Appendix to: Semiparametric Estimation of a Credit Rating

Model

Abstract

In this Appendix, I prove the two asymptotic theorems in the paper. Lemma
2.1 - 2.4 establish various convergence rates for the employed “recursive differencing”
estimator. Lemma 2.5 establishes the convergence rate for the Hessian matrix associ-
ated with the log-likelihood function. Lemma 2.9 proves a “residual property” of the
semiparametric probability derivative, which I use in conjunction with the recursive
differencing estimator to reduce bias. These intermediate lemmas are instrumental in

establishing the asymptotic property of the index parameter estimator.
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1 Proofs of Asymptotic Results

1.1 Proof of Theorem B1

Proof. To show consistency, recall that § maximize the estimated average log-likelihood
function Q(#). From Lemma C.3, supg|Q(8) — Q(A)| & 0, where Q(6) is obtained from

~

Q(0) by replacing all estimated functions with their probability limits. From standard

argument, Q(6) converges uniformly to its expectation E[Q(6)]. Then, consistency would

follow as long as E[Q(#)] is uniquely maximized at 6.



To show 6y uniquely maximize E[Q(0)], I apply the law of iterated expectation on
E[Q(6)] by conditioning on the true index V;(8y) = (F;0f, B,6F, MFOLI,):
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If 6p maximize £;(0) = 22:1 P0¢Ln(f3k(V,~(9))) for each i, it will clearly maximize E[Q(6)].
Let Py(0) denote the estimated rating probability inside this quantity, P*¥(V;()). For each
k from 1 to 7, take the derivative of £;(f) with respect to Py gives

P 1=> B gi

= k=127 (3)

ViLi(6) = Pe(0)  1-=30,F(0)

When ﬁk(W(G)) = P}, it can be seen that V;,L;(f) = 0 for all k from 1 to 7. From
Theorem 1 and 2 in Klein and Spady (1993), P*(V;(0)) = Pk <= 0 = 6,. O

1.2 Proof of Theorem B2
Proof. From a Taylor expansion of the estimated gradient on 6 and the fact that the
estimated gradient is zero evaluated at 6y, we have

VN@O—6)) = —H(@OT)'VNG() 0" € (6),0) (4)

where G() = Vy@g(@), H(0) = Vgrg@(@) for any 6 in its support. Under the condition
of Lemma 2.5, H(01) converges in probability to Hy = E[H (6)]. We let Py, = P*(V;) to

simplify the notation,
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Noting that ), Yk =1 and Zk V¢ Py; = 0 for all i. The first equality above follows from

the fact that ) 89 = aza’“oP“ = gé = 0. As the first term in (7) and all remaining terms
have the same structure, it suffices to analyze the first term. From standard argument in
Pakes and Pollard (1989) and Klein and Spady (1993), the estimated trimming function

Tiv can be replaced by the truth asymptotically. For any k € {1,2...,7}, with wg; =

P
B o0 =hi|o_p, , a representative term in the estimated gradient is:

VN & o VN & N -
N Z[Y‘k - Plhlwg = ~ ka — Ppi|wg; — N Z[P;;‘} — Py|wy; (8)
; = i1

=1
D1 D2
VN & VN & —
= N Z[Yz‘k — Ppiwp; + N Z[Pki — Pyilwy; 9)
i i
Dy D
+ (D1 - DY)+ (D2 — D3) (10)

By making use of the fact that the residual Y}* — Pj; has zero conditional expectation,
Dy — Df = N™'\23°(YF — P)(wr; — wgi) = 0p(1) through a mean-square convergence
results similar to Klein and Spady (1993). For the convergence of double-sum in Lemma
2.7, Dy — D3 = 0,(1).

Recall from D.4 that the recursive differencing estimator has the form:

— A= SV — Aj V)| Kp(Vj —v R
Pi(v) = 5= Z][ljz Kh((V)'] _hv() ) f19 (11)
N—1 24j J

with g being and estimated density derivative and ﬁf( ) = PK (V) —1 TX (v) is an estimate

of the localization error. Note that

L VRS ;
D; = SO — Pl s + Z — Pt = Ly (12)

i

op(1) from Lemma 2.7



1
=5 . . b= 7,2 Y Kh(v -Vi) ~
where Py; is the standard Nadaraya Watson estimator: Py; = NNi_ =5 Kh v = =f /

Lemma 2.8 establishes the equivalence between (12) and (13). In below, we show that this

term is a degenerate U —statistic. Let

N R N
1 —~ Ji 1 5 ~\ Wki
= — Py, — Pi; ;T — = Z—Pzzi 1
Un N ;1( ki kz)wkzgi N ;1 (f ki9 ) i ( 5)
With J?z = ﬁ Zj Y]kKh(VJ —V;) and g; = ﬁ Zj Ky (V; = Vi),
N
1 1 Wi
Unv = N E (ﬁ E ijKh(Vj - Vi) sz E Kyn(V; = Vi) (16)
i—1 ;
= 3D § Y IYF — PV - V)“;’“ (17)

i= 13751

= Z > i (18)

1=1 j#i

with  py = [V} — PuKa(V; — V)l;]“ (19)
and pij = w (20)

Note that by construction, pj; is now symmetric with respect to i, j. After applying the
standard approximation theory of U-statistics (Powell et al., 1989, Serfling, 2009), we obtain
vVN(Un — UN = 0,(1) where UN is a “projection” of Uy:

P

\FUN_\FZ [0ilVi] + Elpi;|Vi]) /N = T1 + Ty (21)

Each term in 75 is zero from the law of iterated expectation and the residual property of
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Elpi|Vi] = E[Y} — Po)Kn(V; — Vi) —|Vi] (22)
1 E?PZ
= B[V} ~ Pu)Kn(V; ~ Vi)t 5" lo-a0|Vi] (23)
kigi
1 0P;
= Ev{Bl(Y} = Pi)Kn(V; = V)T — o lo=ao| Vi Vi) (24)
Pki i 00
1 0P;
= (V= Pa)Ku(V; = Vor 5By { Bl oo Vi ViT} - (29)
=0 from Lemma 2.9
=0 (26)
It can be shown that for each term in 7T7:
Elterm;] = Ev{E[p;|Vi]} = Elpji] = Ev;{Elp;i|V;]} =0 (27)
Varlterm;] = 0O(1) (28)

Ty is therefore o,(1) from standard sample mean property. Since v N Un converges in
probability to zero, vV NUy and therefore D3 are both o,(1). As such, the only term
remain in the gradient expression in (8) is D} = \/TN Zf\i YE — Pilwgg, so

N

k k k
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Then, referring to the expression in (4), v N (é — 0p) has an asymptotic linear form:

N
VN —0y) = \FZH—la 00)/N + 0,(1) (30)
7 k k 9 pk
Gi(bh) = ZTwY PkP 8;9 lo=0, (31)

We apply the Lindberg-Levy CLT and obtain:

VN(0 — 60) 5 N(0, Hy E[G:(00)G}(00)| Hy ) (32)



2 Intermediate Lemmas and Proofs

Lemma 2.1 (Uniform Convergence of Estimates to Expectations). Let w be a K dimen-
sional vector and assume that m(w) is a sample average of terms m(w; z;), where z; are

i.4.d. Assume that with h —0, we have uniformly over N:
Rl m(w;z)| <e, r4+1>0 and h*|om(w;z)/0w| <c, s>0

Let E[m(w)] be the expectation of m(w) taken over the distribution of z;. Then, with w in

a compact set and for any o > 0:
NU=I2pr L supim(w) — Elm(w)]] 20 a.s.

Proof. See the proof of Lemma 2.1 on pp 411 in Klein and Spady (1993). The proof utilizes
important implication in Hoeffding (1963) and Bhattacharya (1967). O

Lemma 2.2 (Convergence Property for Density Estimator and Its Derivatives). Let §
be the estimated index density defined in D.3 and Vg be the r-th density derivative with
respect to 6, when r = 0,1, 2, then:

(2.2.1) supos B{(V33(v) — E[V53(0))4} = Ol xbers)
(2.2.2) sup, g EIV}3(0)] = Vig(v)] = O,(h?)

Proof. The order of bias and variance for estimated kernel density and density derivatives

are fairly standard in the literature, see Hansen (2009) for an discussion. O

Lemma 2.3 (Convergence Properties of Estimated Probability after Recursive Differenc-
ing). The following convergence properties hold for the conditional probability estimator

defined above:
(1) supyE{(§(v) [Py (v) — B[P (v)]))*}Ho=0, = Op(5z)
(2) supy| E[§(v)(P; (v) — P*(v))]|o=g, = Op(h*)

(3) Supv,gvaﬁ,j(v) — PE(v)| = Oplan), where ay = (N%]X%)lﬂ + bt with t = 0,1,2.

Proof. See Theorem 1 and Lemma 11 in Shen and Klein (2019) for the proofs of part (1)

and (2). In particular, they demonstrated that a lower order of bias can be achieved after



implementing the recursive differencing strategy, without causing the order of variance to
go up. As illustrated in the first two results, the order of the variance here is the same
compared to that with a regular kernel in Lemma 2.2, while a lower order bias is obtained
(h* vs h?). For the uniform convergence rate in (3), the first component of ay is derived
following Lemma B.1 of Newey (1994) whereas the second component comes from the
bias. O

Lemma 2.4 (Mean-square Convergence of Estimated Probability). For recursive differenc-
ing estimator ]5,;‘ (v) defined in the main text, for h = 0.97c N~" and under the conditions
of Lemma 2.1- 2.3,

& S(B0) = Paw)? = Op(N 1)+ 0,(4%) (33)

Proof. With f#(v) = §i(v) P (v), note that

)

1 . 1 (v
¥ OO ) = $ 3 Y i) (34)

sup(3) 5 S0~ Puile) 39
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Since we use the trimming function defined in D.5 to keep ¢; away from zero, 1/inf(g;) is
bounded from above. Due to the recursive differencing structure in f* (v) that is explained

in Lemma 2.3, for some constant B = O(1),

N B - P < B Y - Py (36)

variance of f S squared bias of fl*
2 £k £k Fx N
+ BQN Z(fz - ELfD(Ef;] = PF(v)d:)
op(1)
= Op()(0p(NT'h™%) + 0y(h%)) (37)
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Lemma 2.5 (Convergence of Hessian). Assume the kernel bandwidth h = 0.97c N~" and
1/16 < r < 1/7. Then, under the conditions of lemma 2.1 and with 0% € [é, o],

H(0)™ 5 Ho = E[H(6)]

Proof. Given that the Hessian is a continuous function on 6, the desired argument H(67) %
E[H ()] would follow if (a) 0T 5 6y and (b) sup|H(0) — E[H()]| & 0. Condition (b)
implies that H (o) 2 E[H(6)]. If (a) holds, then by the continuous mapping theorem we
have H(01) 5 H(0y) & E[H(6,)]. Condition (a) directly follows from consistency because

07 is some intermediate point between 6 and 6. To show (b), note that:

suplH(0) — E[H(O)]| < sup|H(0) — H(0)| + sup|H(0) — E[H(0)]] (38)
< Ty +Ty (39)

Ty % 0 from Lemma 2.1. Note that the Hessian, by definition, is the second derivative of
the quasi-log-likelihood function:
1 Yk Yk
H(0y) = — L VgogPri;— —5VoPy;
(6o) N Z(P;m» 00 P i P 0Pr.i)

i

To make 17 uniformly converge to 0, we need VéPf uniformly converge to its associated

estimand for ¢ = 0, 1,2, with the rate at t = 2 being the slowest. From Lemma 2.2, for

the case of t = 2, the bandwidth parameter  must be chosen in a way that Aﬁ?fvw =o(1).
From the L’Hopital’s rule, lim Z”ISJX) = 0 for any positive a. Therefore, r < 1/7 is sufficient
to guarantee the convergence of Hessian: H(07)~1 % Hy = E[H (6,)] O

Lemma 2.6 (Double Convergence). Let a;,b; be some iid quantity, and di,gi be their
estimator respectively. If +>°,(a; — a;)*> = Op(N™), & Zl(i’z — b))% = Op(N~92), then
& (@i — ai) (b; — bi) = Op(N—2701)

Proof. The proof follow directly from the Cauchy-Schwarz:

]172(&1 — CLZ)(ZA)Z — bz) < \/]17 Z(dz — ai)g\/;f Z(i)l — bi)Q (40)




O]

Lemma 2.7 (Convergence rate for double sums). Let h =0.97cN~",1/12 <r < 1/8 and

the recursive diﬁerencing estimator P,;"l defined in the main text. For M; being (i) g; or

(1) Wi; = Ti = 89\9 0o for all k,

VNS S (P = B (M; — 1) = 0,(1)

Proof. Apply Lemma 2.6,

\/N% Z(sz - Pl:z)(Ml - Mz) < \/N\/;[ Z(P,; - sz‘)Q\/;f Z(Mz — M;)?2  (41)

To show (i), replace M; with g;. From Lemma 2.2 that

;Z(ﬁi—gi)Q < *Z Elgi] + Elgi] — 9:)* (42)
< supoalB{5(0) — Bl + sulElg(w)] o) (43
= 0 (Nlhs) +Op(h) (44)

Note from Lemma 2.4 that

7 B~ Pt = Opl ) + Oyl (15

As such,

VN (P = Pilei—90) < \/N(O (7735) + Op1))(Oyl557) + Op(h1)
= 0,(N"'2) given that 1/12 <r < 1/6 (46)

To show (ii), from Lemma 10 in Shen and Klein (2019),

— Z O(h®) + O(1/Nh®) (47)



h 1/N1/2p3/2
Therefore the double sum will be 0,(1), if {[Op( ) +0p(1/ ks = op(N_l/Q).

[Op(h*) + Op(1/N'/2h5/%)]
This condition is satisfied with 1/16 < r < 1/8. O

Lemma 2.8. With J/DZZ being a standard Nadaraya-Watson estimator defined in D.4 and
D5 = % Zf\il[ﬁz‘z - Pk;i]%wki defined in Theorem 2, D5 — D35* = o,(1) where D3* =
SN [P — Pki]%wki~

Proof. We proceed by first defining two intermediate objects that will simplify the analysis:
Pw.0) = Gibn=—~S YFEK =2 0
fov.0o) = GiPri= NZ F KRV —v) = NZij(% 0)
J

Flw.00) = G = S}~ AR@IEAY, qu (v.60)
J

To establish the equivalence result, it is sufficient to show that for each k:

/\

Dy =Dy = &~ Z (v 00) — fT(vi, 00)]uw;

IN

msgpu (v, 00) — (v, 00) wr| = 0,(1) (48)

Using a “residual property” of VgEﬂgzgo provided in Lemma 2.9, it can be shown that
E[foj(v,600)w;] = E[f1j(v,00)w;] = 0. Therefore, with G,,(v) as the empirical CDF and
G(v) the true cumulative density of the index Vj at 6y, we have

)~ o = o)~ E[f°<v>w@1 f1< >wl+E (v)u]
= / fO] v, (90 wl [ n / fl] v 00 wl [ n( ) G(?))}
= [ [0.00) = iy (0.00) 0] 4G () = dG o) (19)
= [ IMOIKLV; ~ w6y (v) - dG(o) (50)
=A@KWV = 0)w(©)[Gn(v) = G)]lv-con (51)
= [ [Gulo) = GOV, — vyu(o) (52)

The last step follows from integrating-by-parts. From A.5, the support of the index Vj is

10



compact. Let 9 denotes the boundary of this compact support. The first boundary term
vanishes because the kernel function K (V* — v) decays very fast when V* is evaluated at
boundary and v is a fixed point. For the second term, one can factor sup, |Gp(v) — G(v)|*
outside of the integral. Then, since ijeQ d[A? (v)K (Vj—v)w(v)] is op(1), the result claimed
in (48) follows. That is, sup,|(f°(v,60) — f*(v, 60))rswil| = 0,(N~1/2).

O

Lemma 2.9 (Residual Property). Under the index assumption: Pr[Y} =1|X;] = Pr[Y} =
1|Vi(8o)], we have E[NgPr[YF = 1|V (6)]9=0,]] = 0.

Proof. This property is stated and proved in page 401-403 in Klein and Spady (1993), and
the authors thank Whitney Newey for mentioning a key idea in a private communication.
For what it is worth, I reiterate the proof using the notation employed in this paper.

For notational convenience, let V() = [F} + F'6F", By + B'0P , M FOI| denote the index
value at 6 and G(-|v;0) as the distribution of x = [F, B, M FOI] conditional on V() = v.

We write the conditional rating probability Py as a function of 6,

P.(v;0) = Pr[Y*=1|V(9)] (53)
_ / Hy (v: 00)dG (x]v: 0) (54)
where Hy(v;0y) = Pr(Y* =1|z) = Pr(Y* =1V (6)) (55)

With 6(x;6) = v(x;6p) — v(x;0), differentiate Py(v;6) with respect to 8 when v = v(¢;0)
for fixed ¢,

0
VoPL(u(t:0):6) = o [ Hi(3(2:0) + v(a:0)Glalu(t:):0) (56)
When evaluated at § = 6y, based on the law of total differentiation,

Vgpk(v(t;e);e)’9:00 = D+ Dy (57)
Di(t:00) = %[ / i (5(00) + v(x: 8))G (]v(t: 0): 6)][o—o

Daltit0) = ol [ Hu(6(030) + (a3 0)Galolt:0): Yooy

"This term is O,(N~'/2) according to Nadaraya (1965) and Eddy and Hartigan (1977).

11



For D (t;6y), since 6(z,6y) = 0,
D@@zzévmwwwmmwmw%

:%/m (£:0)) G ([v(t; 0); 0)]|o=g,

— [Hk (;0)) /levt9) 0)]lo=0o

00
= D H () (55)
- 90 E\ULL; 0=0o
For Dy, note that d(x,6y) = 0, so gg ‘%(I 9 We may differentiate within the integral
to obtain
Da(ti00) = [ S Hu(0(a:0) + (w3 0)) Glalo(t30): Yooy
= —FE[Di(x; Hg)lv(ac, o) = v(t; 6p)] (59)

where the above expectation is taken with respect to x conditioned on v(z;6p) = v(t; o).
From (57-59),

E[VoPy(v(t;0);0)|v(t; 00)] = E[D1(t;60)|v(t; 60)] — E[D1(t;60)|v(t; 60)] = 0 (60)

O]
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