of the TPD, (M, 6p°(+)),
the parameter of M, 0p, has a true value. In an econometric model of the MPD, (M, 6)°(+)), the
parameter of M, Oy, may assume any one of a number of “true” values.

With these remarks in mind I can define the three concepts of encompassing formally as follows:
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Definition 1. Suppose that there are three subsets of RK, @p, Dy, and g, such that Op € Op, Oy € Dy,
and 0s € Og. Suppose, also, that I have obtained n independently and identically distributed observations of
Y, Y1, -, Yn, and let 0p°(-), Op°(-), and 05°(-), respectively, be estimators of 0p, Oy, and Og in the given
sample. Finally, suppose that (M1, 05°(-)) and (M2, 8p°(-)) are two different econometric models of the TPD,
that (M3, 0p1°(-)) is an econometric model of the MPD, and that the three estimators are consistent in their
respective models. Then,

A. (M1, 65°(-)) exactly encompasses (M2, 0p°(-)) in the upper data universe in Figure 1 if and only if there
is a binding function, I'(-):®g — Pp, such that in M1, the estimates of Op and Og satisfy the equation :
9pO(Sn) = F(eso(sn)) a.e..

B. (M1, 05°(-)) encompasses (M2, 0p°(-)) in the upper data universe in Figure 1 if and only if there is a
binding function, I'(-):®s — Pp, such that in M1, I'(0gp) = plim 0p°(sy), and in M2, Opy = plim 0p°(s,,),
950 = plim@so(sn), and 9p0 = F(Qso).

C. (M3, 6p1°(-) encompasses (M2, 0p°(-)) in the lower data universe in Figure 1 if and only if there is a value
of O € P and a binding function, I'(-):Ppr — Pp, such that in M3, T'(0p1) = plim 0p°(s,), and in M2,
9p0 = plim QPO(Sn), GMO = plim GMO(Sn), and 9p0 = F(QMO).

In reading this definition there are several things to notice. The definition of exact encompassing
is in accord with Definition 1 in Bontemps and Mizon (2008) [11] (p. 6). Bontemps and Mizon attribute
the definition to Florence et al. (1996) [10]. I have problems with using the definition in the lower data
universe for several reasons. Firstly, there need not be a true value of 8y that I can use to describe the
distribution in M1. Secondly, there is no reference to the limiting distributions of the two estimates.

The definition of encompassing in the upper data universe, B, is a rewording of Bontemps and
Mizon’s (2003) definition of encompassing (cf. Bontems and Mizon, 2003 [5] (p. 359)). It is interesting
in this context that the definition of encompassing in the lower data universe, C, is a natural extension
of definition B. To see why, observe that in M3, 8y = plim 0y;°(sn). The required 6y need not satisfy
the equation 0y = Opj0. However, if 6y = Oy, (M3, B\°(+)) also encompasses (M2, 8p°(+)) in the sense
of B. In that sense, C is the natural extension of B to the lower data universe in Figure 1.

At last  must say what the meanings of congruence and data admissible confidence sets are in the
present context. The concept of congruence plays a pivotal role in the LSE methodology. According to
Mizon (1995) [12], in the LSE methodology an econometric model is congruent if it is coherent with a
priori theory, coherent with observed sample information, coherent with the measurement system, and
encompasses all rival models. For present purposes I will insist on the following modified explication
of congruence.

Definition 2. Suppose that there are two subsets of R¥, ®p and Py, such that 0p e ®p and 0y e Opy. Suppose,
also, that I have n independently and identically distributed observations of y, y1, ... , Yn, and let 6p°(-) and
On1°(+) be estimators of Op and 0y, respectively. Finally, suppose that (M2, 0p°(-)) and (M1, 05,°(-)) are different
econometric models of the TPD and the MPD with M2 actually being the TPD, and suppose that the estimators,
0p°(-) and 0p1°(-), are consistent in their respective models. Then, (M1, 0x°(-)) is a congruent econometric
model of TPD if and only if M1 is coherent with the pertinent a priori theory and (M1, 051°(-)) encompasses (M2,
0p°(-)) in accord with Definition 1C. The M1 in a congruent econometric model of TPD is termed a congruent
model of TPD.

In this definition the a priori theory is a family of models of the axioms of the data universe in a
pertinent formal theory-data confrontation. It is, therefore, important to observe that the parameters of
M1 in a congruent econometric model of TPD, (M1, 61°(+)), need not satisfy the conditions of a data
admissible mathematical model of the MPD.
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Definition 3. Consider a theory-data confrontation in which the sampling scheme that generates the data is
adequate. The 95% confidence region around the estimated mathematical model of the MPD is data admissible if
it contains both a data admissible mathematical model of the MPD and a congruent model of the TPD.

Theorem 1. Consider one subset of Rk &y, and suppose that Op11 € Ppp, Opp € P, and Opgz € Dy are,
respectively, parameter vectors of three different models of MPD. Suppose, also, that I have n independently
and identically distributed observations of y, y1, ... , Yu, and let 6p1°(-) be an estimator of Onr1, Onrn, and Opy3.
Finally, suppose that (M1, 0p°(-)), (M2, 0p1°(-)), and (M3, 6p,°(-)) are econometric models of the MPD with
On1 being the parameter of M1, Oyyp being the parameter of M2, and 63 being the parameter of M3, and
suppose that the estimator, 0x,°(-), is consistent in the respective models. If M2 and M3 are data admissible,
(M2, 8p1°(-)) and (M3, 0)1°(-)) encompass each other in accord with Definition 1C. Moreover, if (M1, 851°(-)) is
a congruent econometric model of TPD and M1 is a data admissible model of MPD, (M1, 0),°(-)) encompasses
all the econometric models of the MPD, (M, 05,°(-)), with a data admissible mathematical model of MPD, M,
and is encompassed by them. However, (M2, 0),°(-)) and (M3, 0)1°(-)) need not be congruent econometric
models of TPD.

I will sketch a proof of the theorem and leave the missing details to the reader. First let ®p
and Py be subsets of R¥, and suppose that the parameter of TPD, 6p, belongs to ®p, and that ®y,,
Om1, O, and Oy are as described in the theorem. Also, let 0p°(+) be an estimator of 0p, let O)°(+)
be an estimator of the three 0y;, i = 1, 2, 3, and assume that the estimators are consistent in their
respective models. Finally, let (MP, 6p°(-)) be an econometric model of the TPD. Then observe that
if (M1, 6p1°(+)) is a congruent econometric model of the TPD, there is a binding function, I'(-):®p —
@p, such that in M1 I'(Byg) = plim 6p°(sn), and in MP, Opg = plim 6p°(sn), Omo = plim 6p°(sn), and
Opo = I'(BMmo)- Next, observe that if M2 and M3 are data admissible, in M2 6y, = plim 6y;°(sp), and in
M3, Op3 = plim 631°(sn). Hence with I'(8) = 6, (M2, 6);°(-)) encompasses (M3, 81°(+)) in the sense of
Definition 1C. Finally, observe that if (M1, 8),°(-)) is a congruent econometric model of TPD and M1
is data admissible, then (M1, 6)°(-)) encompasses both (M2, 8)°()) and (M3, B)°(+)) in the sense of
Definition 1C. However, even though the converse is true, neither (M2, 8)°(-)) nor (M3, 8)°(+)) need
be congruent econometric models of TPD.

The preceding theorem allows me to explicate the status of bridge principles in applied
econometrics as follows:

The Status of Bridge Principles in Applied Econometrics. Consider a theory-data confrontation like the
one pictured in Figure 1. The theory is a non-empty family of models of a finite number of assertions concerning
a few undefined terms. The bridge comprises a non-empty family of models of a finite number of assertions—the
bridge principles—that relate variables in the theory to variables in the data universe. The data universe is as
described in a few assertions that delineate the characteristics of the data generating process—the TPD. Assume
(1) that there is an empirically relevant model of the theory, and (2) that each data-admissible model of the MPD
singles out an empirically relevant model of the theory. Then, the bridge principles are valid in the Real World
if and only if all the econometric models of the MPD, (M, 0x,°(-)), with a data-admissible M are congruent
econometric models of the TPD.*

I will exemplify the preceding definitions and the status of bridge principles in an empirical
analysis of a simultaneous-equations model the idea of which I learned from reading Aris Spanos’
(1989) [14] and (2012) [15] deliberations about the legacy of Trygve Haavelmo’s (1944) [3] treatise
“The Probability Approach in Econometrics”.

4 1t is relevant here that the ideas underlying my explication of the status of bridge principles in applied econometrics

are akin to David Hendry’s idea that in model evaluation the requirement that an econometric model be congruent and
encompassing can substitute for truth as a final decision criterion in empirical modeling (Hendry (1995) [13], Chapter 9).
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3. A Simultaneous-Equation Example

The present simultaneous-equation example considers the equilibrium configurations of a
perfectly competitive market for one commodity. I generate artificial data for such a market,
describe the way an applied econometrician in present-day econometrics analyses the data,
and contrast it with the way an applied econometrician in formal econometrics analyses the same data.
The present-day econometrician in this example is taken to be a present-day econometrician in the
tradition of Haavelmo.

3.1. Formal Aspects of the Present Theory-Data Confrontation

I begin by formulating the axioms that underlie the formal-econometric analysis of the given
market. They are axioms that delineate the characteristics of the theory universe, the two data universes,
the Bridge, and the MPD that I need for the two empirical analyses of my data.

3.1.1. Assumptions Concerning the Theory Universe

The theory universe is a triple, (Qr, I't, (QQT, R, P1(-))), where Qt is a subset of a vector space,
I't is a finite set of assertions concerning the properties of the vectors in Qr, and (QT, R, Pr(-))
is a probability space, where Xt is a o field of subsets of the given (), and Pr(:)):Nt — [0, 1] is a
probability measure.

The assertions in I'r comprise six axioms, A1-A6.

Al Q7 C R® x R2. Thus wr € Q7 only if wr = (x, u) for some x € R% ueR? and (x, u) € R° x R2.
A2 (Xl/ X2, X3) € I{+3/ X4 € {1/ 2}/ X5 € {1/ 2}/ ui € {_1/ 1}/ and up € {_1/ 1}

In the intended interpretation of the components of x and u, x; and x; denote, respectively, the
market participants’ intended demand for the commodity and the market participants” intended
supply of the commodity. Also, x3 denotes the price of the commodity, x4 and x5 denote two auxiliary
variables, and uy, and u; are two error variables.

In an aggregate sense, the market participants’ intended demand for the commodity is a linear
function of its price and the auxiliary variable, x4. Similarly, the market participants’ intended supply
of the commodity is a linear function of its price and the auxiliary variable, xs. The values of the price
variable and the auxiliary variables are such that the demand and supply of the commodity are always
equal. Specifically,

A3 x1=A +Bxz +Cxy; xo =D + Exg + Fxs; and xq = xp.
The coefficients in the equations in A3 are taken to satisfy the conditions in A4.
A4 Ael8,10],Be[-2,—-1],C=1,D=0,Ee[l,2],and F=1
Relative to Pr(:), the components of x and u are random variables. A5 and A6 bear witness to that.

A5 Let x(:):Qp — R® and u(-):Q1 — R? be defined by the equations, (x(wt), u(wT)) = wt and
wr € Ot. The vector-valued function, (x, u)(-), is measurable with respect to Xt and has, subject
to the conditions on which I't insists, a well-defined probability distribution relative to Pr(:), the
RPD, where R is short for researcher, P for probability, and D for distribution.’

The Q7 that appears in two places in the triple that represents the theory universe is one and the same subset of a vector
space. Moreover, for the vector-valued function (x, u)(-), the equation (x(wT),u(wr)) = wr in axiom A5 is short for (x; (wz),
... Xp(wr)ug(wr), ... u(wr)) = wr. In the present theory-data confrontation (x, u) plays the role of a vector in Qr and
also the role of a vector-valued random variable on (Qt, X1). The components of (x, u) are theoretical variables and their
values are not observable. Also, the probability measure, Pr(:), exists in the mind of the pertinent researcher and cannot,
even ideally, be calculated by an outsider.
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A6  Relative to P1(-), the components of x have finite means and positive variances, and the covariance
matrix of x4, and x5 is invertible. Also uj, and u; have means zero, positive variances, and are
distributed independently of x4 and xs.

In the axioms I insist on strict limits on the values of th