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Abstract: Iterative algorithms have been utilized for the computation of approximate solutions of
stationary and evolutionary problems associated with differential equations. The aim of this article is
to introduce concepts of monotone Reich and Chatterjea nonexpansive mappings on partially ordered
Banach spaces. We describe sufficient conditions for the existence of an approximate fixed-point
sequence (AFPS) and prove certain fixed-point results using the Krasnoselskii-Ishikawa iterative
algorithm. Moreover, we present some interesting examples to highlight the superiority of our results.
Lastly, we provide both weak and strong convergence results for such mappings and consider an
application of our results to prove the existence of a solution to an initial value problem.
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1. Introduction

The study of the existence of fixed points for monotone nonexpansive and asymptoti-
cally nonexpansive mappings in the setting of a metric space have been widely investigated.
Let U be a normed linear space. A self mapping S : U — U is said to be nonexpansive
if ||Sp — Sw|| < || — w]| for all y,w € U. The set of fixed points of S is denoted by
F(S), thatis, F(S) = {u € U: Sp = p}. A mapping S is called quasi-nonexpansive if
[Su—v|| < |ju—v|forally € U and v € F(S). A mapping S : U — U is said to be
asymptotically nonexpansive if there exists a sequence {a, } witha, > 1 and lim, ;e 2, = 1
such that the condition ||S"y — §"w|| < au||i — w|| holds for all n € N. A sequence {p,}
in U is asymptotically regular if lim,_,eo ||pty+1 — || = 0 for all n € N. We know that
every nonexpansive mapping or asymptotically nonexpansive mapping on a non-empty,
closed, bounded, convex subset of a uniformly convex Banach space has at least one fixed
point [1-3]. Debnath and La Sen [4] studied the fixed points of a broad category of set-
valued maps that may include discontinuous maps extending the notions of orbitally
continuous and asymptotically regular mappings. In [5], the authors established fixed-
point results for some asymptotically regular multivalued mappings satisfying the Kannan
type contractive condition without assuming compactness of the underlying metric space
or continuity of underlying mapping.

Many authors have studied an approximate fixed-point sequence (AFPS) and ap-
proximate fixed-point property (AFPP) for different types of mappings [6-9]. A sequence
{#n} in a normed space U is said to be an (AFPS) for a self mapping S : U — U if
limy, 0 || ptn — Spin|| = 0. Matouskova and Reich [10] found that every infinite dimensional
Banach space contained an unbounded closed convex set with the approximate point fixed
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property for nonexpansive mappings. These results have become an important tool in
solving a variety of problems, such as integral equations, partial differential equations,
optimization problems and boundary value problems; see [10-15].

Recently, Som et al. in [16] introduced two types of mappings, Reic-type nonexpansive
and Chatterjea-type nonexpansive mappings, and discussed that these classes of mappings
possess an APFS under some conditions using the Krasnoselskii iteration method in Banach
spaces. They explored some properties of the fixed-point sets of these mappings like
closedness, convexity, and remotality, and obtained sufficient conditions under which a
Reich-type nonexpansive mapping reduces to that of a nonexpansive one. For further
considerations on Reich and Chatterjea contractions, see [17-20]. Let 1 € U be arbitrary.
Then, consider the Krasnoselskii-Ishikawa iteration defined by the sequence {u,} C U
as follows:

g1 = ASpn + (1= A)pn, (KIS)

where A € (0,1), n € Nand S is a self map of U. Very recently, Popescu and Stan [21] have
obtained certain interesting results related to Reich- and Chatterjea-type nonexpansive
mappings. In ref. [22], Debnath et al. studied the existence and uniqueness of fixed points
of Reich-type G-contraction on closed and bounded subsets of a metric space endowed
with a graph. Khamsi and Khan [23] discussed the behavior of the Krasnoselskii-Ishikawa
iteration process for monotone nonexpansive mappings in L1 ([0, 1]); see also [12,24].

The fixed-point theory of monotone contractions defined on partially ordered metric
spaces has been researched by a number of scholars. The contractivity criterion on the
nonlinear map is only considered to hold elements that are comparable in the partial order
in such findings. The reader is directed to the ground-breaking work on the subject, which
has applications in integral, differential, and nonlinear fractional evolution equations and
equilibrium problems; see [2,25-34].

Iterative algorithms have been utilized for the computation of approximate solutions
of stationary and evolutionary problems associated with differential equations. This paper
is organized as follows: In Section 2, some basic definitions and propositions are stated. In
Section 3, we develop sufficient conditions for the existence of an approximate fixed point
sequence (AFPS) with certain fixed-point results using the Krasnoselskii-Ishikawa iteration
algorithm. A number of examples are presented to illustrate the results. In Section 4, we
provide some weak and strong convergence results for these mappings. In Section 5, we
study the existence of a solution for a nonlinear differential equation. Section 6 is concerned
with conclusion.

2. Preliminaries

Let (U, ||.]|) be a Banach space endowed with a partial order <. Throughout, it is
assumed that order intervals are convex and closed. Recall that an order interval is any of
the subsets

=) ={vel;u=2v} and (+,w|={vel;v 2w},

for any y, w € U. Therefore, the order interval [y, w] for all i, w € U is given by
[l ={veln=vw}=I[un=)N (]
is also closed and convex for any u, w € U.

Definition 1 ([24]). Let E be a nonempty subset of the ordered Banach space U. Amap S : E — E

is said to be

(i)  monotone if Sy X Sw forall y,w € Ewith y < w;

(ii) monotone nonexpansive if S is monotone and | Sy — Sw|| < ||u — w|| for any y,w € E
with yp = w.

The sequence {y,} is said to be bounded in a partially ordered set (U, <) if there
exists a point v € U such that y, < vforalln € N.
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Now, we give the definition of ordered Reich and Chatterjea nonexpansive mappings.

Definition 2. Let U be an ordered normed space, wherein E is a non-empty closed convex subset
of U. Amapping S : E — E is said to be an ordered Reich nonexpansive mapping if there exist
non-negative real numbers «, B,y with « + B+ v = 1 such that

[Sp = Swl|| < allp — wl| + Bl = Spll + 7llw = Sw], 1)

forall y,w € Ewith y < w.
The mapping S is said to be an ordered Chatterjea nonexpansive mapping if there exist
non-negative real numbers «, B,y with « + B + v = 1 such that the condition

ISk = Swll < allp = @l + Bllp = Sw|| +vllw = S|, &)
holds, for all u,w € E such that y < w.
The following proposition is proved in [35,36].

Proposition 1. Let (U, d, <) be a partially ordered metric space. Assume that the sequences { i, }
and {wy } in U with t, € [0,1) satisfy following conditions for all n € N:

(i) ppi1 € [ﬂnrwn] with d(V”/wnJrl) = tnd(ﬂnfw");
(ll) d(wn+1, C(.)n) S d(l’li’l+1/ ,'Mn)
Then,

i+n—1 i+n—1 1
(1 + ) fs) d(wi, 1) < d(Wign, i) + [T (1= t) 7 d(wi, i) — A(Wipns Pign)]
S=1 S=1
foralln > 1andi > 0.

3. Main Results

The following technical lemma will be useful to develop further results.

Lemma 1. Let (U, d, <) be a partially ordered Banach space and E be a nonempty convex subset of
U. Let S : E — E be a monotone mapping satisfying the following condition:

gd(p, Sp) < d(p,w) = d(Sp, Sw) < d(u,w), 3)

where ¢ € (0,1). Assume that there exists yy € E such that yq and Syq are comparable. Consider
the sequence {py, } in E as defined by KIS, such that § < Aand A € (0,1). Then, for any n > 1
and i > 0, we have

(1+nA)d(Spi,pi) < d(Spivn, i) + (1= A) " [d(Spiy pi) = d(Spin, i)
Moreover, if { iy } has two subsequences which converge to w and v, then w = v.

Proof. The induction method is employed to demonstrate ji,, < yy41 < Spy forany n > 1.
By assumption, there is 1 < Sp1. Using the convexity of the order interval [y, Sy and
KIS, we obtain

1 S ASu + (1= M)y = p2 2 Sy

As S is monotone, Sy < Spp, which implies
w1 = pp 2 Sy = Spo.
Thus, by induction, we have

Pn = Hpt1 = S,un = SﬂnJrl/



Mathematics 2022, 10, 76 4 0f 19
for all n € N. This implies that
Mns1 € [pn, Spin]. )
Thus, by KIS, we have
d(pns1, Spn) = (L= A)d(pn, Spin).
Furthermore,
d(,un-i-l/ ,un) = Ad(lflnzsﬂn)~ ®)
Since § < A, forall A € (0,1), there is
&d(pn, Spn) < Ad(pn, Spn) = d(pns1, pin)-
Now, (3) this implies that
d(Spni1, Spin) < d(Hnv1, Hn) (6)

for all n € N. All of the assumptions of Proposition 1 hold, with w;, = Su,. On the
other hand '
(1+nd) <1+ Yyl
] e e @)
d(pi, Spiin) < 0(E) = sup{d(u,w) : p,w € E},

foralln € Nand A € (0,1), which implies that

(1 +nA)d(Spi, pi) < d(Spign, i) + (1= A)"[d(Spi, pi) — A(Sisn, Hitn)]

forany i > 0 and n > 1 as required.

Next, let {1y, } be a subsequence of {,,} that converges to w. Fix m > 1. Since
the order interval [y, —) is closed and convex and {i,} is monotone increasing, then
w € [pm,—). Hence p, < w forany m > 1. Consequently, if {1, } has another subsequence
which converges to v, it is necessary to have w = v. Indeed, since yt, < w, forany n > 1,
we get w < v. Similarly, v < w, which implies that w =v. O

Remark 1. Under the assumptions of Lemma 1, if we assume Syy = yy, then we have

Spn 2 tpt1 = pn

for any n > 1. Moreover, the conclusion on equality of limits of subsequences of yy holds.

Theorem 1. Let (U, ||.||, %) be a partially ordered Banach space and E be the nonempty closed
convex and bounded subset of U. Let a self-mapping S of E be a monotone and an ordered Reich
nonexpansive mapping with coefficients «, B, y such that v < 1. Assume that there exists y; € E
such that 1 and Sy are comparable. Furthermore, suppose that for any u,w in E with y < w,
we have

1—
B2 sl < g wll = 80— Sl < 1~ . ®

Then, S has an AFPS in E, which is asymptotically regular.

Proof. Let y1 € E such that y1 < Spy. Considering the sequence {y, } in U defined by KIS,
the following is obtained:

[tns1 = pnll = Al Spn — pnl]- )
In addition, we have

#ns2 = purall = MStnt1 — pnsall (10)
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foralln > 1 where A € [%,1).
Now, for any u € U, with y = py,, and w = p,41, using (1) , we get

Spn — Spnrall < allpn — pnsall + Bllpn — Spnll + Yl pns1 — Spnsall, (11)

where py = pyy1.
From (11), we get

M Spn = Spnsa [l < Aallpn — pnall + BAn — Spall + YA 101 — St ll- (12)
Using (9) and (10) in (12), we get
M Spn = Sl < alllpn = pna |l + Bllpnsr = pnll + Yllpns2 = ol (13)
Again, by KIS, we obtain,
Ins2 = pnsall < AlSpnra — Spnll + (L= D) llpnsr — pal- (14)

Then, using (14) in (13), we have

M[Spn — Spnall < ad|lpn — pngall + Bllpnsr — pnll + YA Spn — St
+ ')’(1 - /\)HVV! - ﬂnJrlH'

Thus,
(A = M)[|Spn = Spnsall < @A [pn — pnsall + Blluns1 — pall + v (L = A) |t — pruga |-
Since A < 1, then (1 — A) < 1. We thus obtain
AL =D Spn = Spnsall < allpn = pnsa | + Bllpnsa — pnll + vl ptn — puga -

We get that
A =D [Skn = Spnall < 1n = pnsall,
where & + 8 + v = 1. On the other hand,

[#n — Spniall = ln — Spn + Spin — Spny1 |l < Npn — Spn || + [|Spin — St -

Then, using (9), we have

1
[1n = Spna |l < Sl — pna | + [|Sun — Spna |- (15)
Hence,
A1 — ~S B St VXTI A1 —9)|Spn —S 16
(=Dl = Spiall < === Mmn = pural| +AQ = V)| Sptn = Spiall. - (16)
Using (15) into (16), we obtain
Al —o
A=)l = Sttt < L=l = ol + iy = 1S = Sl
= 2=)lun — pusall-
Which implies
A1 —
o = Spniall < o = sl 1)
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Now, since1/2 <A <land 0 <y <1, we get

1— —
v _AM-7)
4 2—v

Therefore, (17) implies

1—
B~ Syt | <l pnc |-

The following is obtained:

1—7 -7 1—7
( 1 s — Syl < 5 Mrn = S|+ == Skn = S|

< ltn = st ]|+ ol =t
Aun ]’ll’l-ﬁ—l 4/\(1_,)/) ]/ln ]’li’l-’rl

1
= pneall + g3 ln = prna |

IN

3
< §||Pln — tarll-
Forany 1/2 < A <1, we have that

-7
2D i~ Syl < s — sl

which implies that
[Stn = Spnall < llpn = psa | (18)
Note that ||, — Spy|| is decreasing if, and only if, ||Spy+1 — pn+1l is decreasing,

which follows from the triangle inequality, (18) and (9),

[Sttns1 — ngall < |Sptnsr — Spnll + [|Spn — pnsa |
< lpn = pnsall + [[Spin — pna | (19)
< Mpn — Spall + |Spn — s |l

From the KIS definition, we obtain
IS0 = pniall = (L= A)llpn — Spia[- (20)
From (19) and (20), the implication is that

[Stns1 — pnsll < Mlpn — Spn|| + (1 = A)|[pn — Spin||
< ||.un _SVnH

for all n € N. Consequently, ||, +1 — Spin+1| is a decreasing and bounded sequence. Thus,
there exists R > 0 such that

lim {|ptn — Spn|| = R > 0.

Since { = (1 —y)/6 < A < 1, the inequality obtained in Lemma 1 implies that
(U4 nd)lpi = Spill < U+ nA) [l = Spill < 6(E) + (1= A)""[[lpi = Spill = [pin = Stigalll,

foralli > 0,and n > 1, with §(E) = sup{||y — w||;t, w € E} < +o0.If we leti — +oo,

we get
(1+nA)R < S(E)+ (1 —A)""[R—R].
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Then,

S(E)
R <
~—14+nA

holds for all n > 1. Clearly this is possible only if R = 0, which implies lim,_eo ||pn —
Spnl|| = 0. Thus, the sequence {1, } is an AFPS for S. Further, we have

lptn = pnall = Mipn = Spnll = 0, as n — co.
Therefore, the AFPS {,, } is asymptotically regular. [
Theorem 2. Under the assumptions of Theorem 1, S has a fixed point, provided o < 1.

Proof. By Theorem 1, S has an AFPS (y,,) which is an asymptotically regular sequence.
By triangle inequality and asymptotic regularity, for m > n > 1, we obtain

[pm — tnll < pm — Spm|l + (| Spm — Spnll + [0 — Spn||
< ptm — Spim |l + allptm — pull + Bllptm — Stim |l + Y|l ptn — Spin |
+ [[pn — Spall,

which implies that

(1= &) [[pm — pall < Mlppm — Spmll + Bllptm — Spm |l + v llptn — Spinll + |0 — Spn|| — 0,

asm > n — oo, « < 1. Therefore,{y, } is Cauchy sequence in E and there exists y in E such
that 4, — u. Then,

[Sum = Spull < allptm — pnll + Bllptm — Spmll + vlpn — Spall = 0,
as n,m — oo. This implies that Sy, is a Cauchy sequence in E. Therefore, the following is
obtained:
1S = pll < Spn = pull + [lptn — ull =0

as n — co. Again, there is

Spn — Sull < allpn — pll + Bllpn — Spnll +vll1 — Syl

Asn — oo, we get

I = Sull < vllp = Spll < lu = Spll,
which implies that 4 = Sy, i.e., p is a fixed pointof S. O

The next theorem provides sufficient conditions for the existence of AFPS in case S is
an ordered Chatterjea nonexpansive mapping.

Theorem 3. Let (U, ||.||, =) be a partially ordered Banach space and E be a nonempty closed convex
and bounded subset of U. Let S : E — E be a monotone and an ordered Chatterjea nonexpansive
mapping with coefficients a, B, y such that « + B+ v = 1and B < 1. Assume that there exists
w1 € E such that yq and Sy are comparable. Assume that for any p, w in E with y < w, we have

1—
By 0l < lln—wll = IS~ Sl < fu— wl.

Then, S has an AFPS in E, which is asymptotically regular.
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Proof. Fix y; € E. Itis assumed that y; < Spu;. Consider the sequence {u, }, defined by
KISin E, foralln > 1 where A € [%, 1).
By our hypothesis, we obtain

Sk = Swl| < allp = wl| +Blln = Swl| +7[lw = Spl. (21)
Putting 4 = yy, and w = 41 in (21), we get
[SHn = Spnsall < allpn = paall + Bllpn = Spa | + vl pnsr + Spinl
< &llpn = pnall + BUln = pnia |+ i1 = Shnally
+ 7 {lltns1 = pnll + lpn + Spnll (22)

= (a+B+V)pn — sl + Bllnsr — Spnsall + vllpn — Spianl|
= ||pn — pns1ll + Blltns1 — Sptnga | + ¥l — Spn|

forall n > 1. Using (9) and (10) in (22), we obtain

MSun = Spngall < Mlpn — pnsall + Bllpnsr — par2ll + ¥l 0 — pnsall, (23)

where 1, = Uyiq.
The definition of KIS and (23) imply that

ltn1 — pn2ll S ASpn — Spusall + (1= M)l pn — psa |l
S AMxn = X1 |+ bllxng1 — X2l +cllxn — x4

+ (@ =Mllpn = pnsall,

and a )
_l’_
s = nsall < gy ln = sl 4)
then
MSpn — Spnyll < lpns1 — a2l + (1= M)[[pn — g |- (25)

Now using (9), (24) and (25) we get

A

l#n — Spnsall < llpn — Spall + |Spn — Spnall

IN

1
lin = a1 Shn = Sl

I — pnsall + A|Spn — St
I — tnsall + a1 — oozl + (L= A) [ — pasa |

< (2= A)|ln — pusa |l + Eifg [1n = pnsa |

3 2
< <2 + 1—,8) [0 — pnsa |-

= Mpn — Sty

IN A

This implies that

1
5 ltn = Spnall < Mlpn = Sl

3 2
< <2 + 1_’3) [tn = pna |-

Therefore,

1-—
B, Spall < o = ol

By our hypothesis, we obtain
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[Spn = Spnrall < lpn — pnsall-

According to Theorem 1, the sequence ||y, — Spin|| is decreasing for any n > 1. Set
limy—e0 ||ptn — Spin|] = R. Since & = (1 — B)/7 < A < 1, the inequality is obtained in
Lemma 1, which in turn implies that

(T4 nd)llpi = Spill < (L4 nA) i = Spill < 0(E) + (1= A) " [l = Spill = Isin — Shtinll]

foralli > 0and n > 1. If we leti — +co, we get
(14+nA)R < 5(E).

Then,
S(E)
R <
~1+nA
holds for all n > 1. Clearly this is possible only if R = 0, and hence limy, o0 ||ptn — Spin|| = 0.
Thus the sequence {1, } is an AFPS for S which is asymptotically regular. []

Theorem 4. Suppose that all the conditions of Theorem 3 are satisfied. Further, assume that, for
any € > 0, there exists 6 > 0 such that

I =@l + [y = Swll + |lw = Sull <3e +6 = |[Sp— Swl|| < (26)

N ™

Then, S has a fixed point in E.

Proof. According to Theorem 3, S has an AFPS {,}, such that p, < py4q foralln > 1,
1/2 < A < 1 and satisfies the following relation:

lim [ptpy1 — pal| = A lim [|Spy — pall = 0. (27)

n—o0 n—00

Suppose that {}i,,} is not a Cauchy sequence. Then, there exists € > 0 such that

limsup ||un — pml|| > 2¢ (28)

n,Mm—00

for any n > m and n > 1. By hypothesis, there exists § > 0 such that (26) holds. Without
the loss of generality, we take § < €. Since {}i,, } is asymptotically regular from (27), there
exists N € N such that
0
g1 = pnll < (1Spw = pnll < 35/

foralln > N. Pick m,n > N and m < #, so that ||y — pm|| > 2e. For i in [m, n], there is

)
pm — will = [lpm — pigall] < lpi = piall < TR

Since || ptm — pm+1ll < € ||ftn — pm|| > € + 6, there exists i € [m, n]. This implies that

) )
€+8§||.um_lli||§€+1- (29)

We obtain
[ — pill + [ — Spill + | i — S|
< = pill + o — pill + i = Spill 4 11t — ol + lptm — Spm |

) ) 116
<3(€+ 4> +2E —3€+E < 3¢+ 6.
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Hence, we get
[Spum — Spil| <e.

It follows that

[ = pll < s = Spml + |Spm = Spill + [|Spi = pi

<e+2£ —e+é
12 6

which is a contradiction. Thus {1, } is a Cauchy sequence and hence is convergent to some
u € E. Clearly, Sy, — pasn — oo.

Since {1y} is increasing in bounded set E, then pi, < p foralln > 1, where y € E.
Consider

[ = Sull < |lp = pall + ltn — Spnll + [|Spin — Sp]|
<l = pall + [0 — Spinll + allptn — pll + Bllptn — Sl + ¥l — Spin |-

Taking the limit as # — co, we obtain

|1 = Sull < Bllw—Sull,

which gives ||y — Sp|| = 0; thus, u is a fixed point of S. [

Example 1. Consider the real sequence space U = £F; let 1 < p < oo be equipped with the usual
ordering and standard norm

==

lully = @wim .

Define A = {y = (U1, M2, 3,...) €LP 1up <1, Wi = 0vj# 1}. A is a closed, bounded
and convex subset of U. Consider that the usual order < on Uand S : A — A is defined by

S(u) = (1-1,0,0,..) if0o<p <1,
: (B +3,00..) ifl<u <1

Consider y = (1/8,0,0, ...), w = (1/4,0,0, ...); then, S(u) = (15/16,0, ...) and S(w) =
(9/16,0,0,...) , and we obtain

18(0) = S(@)llp = |32 — 1¢

which implies that S is not a nonexpansive mapping.
Now, we will show that S is monotone and an ordered Reich nonexpansive mapping.
Choosinga = = = %, we consider different cases as follows:

o]

‘15_9‘_6

1 1
> - _ -
- 8 4

| =

] — =l

(i) Let0<pyu <w; < %;we have
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1 w
—w1|+*(’}l1—1+%‘+’an—l—i-fl‘)

L
3 2

=l 3 (|22 -]+ 252 1))

1 3‘111 3(4)1
> e
>3-l es| (531 - (5 1)

1
= §|H1 —wq| + §|H1 — wi

allp = wllp +Bllp =Sy +vllw = Sy =

1
> 5lm —wi] = [|Sp = Swlp.

(ii) Let% < <w; <1, weget

1 1
alli — wllp+ Bll — SGo)lp + 7l — S(w |u—|m—wn+qm—”%—\+w1

1
—§|l/‘1 wi|+ 2 <4—2 +

1 11 /3 1 3w; 1
> - _ = ) =L o
=5l w”*‘(4 2) (4 ZN

7
> 5l —wl = ulm wi| = [|Sp = Swlp-

(iii) Let0 <y < % ,and 411 < wi < 1; we obtain that

W

3 3w 1
sl =l + Bl = S0y + 7o = S@ly = 3l —anl+ 3 (|35 1)+ 252 - 3]

I 3w 1
ool (3 + (5 2)

|ﬂ1 w1| + 1|2—2V1 —wi]

>

»—\03\»—\

> 1|2—2P11 —wi| = [|Sp = Swllp.

Hence S is an ordered Rich nonexpansive mapping with coefficients (1/3,1/3,1/3).
The required AFPS is p, = (2n/(3n+1),0,0,...) for all n € N with y = (2/3,0,0,...) as
a fixed point of S. The mapping S satisfies the condition (8) of Theorem 1 for all y,w €
Ay U Ay such that Ay = {y = (111,0,0,...),w = (w1,0,0,...) : 11 € [0,1/5],wy € [1/4,1]}
and Ay, = {y = (111,0,0,...),w = (w1,0,0,...) : 1 € [0,1/4),w; € [3/10,1]}.

Example 2. Let U = R?, and A = {u = (uy, 42) : (g1, 42) € [0,1] x [0,1]} be a subset of U
with the norm ||y = || (1, p2)|| = |p1| + |p2|. Define the mapping S : A — A by

(1=, 1= p2), if (u1,u2) € 10,3] x [0,1],
(M4 1), i ) € (5,1 % (0,1,

For y1 = (0,0) and w = (0.51,0.25), we have S(u) = (1,1), S(w) = (151/300,5/12),

S(p1,n2) = {

1S () — S(w)l| = 1.08 > 076 = [l — w].

Therefore, S is not a nonexpansive mapping.
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Now, we will show that S is an ordered Reich nonexpansive mapping. Choosing
a = B =y =1/3, we consider different cases as follows:

(i) Letu = (p1,p2),w = (w1, wy) €0, %} x [0,1]; we then have

18(1) = S(@)| = [(1 = p1, 1= 2) = (1 — w1, 1 = wr) |

= (w1 — p1, w2 — p2)|| = |wr — pa| + |w2 — p2|
= |1 —w1| + [p2 — w2 = [[p — ||
and
aflp —w| + Bllp — S +vllw — S(w )||—*HV wll + 5 [(|2141—1|

+ [2p2 — 1)) + *[(\val — 1 + 2wz — 1)]
*HH wll+3 [(|2141 — 1] +[1 = 2w )]

[(12p2 = 1]+ 1 = 2an])]

»—\U’\"w

HM wl + 3 (|M1 w1| + |p2 — wrl)
= ||M—<U|| = ||3Pl—5w||~

(i) Letp = (p1,p2),w = (w1, wz) € (1,1] x [0,1]; we then get

_ . 1+H1 1—|—]/l2 . 1—|—w1 1—|-(,U2
80~ S(w)] = (L1, T2y (1E @ Tx ey,

1
= 5“(#1 — w1, o — wa) ||

= L = w1l + 2 — wal) = 2l — wl|
=3 1251 1 Ha 2 73}, .

In addition,

alle =l + Blln = SGo) + 7l = S@)ll = 3l = wll + 5 (2m — 1]+ 1202 1)
gmm—u+m@—m
> Sl = el + 520 1] + 1 - 201
%(Ruz—1|+|1—2Wﬂ)
> Sl =l + 5 — @l + iz - )
5

ln—wll =5[Sk = Sw| = [|Sp = Sw].

(il) Letp = (p1,p2) € [0,1] x [0,1], and w = (w3, w2) € (},1] x [0,1]; then, we have
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af[p = wll + Bllp = S + 7rllw = S(w)|

1+w; 14wy

1S(1) = S(@)l| = 1L = p1, 1 = p2) = (—5— =5l

1
= §||(2—3M1 —w1,2 = 3p1 — wy)||
1
— §[|741 —wi| + |p2 — w2l + 2|1 = 2p1| + 2|1 = 2u2]]
1 2
= 3l —wl+ 3 =2m [+ 1 = 2] < |[u - wl| +2,

and

1 1
= Sl =l + 5 (12 = 1] + 122 — 1))

1
+ 3 (1201 = 1] + 202 — 1))

1 2
2 3 ln = wll+ 3 — @il +[p2 = w2l)

> |p—wl[+2>|[Sp = Swl.

Then, S is monotone and an ordered Reich nonexpansive mapping with coefficients
(1/3,1/3,1/3). The AFPS is (yn) where p, = ((n+1)/2n,(n+1)/2n) for alln € N.
Furthermore, S has a fixed point = (0.5,0.5). Since « < 1, the mapping S satisfies the
condition (8) of Theorem 1 for all 4 < w in A1, where A1 = {y = (1, 42), w = (w1, wy) :

(n1,12) € [0, 3] x {1}; (wy, w2) € (3,1] x [0,1]}.

4. Convergence Results

In this section we establish certain strong and weak convergence results in a partially
ordered Banach space.

Definition 3. Let (U, ||.||, <) be a partially ordered Banach space.

(i) According to [37], a space U satisfies the weak-Opial property if for any sequence {p } in U
which converges weakly to v; thus, we have

liminf || — v < kiminf ||, — |

forall w # vinU;
(ii) According to [17], a space U satisfies the monotone weak-Opial property if for any monotone
sequence {1, } in U which converges weakly to v; thus, we have

Hminf ||y, — v|| <Timinf [, — ||
forall w # vin U, and w is greater or less than all the elements of the sequence { jin }.

Proposition 2. Let (U, ||.||, %) be a partially ordered Banach space and E be a nonempty closed
and convex subset of U. Let S : E — E be a monotone and an ordered Reich nonexpansive mapping
satisfying the conditions of Theorem 2. Then, S is quasi-nonexpansive, provided v < p < 1.

Proof. By Theorem 2, F(S) is nonempty. Suppose v € F(S) and p € E are such that
v
|Sv = Sull = llv = Sull < allv—pl + Bllv = Svi[ +7ln = Syl
< afv=pll+lp=v]+7llv-Spul
= (=D =8pll < (@«+7)llp=vl,
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which implies that

o+ y
v —Spll < 1_,y||v—#||-

% < 1, we obtain

Sincel - >0, and “+7
lv = Sull < [lv = ull
as required. O

Lemma 2. Let E be a nonempty subset of an ordered Banach space (U, ||.||, =) and S : E — E be
a monotone and an ordered Reich nonexpansive mapping satisfying the conditions of Theorem 1. If
foreach y,w € Ewith y < w, and v < B < 1, then the following estimates hold true:

(i) | Sp— S| < |lp—Sul;

(i) At least one of the following ((a) and (b)) holds:

(@ = Spl < lu-wl;
1—
B S = Sull < |Sp —wl;

The condition (a) implies |Sy — Sw|| < ||p — w|,
and the condition (b) implies || S*u — Sw| < ||Spu — w|;

(i) = S|l < 525E I = Sull + 1=l = .
Proof. (i) By the definition of an ordered Reich nonexpansive mapping, we obtain

1Sy — S?u|l < allp — Sull + Bl — Spll + IS — Sy
= (1—)Su—8u| < (a+B)|u—Sul,
which implies

ISp — 82V||< W Spull = |l — Spl;

(ii) Assume on the contrary that (1 —)/6||y — Su|| > || — wl and (1 —7)/6||Su —
S%u|| > ||Su — w||. Then, by triangle inequality with the assumption (i), we find that

1 —Sull < [lp—wll + [|w— Sull
1—v 1—v
<=l = Spll + ——l1Sp = Sll,
1—7
= lln = Spll < ==l = Sull

Since (1 —v)/3 < 1, we obtain || — Spu|| < || — Su||, which is a contradiction.
Therefore, at least one of (a) and (b) holds. Hence, (ii) holds;
(iii) For the first case, by our hypotheses, we have
I = Swl| < [lp = Sl + ISk = Sw
< lp = Spll + el = wll + Bllw = Spll + 7llw = Sw
<A+ B)lIp=Spll+ (@+7)lu—wll +llp = Swl|
= (1=7)lp = Swl < A+ p)llp = Sull + (« +7)llp — wl].

Sincea+ B+ =1and1— vy >0, then
I — Swl| < ﬁll# Spll+ 71—+ ||u wl.

For the second case, using (i), we get
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I = Swll < |l = Sull + S — S*ul| + |81 — Swl|
< lp = Spll + Ml = Sull + al| Sp = wl| + BllSp = S| + vllw = Swl|
< @+a)|lp=Spll +allp = wl + Blip = Sull + vln = wll +7l[u = Swl|
= L=y =Sl <@+a+p)u—Spll + («+7)|n—wl,

where 1 — v > 0; thus, we have

24+a+p 1-p8
—Sw|| < ——||p—Sul| + —=|lup —w|,
Ip = Sl < ==~k = Spll + 7 llk =

wherey < B <l,anda+B+y=1 01

As an application of the above Lemma, we obtain the following result:

Theorem 5. Let E be a nonempty convex and compact subset of an ordered Banach space (U, ||.||, <)
and S : E — E be a monotone and an ordered Reich nonexpansive mapping satisfying the conditions
of Theorem 2. Suppose that {, } is the sequence defined by KIS. Then, {1, } converges strongly to
a fixed point of S, provided v < f < 1.

Proof. From Theorem 1, we have
Jim [y — Spul| = 0.

Since E is compact, there exists a subsequence {yi,;} of {yn} such that {y } — v as
j—ooforv € E. and v € E. By Lemma 2, we obtain

24+ 1-—
i, = Sv1) < 2B, = St -+ 7=, =1

for all j € N. Taking the limit as j — oo, we obtain that {ys;} converges to Sv, which
implies v = Sv. By Proposition 2, and the sequence {1, }, which is defined by KIS, we
infer that

1 = VIl < ASpn = vl + (1= M) [pn = vI| < [pn = v

foralln > 1. limy, s ||x, — v|| exists for every v € F(S), so {jtn } converges strongly to a
fixed pointof S. O

Proposition 3. Let (U, ||.||, =) be a partially ordered Banach space and E a nonempty convex,
closed and bounded subset of U with a monotone weak-Opial property. Let S : E — E be a monotone
Reich nonexpansive mapping satisfying the conditions of Theorem 2. If {y,, } converges weakly to v,
then, Sv = v, provided v < B < 1.

Proof. From Theorem 1, we obtain
lim ||y = Spn| = 0. (30)
Lemma 2 verifies that

2+a+ 1-
i = 891 < 252 = Spall + 7= 1 =1

foralln € N. As £ < 1,0

Hm inf {|pt, — Sv[| < liminf [, —v]].
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We show that Sv = v. Suppose that Sv # v; by the monotone weak-Opial property,
we obtain
liminf ||p, — v|| < liminf | p, — Sv|,
n—oo n—oo

which is a contradiction. Thus, Sv =v. O

Theorem 6. Let E be a nonempty convex and weakly compact subset of a partially ordered Banach
space (U, ||.||, %) with a monotone weak-Opial property. Let S : E — E be a monotone and an
ordered Reich nonexpansive mapping satisfying the condition of Theorem 2. Assume that there
exists py € E such that yy < Sy and F(S) is nonempty. Then, the sequence {y, } defined by
KIS converges weakly to a fixed point of S.

Proof. By Theorem 1, we have
lim |[pn — Spul| = 0.

Since E is weakly compact, there exists a subsequence {in;} of {yn} and v € E such
that { ]/tn/,} converges weakly to v. From Proposition 3, we infer that v is a fixed point
of §. As in the proof of Theorem 1, we prove that {||u, — v||} is a decreasing sequence.
Now, suppose that the sequence {j, } does not converge to v. Therefore, there exists a
subsequence { . } of {y,,} which converges weakly to x such that v # x and Sx = x. Now
from the monotone weak-Opial property,

lim inf ||, —v|| = h].rggf [n; — vl < hjrgglfllunj — || = liminf ||, — ||

= lminf ||y, — k|| < lminf ||y, —v]| = lminf ||, —v]],

which is a contradiction. Thus, v = . Therefore, {3, } converges weakly to a fixed point of
S. This completes the proof. [

5. Application to Initial-Value Problems

Fixed-point theorems for monotone nonexpansive mappings in ordered metric spaces
have been widely investigated and have found various applications in matrix equations
and differential and integral equations [14,26,29,30,38—40]. In this section we discuss the
existence of solutions of initial-value problems for nonlinear first-order ordinary differential
equations.

Consider the differential equation

!
{u (1) =g(,pu(t), tel, -
#(0) = vo.
Theorem 7. Let E be a compact subset of U = C[0, 1], with the space of continuous functions on
I = [0, 1] with partial order < defined by u < w if, and only if, u(t) < w(t) for all y,w € U and
t € 1. Suppose U is equipped with a supremum norm defined by ||u — w|| = sup,; [u(t) — w(t)|.
Assume vg € R, and the following conditions hold:

(1) g:IxE — Eis continuous;
(b) Foranyt € I, the function g(t,.) is nondecreasing;
(c)  There exists a continuous function f : I — R satisfying

t
sup{f(t) — [ g(s, f())ds} < wo

tel

(d)  There exist non-negative real numbers w, B,y such that o« + p+ v = 1 with a < 1, and for
any continuous functions u(t), w(t) : I — R such that u(t) < w(t) forall t € I, we have
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1805, 1(5)) = (5, 0(5)) s Salp(e) = (8] + Blutt) —vo — [ g6, u(s))as
()~ [ g(s,w(s))ds

forallt € I;
(e) S :E — Eisamapping defined by

1
Sy(t):vo—i-/o (s, u(s))ds, tel, A>0.

Then, the nonlinear differential Equation (31) has a solution in C|0, 1], provided S admits an
AFPS.

Proof. For y,w € E, such that y < w, we have
t t
1/0+/0 g(s,y(s))ds—vo—/o g(s,w(s))ds
< [ lg(s,m(s)) g5, (5) s
< alp(6) (O] + Blu(t) — o~ [ g(5,1(5)]

[Su(t) - Sw(t)] =

t
#lw(t) =vo - [ (s, w(s))
< alu(t) = w (@) + Blu(t) = Sp(t)| + 7|w(t) — Sw(t)].
Taking the supremum norm on both sides, we get
ISu(t) = Sw(t)|| < aflp = wl[+ Bl = Syl + 7w = Swl|.

Moreover, we show the mapping S is monotone. Let p, w € E with 4 < w. Then,
u(t) = w(t) for all t € I. By (b), we obtain

S(0) = Se(®)] = o+ [ (s, m(s))ds — 10— [ g(s,0(5))ds

t
< / |g(s,u(s)) —g(s,w(s))|ds >0, foralltel,
0

which implies Sy < Sw.
Hence, S is a monotone Reich nonexpansive map. Thus, all of the assumptions of
Theorem 1 are satisfied; therefore, (31) has a solutionin E C C[0,1]. O

Example 3. Consider the following functional differential equation:

w'(t) =33 for te[0,1],
{y(O) = 3. (32)

The problem has a solution as follows:
u(ty=e*+1, telo1].
Therefore, the continuous function f : [0,1] — R defined by

f(ity=¢¥ te]o,1]
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satisfies the condition sup, . {f(t) — fot g(s, f(s))ds} < 3, where g(t, f(t)) = 3¢> fort € [0,1].
Let vg = 3. It is obvious that the function g(t, i) = 33! satisfies hypotheses (a), (b) and (d) in
Theorem 7. Hence, Theorem 7 guarantees the existence of solution of the problem (32).

6. Conclusions

The concepts of monotone Reich and Chatterjea nonexpansive mappings on partially
ordered Banach spaces are introduced and studied. Certain sufficient conditions for the
existence of approximate fixed-point sequences have been established to derive some fixed-
point results by employing the Krasnoselskii-Ishikawa iteration method. Furthermore,
we provided some weak and strong convergence results for such mappings together with
an application to nonlinear differential equations. As a future research plan, we suggest
to researchers to prove these results for partially ordered metric linear spaces, partially
ordered convex metric spaces and partially ordered hyperbolic spaces.
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