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Abstract: Among the Statistical Process Control (SPC) techniques, control charts are considered to
be high weight-age due to their effectiveness in process variation. As the Shewhart’s charts are not
that active in monitoring small and moderate process variations, the statisticians have been making
efforts to improve the performance of the control chart by introducing several techniques within
the tool. These techniques consist of experimenting with different estimators, different sampling
selection techniques, and mixed methodologies. The proposed chart is one of the examples of a mixed
chart technique that has shown its efficiency in monitoring small variations better than any of the
existing techniques in the specific situation of auxiliary information. To show and compare its
performance, average run length (ARL) tables and ARL curves have been presented in the article.
An industrial example has also been included to show the practical application of the proposed chart
in a real scenario.

Keywords: SPC; exponentially weighted moving average (EWMA); Cumulative Sum (CUSUM);
auxiliary information; process control; ARL

1. Introduction

Statistical Process Control (SPC) contains a set of tools that are widely used for improving process
performance by reducing the variability in the key process parameters. These tools have been found to
be very useful in achieving process stability and improving process capability. It is one of the greatest
developments of the twentieth century. Because of sound underlying principles, it can be applied
to any process. Among the seven SPC tools, Walter A. Shewhart of the Bell Telephone Company
developed Shewhart control charts. These charts are commonly used in Phase-I implementation of
SPC to monitor the process when there is large shift in parameters.

A major objective of SPC is to quickly detect the occurrence of an assignable cause or non-random
cause of process shifts so that root cause analysis of the process and corrective action may be addressed
to avoid nonconforming items in the manufacturing process. These techniques are widely used as
online process monitoring techniques. The main purpose of the process control is to reduce the
variability if it cannot be completely eliminated. The control charts have been found highly effective to
reduce the variability in the process.

One of the disadvantages of the Shewhart control chart is that it utilizes only information
contained in the last sample and ignores the information lying in the earlier subgroups. This feature
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makes these charts less sensitive to small shifts. Accordingly, they are less useful in process control
when detection of small shifts is important. Moreover, in the modern competitive era of industry and
the precise requirements of the customer, these control charts are not that effective, which is due to
their flexibility. These charts may present the process in a well-controlled scenario, whereas actually
non-conforming items are also being produced. Today the industry focuses on Lean Processes to
decrease waste and increase productivity and profitability.

In this situation, the process demands very sensitive monitoring that is capable of detecting
a minor variation in controllable characteristics. This tendency has created new challenges for control
chart developers to develop more sensitive monitoring techniques. To capture minor shifts in the
processes, the most popular charts found in the literature are CUSUM and exponentially weighted
moving average chart (EWMA) control charts.

In the recent literature, the EWMA chart is more popular as a result of its appealing mechanism
that enables the user to adjust the weight-age of recent and previous data obtained from the process.
Roberts [1] introduced the EWMA statistic to construct a control chart for monitoring small and
moderate shifts in the process. It has the quality to embed any estimator to make the chart more
useful and sensitive in terms of its performance. In this article, an EWMA-DiD control chart has been
proposed to monitor small shifts in process average. This chart is based on an estimator suggested by
Shabbir and Awan [2]. In recent research, several charts have been suggested wherein two monitoring
techniques have been merged to improve the performance of the chart. Abbas et al. [3] suggested
an EWMA-CUSUM control chart and showed that it performs better than commonly used EWMA and
CUSUM charts. Using the same pattern, Haq [4] proposed hybrid exponentially weighted moving
average (HEWMA) chart by merging two statistics. Further details about the design and application of
further techniques can be reviewed from Lucas [5], Capizzi and Massaroto [6], Jiang et al. [7], Abbassi
and Miller [8] and Aslam et al. [9]

In some of the situations, these mixed type charts have been further improved upon by implying
different sampling techniques. Azam et al. [10] suggested an HEWMA control chart using repetitive
sampling and proved that it works better than either EWMA or CUSUM. Haq et al. [11] proposed
two control charts based on ordered double ranked set sampling (ODRSS) and imperfect double
ranked set sampling (OIDRSS) and proved that these charts outperform the other sampling techniques.
Hagq et al. [12] suggested an EWMA control chart under a Median ranked set sampling and Median
Imperfect ranked set sampling and showed that the suggested chart performs better as compared to
other sampling techniques.

In some of the latest publications on a similar topic, Aslam et al. [13] proposed mixed np-EWMA
and np-HEWMA control charts. In the proposed charts, attribute and variable characteristics from
the same process were simultaneously used for process monitoring. The suggested charts were found
more efficient than the existing schemes dealing the same type of data. Haq and Ali [14] proposed
a mixed chart by integrating a generalized weighted moving average (GWMA) and usual CUSUM.
GWMA was suggested by Sheu and Lin [15]. They compared the performance of their chart with
mixed EWMA-CUSUM, EWMA, and CUSUM control charts to show that proposed technique is
more sensitive. Riaz and Ajadi [16] proposed integrated EWMA-CUSUM control charts in Multivariate
environment and compared the performance with different Multivariate control charts. It was
highlighted that like univariate case, a mixed technique is equally effective in Multivariate scenario.
Riaz et al. [17] introduced a new technique by combining Tukey-EWMA and Tukey-CUSUM charts.
They experimented this technique over several skewed and symmetrical probability models to
strengthen its application. They also assessed the ability of a new technique using different run
length properties. They presented and detailed comparison of several charts that indicate mixed
techniques are a highly effective tool in process monitoring and they improve the capability of
process monitoring.

Based on the above discussion, the proposed control chart is a combination of two statistics;
i.e., usual EWMA statistic and Y p;p statistic, as suggested by Shabbir and Awan [2]. It is expected that
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the suggested chart performs better than the monitoring scheme proposed by Shabbir and Awan [2] in
capturing small shifts in process. The advantage of applying this chart is that parameter and other
sampling techniques are the same as the chart by [2]. As such, no additional information is required to
apply EWMA-DiD except constant “A”. Assuming “A = 1” the proposed chart performs the same as
the control chart suggested by [2].

2. Designing of EWMA-DiD Control Chart

Let m random samples {(Yl-]-, Ul-]-, Vl-j): i=1,2,...,mj=1,2,...,n} of size n are drawn from
a process having a tri-variate normal distribution with p as a mean vector and X as a variance
covariance matrix, as

u= Hu and Z = PyulyOu (75 Puv0uly
Ho Pyv0yOv  Puvluly ‘71%

Here, Y is main variable concerned with a critical dimension of quality of a certain product, U and
V are auxiliary variables. These auxiliary variables are not crucial to quality but related to the same
product and correlate with each other including Y. pu vector contains the population means of these
variables, o? with different subscripts are representing the variances of given variables (Y, U and V)
and p with different subscripts are correlations between possible combinations of these variables.

In statistical process control, the recoded information is mainly about the quality related variable.
If some information about the other variables is easily available that can be correlated with our study
variable, the performance of the control chart can be improved. The information obtained from such
variables is known as auxiliary information. In sampling and quality control literature there are many
instances where auxiliary information has been used for improvements and new developments. In the
literature of sampling techniques, Hanif et al. [18], Hamad et al. [19] and Awan and Shabbir [20] have
developed new estimators by using auxiliary information. In quality control there are many cases
where control charts have been improved by using correlated auxiliary variables; for example, Shabbir
and Awan [2] proposed an efficient control chart to monitor process mean wherein charting statistic
is based on two auxiliary variables. Abbassi and Riaz [21] have proposed a process control where
they have used auxiliary information for Ranking as well as for estimation. Zhang [22] designed
cause-selecting-type control chart by using auxiliary information. Abbass et al. [23] used similar
technique to improve the performance of EWMA chart.

Now defining two sequences {Ej, Ey, E3, ... } and {EDy, EDj, ED3, ... } as follows:

Et: thortzl

E; = AXt-f—(l—A)Et,l,'0</\§1f01‘i’>1

here, E; is usual exponentially weighted moving average statistic and X; is any statistic related to
variable of interest.
EDt = ?DiDt fort =1

ED¢ = AYpipt + (1= A)ED;_1; 0 < A <1 for t> 1

here, ED; is proposed statistic based on the estimator Y p;p; used by [15].

Ypipt = 7+ 1 ’ Byu [Vu - {U+ ,Buv(l/lv —V)H

2
—Puv

b Buelpto {7+ Bau(p ~ D)}

The above statistic was proposed by [20] and the objective of using this statistic in the proposed
control chart is because in a Tri-variate Normal population situation, it is more efficient among the
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mean per unit estimator, classical regression estimator, and regression estimator with two variables.
This has been indicated in theoretical, simulation studies, and graphical caparisons by [20]. It is
quite obvious that a control chart based on an estimator having the least variance is more efficient
in detecting process parameter shifts. A comparison of Theoretical Percentage Relative Efficiency
presented by [20] is as follows (Table 1):

Table 1. Percentage relative efficiency of estimators.

Simple Mean Ratio Estimator Classical Regression Estimator with Estimator Used in
P Regression Estimator Two Auxiliary Variables Proposed Chart
100 603.37 635.08 233.37 11,620.59

The proposed control chart i.e., EWMA-DiD has two control limits, upper action limit (UAL) and
lower action limit (LAL). It works in the following way;

Step 1: Select a sample of size n from the process as per the frequency of the drawing subgroup
defined by the process experts or manager. It is assumed that the process meets all the requirements
as explained in Shabbir and Awan [2]. Computing the value of the estimator, proposed ED;,
and corresponding set of UAL and LAL.

Step 2: The process is declared as out of control if ED; > UAL or ED; < LAL, otherwise process is
in control.

Suppose that the mean of the process is u = y#p when process is well in control. The means and
variances of the estimator used and proposed ED:; statistic are as follows;

_ — 1
E(YDiDt) = Hy and V(YDiDt) = maj (1 - P2yu - szv - quv + Zpyupyvpuv)

Based on the above estimator the proposed statistic follows;

E(ED,) = p, and V(ED,)
_ A 2t 1 2 2 2 2
=5>— (1-0-2) n(l_pzuv)dy(l—p =Pl = P

+ 2pyupyvPuv)

Based on the above statistic, the control limits of the proposed EWMA-DiD control chart to
monitor small shifts are:

_ oy | A a2t
UAL—yOJrL\/ﬁ\/Z_/\(l (1 ?\))

Center Line (CL) = g

I TN S SRy
LAL = o — L2 2—;\(1 (1 ?\))

where 6 = m (1 — szu - szzl - quv + zpyupyvpuv)

3. Performance of the Proposed EWMA-DiD Control Chart

To gage the performance of the proposed chart, the yardstick used is the average run length (ARL)
when all the required parameters to run the proposed control chart are known.

The ARLSs given in the tables have been computed as per Algorithm 1, with the assumption that all
the relevant parameters are known. For the cases where these parameters are unknown, a lot of detail is
given in Shabbir and Awan [2] for several cases. Moreover, literature contains many articles to estimate
the parameters by taking samples from the available data in phase I. As such, the proposed technique is
applicable in all the cases that have been discussed in the above mentioned referenced control chart.
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Algorithm 1. Monte Carlo Simulation Program of EWMA-DiD Control Chart for in-control and shifted process

The following are the algorithmic steps involved in Monte Carlo Simulation R program.

(1) Computation of proposed EWMA-DID statistic.

(1.1)  Generate Y, Uy, V; a random sample of size 3 from the Tri-variate Normal Distribution with
specified means vector p and variance covariance matrix }-. Generate 100,000 such subgroups.

(12) Compute Y4 statistic and EWMA-DiD statistic ED; simultaneously at a fixed value of “A” for
every generated subgroup.

(2)  Setting up control limits

(2.1) Compute UAL and LAL by using a specific “A” value and Control Limit constant “L”.

(2.2)  Keeping in view the procedure of proposed control chart, insert the criteria to declare the process
as in-control or out-of-control. If the out of control signal appears, recording the number of
particular subgroup as run length; i.e., all the subgroups before this out of control subgroup were
indicating the process as in-control.

(2.3)  Repeat the above mentioned step a sufficient number of times (say 10,000) to calculate the
in-control ARL. If the in-control ARL is very close or preferably equal to the desired ARLg
(say ARL ( = 370), then go to Step 3 with the current value of L. Otherwise, modify the value of L
and repeat Steps 2.2 & 2.3 unless desired results are achieved.

(3) Evaluate the out-of-control ARL

For the shifted process, introducing shift to study variable Y, by substituting Hy1 = Ho + foy, where foy
is amount of shift in pg

(3.1)  Generate Y}, U, Vi a random sample of size 3 at each subgroup from the Tri-variate Normal
Distribution with specified means vector u and variance covariance matrix ), for shifted process.
Generate 100,000 such subgroups. -

(3.2) Compute Yy statisticand EWMA-DID statistic ED; simultaneously at a fixed value of “A” for
every generated subgroup.

(3.3) Letall the computed EWMA-DID statistic ED; passing through in-control and out-of-control
criteria until the process is declared as out of control.

(34) Record the number of subgroup as run length at which out-of-control signal appears

(3.5  Repeat all the above mentioned steps 10,000 times to obtain the Average Run Length at different
shift sizes.

ARLs from EWMA-DiD Control Chart with n = 3 and ARL( = 370 are lying in Table 2, whereas
for ARL( = 500 are lying in Table 3.

To observe the performance of proposed chart graphically, ARL curves have been represented in
the Figures 1-14. In the Figures 1-7, ARL curves are corresponding to ARLg = 370 and Figures 8-14 are
pertaining to ARL( = 500. In all these Figures 1-14, ARL curves corresponding to “A = 1” represent the
performance of existing chart whereas other curves are representing the performance of proposed chart.
It is quite clear from the given Figures 1-14, that chart performs better when “A # 1” and moreover,
it’s performance improves as the value of “A” decreases.

The ARLSs in the below mentioned tables have been computed by selecting few combinations of
correlation coefficients where results can be compared with the performance of the existing chart. It is
quite clear that the proposed chart outperforms the existing chart in all the correlation combinations
where ARLs have been simulated. It can also be proved that at any scenario of the correlation
combination, the proposed chart performs better. Now discussing the proposed chart individually,
it is very clear that its performance is highly dependent on the choice value of “A”. At the smaller
values of this parameter, the chart is more sensitive to capture the shifts. As the value of “A” increases
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the sensitivity of the chart decreases, so the usefulness of the chart lies in the appropriate selection
of “A”. Another advantage of the chart is that even on correlation coefficients that are not very strong;
the chart is quite smart to handle the case.

Table 2. ARL, = 370.

®yu, Ryy, Shift(f) A= = = A= A= ®yy, Ryy, A= = = = =
®uo 005 010 020 025 100 @, 005 010 020 025  1.00
0.00 3755 3741 3681 3495 3551 3641 3750 3653 3747 3668
005 183 209 277 325 1306 44 50 52 57 217
010 56 64 73 76 346 6 17 18 19 28
@ 015 30 33 37 37 112 @) 111 11 12 12
095 920 20 22 23 23 45 090, 40 10 10 10 10
095 435 11 11 12 12 12 010, 10 10 10 10 10
08 95 10 10 10 10 10 0.52 10 10 10 10 10
075 10 10 10 10 10 0 10 10 10 10
100 10 10 10 10 10 0 10 10 10 10
0.00 3707 3661 3479 3749 3692 3754 3708 3552 3673 358.1
005 361 451 612 726 2150 109.6 1466 1793 1866 3163
010 111 133 156 184 856 381 474 656 780 2164
@ 915 61 66 74 77 341 ®) 193 234 303 354 1390
095 920 36 41 45 47 162 985 o0 136 171 198 901
070, o35 17 18 19 19 30 935 48 53 60 64 244
085 o5 11 12 12 12 13 060  >5 30 33 34 93
075 10 10 10 10 10 6 17 18 19 27
100 10 10 10 10 10 12 12 12 13 14
0.00 3760 3680 371.6 3656 3655 3884 3601 3640 3750 3589
005 455 566 820 940 2503 1159 1408 1857 2044 3311
010 147 170 213 240 1111 395 487 697 791 2255
G 915 73 84 95 104 485 O 202 238 323 369 1486
090, 920 47 51 57 60 239 980 h5 41 176 196 930
090, o35 19 22 23 23 46 080, 49 55 61 65 279
075 o950 13 14 14 14 17 0.70 28 31 34 36 97
075 10 10 10 10 10 6 17 18 19 28
100 10 10 10 10 10 12 12 13 13 14
0.00 3597 3747 3592 3636 3723 3812 3678 3610 3651 3627
005 563 704 976 1136 2651 900 1082 1508 1657 3015
010 177 204 272 304 1244 283 353 494 548 1959
@ 015 89 101 119 134 604 10 45 166 222 251 1060
090, 920 55 60 69 74 320 97% g9 101 117 135 668
040, o35 23 25 27 28 66 %7 35 40 44 45 153
010 o5 14 15 16 17 23 035 51 23 25 26 53
075 10 11 11 11 11 13 14 14 14 17
100 10 10 10 10 10 0 11 11 11 11
0.00 3730 3598 3590 3710 3785 3708 3737 3730 3573 3574
005 1453 1733 2086 2271 3267 466 579 807 946 2395
e 010 56 680 905 1096 2486 . 148 165 214 239 1070
015 273 325 443 496 1855 75 83 98 105 492
g';g' 020 165 192 250 274 1263 _009‘(9)0' 46 51 57 61 242
o703 63 71 84 88 414 0% 20 22 23 24 46
- 050 36 40 45 47 155 - 13 14 14 15 18
075 20 22 23 24 46 0 10 10 10 10
100 14 15 16 16 21 0 10 10 10 10
0.00 3692 3821 3599 359.6 3674 3872 3806 3502 3675 3640
0.05 1887 2251 2572 2749 350.1 459 572 839 935 2420
@ 010 776 1007 1301 1469 2971 0 144 171 214 238 1074
oo 015 407 513 706 800 2374 73 83 94 103 494
0% 020 256 307 420 488 1659 00 47 51 57 61 230
o3 035 102 11 134 154 89 7r 20 22 23 24 46
. 050 55 61 68 72 311 : 13 14 14 15 17
075 29 32 34 37 99 0 10 10 10 10

1.00 1.9 2.1 2.3 2.3 4.2 1.0 1.0 1.0 1.0 1.0
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Table 3. ARL, = 500.

®yy, Ryy, Shift(f) A= = = A= A= ®yy, Ryy, A= = = = =
®uo 005 010 020 025 100 @, 005 010 020 025 1.00
0.00 5087 4909 5219 4787 4896 4998 4784 5087 4917 490.1
005 200 237 338 378 1739 48 52 58 61 268
010 63 68 79 84 413 7 18 19 20 32
@ 915 32 36 38 40 131 @) 11 11 12 12 13
095 920 21 23 25 25 50 99 45 490 10 10 10
095 435 11 11 12 12 13 010, 19 10 10 10 10
085 95 10 10 10 10 10 %2 40 10 10 10 10
075 10 10 10 10 10 0 10 10 10 10
100 10 10 10 10 10 0 10 10 10 10
0.00 5060 4787 5081 4855 4840 4879 4794 5155 5021 4857
005 410 540 789 905 2929 1389 1738 2552 2701 4266
010 125 141 191 204 1099 413 556 863 949 2863
@ 015 64 70 80 84 432 ® 208 259 363 413 1877
095 920 40 43 48 50 201 985 435 152 195 216 1190
070, 935 17 19 20 20 34 93 51 57 65 69 309
08 o5 12 12 13 13 14 0.60 29 32 36 36 107
075 10 10 10 10 10 16 18 19 19 30
00 10 10 10 10 10 12 12 13 13 15
0.00 4939 4907 533.6 4949 4980 4850 4755 4952 4952 4825
005 517 688 1093 1179 3299 1386 1812 2567 2786 4296
010 153 185 259 287  146. 440 602 83 982 3055
® 915 80 90 107 116 618 O 219 276 375 439 1884
090, 920 51 56 62 65 287 980 434 458 207 228 1189
090, 435 21 23 25 25 54 080, 5, 58 65 71 331
075 95 13 14 15 15 19 %70 345 32 36 37 113
075 10 10 10 10 10 17 18 19 20 32
100 10 10 10 10 10 12 13 13 13 15
0.00 4618 4806 499.1 4892 4818 4870 4865 5016 4875 488.0
005 650 865 1279 1371 3487 1008 1353 1939 2225 4240
010 191 229 329 370 1734 316 399 602 677 2461
@) 015 97 109 137 149 806 19 165 189 246 286 1405
090, 920 61 65 77 81 404 97> 97 110 136 152 786
040, 435 25 26 30 30 77 97 39 42 47 48 189
010 o5 15 16 17 17 25 0.35 22 25 26 27 62
075 11 11 11 11 11 13 14 15 15 19
100 10 10 10 10 10 1 11 11 11 11
0.00 4889 4983 5207 4959 507.6 4844 4767 5053 5084 4903
0.05 1745 2227 3116 3235 4178 513 679 1025 1164 330.6
- 010 593 802 1194 1382 3468 . 158 186 244 283 1379
e 015 290 364 557 62 276 o 80 90 107 116 606
7% 020 178 217 201 383 1552 M 49 54 63 64 291
o7 03 70 79 92 11 so7 %% 21 23 25 25 52
- 050 39 43 48 49 190 : 13 14 15 15 19
075 21 23 25 26 54 0 10 10 10 11
100 15 15 17 17 23 0 10 10 10 10
0.00 4899 5075 5061 4860 4932 4880 4789 5161 4772 4921
0.05 2364 2907 3580 3930 471.0 532 686 1057 1172 3372
© 010 920 1209 1763 1978 3863 . lel 178 253 278 1364
o015 462 619 893 1040 3114 ¥ 79 89 108 116 591
o 020 286 338 55 579 284 0k 49 55 63 65 288
oo 03 109 120 154 166 925 _2Y 21 23 25 25 51
- 050 59 67 79 79 397 : 13 14 15 15 19
075 30 34 37 38 116 0 10 10 10 11
100 20 22 24 24 48 0 10 10 10 10

Following are ARL Curves of the Proposed Charts at few selective correlation combinations.
In the given charts the curve corresponding to A = 1 represents performance of existing chart.
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40
Variable
—@— A=0.05
—m— \=0.10
A=0.20
304 —A - A=0.25
A=1.0
20
10
0
T

0.50 0.75

8 of 16

Figure 1. Average run length (ARL) curves when py;, = 0.65, py» = 0.30, p,» = 0.50 at above values of A.

ARL

- 0.90,0.90,- 0.75

40

304

20

10

Variable

—@— \A=0.05

shift

Figure 2. ARL curves when p;, = —0.9, 0yp = 0.9, 04p = —0.75 at above values of A.
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40 -
Variable
—®&— A=0.05
—m— A=0.10
A=0.20
304 —& - \=0.25
A=1.0
20
10
04 |
T T T 1

shift

Figure 3. ARL curves when py;, = 0.9, 05 = —0.9, py» = —0.75 at above values of A.
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2 20
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10

Variable
—@— A=0.05
—m— A=0.10

A=0.20
—& - \=0.25

A=1.0

d
[
&

shift

0.8 1.0

Figure 4. ARL curves when p,, = 0.9, pyp = 0.9, 04» = 0.75 at above values of A.

0.90,0.40,0.10

40

30+

10

Variable
—@— A=0.05
—®— A=0.10

A=0.20
—4& - 7\=0.25

A=1.0

0.8 1.0

Figure 5. ARL curves when p,, = 0.9, 0y» = 0.4, 0» = 0.1 at above values of A.
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N
o

1

104

Variable
—@&— A=0.05
—m— A=0.10

A=0.20
—& - )\=0.25

A=1.0

Figure 6. ARL curves when p,,, = 0.85, py, = 0.35, py» = 0.60 at above values of A.
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0.80,0.80,0.70

40 -
Variable

30

Figure 7. ARL curves when p,;, = 0.8, 0y = 0.8, 0» = 0.7 at above values of A.

0.70, 0.70, 0.50
40 ;
Variable
—@— A=0.05
—m— A=0.10
A=0.20
304 —A - A=0.25
A=1.00
2 204
<
104
04
T
0.0

Figure 8. ARL curves when p,, = 0.7, 0y = 0.7, p» = 0.5 at above values of A.

0.75,0.75,0.35
40 i
Variable
—@— \=0.05
—&— A=0.10
A=0.20
304 —& - A=0.25
A=1.00
2 20
<
10
04
T
0.0

Figure 9. ARL curves when py, = 0.7, 0y» = 0.7, py» = 0.35 at above values of A.
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0.80,0.80,0.70
40 i
Variable
—@— \=0.05
—m— A=0.10
A=0.20
30+ —& - \=0.25
A=1.00
2 20
<
10
0
T
0.0

Figure 10. ARL curves when py,, = 0.8, py» = 0.8, 04» = 0.7 at above values of A.

0.85,0.35,0.60
40 -
Variable
—@— A=0.05
—m— A=0.10
A=0.20
30 4 —4& - \=0.25
A=1.00
% 20
<
10
04
T
0.0

Figure 11. ARL curves when py,, = 0.85, py» = 0.35, p» = 0.60 at above values of A.

0.90,0.40,0.10
40 -
Variable
—@— A=0.05
—m— A=0.10
A=0.20
30 —& - A=0.25
A=1.00
2 20
<
10
o ]
00 01 02 03 04 05 06 07 08
shift

Figure 12. ARL curves when py,, = 0.9, py» = 0.4, 04» = 0.1 at above values of A.
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0.90,0.90,0.75

40

Variable
—@— A=0.05
—m— A=0.10

A=0.20
—& - 7\=0.25

A=1.00

30

10

T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
shift

Figure 13. ARL curves when py,, = 0.9, py» = 0.9, 04 = 0.75 at above values of A.

0.95,0.70,0.85

40
Variable
—@— A=0.05
—m— A=0.10
A=0.20
304 —a& - A=0.25
A=1.00
2 20-
<

10

0.0 0.1 0.2 0.I3 0.4 0.5 0.6 0.7 0.8
shift

Figure 14. ARL curves when py, = 0.95, 0y» = 0.7, p,» = 0.85 at above values of A.

4. Comparison of EWMA-DiD Control Chart with Other Control Charts

In the below mentioned Table 4, ARLs of different commonly used techniques have been compared.
It is quite clear from the comparison that X-chart, CUSUM, and EWMA charts are performing equally
for shifts greater than 1, CUSUM and EWMA charts are performing equally for moderate shifts; i.e., 0.5
to 1 (both inclusive) and for the same shift size Xp;p is performing better than CUSUM and EWMA.
Therefore, as far as small shifts are concerned, the proposed EWMA-DID is best in performance. ARLs in
the above mentioned table have been computed from tri-variate normal, simulated data with parameters
as py = py = pp = 0and oy = oy = 0y = 1 with py, = 0.8, 0,0 = 0.8, 04y = 0.7. The sample size has
been taken as n = 3 for the simulated data. The correlations and other information related to auxiliary
variables U and V, are applicable for EWMA-DiD and Xpip control charts, whereas, X-chart, CUSUM and
EWMA charts are using parameters related to variable Y only. In computing the ARLs of the proposed
chart, the weighing constant A assumes values of 0.05, 0.10, 0.20, and 0.25. As the chart takes one variable
for quality control monitoring and two as auxiliary variables, there is no need to compare the performance
with multivariate charts. This has also been advised by Shabbir and Awan [2].
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Table 4. Comparison of different control charts.

Shift XChart (;(U_S;J ;V[ EWMA Chart EWMA-DIiD Xp;p — Chart
=05  3_005 A=01 A=02 A=025 A=05

000 5005 5028 4999 4998 4996 5000  500.5 1958 490.1
025 2412 524 355 405 55.8 64.8 1169 <13.0 78.1
050 762 134 13.6 127 13.7 14.9 25.1 <37 113
075 273 71 83 7.3 6.8 6.9 9.1 2.0 32
100 115 48 6.1 5.1 45 44 48 <13 15
150 32 3.0 40 33 2.8 26 24 1.0 1.0
200 15 23 3.1 25 21 20 16 1.0 1.0
250 11 1.9 25 21 17 16 12 1.0 1.0
300 10 16 2.1 19 14 13 1.0 1.0 1.0

5. Application of Proposed Chart on Real Data Obtained from Industry

The data were taken from an industry producing Yarn. The variables are related to the Auto
cone department, which are RH% (Relative Humidity Percentage), Ambient Temperature in Celsius,
and Ambient RH. RH% is very important to maintain in the department because the tensile strength of
the yarn as well as the final quality of their end product is highly dependent on it. Their procedures
are well standardized to control the defect rate and quality of their product.

They provided around 11,000 observations that were recorded from the actual process and, after
the filtration by removing the rows containing missing entries, 10,266 rows were available for the
parameter estimation and charting purpose. For parameter estimation, 1000 samples of 1000 size each
without replacement were selected assuming that the process is well in control from first 8000 entries
and the remaining were kept for charting purpose.

The parameters were computed as follows (Table 5):

Table 5. Process parameters.

Variables Parameters Variable Type
RH% Hy = 65.794 oy = 2.0266 oyu = —0.3498 Quality Concern

Amb TC My = 26.403 oy = 3.3591 oyo = 0.3374 Auxiliary

Amb RH o = 69.6995 oy = 9.3185 Puv = —0.6688 Information

From the data pool kept for charting, 100 subgroups of size 3 each were selected for the construction
of the control chart. The charts have been constructed in Figures 15-17, selecting different values of A.
The control lines have been drawn at L = 3.00 as Action limits and Warning limits are at L = 2.50.

EWMA-DiD Chart of RH% atA=0.2

66.751 +35L=66.718
66.50 +2.55L=66.564
66.25
66.00

g -

= 65.75 X=65.794
65.50
65.25
65.00 -2.551=65.024

-35L=64.870

1 11 21 31 41 51 61 71 81 91
Sample

Figure 15. EWMA-DiD Chart of RH% at A = 0.20.
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EWMA-DiD Chart of RH% atA=0.4
67.5
+3SL=67.179
67.0{ [P ® +2.55L=66.948
66.5
< 66.0 _
= X=65.794
& 65.5
65.0 -
L -2.55L=64.640
6454 h_ -35L=64.409
64.0'| T T T T T T T T T
11 21 31 41 51 61 71 81 91
Sample
Figure 16. EWMA-DiD Chart of RH% at A = 0.40.
EWMA-DiD Chart of RH% at A=0.9
69
+35L=68.300
68 .o +2.55L=67.882
67 g
<
£ 66 _
= X=65.794
65
64
& -2.55L=63.706
@
-351=63.288
63
T T T T T T T T T T
1 11 21 31 41 51 61 71 81 91
Sample

Figure 17. EWMA-DiD Chart of RH% at A = 0.90.

6. Conclusions

From the application and the simulation results of the proposed chart, we observe that the
chart mechanism is very smart in detecting shifts if the main quality concerned variable is strongly
correlated with at least one of the auxiliary variables. Otherwise, as the correlation becomes weaker,
the performance of the chart becomes less efficient. In case one of the auxiliary variables is uncorrelated,
the chart’s efficiency is close to a simple X-bar chart. In the above mentioned application, there are three
charts in Figures 15-17, from the same data at different values of A. As the value of A decreases from
0.5, the weight-age to present value of statistic becomes smaller than previous information. As such
the chart shows different behaviors of the process control at varying values of A. At smaller value of
this weighting constant, minor drifts in the process are in pattern; at the higher value of A the points
that are close to upper action limits are highlighted. It is suggested in light of the above mentioned
findings, for an in-depth analysis of the process the chart should be assigned different values of A to
listen to the voice of the process.
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