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Abstract: This paper uses the adaptive dynamic programming (ADP) method to achieve optimal tra-
jectory tracking control for quadrotors. Relying on an established mathematical model of a quadrotor,
the approximate optimal trajectory tracking control, which consists of the steady-state control input
and the approximate optimal feedback control input, is designed for a nominal system. Considering
the compound disturbances in position and attitude dynamic models, disturbance observers are in-
troduced. The estimated values are used to design robust compensation inputs to suppress the effect
of the compound disturbances for good trajectory tracking performance. Theoretically, the Lyapunov
theorem demonstrates the stability of a closed-loop system. The robustness and effectiveness of the
proposed controller are confirmed by the simulation results.
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1. Introduction

The miniaturization and reduction in cost of the relevant control components in air-
craft, as well as the development and progress of computer and sensing and measurement
technologies, have improved the stability of flight control systems and greatly facilitated
the development of quadrotors [1]. The high operability, strong mobility and flexibility
of quadrotors allow them to meet the specific needs of many projects, generally used in
military, industrial and other fields [2,3]. A quadrotor system is multivariable, nonlinear
and strongly coupled, and quadrotors will also be disturbed by the surrounding environ-
ment during flight [4]. These factors can affect the accuracy of quadrotor control systems.
The requirements for high-accuracy and robust flight control in the design of controllers
for quadrotors are stringent, and the design of a core control algorithm is a prerequisite
for quadrotors to achieve a stable and high-precision flight performance. Therefore, the
research and development of controllers for quadrotor systems is of great significance.

At present, it is no longer a problem to ensure the uniformity of quadrotors through
control algorithms. Many controllers for quadrotors have been designed and are already in
application [5]. Since the dynamics of quadrotors can be linearized around the equilibrium
point, traditional linear control methods are used for a designed controller [6]. On this basis,
linear techniques are employed in the flight control of quadrotors, such as linear quadratic
regulator (LQR) control [7]. However, quadrotors need to be controlled away from the
equilibrium point to accomplish complex control tasks and withstand external disturbances.
As a result, a technique has been devised that is regarded as a robust feedback lineariza-
tion method that uses extended state observers to estimate the nonlinear state feedback
term online, containing aerodynamic forces, moments and unknown disturbances, and
obtains the desired closed-loop dynamics via pole assignment [8]. Moreover, several robust
controllers relying on nonlinear techniques have been proposed, such as sliding mode
control [9], adaptive control [10], backstepping-based control [11] and robust control [12].
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These control methods ensure the stability and robustness of nonlinear systems and have
generally been used for the tracking control of these systems, but their optimal properties
have not been considered. Therefore, the concept of optimization has been introduced into
control design.

To derive the optimal control policy for the infinite horizon optimal control problem,
solving the Hamilton-Jacobi-Bellman (HJB) equation or the Hamilton—Jacobi-Isaacs (HJI)
equation for the Hy, optimal control problem considering uncertainties is essential. Nev-
ertheless, it is difficult to mathematically derive the corresponding analytical solutions in
most cases. Neural networks are an optional method to overcome this problem [13-15]. The
approximation property of neural networks makes it possible to find approximate solutions
to partial differential equations. The convergence of neural networks can be ensured by
penalizing them to ensure they satisfy the given partial differential equations. The ADP
method is the combination of reinforcement learning, dynamic programming and neural
network adaptive methods to derive approximate solutions of the HJB/HJI equations using
function approximate structures to address nonlinear optimal control problems [16,17]. The
ADP method is used for control design with suitable performance index functions to derive
the desired dynamic performance and stabilize a nominal system with uncertainties. How-
ever, most nonlinear optimal control methods using the ADP method are aimed at nominal
systems or uncertain systems satisfying specific conditions [18-20], while the immunity
to disturbances is still weak for such systems with external time-varying disturbances
independent of the state, and the control effect under stronger disturbances is not ideal.
The ADP method has been used in the design of controllers for quadrotors and efforts have
been made to improve the robustness, but the designed controllers are more geared towards
linear systems and design uncertainty is a unique problem [21,22]. Quadrotors will often
experience various external effects in flight, requiring strong adaptive and anti-disturbance
capabilities in flight control. The disturbance observer technique achieves disturbance
suppression of the target utilizing feedback regulation [23], which can attenuate compound
disturbances containing external disturbances and model uncertainties, thus improving the
system robustness. A disturbance observer can accurately estimate compound disturbances
in a system, which greatly reduces the conservatism of the control. In addition, since a
disturbance observer can usually be designed independently of the controller, this ensures
that the method can be easily combined with other advanced control methods and more
flexible in its application. There are experiments suggesting that the introduction of a
disturbance observer significantly improves performance, which is a good reference for
methods for quadrotors to overcome disturbances [24].

Considering the above analysis, a robust approximate optimal trajectory tracking
control method is proposed for quadrotors to solve the optimal control problem under the
conditions of compound disturbances. The main contributions are summarized as follows:

(1) The combination of modeling uncertainties and external time-varying disturbances
is considered as compound disturbances. Disturbance observers are introduced to
estimate the compound disturbances in the position and attitude subsystems, and
the estimated values are used to design robust compensation inputs to suppress the
effects of the compound disturbances and ensure the stability of a quadrotor system
under the ADP method.

(2) To obtain optimal trajectory tracking control for a quadrotor without composite distur-
bances, the ADP method is used to design approximate optimal control inputs for the
nominal system of a quadrotor.

The rest of the paper is organized as follows. In Section 2, the quadrotor mathematical
model is developed, and the quadrotor system is divided into two subsystems. Section 3
describes the design of the robust approximate optimal trajectory tracking control and the
stability analysis of the closed-loop system. Section 4 describes the robust approximate
optimal trajectory tracking control for the quadrotor. The results of the corresponding
simulation and the results of the comparative simulation without disturbance observer are
presented in Section 5. Section 6 gives the conclusion of the paper.
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2. Mathematical Modeling of a Quadrotor

The quadrotor has four evenly spaced, cross-symmetrical brushless motors in the
plane, The rotors of motor 1 and motor 3 rotate clockwise, while the rotors of motor 2
and motor 4 rotate counterclockwise. By changing the rotational speed of the four rotors,
the quadrotor generates different magnitudes of lift forces and torques, which can control
the takeoff, landing and attitude motions of the quadrotor. As a result, the location of the
quadrotor can be altered in the three-dimensional space. Figure 1 depicts the basic structure
of the quadrotor.

Intertial frame

Figure 1. Basic structure of the quadrotor.

To clarify the mathematical model of the quadrotor system and satisfy the implementa-
tion of the control method, the earth-fixed inertial frame O;X;Y;Z; and the body-fixed body
frame Og XpYpZp are established. To ensure that the constructed mathematical model does
not lose the generality, it is assumed that the deformation and elastic vibration properties of
the rotors and body are neglected, and the quadrotor is considered as an ideal rigid body;
the quadrotor’s structure is symmetrical, its mass is uniformly distributed, and its center
of mass is located at the geometric center. The translational and rotational motions of the
quadrotor are satisfied by [25]

P=no, 1)

O = Wiw, ()

where P = [x,y,z]T € R3 represents the position of the quadrotor in the inertial frame and
0 = [0y, vy,0;])7 € R3 represents the corresponding velocity. ©® = [, 6, 9] € R* denotes

the vector of Euler angles. w = [p,q,7]T € R? denotes the angular velocity of the quadrotor
in the body frame. W} € R3*3 is the rotation matrix for the angular velocity in the form of

1 Sptg Copto
Wé =10 ¢ —s¢ |, 3)
0 54,/69 C¢/C9
in which s, = sin(x), c. = cos(*) and t, = tan(x).

Relying on the Newton-Euler method, the dynamical equation of quadrotor with
compound disturbances is represented by [26]

mo = F — ko +d,, (4)

I+ wx [w="T1+d,, 5)

where m € R represents the mass of the quadrotor. I € R3*3 represents the inertia matrix
of the quadrotor. As the assumptions of the quadrotor structure, its inertia matrix can be
defined as the diagonal array I £ diag{ L, Iyy, Lz }. k = diag{kx, ky, k:} € R¥3 is the
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drag coefficient matrix. F = [Fy, Ey, FZ]T €R3 represents the resultant force consisting of
the gravity and the total lift in the inertial frame. T = [1x, 7, 7] € R represents the torque
in the body frame. d, € R® and d, € R are the compound disturbances in position and
attitude dynamic models, which contain modeling uncertainties and external time-varying
disturbances.

According to the mechanical analysis, the quadrotor is affected by gravity and lift
forces. Since the special structure of the quadrotor, the lift forces are along the z-axis
direction of the body frame. Then, the resultant force expressed in the inertial frame is [27]

F = RézuT —zymgy, (6)

where T € R represents the total lift force and g; € R represents the gravity acceleration.
zy = [0,0, 1]T. RIB € R3*3 is the rotation matrix of the body frame transformed into the
inertial frame in the form of

CoCyp  SpSeCy — CoSy  CpSeCy + S¢Sy
RL — — 7
B CoSp  SpSeSy + CpCy  CpSpSy — SpCy | - (7)
—Sp S5¢Co CpCo

Assumption 1 ([28]). The pitch and roll angles hold the conditions |¢p| < rt/2 and |0| < 71/2 to
avoid the singularities of the matrices Wi and RL.

T
Assumption 2 ([29]). In the control process, the total compound disturbance dy = {d;,dﬂ € R®

has finite energy. In addition, dy is a continuous function and its norm is bounded such that ||d; || <
dipm, where dypy is an unknown positive constant. Simultaneously, the compound disturbances are
usually considered to be superimposed by the low-frequency period signals. Hence, it is assumed
that the total compound disturbance has a low change rate and its rate of change is slow compared to
the dynamic properties of the disturbance observer, which can be considered that dy ~ 0.

Assumption 3 ([30]). The desired trajectory of position Py = [xd,yd,zd]T € R3 and the desired
trajectory of yaw angle ¥y € R and their higher order derivatives are known, continuous and
bounded.

Remark 1. Assumption 2 is common in control studies using disturbance observers [31-33], while
there are different considerations for compound disturbances in [34]. In the case of this paper, the
considerations in Assumption 2 are used. Assumption 3 ensures that the ADP method can be
utilized for the control design and the stability analysis.

The total lift and torque of the quadrotor are related to the force and torque of the four
rotors as follows [35]:
T=T1+T,+T3+T;
Ty = I(TZ - T4)
Ty = l(Tl — T3)
T=T1—T+h—T

, (8)

where T; and 7; (i = 1,2,3,4) are the lift and torque generated by the four rotors of the
quadrotor, respectively. [ represents the length from each rotor to the center of the body.

The rotor speeds are related to pulse-width modulated (PWM) signals through the
motors. The lift forces and torques generated by the four motors are related to the pulse
width of the input signals as follows [36]:

B

’Ti = Kts"rzéw Ui

pEt ©)
T = Kogrg, i
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where Ky and K, are the positive gains of the lift coefficient and the inverse torque coefficient,
respectively. By is the motor bandwidth and u; represents the PWM signals of each
corresponding motor, which should be limited between 0 and 1.

Assuming that the motors have a sufficiently fast response speed, then the motor
model can be simplified as [37]

T; = Ksu;
{ P (10)
T = Kou;
Hence, (8) can be rewritten as [38]
T Kt Kt Kt Kt 251
| |0 K 0 K| |u
Ty - Ktl 0 —Ktl 0 Uus ’ (11)
Tz Ko _Ko KO _KO Uy

Considering the trajectory tracking control for the quadrotor, the control objective is
to design a controller that allows the position and attitude to track the desired trajectory
asymptotically within a small error.

Combining (1), (2), (4) and (5), the overall model of the quadrotor can be decomposed
into a position subsystem and an attitude subsystem. The position subsystem can be
represented as

X1 = fi(x1) +g1(x1)(F +4dp), (12)

with
:[PT, UT]T = [x,,2,0x, vy, vZ}T € R®,

X1
fl(‘xl) :[UX/ vyl Uz, _kxvx/mr _kyvy/ml _kzvz/m]T € R6/

000 1/m 0o 017"
gi(x))=|0 00 0 1/m 0 | €R®S3
000 0 0 1/m

While the attitude subsystem is expressed in the form of

X = fa(x2) + g2(x2) (T +da), (13)
with
x =[07, w|T = [¢,0,9,p,q,1]" €R,
fa(x2) =[p +gspte + regte, qeg — g, qsg/ co +1cp/ co,
q”(Iyy - IZZ)/IXJC/ PT(IZZ - Ixx)/lyy/ P‘](Ixx - Iyy)/lzz]T S Ré/

00 0 1/Le 0 01"
@()=|0 0 0 0 1/I, 0 € R,
000 O 0 1/

In the next section, (12) and (13) will be the focus of our research.

3. Robust Approximate Optimal Trajectory Tracking Control Design

Considering the convenience of describing the control design process, (12) and (13) is
represented in the uniform form

X =f(X)+g(X)(U+D), (14)

in which f(X) € R®and g(X) € R°*3 represent the drift dynamics and the input dynamics
of the system, respectively. X € R® denotes the observable state vector, U € R? denotes the
control input, and D € R3 denotes the compound disturbance.
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Definition 1 ([39]). A state vector X is said to be uniformly ultimately bounded (UUB) if there
exists a compact set @y, a positive number by and a time t,(X (ty), by) such that | X || < by for
all state variable initial value X (ty) € Qx and all t > ty + f.

Lemma 1 ([40]). X is UUB if the time derivative of a positive definite function Ly (X') is negative
when || X|| > by for a positive constant by.

To realize the trajectory tracking control with robustness for the system, the designed
controller consists of two parts, the form of which is as follows:

u=uN+ur, (15)

where UR is the robust compensation input designed through the disturbance observer for
suppressing the effect of compound disturbances in the system. U" is the control input
designed based on the ADP method for the nominal system, which takes the form of

uN = Uy + U, (16)

where U, represents the steady-state control input and Ug represents the feedback control
input.

3.1. Disturbance Observer Design

The disturbance observer is applied to derive the estimate of the compound distur-
bance. The estimated value is then used for the design of the robust compensation input to
improve robustness. The disturbance observer is designed as

Z = —1,(X)(f(X) +g(X)(pp(X) + U+ Z)) (17)
D=2Z+p,(X) I

in which D € R3 represents the estimate of the unknown compound disturbance, p,, (X) € R3
represents the designed vector-valued function, I, (X) = 9p,(X)/9X € R3*® is the ob-
server gain and Z € R3 represents the auxiliary variable vector of the disturbance observer.

Remark 2. In the disturbance observer (17), the derivative of the state is required, which is unknown
because the compound disturbance is unknown. Then, the auxiliary variable vector is given to avoid
calculating the derivative of the state.

Define the estimation error of compound disturbance as D = D — D. With regard to
Assumption 2 and the disturbance observer (17), the time derivative of D is developed as

A

D-D=-7Z-1(X)X
=1,(X)(f(X) +g(X) (pp (X) +U+Z)) — 1,(X)X (18)
I, (X)Z(X)N(Z + pp (X)) = 1p (X) (X = f(X) = g(X)U).

D

Combined with (14), we have

D =1,(X)g(X)(Z + p,(X)) — 1, (X)g(X)D
= —1,(X)3(X)(D - D) (19)
= —1,(X)g(X)D.

Then, D is convergent by appropriately designing the vector-valued function p, (X).

Theorem 1. Considering System (14), the disturbance observer is designed as (17). If 1,(X)g(X)
is ensured to be positive definite for the design of the vector-valued function p,(X), then the
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estimated compound disturbance D would follow the compound disturbance D, which means the
estimation error D could converge to zero.

Proof. Select the candidate Lyapunov function as follows:

1

5 D™D. (20)

Lp =
Combined with (18), the time derivative of Lp is
Lp=D"D = -D"1,(X)g(X)D. 1)
In the case where [, (X)g(X) is positive definite, then we derive
Lp < —«|DJ?, (22)

where & = Apin (I, (X)g(X)) and Apin(*) denotes the minimum eigenvalue. Obviously,
Lp < 0 when D # 0. Hence, the disturbance observer (17) can estimate D and D will
converge to zero. This completes the proof. [

Then, the robust compensation input UR is designed as
uk = —-p. (23)

3.2. Optimal Trajectory Tracking Control Design and Analysis

The compound disturbance is estimated by the disturbance observer. The robust com-
pensation input is designed by the estimated value to suppress the effect of the compound
disturbances. As a result, converting the trajectory tracking control problem of the nonlin-
ear system with the compound disturbance into the trajectory tracking control problem
of the nominal system is possible. In order to derive the optimal control for the nominal
system, deriving the solution of the associated HJB equation is essential. Unfortunately,
deriving the analytical solution is difficult for the nonlinear system by the direct solution
method. Then, the ADP method is utilized for achieving the approximate optimal control
by constructing the critic network. The weight update law designed for the critic network
ensures the convergence of the weight and the stability of the closed-loop system.

For System (14), the nominal system is represented by

X = f(X) +g(X)U. (24)

Given the desired trajectory X; € R®, the steady-state control input Uy is obtained
from (24) as

Uy = g7 (Xq) (Xq — f(Xa)), (25)

in which ¢ (X;) denotes the pseudo-inverse of ¢(X;).
Define the tracking erroras E = X — X; € R®. Combined with (14) and (15), the error
system is developed as

E=f(X)+g(X)(U+D) - Xy

. - 26
=f(E+X4) + 8(E+ Xa)Uy — X4 + g(E+ Xy)Ug + g(E+ X4)D. 20

Let fr = f(E+ Xy) + g(E + X4)Uy — X and gg = ¢(E + X;;), then we have
E =f¢ + geUE + geD. (27)

Noting that g¢ = g(X), the norm of gr is bounded such that g,, < ||gg| < gum for the
positive constants g,; and g.

As a result of Theorem 1, the disturbance observer (20) can successfully estimate
the compound disturbance D and the estimation error of compound disturbance D can
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converge to zero. Therefore, it is possible to neglect D in the error system (27) for the
optimal control design [41,42]. However, D would still be considered in the stability
analysis. Then, the nominal error system is represented by

E = fr + geUE. (28)
Define the cost function as

V(E) = /°° (ETQE + UTRUE)dt, (29)

fo

where Q € R®*® and R € R¥*3 are the designed symmetric positive definite matrices.
The nonlinear Lyapunov equation for (29) is achieved as

VVY(fe + geUg) + EYQE + UERUE = 0, (30)
where VV = 9dV(E)/9dE and V(0) = 0.
Definition 2 ([43]). A control policy u(E) is said to be admissible on the compact set @ for (29) if

u(E) is continuous on @, u(0) = 0, u(E) stabilizes (28) on @ and V (E) is finite VE € @. This is
represented by y(E) € ¥ (D), where ¥ (D) denotes the set of admissible control policies.

The Hamiltonian function takes the following form
H(E,Ug, VV) = VV(fr + geUg) + ETQE + UL RUE. (31)

The optimal cost function is represented by

V*(E) = min /oo ETQE + ULRUE )dt, 32
(E) UEe¥ (D) Jty ( Q E E) (32)
and the following relation is satisfied

min H(E,Ug, VV*) =0, (33)

Upc¥(2)

where VV* = oV*(E)/dE.
Under the existence condition of the optimal solution 0H(E, Ug, VV*) /oU} = 2RU} +
gLVV* =0, the optimal feedback control input is derived by

* 1. *
Up = —3R lelvve, (34)
Substituting (34) and (31) into (33), the H]B equation is developed as
1
vV fp + ETQE - Zlvv*TgEzrlggvv* = 0. (35)

3.3. Approximate Optimal Control Design

Clearly, it is necessary to derive VV* by solving the HJB Equation (35) for deriving the
optimal feedback control input (34). However, (35) is a typical nonlinear partial differential
equation and its solution is difficult to derive in the analytic form [44,45]. To overcome the
difficulty, the ADP method relying on the policy iteration technique is utilized to derive the
approximate solution.

Assumption 4 ([46]). The continuously differentiable Lyapunov function candidate J(E) for
the nominal error system (28) satisfies VJ' (fg + geUz) < 0, where V] = 9] (E)/9E. Mean-
while, there exists a symmetric positive definite matrix A(E) such that V]I (fp + geU}) =
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—VJTA(E)V]. Moreover, the relation Ay < |A(E)|| < A holds for positive constants Ay,
A

Remark 3. Assumption 4 is a common assumption that has been used for the ADP method.
Generally, it is assumed that the closed-loop dynamics with the optimal feedback control is bounded by
a function of the system state on the compact set. In such a situation, there exists a positive constant 1
such that || fg + geUp|| < 5||V]||. Hence, we can further derive |V ] (fg + geUf)|| < 5l V]|I*
FurthernforTe, the function J(E) can be correctly selected as a quadratic polynomial [47], such as
J(E) = 3E'E.

Considering the uniform estimation property of neural networks, the optimal cost
function is approximated by

V*(E) = Wl (E) + ¢ (E), (36)

where W, € RN represents the unknown ideal constant weight, (pC(E )€ RN represents the
activation function, e.(E) represents the approximate error, and N represents the number
of neurons. This neural network is called the critic network in the ADP method.

Lemma 2 ([48]). The estimation error e.(E) is expected to be bounded when the approximated
function V*(E) is bounded.

Then, by the definition of VV'*, it is developed as follows
VV* = VolW, + Ve, (37)

where V. = d¢.(E)/JE and Ve, = de.(E)/0E.
Invoking (37), the optimal feedback control input (34) is developed as

us = —%R‘lgE(Vq)IWC+VsC). (38)
Substituting (37) into (35), the HJB equation is developed as
WIVecfe +ETQE - %w}v(pcsv(pm +ey =0, (39)
where & = ggR™1g}. ey represents the residual error, which takes the form of

1 1
ey = VsEfE — EVeIEV(pZWC — ZVEEEVEC
1 (40)
= Vel (fe +gelUp) + ;VSIEVSC.

Since ||gg|| is bounded, there exists the positive constants E, and Ep; such that
En < ||IE|| < Epm- X
Define the estimate of W, as W,, then the estimate of V*(E) is derived as follows:

V(E) = Wl¢c(E). (41)

Moreover, the approximate optimal feedback control input is derived as
1 - A
Up = =3 R 1g Ve We. (42)

Remark 4. The classical ADP method utilizes the critic network and the actor network to ap-
proximate the optimal cost function and the optimal feedback control, respectively [43,49,50].
Considering the association between the optimal cost function and the optimal feedback control for
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the continuous affine nonlinear system, it is possible to omit the actor network and only use the
critic network [51,52]. This framework provides smaller computational effort, faster convergence
and compared to the actor—critic network framework, which has a better practical value.
Combining (31), (41) and (42), the approximate Hamiltonian function is developed as
. . 1., _ .
H(E,We) = We Voefp + ETQE — W VQEV g We £ e (43)
Define the objective function as

E, = é2. (44)

Moreover, the weight update law is designed as

Ko
o?

5 A 1., N
W, = (WIV e fe + ETQE — ;WIVQEVQIW.) + ZTI(E, Up)V9EV],  (45)
where a7 > 0, ap > 0 are the learning rates to be designed. ¢ = V¢ (fg + geUg) and
0c = 0'o + 1. V] is given in Assumption 4. I1(E, Ug) in the last term is defined as

0, if VJ'(fe+8geUg) + a3V gegt V] <0

46
1, else (46)

H(E, uE) = {

where a3 is a designed positive constant.

Remark 5. The first term in (45) is employed for minimizing the objective function (44). To ensure
that W, will converge to Wy, the existence of the persistence of excitation (PE) condition is essential
during the learning process is necessary [49]. In addition, the probing noise is typically introduced
to the control input for satisfying this condition, which may enable the closed-loop system to become
unstable during the learning process [53,54]. The second term in (45) is employed for the stability
of the closed-loop system.

Define the weight estimation error as W, = W. — W.. Observing that WC = fI/AVC,
o= Vo.(fe+geUg) = Vo E* + %V@CEVEC + 3V@.EV oI W, where E* = f + geUj,
and using (39) and (45), we have

< x e 1 - 1 - o\ -
W, =— —;(Vq)CE + =V@EVe + =V EVeI W) (WIVe.E
o 2 2 47)
1., 1. -
+ SWIVQEVe: + ;W VQEVIWe +epy) - %H(E, Ur)V@EV].

3.4. Stability Analysis

Assumption 5 ([50]). The ideal weight W, have bound over the compact set @ such that ||W,|| <
W for a positive constant Wep1. Meanwhile, the activation function ¢, and the approximate
error € are bounded such that ||@c|| < @cm, ||ec]] < ecm for positive constants @qpr and ey,
and their derivatives are also bounded such that ||V .|| < @em and ||[Vec|| < & for positive
constants ¢qp1 and €.py. Moreover, the residual error e will converge to zero when the number
of neurons N is sufficiently large, as suggested by Remark 3 and the bound of ||E||. That is, the
relation ||epr|| < ey exists for the positive constant € .

Theorem 2. Considering System (14), the robust approximate optimal controller for the trajectory
tracking control is designed as (15), which consists of the robust compensation input (23) and the
nominal system control input (16), and the weight update law is designed as (45) for the critic
network, then it is ensured that the tracking error E of the closed-loop system and the weight
estimation error W, are UUB.
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Proof. Select the candidate Lyapunov function as follows
L=Lp+Lj+ Ly, (48)

where Lp is designed as (20), L} = apJ(E) and Ly = 2WTWC
Considering the second term in (48) and using (27), the time derivative is developed
as
Ly = axV] (fe + geUg) + a2V geD. (49)

Considering the third term in (48) and according to (47), the time derivative is devel-
oped as

Ly =WIW,
1 ,ox P R - 1. - NN o
=~ SWIVQE" + SWIVgEVec + s WI VBV 9! We) (W Ve E
c

1., 1., ~ o .
+ 5 WIVQEVee + W VQEVQIW, +epy) — S TI(E, Up) W] VpeEV]

o1, . \V4 TWw
=— (W Vg E")? - %(WTWcuVSc) AL AT
] 0¢ (50)

2
c 80, o¢

3&1

—%(wacls*xw;fwcsv.sc) 102 VTR )WV 9 EV i We)

- & 2(WTV¢CHV86)(W V(pcuV(ngc) — fw VocE ey

-5 CszwcquCsH - 202 LWIV@.EV gL WcsH - 7H(E, U)WV .EV].

Since the first two terms in the final form of (50) are negative semi-definite, we then
derive
Ly <-—
V=8

o1, e\ TR -
L (WIVREVQIW)? = S (W Ve EY) (W] VgeEVec)
C c
3uq
~ 4a?
301 1 To, =o  T1k N1 T o
8—2(W VpcEVer) (W, V@.EV @ We) — pWC VocE*ey
C c
aq

WV EX) WV EVI W)
(51)

- CZWTVq)C_VsCeH - 2012 WIV 9 BV T Wee gy — %H(E, Up)WIV.EV].

According to Remark 3 and Assumption 5, and considering the bound of ||Z]|, we
assume that A1, < |[|[V@eEVQL|| < A, [|E] < Ag, [[V@E*|| < As, [[Vee|| < Ay,
IVep:EVec| < As and |leg|] < Ag. Noticing that the PE condition guarantees o, to be
bounded, there exists a positive constant A7 such that Ay <1/ O'CZ < 1. In addition, based
on Young's inequality, there exists the relation —ab < %(CZ{J!Z + i’—i), where c is a nonzero
constant. Then, we have

I ~
T8 2(WTV(PCHV¢CTWC) < _§1A7/\%m“WC||4/ (52)
C
- o WIV@.EVe,)?
T(WTV% NYWIV@EVe.) < <5 L (R (WIVeE )2+—( < ";CZ o) )
7 % ! (53)
alcl

1 ~
<SR + S5 AR,

1
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3m 304 WIV.EVeIW,)?
4 2(wTv€0c )(WTVQDCHV? ) Sj(C%(WTV(P )2+( 4 qDC . (PC C) )
P % ; g (54)
"‘1C2 2y X152 iy |14
<5 PP + S W
30 3u - _ WIV e .EVpIW,)?
8 ;(WTqucuVs YWIV@EVQIW,) < 161 (c (WCTVq)CaVsC)Z—i-( ¢ (PCCZ gc We) )
3¢x c2 3 ’ 45
1 ~
<56 AW+ S A e,
T * 2 15T 402 €%{
WV en <o (GWIVeE ) + 1)
C C C4 (56)
<@A 2| W2 + 242,
2c4
T 2(WT 2 5%{
5y 2W V@ EVecey <4 2( (W, Vp.EVe,) —I—?)
¢ 0¢ 5
(57)
ot 5)& HWC||2+ &1 /\2,
T 21T T \2 5%{
2 W vq)f‘—‘vq)CWCeH <4 2( G(Wc Vo EV . WC) +T)
b C6 (58)
"‘1% 4 X1 42
<— W, /\ .
Tl Vel + 03
Then, (51) is developed as
. ~ ~ o - —
Ly < —aqAg||We||* 4+ a1 Ao ||We||? + a1 A10 — §H(E, Up)W! Vg .EV], (59)
where
1, 2 R
/\8 :gA7A1m - 8 2)\1M 16 2)\ )\1M,
2 2 2
_% 52 L23622 %2 CYPIC Y 60
A9—2A +2C%A5+ M+ A+ 5 A+ A, (60)
A = 22A§+42A§+42A2,

and cj (j =1,2,...,6) are all non-zero constants whose selection guarantees Ag > 0. Com-
bining the results of (22), (49) and (51), we have

L=Lp+ L] + Ly
< —«|D|* + a2V (f£ + g£UE) + 22V gD — ar Ag||We | * (61)
- X -
+ a9 Ag||We |? + ay Ao — 7211(15, Up)W! Vg EV].

By using Young’s inequality, the relation a, V] TgrD < 222V [TerelVy + 2”533 1D
exists. Then, (61) is developed as

. 44 ~ Ko

L<— (k=5 2)IDIP + a2V (fe + gele) + =5V gegt V]
20(3 2 (62)

~ ~ 14 ~ —_

— a1 Ag||We|[* 4 aq Ao | We ||? + ag Aqg — EZH(E, Up)WIV@.EV].

The following discussion is divided into two cases.
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Case 1. In this case, I1(E,Ug) = 0. Since V] (fe + geUg) + azV]TgegiV] < 0, we can
derive that V] (fg + geUg) < 0. According to the dense property of R, there exists a positive
constant A1y such that 0 < Ay1||V]|| < =V (fg + geU) for all E € @. Then, (62) becomes

. o ~ o ~ ~
L<—(x- 2T(ZS)IIDH2 - ?2/\11||V]|| = arAs|Wel* + a1 Ao [Wel® + a1d1o.  (63)

By selecting ay and a3, such that k — 52 > 0, then L < 0 is satisfied provided that one of the
following conditions holds:

a1 (4)\8)\10 + )L%)

A
pr— 4
V]Il > TR t, (64)
or
B /\9+\/4/\8/\10+)\5 s
IWel| > e £ . (65)
Case 2. Considering the case I1(E, Ug) = 1, (62) is developed as
i < T A3 1Ty 0T X2 \id2
<oy (V] (fg + geUg) + S VI SegeV]) — (x — E)HDH
- . Xy « -
— a1 As | Wel|* + a1 do [ Wel* + a1 dao — 5 W VeEV ]
(66)

14 s —_
= (V] (fe + geUp) + ;V]TgEg%V]) + %VITQVEC

= (k= 5 ) IDI = wa sl R+ ar o [Wel > + aa o

Based on Assumption 4, and considering ||ge|| < gm, we have

. o o .
L<—w(An—F8IVII*+ 2/\z/\4IIVI|| — (k= 5D
a3 (67)
- 061/\8||Wc||4 + a1 A9 We | + a1 A1p-
Similarly, by selecting ay and az such that Ay = Ay — g%, > 0and x — 52 ~ >0, then it
means that L < 0 holds as long as
)\2)\4 o1 (4/\8/\10 + /\%) )Lz)ti 2
V]| > + + b, 68
or
~ /\10 IXZ)\2)\2 A
el > \l \/ 4A2 Toadsh % (69)

In conclusion, L < 0 when ||V]|| > max{¢;, } or ||W|| > max{f, hi}. Relying on
Lemma 1 and the standard Lyapunov extension theorem [55], it is further concluded that
the tracking error E of the closed-loop system and the weight estimation error W, are UUB.
This completes the proof. O

Remark 6. As a result of Theorem 2, the approximate optimal cost function V(E) in (41) and
the approximate optimal feedback control input Ur in (42) can, respectively, converge to the
neighborhoods of the optimal cost function V*(E) and the optimal feedback control input U} within
finite bounds when the PE condition holds [41].
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Output desired trajectory

4. Robust Approximate Optimal Trajectory Tracking Control for a Quadrotor

Position and yaw angle are the system outputs for the quadrotor that tracks the desired
trajectory of position and the desired trajectory of yaw angle. The desired trajectories of
roll and pitch angles required by the attitude subsystem are generated according to the
position subsystem control inputs. The tracking errors in lateral and longitudinal positions
are eliminated by the attitude subsystem tracking the desired trajectories of roll and pitch
angles. According to the description of the control design in the previous section, the
control design for the quadrotor is shown in Figure 2, which can guarantee that the tracking
error of the quadrotor remains within a small range.

d Position J

[}
s » A
3 = . disturbance
€9 observer e
2.3 _* Rosition d,
>’ Pd'vd \
3= »  ferdback
23 controller
£ —
g ° Approximate :
o » Hamiltonian AttltuFie T . )
function resolution —
Position E
steady-state !
controller
¢d19d 5
2 5
o)
i = U IS
Attitude 7, = i g P,v
steady-state 2 > g
controller 5 o
Y Approximate 2
@ » Hamiltonian
Z > function
ES —
(&S] ./
R ® Attitude 0,0
2= V@, | — z-
g:s e »  feedback >
2B + centroller
37 S Attitude
>S5 QO h
E° disturbance
< observer <—‘
— Singal line -------» Back-propagating path

Figure 2. Control design of the quadrotor.

4.1. Position Control Design

The estimated value of unknown compound disturbance d, p in the position subsystem
is derived by the following disturbance observer

{Z’l = ~h(x) (Ala) +g1(x)(pr () + F+21)) (70)

lfp =21+ p1(x1)

where [1(x1) = dp1(x1)/0x; denotes the observer gain of the disturbance observer in
the position subsystem and F is derived by (6). Then, the position subsystem robust
compensation input is designed as

FR=—d,. (71)

The steady-state control input for the position nominal system is designed as

Fy = & (x14) (%14 — f1(x10)), (72)
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where x1; = [P],0]]T € R® and v; = [v,q, Vyds 0,4]7 = Py € R3. g (x14) denotes the
pseudo-inverse of ¢1(x14). Then, define the position subsystem tracking error as

e1=x1 — X149 = [ex, ey, €2, €0,,€0,,60,] € R, (73)

The cost function of the position subsystem is represented as

Viler) = [ (efQuer + ERiF)at, (74)

to
where Q; € R®*® and R; € R3*3 are the designed symmetric definite matrices. The
approximate optimal feedback control input in the position subsystem is

1 .
F, = _§R1 18eTlv¢chWc1/ (75)

where g,1 = g1(x1) and V. = 9.1 (e1)/de1. 1 (e1) is the activation function and W4
represents the estimate of the ideal weight for the critic network of the position subsystem.
The corresponding weight update law is designed as

A n110 " 1. - A
Wer =— 112 (el Qier + Wi Ve fur — EWCEV?ch‘lVGDZchl)
g (76)
X12 -
+ TH(elrFe)vqocldlvhz

where a1 > 0, a1 > 0 are the designed learning rates. 01 = V@ (fe1 + ga1Fe),
0 = ojop+1and By = gaR;'gl. V1 = 9J1(e1)/de1, where J1(e) is the Lyapunov
function candidate that satisfies Assumption 4.
Then, the robust approximate optimal trajectory tracking control in the position
subsystem is designed as
F=FN4+FR=F,+F +FR (77)

4.2. Attitude Resolution

Since the system of the quadrotor is underactuated and strongly coupled, the informa-
tion of the position subsystem is used to calculate the total lift force. The desired trajectories
of roll and pitch angles are determined by the position subsystem through the relation
between the kinematic equation and the Euler equation and passed to the attitude subsys-
tem. For the position subsystem, the generated tracking error and the received compound
disturbance can be eliminated by the attitude subsystem. By a matrix operation on (6), the
following equations are derived:

F, = T(C(I;Sgclp + S¢S¢),
Fy = T(cysesy — SpCy), (78)
E; = Teycg — mgy.

The actual total lift force for the quadrotor system is designed as
T = (F. +mgp)/ceco- (79)

Substituting (79) into (78), the form is transformed as

Fe| Cy Sy tg
{Fy] B (Fz+mg1)[5¢ —Cvj LW Ce} (80)
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The desired trajectories of the pitch and roll angles are derived by the following

equations:
Fycy + Fysy = (F. +mgq)ty,,
t (81)
Fysy — Fyey = (F: + mgl)c%d.
Then, we have
Fycy + Fys
6y = arctan(M),
F, +mg; 82)
(P — arctan(c M)
d O"F T+ mgy

4.3. Attitude Control Design

Similarly, the estimated value of unknown compound disturbance d, in the attitude
subsystem is derived by the following disturbance observer

{Z? = _12(x2>(f2(x2) +g2(x2)(p2(x2) + T+ ZZ)) ) (83)
dy = 22 + p2(x2)

where I5(x2) = dp2(x2)/0x, denotes the observer gain of the disturbance observer in the
attitude subsystem. Then, the attitude subsystem robust compensation input is

™= —d,. (84)

The desired trajectory for the angular velocity is given by [56]

Oy, (85)

1 0 —Sgd
wy = 0 C‘Pd S(pngd
0 —sgp;  Coyce,

in which ®; = [¢g,04, P4]T € R3 is the desired trajectory of Euler angles and w; =
[pa,q4,74)"T € R? is the desired trajectory of the angular velocity. The steady-state control
input for the attitude nominal system is designed as

Ty = g (%24) (%20 — f2(x24)), (86)

where x,; = [@g,wg]T € R® and g (xp4) denotes the pseudo-inverse of g»(x4). Then,
define the attitude subsystem tracking error as

e = Xp — Xog = leg, €, ey, €p,eq, e,]T € RO, (87)
While the cost function of the attitude subsystem is represented as

Vz(Ez) = /t (EFZFQQEQ + TeTRzTg)df, (88)
0

where Q, € R®*® and R, € R3*3 are the designed symmetric definite matrices. The
approximate optimal feedback control input in the attitude subsystem is

1. __ n
T=-—5R, '8 VoW, (89)
where g2 = g2(x2) and Vo = dpea(ea)/der. gea(er) is the activation function and W,

represents the estimate of the ideal weight for the critic network of the attitude subsystem.
The corresponding weight update law is designed as
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A 0621 2 1
Wer = (62 Qe + W, 2V€0c2f32 czv%zuzquczwcz)
a ~
+ %H(ezr T)Vo2Ea V],

where ap1 > 0, app > 0 are the learning rates, 0y = Vo (fe2 + §e27e), 02 = UZT 0y +1and
Ey = geoR5 1 ggz. V], = 0]z2(e2) /e, where J>(ey) is the Lyapunov function candidate that
satisfies Assumption 4.
Then, the robust approximate optimal trajectory tracking control in the attitude sub-
system is designed as
t=t™N+R=1 4+ +7R (91)

5. Simulation Results

In this section, the robustness and effectiveness of the designed controller are evaluated
through numerical simulations. The quadrotor is considered to be in a flight environment
with slow-changing disturbances. The parameters of the quadrotor model are presented in
Table 1 [24].

Table 1. Parameters of quadrotor model.

Symbol Value Units
m 1.79 kg
Q1 9.81 m/s?
l 0.20 m
K; 12.0 N
K, 0.40 N-m
Ly = Ly 0.03 kg-m?
L, 0.04 kg-m?
ky =ky =k 0.012 N-s/m

A representative desired trajectory is selected to emulate the trajectory tracking perfor-
mance of the quadrotor. The desired trajectory is designed as P; = [0.5 cos(0.5¢),0.5sin(0.5¢),
0.05¢ + 0.5]T and ¢; = 71/12. In addition, referring to [57,58], the unknown compound dis-
turbances considered are described as d,, = [0.3 4 0.5(sin(t) + sin(0.5¢) — cos(0.8t));0.3 +
0.5(cos(t) +sin(0.5t) — cos(0.8t)); 0.2 +0.5sin(1.5¢)]T and d, = [0.1+ 0.2(sin(t) +sin(0.5t));
0.1+ 0.2(cos(0.5¢) — cos(0.8t));0.05 + 0.2 sin(t) sin(0.5¢)]T. In this way, the performance of
the disturbance observers is reflected by comparing them with the estimates. The initial
states of the quadrotor are all set to zero.

The vector-valued functions of the disturbance observers are designed as p;(x1) =
I1(x1)x1, p2(x2) = I (x2)x2, while the observer gains are selected as

0 0060 0 O 000500
Ii(x1) =10 0 0 0 60 0],lrh(xx)=1]0 0 0 0 5 Of.
0 00 0 0 60 0 000 O05

Clearly, I3(x1)g1(x1) and Ir(x2)g2(x2) are positive definite and satisfy the design
requirements of Theorem 1. To derive the appropriate dynamic performance, the pa-
rameters of the performance index functions are designed as Q; = diag{7, 7,10,9,9, 6},
Qy = diag{1.5,1.5,1.2,0.3,0.3,0.4}, Ry = Ry = I3. The activation functions are designed
as gc1(e1) = [e3, exeo,, €, eyen,, €3, eze0, €5, €5, €517, pea(ea) = [e5, epep, €5, eaeq, €5, ey, e,
epeq,epe,,efi,eqer, 2 ¢eqe,,e(pepeqer,eeepe,,egepeqer,ewepeq,ewepeqer,ep,epeq,ezer,ep q,e%eqer,
e%e%, epeq, epe ey, epeqer, epe?, 63, eger, egef, eqey e, 4] The relevant constants of the weight up-
date laws are selected as 17 = 10, a1p = 0. 01 w13 = 0.1, ap1 = 20, app = 0.001, ap3 = 0.1.
The Lyapunov function candidates are selected as J;(e1) = %e?el and J(ep) = %egez. The

initial weights are assigned values within the interval [0, 1].
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The PE condition is ensured by the method mentioned in Remark 5 to excite the system
states. The weights gradually vary to become slower and stabilize during the learning
process. The converged weights are already very close to the ideal weights after sufficient
learning. The convergence of the whole critic network weights W,;, W, in the learning
processes are depicted in Figure 3. The final converged values of W1, W, are as follows

1 =[11.3714,9.4718,11.3713,9.4718,13.1589, 11.3203, 7.6718, 7.6718, 7.4279]T,

» =[0.7500, 0.0646, 0.7182, 0.0630, 0.8202, 0.0888, 0.0214, —0.0006, —0.0004,
0.0221, —0.0024, 0.0287,0.0092, 0.0045, 0.0346, —0.0059, —0.0096, 0.0453,
0.0340,0.0211, 0.0106, —0.0025, 0.0039, —0.0045, 0.0227, 0.0126, 0.0155,
0.0076,0.0256,0.0020, 0.0016, 0.0090, —0.0185]T.

W,
W,

16 1
12 M\‘W o 0.8 /:/’7_;
o - i ]
< T Q
& 204
40
4}}
0
4 i i i i i —0.2 i i i i i
0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
time (s) time (s)
Figure 3. Convergence of critic network weights.
The converged weights are used to design the approximate feedback optimal control
inputs. Figure 4 and Figure 5 present the variation of states in trajectory tracking control,
revealing the corresponding tracking errors in Figure 6 and Figure 7. In addition, Figure 8
visualizes the path in three-dimensional space, whereas Figure 9 illustrates the PWM signals
for the motors. The figures clearly demonstrate that the quadrotor system effectively tracks
the desired trajectory and achieves a small convergence bound for the tracking error. These
results highlight the rapidity and accuracy of the designed controller in the control process.
0.8 0.4
0.4 P ST s 5 02 = Yaa |
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Figure 4. Variation of states in the position subsystem.
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Figure 5. Variation of states in the attitude subsystem.
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Figure 6. Tracking errors in the position subsystem.
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Figure 7. Tracking errors in the attitude subsystem.
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Figure 9. Pulse-width of input signals.

The estimates for the compound disturbances are depicted in Figure 10. It shows that
the estimated values from the disturbance observers can quickly follow the actual com-
pound disturbances. Moreover, the trajectory tracking control performs well in the presence
of compound disturbances, which implies the robustness of the designed controller.
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Figure 10. Estimates of compound disturbances.

In order to verify that the designed controller rejects the compound disturbances, a
comparative simulation is performed without the disturbance observers in the position
subsystem and the attitude subsystem. The control inputs use only the control inputs
designed for the nominal system. Under such control, the variation of states is presented in
Figures 11 and 12, while Figures 13 and 14 show the corresponding tracking errors.
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Figure 11. Variation of states in the position subsystem without disturbance observers.
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Figure 12. Variation of states in the attitude subsystem without disturbance observers.
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Figure 13. Tracking errors in the position subsystem without disturbance observers.
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Figure 14. Tracking errors in the attitude subsystem without disturbance observers.

By comparing the simulation results, it is clear that the trajectory tracking control of
the quadrotor cannot be realized without the robust compensation inputs. Thus, further
demonstrating the robustness of the designed controller. Moreover, the corresponding path
in three-dimensional space and the PWM signals of the motors are shown in Figure 15 and

Figure 16, respectively.
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Figure 15. Results of three-dimensional path without disturbance observers.
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Figure 16. Pulse-width of input signals without disturbance observers.

In summary, the controller designed for quadrotor trajectory tracking control has good
dynamic performance, high tracking accuracy and strong robustness when the quadrotor
is subjected to compound disturbances.

6. Conclusions

This paper proposes a robust approximate optimal controller for the trajectory tracking
control of the quadrotor with unknown compound disturbances. By incorporating the
estimated values of compound disturbances that are estimated by the disturbance observers
into the control design, the effect of compound disturbances can be suppressed, resulting
in ensured tracking accuracy and improved robustness. Moreover, the ADP method can
then be utilized in the nominal system for ensuring the performance index of the control.
The stability of the closed-loop system is analyzed by the Lyapunov theorem, which
demonstrates that the tracking errors are UUB. Simulation results further confirm the
robustness and effectiveness of the designed controller. In future work, experiments will be
considered to validate the performance of the proposed controller.

Author Contributions: Conceptualization, R.L. and Z.Y.; methodology, R.L.; software, Z.Y.; valida-
tion, R.L., Z.Y. and G.Y,; formal analysis, R.L.; investigation, Z.Y.; resources, R.L.; data curation, L.J.;
writing—original draft preparation, Z.Y.; writing—review and editing, R.L., Z.Y. and G.Y,; visualiza-
tion, G.L.; supervision, Z.L.; project administration, R.L.; funding acquisition, R.L. All authors have
read and agreed to the published version of the manuscript.

Funding: This work was supported by the National Natural Science Foundation of China (Grant No.
62003233), the Fundamental Research Program of Shanxi Province (Grant Nos. 201901D211083 and
20210302124552), and the Science and Technology Innovation Project of Higher Education Institutions
in Shanxi Province (Grant No. 2019L0236).

Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1.  Hassanalian, M.; Abdelkefi, A. Classifications, applications, and design challenges of drones: A review. Prog. Aerosp. Sci. 2017, 91,
99-131. [CrossRef]

2. Salem, K.A.; Palaia, G.; Chiarelli, M.R.; Bianchi, M. A simulation framework for aircraft take-off considering ground effect
aerodynamics in conceptual design. Aerospace 2023, 10, 459. [CrossRef]

3. Salem, K.A ; Palaia, G.; Quarta, A.A. Review of hybrid-electric aircraft technologies and designs: Critical analysis and novel
solutions. Prog. Aerosp. Sci. 2023, 141, 100924. [CrossRef]

4. Shao, S.; Chen, M.; Hou, J.; Zhao, Q. Event-triggered-based discrete-time neural control for a quadrotor UAV using disturbance
observer. IEEE/ASME Trans. Mechatronics 2021, 26, 689-699. [CrossRef]

5. Idrissi, M.; Salami, M.; Annaz, F. A review of quadrotor unmanned aerial vehicles: Applications, architectural design and control
algorithms. J. Intell. Robot. Syst. 2022, 104, 22. [CrossRef]

6. Rinaldi, F; Chiesa, S.; Quagliotti, F. Linear quadratic control for quadrotors UVAs dynamics and formation flight. J. Intell. Robot.
Syst. 2013, 70, 203-220. [CrossRef]

7.

Dharmawan, A.; Priyambodo, T.K. Model of linear quadratic regulator (Iqr) control method in hovering state of quadrotor.
J. Telecommun. Electron. Comput. Eng. (JTEC) 2017, 9, 135-143.


http://doi.org/10.1016/j.paerosci.2017.04.003
http://dx.doi.org/10.3390/aerospace10050459
http://dx.doi.org/10.1016/j.paerosci.2023.100924
http://dx.doi.org/10.1109/TMECH.2021.3051835
http://dx.doi.org/10.1007/s10846-021-01527-7
http://dx.doi.org/10.1007/s10846-012-9708-3

Aerospace 2024, 11, 149 23 of 24

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Alonge, F.; D'Ippolito, F.; Fagiolini, A.; Garraffa, G.; Sferlazza, A. Trajectory robust control of autonomous quadcopters based on
model decoupling and disturbance estimation. Int. J. Adv. Robot. Syst. 2021, 18, 1729881421996974. [CrossRef]

Yang, Y.; Yan, Y. Attitude regulation for unmanned quadrotors using adaptive fuzzy gain-scheduling sliding mode control. Aerosp.
Sci. Technol. 2016, 54, 208-217. [CrossRef]

Avram, R.C.; Zhang, X.; Muse, ]. Nonlinear adaptive fault-tolerant quadrotor altitude and attitude tracking with multiple actuator
faults. IEEE Trans. Control. Syst. Technol. 2017, 26, 701-707. [CrossRef]

Chen, F; Lei, W.; Zhang, K.; Tao, G.; Jiang, B. A novel nonlinear resilient control for a quadrotor UVA via backstepping control
and nonlinear disturbance observer. Nonlinear Dyn. 2016, 85, 1281-1295. [CrossRef]

Liu, H.; Xi, J.; Zhong, Y. Robust attitude stabilization for nonlinear quadrotor systems with uncertainties and delays. IEEE Trans.
Ind. Electron. 2017, 64, 5585-5594. [CrossRef]

Liu, E.; Yan, Y,; Yang, Y. Neural network approximation-based backstepping sliding mode control for spacecraft with input
saturation and dynamics uncertainty. Acta Astronaut. 2022, 191, 1-10. [CrossRef]

Li, R;; Chen, M.; Wu, Q. Robust control for an unmanned helicopter with constrained flapping dynamics. Chin. J. Aeronaut. 2018,
31, 2136-2148. [CrossRef]

Li, R.; Chen, M.; Wu, Q. Adaptive neural tracking control for uncertain nonlinear systems with input and output constraints
using disturbance observer. Neurocomputing 2017, 235, 27-37. [CrossRef]

Yang, Y.; Modares, H.; Vamvoudakis, K.G.; He, W.; Xu, C.Z.; Wunsch, D.C. Hamiltonian-driven adaptive dynamic programming
with approximation errors. IEEE Trans. Cybern. 2021, 52, 13762-13773. [CrossRef]

Xue, S.; Luo, B.; Liu, D. Event-triggered adaptive dynamic programming for zero-sum game of partially unknown continuous-time
nonlinear systems. IEEE Trans. Syst. Man Cybern. Syst. 2018, 50, 3189-3199. [CrossRef]

Du, Y,; Jiang, B.; Ma, Y.; Cheng, Y. Robust ADP-based sliding-mode fault-tolerant control for nonlinear systems with application
to spacecraft. Appl. Sci. 2022, 12, 1673. [CrossRef]

Huang, Y.; Wang, D.; Liu, D. Bounded robust control design for uncertain nonlinear systems using single-network adaptive
dynamic programming. Neurocomputing 2017, 266, 128-140. [CrossRef]

Wang, D.; Liu, D.; Li, H. Policy iteration algorithm for online design of robust control for a class of continuous-time nonlinear
systems. IEEE Trans. Autom. Sci. Eng. 2014, 11, 627-632. [CrossRef]

Dou, L.; Su, X.; Zhao, X.; Zong, Q.; He, L. Robust tracking control of quadrotor via on-policy adaptive dynamic programming. Int.
J. Robust Nonlinear Control 2021, 31, 2509-2525. [CrossRef]

Mu, C.; Zhang, Y. Learning-based robust tracking control of quadrotor with time-varying and coupling uncertainties. IEEE Trans.
Neural Netw. Learn. Syst. 2019, 31, 259-273. [CrossRef]

Chen, W.H,; Yang, J.; Guo, L.; Li, S. Disturbance-observer-based control and related methods—An overview. IEEE Trans. Ind.
Electron. 2015, 63, 1083-1095. [CrossRef]

Chen, M; Xiong, S.; Wu, Q. Tracking flight control of quadrotor based on disturbance observer. IEEE Trans. Syst. Man Cybern.
Syst. 2019, 51, 1414-1423. [CrossRef]

Chen, F; Jiang, R.; Zhang, K.; Jiang, B.; Tao, G. Robust backstepping sliding-mode control and observer-based fault estimation for
a quadrotor UVA. IEEE Trans. Ind. Electron. 2016, 63, 5044-5056.

Shao, X.; Liu, J.; Cao, H.; Shen, C.; Wang, H. Robust dynamic surface trajectory tracking control for a quadrotor UVA via extended
state observer. Int. ]. Robust Nonlinear Control 2018, 28, 2700-2719. [CrossRef]

Mofid, O.; Mobayen, S. Adaptive sliding mode control for finite-time stability of quad-rotor UAVs with parametric uncertainties.
ISA Trans. 2018, 72, 1-14. [CrossRef] [PubMed]

Lei, W.; Li, C.; Chen, M.Z. Robust adaptive tracking control for quadrotors by combining PI and self-tuning regulator. IEEE Trans.
Control Syst. Technol. 2018, 27, 2663-2671. [CrossRef]

Magsood, H.; Qu, Y. Nonlinear disturbance observer based sliding mode control of quadrotor helicopter. |. Electr. Eng. Technol.
2020, 15, 1453-1461. [CrossRef]

Hua, H.; Fang, Y,; Zhang, X.; Lu, B. A novel robust observer-based nonlinear trajectory tracking control strategy for quadrotors.
IEEE Trans. Control Syst. Technol. 2020, 29, 1952-1963. [CrossRef]

Song, R.; Lewis, F.L. Robust optimal control for a class of nonlinear systems with unknown disturbances based on disturbance
observer and policy iteration. Neurocomputing 2020, 390, 185-195. [CrossRef]

Lee, D. Nonlinear disturbance observer-based robust control for spacecraft formation flying. Aerosp. Sci. Technol. 2018, 76, 82-90.
[CrossRef]

Yuan, W.; Gao, G. Sliding mode control of the automobile electro-coating conveying mechanism with a nonlinear disturbance
observer. Adv. Mech. Eng. 2018, 10, 1687814018795748. [CrossRef]

Orozco Soto, S.M.; Cacace, J.; Ruggiero, F.; Lippiello, V. Active Disturbance Rejection Control for the Robust Flight of a Passively
Tilted Hexarotor. Drones 2022, 6, 258. [CrossRef]

Wang, Y.; Sun, J.; He, H.; Sun, C. Deterministic policy gradient with integral compensator for robust quadrotor control. IEEE
Trans. Syst. Man Cybern. Syst. 2019, 50, 3713-3725. [CrossRef]

Li, C.; Wang, Y.; Yang, X. Adaptive fuzzy control of a quadrotor using disturbance observer. Aerosp. Sci. Technol. 2022, 128, 107784.
[CrossRef]


http://dx.doi.org/10.1177/1729881421996974
http://dx.doi.org/10.1016/j.ast.2016.04.005
http://dx.doi.org/10.1109/TCST.2017.2670522
http://dx.doi.org/10.1007/s11071-016-2760-y
http://dx.doi.org/10.1109/TIE.2017.2674634
http://dx.doi.org/10.1016/j.actaastro.2021.10.035
http://dx.doi.org/10.1016/j.cja.2018.08.007
http://dx.doi.org/10.1016/j.neucom.2016.12.032
http://dx.doi.org/10.1109/TCYB.2021.3108034
http://dx.doi.org/10.1109/TSMC.2018.2852810
http://dx.doi.org/10.3390/app12031673
http://dx.doi.org/10.1016/j.neucom.2017.05.030
http://dx.doi.org/10.1109/TASE.2013.2296206
http://dx.doi.org/10.1002/rnc.5419
http://dx.doi.org/10.1109/TNNLS.2019.2900510
http://dx.doi.org/10.1109/TIE.2015.2478397
http://dx.doi.org/10.1109/TSMC.2019.2896891
http://dx.doi.org/10.1002/rnc.4044
http://dx.doi.org/10.1016/j.isatra.2017.11.010
http://www.ncbi.nlm.nih.gov/pubmed/29224853
http://dx.doi.org/10.1109/TCST.2018.2872462
http://dx.doi.org/10.1007/s42835-020-00421-w
http://dx.doi.org/10.1109/TCST.2020.3024805
http://dx.doi.org/10.1016/j.neucom.2020.01.082
http://dx.doi.org/10.1016/j.ast.2018.01.027
http://dx.doi.org/10.1177/1687814018795748
http://dx.doi.org/10.3390/drones6090258
http://dx.doi.org/10.1109/TSMC.2018.2884725
http://dx.doi.org/10.1016/j.ast.2022.107784

Aerospace 2024, 11, 149 24 of 24

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

Fan, Y.; Guo, H.; Han, X.; Chen, X. Research and verification of trajectory tracking control of a quadrotor carrying a load. Appl.
Sci. 2022, 12, 1036. [CrossRef]

Wang, B.; Yu, X.; Mu, L.; Zhang, Y. Disturbance observer-based adaptive fault-tolerant control for a quadrotor helicopter subject
to parametric uncertainties and external disturbances. Mech. Syst. Signal Process. 2019, 120, 727-743. [CrossRef]

Fei, Y; Shi, P; Lim, C.C. Robust and collision-free formation control of multiagent systems with limited information. IEEE Trans.
Neural Netw. Learn. Syst. 2021, 34, 4286—4295. [CrossRef]

Fei, Y.; Shi, P; Lim, C.C. Robust formation control for multi-agent systems: A reference correction based approach. IEEE Trans.
Circuits Syst. Regul. Pap. 2021, 68, 2616-2625. [CrossRef]

Xia, R.; Wu, Q.; Shao, S. Disturbance observer-based optimal flight control of near space vehicle with external disturbance. Trans.
Inst. Meas. Control 2020, 42, 272-284. [CrossRef]

Sun, J.; Liu, C. Disturbance observer-based robust missile autopilot design with full-state constraints via adaptive dynamic
programming. . Frankl. Inst. 2018, 355, 2344-2368. [CrossRef]

Zhang, H.; Cui, L.; Zhang, X.; Luo, Y. Data-driven robust approximate optimal tracking control for unknown general nonlinear
systems using adaptive dynamic programming method. IEEE Trans. Neural Netw. 2011, 22, 2226-2236. [CrossRef] [PubMed]
Xu, N.; Niu, B.; Wang, H.; Huo, X.; Zhao, X. Single-network ADP for solving optimal event-triggered tracking control problem of
completely unknown nonlinear systems. Int. J. Intell. Syst. 2021, 36, 4795-4815. [CrossRef]

Xia, R.; Wu, Q.; Chen, M. Disturbance observer-based optimal longitudinal trajectory control of near space vehicle. Sci. China Inf.
Sci. 2019, 62, 1-3. [CrossRef]

Sun, J.; Liu, C. Backstepping-based adaptive dynamic programming for missile-target guidance systems with state and input
constraints. J. Frankl. Inst. 2018, 355, 8412-8440. [CrossRef]

Wang, D.; Liu, D.; Li, H.; Ma, H. Neural-network-based robust optimal control design for a class of uncertain nonlinear systems
via adaptive dynamic programming. Inf. Sci. 2014, 282, 167-179. [CrossRef]

Zheng, S.; Shi, P.; Wang, S.; Shi, Y. Adaptive neural control for a class of nonlinear multiagent systems. IEEE Trans. Neural Netw.
Learn. Syst. 2020, 32, 763-776. [CrossRef] [PubMed]

Fan, Q.Y; Yang, G.H. Adaptive actor—critic design-based integral sliding-mode control for partially unknown nonlinear systems
with input disturbances. IEEE Trans. Neural Netw. Learn. Syst. 2015, 27, 165-177. [CrossRef] [PubMed]

Vamvoudakis, K.G.; Lewis, EL. Online actor—critic algorithm to solve the continuous-time infinite horizon optimal control
problem. Automatica 2010, 46, 878-888. [CrossRef]

Liu, D.; Xue, S.; Zhao, B.; Luo, B.; Wei, Q. Adaptive dynamic programming for control: A survey and recent advances. IEEE Trans.
Syst. Man Cybern. Syst. 2020, 51, 142-160. [CrossRef]

Zhao, B.; Liu, D.; Luo, C. Reinforcement learning-based optimal stabilization for unknown nonlinear systems subject to inputs
with uncertain constraints. IEEE Trans. Neural Netw. Learn. Syst. 2019, 31, 4330-4340. [CrossRef] [PubMed]

Wang, D.; Liu, D.; Zhang, Y.; Li, H. Neural network robust tracking control with adaptive critic framework for uncertain nonlinear
systems. Neural Netw. 2018, 97, 11-18. [CrossRef] [PubMed]

Liu, D.; Wei, Q.; Wang, D.; Yang, X.; Li, H. Adaptive Dynamic Programming with Applications in Optimal Control; Springer
International Publishing: Berlin/Heidelberg, Germany, 2017.

Lewis, EL.; Jagannathan, S.; Yesildirek, A. Neural Network Control of Robot Manipulators and Nonlinear Systems; Taylor & Francis:
London, UK, 1999.

Castillo, A.; Sanz, R.; Garcia, P.; Qiu, W.; Wang, H.; Xu, C. Disturbance observer-based quadrotor attitude tracking control for
aggressive maneuvers. Control Eng. Pract. 2019, 82, 14-23. [CrossRef]

Mobayen, S.; El-Sousy, FE,; Alattas, K.A.; Mofid, O.; Fekih, A.; Rojsiraphisal, T. Adaptive fast-reaching nonsingular terminal
sliding mode tracking control for quadrotor UAVs subject to model uncertainties and external disturbances. Ain Shams Eng. ].
2023, 14, 102059. [CrossRef]

Shao, X.; Yue, X.; Li, J. Event-triggered robust control for quadrotors with preassigned time performance constraints. Appl. Math.
Comput. 2021, 14, 102059. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.3390/app12031036
http://dx.doi.org/10.1016/j.ymssp.2018.11.001
http://dx.doi.org/10.1109/TNNLS.2021.3112679
http://dx.doi.org/10.1109/TCSI.2021.3066964
http://dx.doi.org/10.1177/0142331219868403
http://dx.doi.org/10.1016/j.jfranklin.2018.01.005
http://dx.doi.org/10.1109/TNN.2011.2168538
http://www.ncbi.nlm.nih.gov/pubmed/21997259
http://dx.doi.org/10.1002/int.22491
http://dx.doi.org/10.1007/s11432-018-9683-y
http://dx.doi.org/10.1016/j.jfranklin.2018.08.024
http://dx.doi.org/10.1016/j.ins.2014.05.050
http://dx.doi.org/10.1109/TNNLS.2020.2979266
http://www.ncbi.nlm.nih.gov/pubmed/32224466
http://dx.doi.org/10.1109/TNNLS.2015.2472974
http://www.ncbi.nlm.nih.gov/pubmed/26357411
http://dx.doi.org/10.1016/j.automatica.2010.02.018
http://dx.doi.org/10.1109/TSMC.2020.3042876
http://dx.doi.org/10.1109/TNNLS.2019.2954983
http://www.ncbi.nlm.nih.gov/pubmed/31899437
http://dx.doi.org/10.1016/j.neunet.2017.09.005
http://www.ncbi.nlm.nih.gov/pubmed/29031083
http://dx.doi.org/10.1016/j.conengprac.2018.09.016
http://dx.doi.org/10.1016/j.asej.2022.102059
http://dx.doi.org/10.1016/j.amc.2020.125667

	Introduction
	Mathematical Modeling of a Quadrotor
	Robust Approximate Optimal Trajectory Tracking Control Design
	Disturbance Observer Design
	Optimal Trajectory Tracking Control Design and Analysis
	Approximate Optimal Control Design
	Stability Analysis

	Robust Approximate Optimal Trajectory Tracking Control for a Quadrotor
	Position Control Design
	Attitude Resolution
	Attitude Control Design

	Simulation Results
	Conclusions
	References

