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Abstract: We studied the performance of a quantum magnetic Stirling cycle that uses a working
substance composed of two entangled antiferromagnetic qubits (J) under the influence of an external
magnetic field (Bz) and an uniaxial anisotropy field (K) along the total spin in the y-direction. The
efficiency and work were calculated as a function of Bz and for different values of the anisotropy
constant K given hot and cold reservoir temperatures. The anisotropy has been shown to extend the
region of the external magnetic field in which the Stirling cycle is more efficient compared to the
ideal case.

Keywords: entangled qubits, magnetic cycle; quantum thermodynamics

1. Introduction

Quantum heat engines (QHEs) are currently the subject of very active investigation,
which aims to discover and develop highly efficient nanoscale devices that function with
quantum working substances. These devices are also characterized by the thermodynamic
cycle of operation and the dynamics governing the cycle [1–23].

When applied to quantum thermodynamics with an external magnetic field as the
drive parameter, the Stirling cycle comprises two isothermal strokes and two isomagnetic
strokes. In the isothermal strokes, the working substance interacts with a thermal reservoir
at varying temperatures, whereas in the isomagnetic strokes, the magnetic field affecting the
system remains constant. The efficiency of this cycle is notably influenced by the intensity
of the external magnetic field, as it directly impacts the energy spectrum and states of
the working substance. Consequently, the Stirling cycle in quantum thermodynamics,
employing an external magnetic field as the drive parameter, exhibits promising potential
for applications in magnetic refrigeration and related fields [24–26].

Recently, a quantum Stirling cycle based on two coupled spins near a quantum critical
point (QCP) was examined, the XX isotropic Heisenberg model, with a magnetic field along
the z-direction [24]. The researchers investigated the system’s quantum phase transition,
entanglement, and correlation, showing that by choosing specific cycle parameters, the
system can operate as a heat engine or refrigerator over a wide range of magnetic fields and
low temperatures. Whereas the Stirling heat engine can reach Carnot efficiency near the
critical point for high magnetic fields, the refrigerator cycle can approach the Carnot limit for
low magnetic fields. However, at higher temperatures, the system’s performance deviates
significantly from the Carnot limits, and maximum work output does not necessarily
correspond to maximum efficiency [24].
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Exploring a quantum heat engine using the Heisenberg XX system with three qubits
was studied [27], seeking for efficiency optimization. However, it does not equal Carnot’s
efficiency when the external field is small enough.

A recent study, Kuznetsova et al. [28], examines a two-qubit Heisenberg XYZ model with
DM (Dzyaloshinskii–Moriya) and KSEA (Kaplan–Shekhtman–Entin-Wohlman–Aharony)
interactions under a nonuniform external magnetic field as a working substance for a
quantum Otto thermal machine. The analysis shows that the role of DM and KSEA
interactions changes as the longitudinal exchange constant alters the system’s behavior from
antiferromagnetic to ferromagnetic. Different operating modes of the thermal machine are
identified, including heat engine, refrigerator, heater or dissipator, and thermal accelerator
or cold-bath heater.

Another publication [29] explores the influence of anisotropy in the exchange constants
and magnetic field on entanglement in a two-qubit XY model. The study reveals that
the combined effect of the anisotropy parameter and the magnetic field can generate
entanglement in regions of the parameter space where it was absent in the isotropic case.
This suggests the possibility of controlling and producing entanglement in two-spin systems
even at finite temperatures.

In this study, based on the effect of anisotropy in extending the range of entanglement,
we present an investigation of a Stirling cycle utilizing a coupled system of two qubits
subjected to an external magnetic field along the z-direction and influenced by uniaxial
anisotropy energy along the total spin in the y-direction. Our focus lies in analyzing the
efficiency and work of the magnetic Stirling cycle. Specifically, we examine the impact of
anisotropy on the temperature range where the efficiency achieves its peak value, the extent
of the magnetic field interval where high efficiency is observed, and how it is affected
by anisotropy.

2. Model

The working medium consists of two spin-1/2 particles described by the Heisenberg
XX model with an uniaxial anisotropy along the y direction. The Hamiltonian of the system
is given by:

H =
J
2
(σx

1 σx
2 + σ

y
1 σ

y
2 ) +

B
2
(σz

1 + σz
2) +

K
2
(σ

y
1 + σ

y
2 )

2, (1)

where σα
i (i = 1, 2; α = x, y, z) are the Pauli matrices, J is the exchange coupling constant, B

is the external field along the z axis, and K is the anisotropy term. This Hamiltonian can be
written in a matrix form as:

H =


B + K 0 0 −K

0 K J + K 0
0 J + K K 0
−K 0 0 K− B

. (2)

The eigenvalues and the corresponding eigenvectors in the two-qubit computational
basis are defined as:

E1 = Ē− Jeff; |ψ1〉 =
1√
2
(|01〉 − |10〉), (3)

E2 = Ē + Jeff; |ψ2〉 =
1√
2
(|01〉+ |10〉), (4)

E3 = Ē− Beff; |ψ3〉 =
1√

N2
− + 1

[|00〉 − N− |11〉], (5)

E4 = Ē + Beff; |ψ4〉 =
1√

N2
+ + 1

[|00〉 − N+ |11〉], (6)
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where Ē = ∑4
i=1 Ei/4 = K is the average energy, Jeff = J + K is the effective exchange

coupling constant, Beff =
√

B2 + K2 is the effective magnetic field, and N± = (B± Beff)/K.
First, we note that eigenstates |ψ1〉 and |ψ2〉 are two Bell states that are robust against
magnetic field fluctuations. Therefore, only states |ψ3〉 and |ψ4〉 are affected by the magnetic
field, leading to a crossing point (E1 = E3 and E2 = E4) at the critical magnetic field

Bcrit =
√

J2
eff − K2 =

√
J2 + 2JK. This critical magnetic field only exists if K ≥ −J/2.

Otherwise, there is no crossing point between energy levels. The existence of this critical
magnetic field defines the QCP, where the ground state is changed from |ψ1〉 to |ψ3〉 when
the magnetic field changes from B < Bcrit to B > Bcrit. In addition, for K = −J (Jeff = 0),
the states |ψ1〉 and |ψ2〉 are degenerated.

To have more intuition about our working medium, we plot the energy levels in
Figure 1. Different anisotropy values given by K = 0.5 (Figure 1a) and K = −0.4 (Figure 1b)
are chosen to illustrate the role of the anisotropy. Briefly, the anisotropy introduces two
effects, namely, the change in the average energy and the location of the QCP. From the
expression Bcrit =

√
J2 + 2JK, we note that the QCP is displaced to the right (left) for

positive (negative) values of K, as shown in Figure 1a,b. Positive values of K widen the
gap between the energy levels, whereas negative values cause them to get closer. This will
affect the population of the energy levels when the Stirling cycle is performed, as will be
discussed later.

(a) (b)
Figure 1. Variation of the energy levels for (a) K = −0.4, (b) K = 0.5; J = 1 for both figures.

The calculations to be presented for the Stirling cycle consider that, at any instant, the
thermodynamic quantities are fully defined from the canonical partition function of the
system (kB = 1):

Z =
4

∑
i=1

exp (−Ei/T) = 2e−
Ē
T

(
cosh

(
Beff
T

)
+ cosh

(
Jeff
T

))
. (7)

Consequently, the free energy F, the internal energy U, entropy S, magnetization M,
and heat capacity C of the system can be determined through the formulas (using kB = 1):

F = −T ln Z, U = T2 ∂ ln Z
∂T

, S = − ∂F
∂T

, M = − ∂F
∂B

, C =
∂U
∂T

. (8)

The populations at thermal equilibrium are defined as Pi = exp (−Ei/T)/Z (with
i = 1, 2, 3, 4), which allow us to introduce the density matrix

ρ =
4

∑
i=1

Pi |ψi〉 〈ψi| . (9)

Note that the density matrix of the system describes a four-level system (two interact-
ing qubits) such that Tr(ρ) = 1 and ρ = ρ†. In the presence of exchange (J) and anisotropy
(K), both qubits experience an interaction that is the entanglement source. Thus, in the next
section, we will analyze the role of correlation in the thermodynamical context.
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3. Spin Correlations and Quantum Phase Transition

To explain the role of correlations, we shall discuss how spin correlations and quantum
correlations are connected to the quantum phase transition (QPT). In particular, the main
idea is to connect correlations with QCP and their relevance to the quantum Stirling cycle.
The classification and detail of a quantum phase transition have been extensively studied
with different approaches [30,31]. Here, we analyze two relevant quantities: two-point
spin correlations and concurrence close to the QCP.

3.1. Spin Correlations

Spin correlations are relevant when many-body systems exhibit short- and long-range
interactions [32]. When K = 0 (zero anisotropy) [24], the QPT is expected to be observed
in both spin correlations and concurrence as the ground state changes from a partially
entangled to a maximally entangled state (Bell state) at low temperatures. To observe this
effect, we introduce the two-point correlation function:

Cαβ
ij = 〈σα

i σ
β
j 〉 − 〈σ

α
i 〉 〈σ

β
j 〉 . (10)

The above spin correlation function is calculated using the density matrix at thermal
equilibrium, and then 〈σα

i 〉 = Tr(σα
i ρ), where ρ is defined in Equation (9). Here, {i, j} ∈

{1, 2} are the site labels and {α, β} ∈ {x, y, z} are the spin components. Let us suppose that
the two-qubit system is described by the product (uncorrelated) state ρ = ρ1 ⊗ ρ2. In this
case, a simple calculation tells us that Cαβ

12 = 0 ∀ α, β, and, then, correlations (along any

axis) are not present. Thus, any value Cαβ
12 6= 0 tells us that the system has spin correlations.

For the particular case of two qubits, we have indistinguishable particles, and, then,
Cαβ

12 = Cαβ
21 and Cαβ

12 = Cβα
12 . This reduces the number of possible calculations of the

symmetric tensor Cαβ
12 to the upper diagonal terms (six elements). Physically, because we

have exchange coupling (J) and anisotropy (K), this naturally leads to a certain degree of
spin correlation between the qubits. For the state in thermal equilibrium, we found:

Cxx
12 = −

sinh( Jeff
T )− K sinh (

Beff
T )

Beff

cosh( Jeff
T ) + cosh( Beff

T )
, (11)

Cyy
12 = −

sinh( Jeff
T ) +

K sinh (
Beff

T )
Beff

cosh( Jeff
T ) + cosh( Beff

T )
, (12)

Czz
12 =

B2 − B2
eff cosh( 2Jeff

T ) + K2 cosh ( 2Beff
T )

2B2
eff

(
cosh( Jeff

T ) + cosh( Beff
T )
)2 . (13)

Due to symmetry reasons, the other three elements, Cxy
12 , Cxz

12 and Cyz
12 , of the correlation

tensor vanish [30,33,34]. Figure 2 shows the xx-correlation as a function of B and T. As
in Ref. [24], the correlation abruptly changes around the critical point when T → 0. For
example, in Figure 2b, with J = 1 and K = 0.5, the location of the non-analytical behavior
of the spin correlation Cxx

12 at T = 0 is exactly the critical magnetic field Bcrit =
√

2 ∼ 1.4.
When the anisotropy is negative K = −0.4 (with J = 1), we note in Figure 2a that the critical
point is shifted to lower field values. In this particular case, we have a smaller critical field

Bcrit =
√

1
5 ∼ 0.45. These results indicate the existence of a first-order QPT [35,36]. We

note that the same behavior observed for Cxx
12 around the QCP is also reflected in other spin

correlation terms Cαβ
12 .
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(a) (b)
Figure 2. Variation of the xx-correlation function for (a) K = −0.4 (b) K = 0.5. We have selected J = 1
for these cases.

3.2. Quantum Entanglement

It is well-known from information theory that different entanglement measures can
be used to identify QPT. In particular, for the concurrence defined by Wootters [37] in the
context of a two-qubit system, it is a useful QC measure based on the separability of the
system. The concurrence is defined as follows:

c = max{0,
√

λ1 −
√

λ2 −
√

λ3 −
√

λ4}, (14)

where λj(j = 1, 2, 3, 4) are the eigenvalues of the matrix ρ(σ
y
1 ⊗ σ

y
2 )ρ

†(σ
y
1 ⊗ σ

y
2 ) ordered

from the largest to the smallest value. For a two-spin system described by uncorrelated
state ρ = ρ1 ⊗ ρ2, we have the theoretical result c = 0, as explained in Ref. [38].

In Figure 3, it can be seen that, at low temperatures, the concurrence abruptly changes
from a low value to a maximum of one as the ground states transition from the state |ψ3〉
to |ψ1〉 when the magnetic field decreases past the QCP. Also, with the introduction of
anisotropy, a region with almost no entanglement appears. Contrary to the case with K = 0,
the concurrence is greater than zero for fields higher than the QCP at low temperatures.
This happens because the ground state is now a mix of |11〉 and |00〉 states, although
this behavior disappears for a higher magnetic field due to the ground state beginning to
approximate the state |00〉. The correlation of the spin in all three axes presents a similar
behavior around the QCP, where the value changes abruptly at low temperatures.

(a)
(b)

Figure 3. Concurrence as function of temperature and magnetic field with J = 1 in both graphics and
K = 0.5 and K = −0.4 for (a) and (b), respectively.

3.3. Linking Correlation with Thermodynamics

Connecting thermodynamic quantities such as entropy and free energy with correla-
tions derived from statistical information theory is intriguing. In this direction, for instance,
in Ref. [39], the authors explicitly connect concurrence and thermodynamical quantities
such as energy and work at zero temperature. More formally, some authors use relative
entropy to build a bridge between information theory and thermodynamics [40–42]. Here,
we are interested in giving a more intuitive relation that exhibits the role of anisotropy in
the spin correlations.
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To better understand the origin of spin correlations and their connection with thermo-
dynamics, let us consider the system Hamiltonian given in Equation (1). An alternative
(but equivalent) expression for the system Hamiltonian is:

H = 1K +
(Jeff − K)

2
σx

1 σx
2 +

(Jeff + K)
2

σ
y
1 σ

y
2 +

B
2
(σz

1 + σz
2), (15)

where 1 is the identity matrix for the Hilbert space of the qubits. From Equation (15),
we observe that the anisotropy plays a role in differentiating correlations around the x
and y axes. In fact, for K = 0, the anisotropy effect disappears, and one expects to have
the same spin correlations for Cxx

12 and Cyy
12 . Starting from the free energy function, F =

K− Tln(2(cosh(Jeff/T) + cosh(Beff/T))), we obtain the following analytical expressions:

Cxx,yy
12 =

(
∂

∂Jeff
∓ K

Beff

∂

∂Beff

)
F, Czz

12 = −
(

∂F
∂Jeff

)2
−
(

K
Beff

)2
[

2e(F−K)/T +

(
∂F

∂Beff

)2
]

, (16)

where Cxx
12 (Cyy

12 ) is obtained using the minus (plus) sign of the differential operator ∂/∂Jeff∓
(K/Beff)∂/∂Beff. When the anisotropy is not present (K = 0), we have Jeff = J, and the spin
correlations reduces to Cxx

12 = Cyy
12 = ∂F/∂J and Czz

12 = −(∂F/∂J)2, in good agreement with
Equations (11)–(13). Most importantly, based on Equation (16), we can construct a direct
connection between thermodynamics and spin correlations. The inverse relations, namely,
the free energy function (F), entropy (S), energy (U), magnetization (M), and specific heat
(C) as a function of spin correlations, are more challenging. However, for the particular
system of two interacting qubits, we found

F = K− T ln(G1), S = ln(G1) +
G2

T
, U = K + G2, M =

B
2K

C−, C =
JeffB2

eff
2KT2 C−C+. (17)

where C± = Cyy
12 ± Cxx

12 . Here, G1 and G2 are functions that depend on the spin correlations
and are given by

G1 =
16K2√

(BeffC−)
4 − 2(KBeffC−)

2(4 + C2
+) + K4(C2

+ − 4)
, (18)

G2 =
Jeff
2

C+ +
B2

eff
2K

C−. (19)

We remark that all these expressions only depend on the spin correlation functions
Cxx

12 and Cyy
12 leading to a crucial role of the anisotropy. Moreover, our expressions are also

helpful at any temperature, extending previous results at zero temperature. We have all the
ingredients to explain our proposal for the magnetic Stirling cycle.

4. Quantum Stirling Cycle

Analogous to the classical cycle, the quantum Stirling cycle consists of four strokes:
two isothermal and two isomagnetic processes (equivalent to the isochoric processes of the
standard case). During the isothermal process, the system remains in thermal equilibrium
with one of two thermal baths at temperatures T = TH (high) or T = TL (low), with
TH > TL. At the same time, the external magnetic field is varied between BH and BL during
the process, satisfying the condition BL < BH . Concerning the isomagnetic trajectories,
the coupling with the baths is switched, and the systems carry out a process at a constant
magnetic field (at BL or BH). The cycle can be visualized pictorially in Figure 4 where, as
we have mentioned, the control parameter λ corresponds to the external magnetic field B
acting on the system. The analysis by stage of the cycle described in the Figure 4 can be
summarized as follows:
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Figure 4. Diagram of the Stirling cycle regarding entropy and the control parameter λ. In our case,
λ→ B corresponds to the external perpendicular magnetic field value along the z-axis.

Isothermal stages: These processes correspond to the A→ B and C → D trajectories
of Figure 4. For the first stage A → B (third stage C → D), the system is held at a fixed
temperature TH (TL), and the entropy changes during A→ B (C → D) due to the variation
of the external magnetic field. Consequently, the heat exchange of the system during
these strokes can be obtained from the change of entropy along the processes at constant
temperature in the form:

QAB = TH(SB − SA), (20)

QCD = TL(SD − SC). (21)

Isomagnetic stages: These processes correspond to the B→ C (BL = cnt.) and D → A
(BH = cnt.) trajectories of Figure 4. In these two strokes, there is no work done; therefore,
the heat exchange is obtained as the change of internal energy while the system changes
from the thermal bath with temperature TH to the one with temperature TL during the
B→ C stage, and from TL to TH during the D → A stroke. Consequently, the expressions
for the heats in these stages are given by:

QBC = UC −UB, (22)

QDA = UA −UD. (23)

From the first law of thermodynamics (dU = δQ− δW), and using the fact the variation
of U in a closed cycle is zero, the total work W can be obtained as:

W = QH + QL = QAB + QDA + QBC + QCD, (24)

where we define QH = QAB + QDA and QL = QBC + QCD. The signs of QH , QL, and W
will define the machine’s behavior. Two possible cases stand out: The proposed machine
may operate as an engine or refrigerator. The analysis of the signs of heat and total work
for each case are summarized in Table 1.



Technologies 2023, 11, 169 8 of 12

Table 1. Heat and total work sign convention for classifying the thermal machine as a heat engine or
refrigerator.

Heat and Work Engine Refrigerator

QH > 0 < 0
QL < 0 > 0
W > 0 > 0
η < 1 - - - -

COP - - - - > 1 (expected)

If the thermal machine satisfies the conditions of an engine, we can define the efficiency
η, which corresponds to the ratio between the total work and the heat the system absorbs.
Therefore, η is given by

η =
W
QH

. (25)

If the machine responds to a refrigerator-type behavior, we can define the coefficient
of performance (COP) in an analogy to the efficiency of engines, and it is given by

ε =
QL
|W | . (26)

5. Results and Discussion

In this section, we will begin the discussion by focusing on the effects of anisotropy
on the proposed cycle’s efficiency results. Computational grids in Mathematica software
can be found in supplementary materials. Figure 5 shows the efficiency as a function of
the parameter BL for different values of anisotropy: K = −0.4 (blue solid line), K = 0 (gray
dotted line), and K = 0.5 (red solid line) with fixed values of TH = 0.2, TL = 0.12, BH = 3,
and J = 1. We first observe that the maximum efficiency for each case of K is located exactly
at the quantum critical point (Bcrit =

√
J2 + 2JK). Consequently, the maximum efficiency

moves to the left (right) when K decreases (increases).

Figure 5. Efficiency as a function of BL for TH = 0.2, TL = 0.12, BH = 3, J = 1, and K = −0.4, K = 0,
and K = 0.5 for the blue, dashed gray, and red lines, respectively. The black dotted line is the Carnot
efficiency for the temperature already given.

An important point to note is that the model recovers the efficiency with K = 0
reported in Ref. [24], where, at point B = J = 1, it is found to be equal to Carnot. If we
observe the red curve in Figure 5, we notice that at the critical point with positive K, the
maximum efficiency also corresponds to Carnot. However, for negative K, this value is
not reached and is slightly below. This can be explained by what is mentioned in Ref. [24],
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where it is said that the value of the Carnot efficiency will be obtained just at the critical
point for very low temperatures of the thermal reservoirs where the fundamental state
of energy is mostly populated. As in the case with negative anisotropy that makes the
levels come together even more, for the same temperatures presented in Figure 5, the
participation of the other levels of energy becomes non-negligible, causing, in consequence,
a slight decrease of the efficiency around the critical point evidenced in the blue curve of
Figure 5. However, if lower temperature reservoirs were selected, Carnot would again
be achieved for negative anisotropies. As in situations without uniaxial anisotropy, the
efficiency decreases as BL moves further away from the critical value. Nonetheless, this
decline is not as rapid when K is not equal to zero. Therefore, when the anisotropy is
present, the efficiency remains optimal in a broader range for BL.

For K = 0.5, the efficiency is above half of Carnot’s in a range 9.2% wider than for
K = 0. It can be noted, also, from Figure 6, that work (green curve for Figure 6a,b) is
maximized at the same point of Bl as efficiency. That is, for the case of K = 0.5 (Figure 6a),
work is maximized at the point Bl ∼ 1.4, whereas for K = −0.4 (Figure 6b), the maximum
of work is displayed at Bl ∼ 0.45.

(a) (b)
Figure 6. Heat input (red curve), heat output (blue curve), and total work (green curve) for the case
of (a) K = 0.5 and (b) K = −0.4. The parameters for this plot are : TH = 0.2, TL = 0.12, BH = 3, and
J = 1.

An interesting result can be seen in Figure 7a, where the efficiency is shown as a
function of TH for TL = 0.6TH , BL = 1, BH = 5, and J = 1 for K = 0.5 (red curve), K = 0
(gray curve), and K = −0.4 (blue curve). We notice that, at the beginning of the graph, the
efficiencies are all equal for very small values of TH . Then, they are ordered so that the
efficiency for positive K is the highest and negative K the lowest. However, as TH increases,
this behavior is completely reversed, and even in the case of negative K, a peak in efficiency
is observed again. This does not occur (for the selected parameters) for the case of K = 0
(same as Ref. [24]) and for K > 0, which have a monotonic decreasing behavior with
increasing TH . The reason behind this maximum in the blue curve of Figure 7a seems to be
the thermal population of the level E1 and E2 near the temperature of the peak while having
a value of BH high enough to keep the E4 level mostly unoccupied, effectively working
similarly to a three levels system. This peak would also appear in the case of positive K
but would require higher fields (BH > 5 for this example) and higher temperatures TH to
have the same effect as for K < 0. Finally, in Figure 7b, we show the work as a function of
TH for the same fixed parameters mentioned for panel (a). We note that the work is much
higher for negative anisotropy values over the range of TH shown, whereas the lowest
useful work is in the positive K case. From here, it can be concluded that the inclusion of
anisotropy for values of TH > 0.8 presents the best performance in efficiency and work of
the proposed cycle.
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(a) (b)

Figure 7. Efficiency (a) and work (b) as function of TH (maintaining TL = 0.6TH) at QCP for BL = 1,
with K = −0.4, K = 0, and K = 0.5 for the blue, gray dashed, and red lines, respectively. The other
parameters are J = 1 and BH = 5. The black dotted line is the Carnot efficiency when TL = 0.6TH .

6. Conclusions

In this work, we have analyzed the performance of a Stirling engine whose working
substance corresponds to an interacting system of two ½ spin particles described through a
Heisenberg XX-type model with a uniaxial anisotropy with the total spin along the y-axis
direction. The control parameter of the proposed cycle corresponds to an external field
perpendicular to the system. Correlation and concurrence have analyzed the model’s
quantum critical points (QCP). It has been shown that these QCPs play a fundamental
role in the work and efficiency of the proposed cycle [24,27–29]. Our results indicate
that incorporating anisotropy (which appears explicitly in the QCPs) runs the maximum
efficiency (Carnot) points in the cycle control parameter space either to the left or the right
of the previously reported case for K = 0 (without anisotropy), showing that for K < 0 the
maximum possible efficiency is obtained for much lower fields than with K = 0. In addition,
due to the structure of the energy levels, it is possible to find areas where the incorporation
of anisotropy shows better thermal performance than in its absence, as well as better overall
work. Therefore, incorporating the anisotropic term improves the machine’s performance
from any thermodynamic point of view. Furthermore, we successfully demonstrated the
close interrelationship between thermodynamics and information theory in this bipartite
quantum system. This was achieved by explicitly deriving all thermodynamic quantities
for the system through their expression in terms of spin correlation functions.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/technologies11060169/s1.

Author Contributions: C.A. and P.V. conceived the idea and formulated the theory. C.A., P.V. and
F.J.P. contributed to discussions during the entire work and editing of the manuscript. A.N. and B.C.
contributed to connecting correlation with thermodynamics. All authors have read and approved the
final manuscript.

Funding: This research was funding by Financiamiento Basal para Centros Científicos y Tecnológi-
cos de Excelencia, under Project AFB 220001 (Chile), FONDECYT grant 1210312, ANID Fondecyt
Iniciación en Investigación 2020 grant no. 11200032 and “Millennium Nucleus in NanoBioPhysics”
project NNBP NCN2021_021.

Data Availability Statement: The data presented in this study are available on request from the
corresponding author.

Acknowledgments: F.J.P. acknowledges DGIIE from Santa Maria University. A.N. acknowledges
financial support from Fondecyt Iniciación No. 11220266. The authors acknowledge DTI-USM for
using “Mathematica Online Unlimited Site” at the Universidad Técnica Federico Santa María.

Conflicts of Interest: The authors declare no conflict of interest.

https://www.mdpi.com/article/10.3390/technologies11060169/s1
https://www.mdpi.com/article/10.3390/technologies11060169/s1


Technologies 2023, 11, 169 11 of 12

References
1. Geva, E.; Kosloff, R. A quantum-mechanical heat engine operating in finite-time, a model consisting of Spin-1/2 systems as the

working fluid. J. Chem. Phys. 1992, 96, 3054–3067. [CrossRef]
2. Geva, E.; Kosloff, R. On the classical limit of quantum thermodynamics in finite-time. J. Chem. Phys. 1992, 97, 4398–4412.

[CrossRef]
3. Peterson, J.P.S.; Batalhao, T.B.; Herrera, M.; Souza, A.M.; Sarthour, R.S.; Oliveira, I.S.; Serra, R.M. Experimental Characterization

of a Spin Quantum Heat Engine. Phys. Rev. Lett. 2019, 123, 240601. [CrossRef]
4. He, J.; Chen, J. Quantum refrigeration cycles using spin-(1)/(2) systems as the working substance. Phys. Rev. E 2002, 65, 036145.

[CrossRef] [PubMed]
5. Zhang, T.; Liu, W.T.; Chen, P.X.; Li, C.Z. Four-level entangled quantum heat engines. Phys. Rev. A 2007, 75, 062102. [CrossRef]
6. Henrich, M.J.; Mahler, G.; Michel, M. Driven spin systems as quantum thermodynamic machines: Fundamental limits. Phys. Rev.

E 2007, 75, 051118. [CrossRef] [PubMed]
7. Saygin, H.; Sisman, A. Quantum degeneracy effect on the work output from a Stirling cycle. J. Appl. Phys. 2001, 90, 3086–3089.

[CrossRef]
8. Zhang, G.F. Entangled quantum heat engines based on two two-spin systems with Dzyaloshinski-Moriya anisotropic antisym-

metric interaction. Eur. Phys. J. D 2008, 49, 123–128. [CrossRef]
9. Cakmak, B.; Mustecaplioglu, O.E. Spin quantum heat engines with shortcuts to adiabaticity. Phys. Rev. E 2019, 99, 032108.

[CrossRef]
10. Wu, F.; Chen, L.; Wu, S.; Sun, F.; Wu, C. Performance of an irreversible quantum Carnot engine with spin 1/2. J. Chem. Phys. 2006,

124, 214702. [CrossRef]
11. Azimi, M.; Chotorlishvili, L.; Mishra, S.K.; Vekua, T.; Huebner, W.; Berakdar, J. Quantum Otto heat engine based on a multiferroic

chain working substance. New J. Phys. 2014, 16, 063018. [CrossRef]
12. Allahverdyan, A.; Gracia, R.; Nieuwenhuizen, T. Work extraction in the spin-boson model. Phys. Rev. E 2005, 71, 046106.

[CrossRef] [PubMed]
13. Henrich, M.J.; Rempp, F.; Mahler, G. Quantum thermodynamic Otto machines: A spin-system approach. Eur. Phys. J. Spec. Top.

2007, 151, 157–165. [CrossRef]
14. Wang, J.; He, J.; Xin, Y. Performance analysis of a spin quantum heat engine cycle with internal friction. Phys. Scr. 2007,

75, 227–234. [CrossRef]
15. Chen, J.; Lin, B.; Hua, B. The performance of a quantum heat engine working with spin systems. J. Phys. D-Appl. Phys. 2002,

35, 2051–2057. [CrossRef]
16. Ono, K.; Shevchenko, S.N.; Mori, T.; Moriyama, S.; Nori, F. Analog of a Quantum Heat Engine Using a Single-Spin Qubit. Phys.

Rev. Lett. 2020, 125, 166802. [CrossRef]
17. Altintas, F.; Mustecaplioglu, O.E. General formalism of local thermodynamics with an example: Quantum Otto engine with a

spin-1/2 coupled to an arbitrary spin. Phys. Rev. E 2015, 92, 022142. [CrossRef]
18. Wu, F.; Chen, L.; Sun, F.; Wu, C.; Hua, P. Optimum performance parameters for a quantum carnot heat pump with spin-1/2.

Energy Convers. Manag. 1998, 39, 1161–1167. [CrossRef]
19. Alecce, A.; Galve, F.; Lo Gullo, N.; Dell’Anna, L.; Plastina, F.; Zambrini, R. Quantum Otto cycle with inner friction: Finite-time

and disorder effects. New J. Phys. 2015, 17, 075007. [CrossRef]
20. Kosloff, R.; Feldmann, T. Optimal performance of reciprocating demagnetization quantum refrigerators. Phys. Rev. E 2010,

82, 011134. [CrossRef]
21. Katz, G.; Kosloff, R. Quantum Thermodynamics in Strong Coupling: Heat Transport and Refrigeration. Entropy 2016, 18, 186.

[CrossRef]
22. Altintas, F.; Hardal, A.U.C.; Mustecaplioglu, O.E. Quantum correlated heat engine with spin squeezing. Phys. Rev. E 2014,

90, 032102. [CrossRef] [PubMed]
23. Myers, N.M.; McCready, J.; Deffner, S. Quantum heat engines with singular interactions. Symmetry 2021, 13, 978. [CrossRef]
24. Purkait, C.; Biswas, A. Performance of Heisenberg-coupled spins as quantum Stirling heat machine near quantum critical point.

Phys. Lett. A 2022, 442. [CrossRef]
25. Zhao, L.-M.; Zhang, G.-F. Entangled quantum Otto and quantum Stirling heat engine based on two-spin systems with

Dzyaloshinski-Moriya interaction. Acta Phys. Sin. 2017, 66, 240502. [CrossRef]
26. Cakmak, S. Benchmarking quantum Stirling and Otto cycles for an interacting spin system. J. Opt. Soc. Am. B-Opt. Phys. 2022,

39, 1209–1215. [CrossRef]
27. He, J.Z.; He, X.; Zheng, J. Thermal Entangled Quantum Heat Engine Working with a Three-Qubit Heisenberg XX Model. Int. J.

Theor. Phys. 2012, 51, 2066–2076. [CrossRef]
28. Kuznetsova, E.I.; Yurischev, M.A.; Haddadi, S. Quantum Otto heat engines on XYZ spin working medium with DM and KSEA

interactions: Operating modes and efficiency at maximal work output. Quantum Inf. Process. 2023, 22, 192. [CrossRef]
29. Kamta, G.L.; Starace, A.F. Anisotropy and Magnetic Field Effects on the Entanglement of a Two Qubit Heisenberg XY Chain.

Phys. Rev. Lett. 2002, 88, 107901. [CrossRef]
30. Werlang, T.G.; Trippe, C.; Ribeiro, G.A.P.; Rigolin, G. Quantum Correlations in Spin Chains at Finite Temperatures and Quantum

Phase Transitions. Phys. Rev. Lett. 2010, 105, 095702. [CrossRef]

http://doi.org/10.1063/1.461951
http://dx.doi.org/10.1063/1.463909
http://dx.doi.org/10.1103/PhysRevLett.123.240601
http://dx.doi.org/10.1103/PhysRevE.65.036145
http://www.ncbi.nlm.nih.gov/pubmed/11909203
http://dx.doi.org/10.1103/PhysRevA.75.062102
http://dx.doi.org/10.1103/PhysRevE.75.051118
http://www.ncbi.nlm.nih.gov/pubmed/17677033
http://dx.doi.org/10.1063/1.1396831
http://dx.doi.org/10.1140/epjd/e2008-00133-0
http://dx.doi.org/10.1103/PhysRevE.99.032108
http://dx.doi.org/10.1063/1.2200693
http://dx.doi.org/10.1088/1367-2630/16/6/063018
http://dx.doi.org/10.1103/PhysRevE.71.046106
http://www.ncbi.nlm.nih.gov/pubmed/15903725
http://dx.doi.org/10.1140/epjst/e2007-00371-8
http://dx.doi.org/10.1088/0031-8949/75/2/018
http://dx.doi.org/10.1088/0022-3727/35/16/322
http://dx.doi.org/10.1103/PhysRevLett.125.166802
http://dx.doi.org/10.1103/PhysRevE.92.022142
http://dx.doi.org/10.1016/S0196-8904(98)00004-1
http://dx.doi.org/10.1088/1367-2630/17/7/075007
http://dx.doi.org/10.1103/PhysRevE.82.011134
http://dx.doi.org/10.3390/e18050186
http://dx.doi.org/10.1103/PhysRevE.90.032102
http://www.ncbi.nlm.nih.gov/pubmed/25314390
http://dx.doi.org/10.3390/sym13060978
http://dx.doi.org/10.1016/j.physleta.2022.128180
http://dx.doi.org/10.7498/aps.66.240502
http://dx.doi.org/10.1364/JOSAB.447206
http://dx.doi.org/10.1007/s10773-012-1084-z
http://dx.doi.org/10.1007/s11128-023-03944-z
http://dx.doi.org/10.1103/PhysRevLett.88.107901
http://dx.doi.org/10.1103/PhysRevLett.105.095702


Technologies 2023, 11, 169 12 of 12

31. Vidal, G.; Latorre, J.; Rico, E.; Kitaev, A. Entanglement in quantum critical phenomena. Phys. Rev. Lett. 2003, 90, 227902.
[CrossRef] [PubMed]

32. Throckmorton, R.E.; Sarma, S.D. Studying many-body localization in exchange-coupled electron spin qubits using spin-spin
correlations. Phys. Rev. B 2023, 103, 165431. [CrossRef]

33. O’Connor, K.M.; Wootters, W.K. Entanglent rings. Phys. Rev. A 2001, 63, 052302. [CrossRef]
34. Mzaouali, Z.; El Baz, M. Long range quantum coherence, quantum & classical correlations in Heisenberg XX chain. Phys. A-Stat.

Mech. Its Appl. 2019, 518, 119–130. [CrossRef]
35. Vidal, J.; Mosseri, R.; Dukelsky, J. Entanglement in a first-order quantum phase transition. Phys. Rev. A 2004, 69, 054101.

[CrossRef]
36. Leviatan, A. First-order quantum phase transition in a finite system. Phys. Rev. C 2006, 74, 051301. [CrossRef]
37. Wootters, W.K. Entanglement of formation of an arbitrary state of two qubits. Phys. Rev. Lett. 1998, 80, 2245. [CrossRef]
38. Norambuena, A.; Franco, A.; Coto, R. From the open generalized Heisenberg model to the Landau–Lifshitz equation. New J.

Phys. 2020, 22, 103029. [CrossRef]
39. Goold, J.; Huber, M.; Riera, A.; del Rio, L.; Skrzypczyk, P. The role of quantum information in thermodynamics—A topical review.

J. Phys. A Math. Theor. 2016, 49, 143001. [CrossRef]
40. Watanabe, S. Information Theoretical Analysis of Multivariate Correlation. IBM J. Res. Dev. 1960, 4, 66–82. [CrossRef]
41. Horodecki, M.; Oppenheim, J. Fundamental limitations for quantum and nanoscale thermodynamics. Nat. Commun. 2013,

4, 2059. [CrossRef] [PubMed]
42. Sapienza, F.; Cerisola, F.; Roncaglia, A.J. Correlations as a resource in quantum thermodynamics. Nat. Commun. 2019, 10, 2492.

[CrossRef] [PubMed]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.1103/PhysRevLett.90.227902
http://www.ncbi.nlm.nih.gov/pubmed/12857342
http://dx.doi.org/10.1103/PhysRevB.103.165431
http://dx.doi.org/10.1103/PhysRevA.63.052302
http://dx.doi.org/10.1016/j.physa.2018.11.062
http://dx.doi.org/10.1103/PhysRevA.69.054101
http://dx.doi.org/10.1103/PhysRevC.74.051301
http://dx.doi.org/10.1103/PhysRevLett.80.2245
http://dx.doi.org/10.1088/1367-2630/abbbd3
http://dx.doi.org/10.1088/1751-8113/49/14/143001
http://dx.doi.org/10.1147/rd.41.0066
http://dx.doi.org/10.1038/ncomms3059
http://www.ncbi.nlm.nih.gov/pubmed/23800725
http://dx.doi.org/10.1038/s41467-019-10572-8
http://www.ncbi.nlm.nih.gov/pubmed/31175297

	Introduction
	Model
	Spin Correlations and Quantum Phase Transition
	Spin Correlations
	Quantum Entanglement
	Linking Correlation with Thermodynamics

	Quantum Stirling Cycle
	Results and Discussion
	Conclusions
	References

