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Abstract: In interval analysis, the fuzzy inclusion relation and the fuzzy order relation are two
different concepts. Under the inclusion connection, convexity and non-convexity form a substantial
link with various types of inequalities. Moreover, convex fuzzy-interval-valued functions are well
known in convex theory because they allow us to infer more exact inequalities than convex functions.
Most likely, integral operators play significant roles to define different types of inequalities. In this
paper, we have successfully introduced the Riemann-Liouville fractional integrals on coordinates via
fuzzy-interval-valued functions (FIVFs). Then, with the help of these integrals, some fuzzy fractional
Hermite-Hadamard-type integral inequalities are also derived for the introduced coordinated convex
FIVFs via a fuzzy order relation (FOR). This FOR is defined by ¢-cuts or level-wise by using the
Kulish-Miranker order relation. Moreover, some related fuzzy fractional Hermite-Hadamard-type
integral inequalities are also obtained for the product of two coordinated convex fuzzy-interval-
valued functions. The main results of this paper are the generalization of several known results.

Keywords: fuzzy Riemann-Liouville fractional integrals; Hermite-Hadamard-type inequality; fuzzy-
interval-valued functions

1. Introduction

The classical version of Hermite-Hadamard inequality can be put in the following
manner:
Let & : K — R be a convex function on a convex set K and p, ¢ € Kwith p < ¢. Then:

pteo Lo S(p) +6(¢)
6(2> <= /p S(@)do < 22080, (1)

In [1], Fejér looked at the key extensions of HH inequality, which is known as Hermite—
Hadamard-Fejér inequality (HH-Fejér inequality):
Let & : K — R be a convex function on a convex set K and p, ¢ € Kwith p < ¢. Then:

P+ 1 ¢ Slp) +6(c) [°
6( > )g fpgi)((o)dco /p G(Q)Q(w)dwgf/p D(w)dw. )

If ©(@) = 1, then we obtain (1) from (2).
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Many authors have focused their efforts to generalize inequalities (1) and (2); see [1-6].
They play an important role in convex analysis and may be a very strong tool for moni-
toring and quantifying mistakes. It is worth mentioning that Sarikaya et al. [7] used the
Riemann-Liouville fractional integrals to develop new Hermite-Hadamard inequalities.
Since then, many papers have been published that have extended various types of fractional
integrals and have provided fresh and fascinating improvements of Hermite-Hadamard-
type inequalities utilizing these integrals. For the Atangana—Baleanu fractional integral,
Fernandez and Mohammed [8] constructed certain Hermite-Hadamard-type inequalities.
In the context of fractional calculus, Mohammed and Abdeljawad [9] demonstrated novel
Hermite-Hadamard-type inequalities with regard to functions with non-singular kernels.
For more similar results, refs. [7-18] is a good place to look.

On the other hand, Moore [19] established the theory of interval analysis to increase
the dependability of calculation outputs and autonomous operation error analysis. In-
terval analysis is a robust model for dealing with interval uncertainty, and it has been
widely applied and broadened in fields such as control theory [20], dynamical game the-
ory [21], and many more. Several well-known inequalities have recently been extended
to interval-valued functions. Using the Hukuhara derivative, Chalco-Cano et al. [22]
derived Ostrowski-type inequalities for interval-valued functions. The Minkowski and
Beckenbach-type inequalities for interval-valued functions were discovered by Roman-
Flores et al. [23]. For fuzzy-interval-valued functions, Khan et al. [24-26] derived some
new versions of Hermite-Hadamard-type inequalities and proved their validity with the
help of non-trivial examples. Moreover, Khan et al. [27-29] discussed some novel types of
Hermite-Hadamard-type inequalities in fuzzy-interval fractional calculus and proved that
many classical versions are special cases of these inequalities.

For interval-valued functions, Liu et al. [30] demonstrated Hermite-Hadamard in-
equality using interval Riemann-Liouville-type fractional integrals. Zhao et al. [31,32]
discovered Hermite-Hadamard inequalities for interval-valued coordinated functions very
recently. Budak et al. [33] introduced several novel Hermite-Hadamard inequalities and de-
fined Riemann-Liouville-type fractional integrals for interval-valued coordinated functions.
Recently, Khan et al. [34] introduced the new class of convexity in fuzzy-interval calculus,
which consists of coordinated convex fuzzy-interval-valued functions, and with the sup-
port of these classes, some Hermite-Hadamard-type inequalities are obtained via newly
defined fuzzy-interval double integrals. For more information related to interval-valued
and fuzzy-interval-valued functions, see [35-65].

Inspired by ongoing research work, we provide a novel class of Hermite-Hadamard-
type inequalities for coordinated convex fuzzy-interval-valued functions through
fuzzy-interval Riemann-Liouville-type fractional integrals. Motivated by the work of
Khan et al. [27,28,34] and Budak et al. [33], we obtain Hermite-Hadamard-type inequali-
ties for the products of two fuzzy-interval-valued coordinated functions.

2. Preliminaries

Let Ry and [ be the collection of all closed and bounded intervals and fuzzy intervals
of R. We use R} to represent the set of all positive intervals. The collection of all Riemann
integrable real valued functions, Riemann integrable IV-Fs and fuzzy Riemann integrable
F-IV-Fs over [p, ¢], is denoted by R, ., TR, ¢, and FR |, o) respectively. For more
conceptions on interval-valued functions and fuzzy-interval-valued functions, see [43-47].
Moreover, the inclusion “ C ” means that:

V C g if and only if [V, V*] C [, #*], if and only if 7, < V,, V* < *, for all
[V, V¥, [, 1] € Ry

Remark 1. Ref. [46] The relation “ < ” defined on Ry by [V, V*| <1 [1+, 1*] if and only if
Vi <y, V¥ < ¥, forall [V, V*], [+, 1*] € Ry, it is an order relation.
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Proposition 1. Ref. [47] Let [ be a set of fuzzy numbers. If V,y € Fy, then relation “ < "defined
on Fo by:
V xyifandonlyif [V]? <;[y]?, forall ¢ € [0, 1], (3)

this relation is known as a partial order relation.

Definition 1. Ref. [16,48] Let & : [p, ¢] — R} be an interval-valued function and & € J Rip, o
Then, interval Riemann—Liouville-type integrals of & are defined as:

58 = 1 [ -0 s Wa ) @
J§6W)=F&%Eﬁ—yV16ﬁﬂt(y<Q 5)

where o« > 0 and I is the gamma function.

Recently, Allahviranloo et al. [49] defined the following fuzzy interval Riemann—Liouville
fractional integral integrals:

Definition 2. Let & > 0 and L([p, ¢],Fo) be the collection of all Lebesgue measurable fuzzy-IVFs
on [p,¢|. Then, the fuzzy interval left and right Riemann—Liouville fractional integral of & €
L([p, g],Fo) with order & > 0 are defined by:

580 = 5 | -0 S0 ) ®)
and: R . b L
ﬁ%bmwwwGWtWQ @)

respectively, where I'(y) = fooo t/~Le~tdt is the Euler gamma function. The fuzzy interval left and
right Riemann—Liouville fractional integral y based on left and right end point functions can be
defined, that is:

A -0 ), Pl (1> p), o
where: , y
T @y 9) = gy [ =080 9t (v > ), ©)
and. 1 y _
5 9) = gy [, 0TS ) (> p), (10)

Similarly, we can define right Riemann—Liouville fractional integral & (y) based on left and
right end point functions.

Theorem 1. Ref. [27] Let & : [¢, d] — Fy be a convex fuzzy-IVF on [c, d], whose ¢-cuts establish
the series of IVFs &, : [, v] CR — Rc™ are given by & (y) = [6.(y, ), &*(y, ¢)] for all
y € [, v]and forall ¢ € [0, 1]. If & € L(][c, d],Fy), then:

~(u+v Fa4+1) [oh o~ on = S(u)FS(v)
6( ' )< S [ ST 8] < SR an
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Theorem 2. Ref. [27] Let &, 7 : [, v] — Fy be two convex FIVFs. Then, from g-cuts, we es-
tablish the series of IVFs &,  : [, v] C R — R} are given by S4(x) = [S4(x, @), &*(x, 9)]

and y(x) = [«(x, 9), *(x, ¢)] for all x € [u, v] and for all ¢ € [0, 1]. If SxJ € L([u, v],Fo)
is fuzzy Riemann integrable, then:

e [T S@)RT W)+ TS RT ()] 1)
< %—W) (ochl a+2) V),
and:
S(e£)7()
455@;)2‘[ % S(W)XT (v) + T S(n )WN(#)} (13)
(3~ e ) M) + 3 (G ) N ),
where M(p,v) = ()3T (1) F §W)XT (W), N(uv) = Sw)xT(v) F w)XT(w),
Mo, v) = Mu((1,v), @), M*((1,v), @)],and Np(p,v) = INu((,v), @), N*((1,v), ¢)]

2.1. Fuzzy-Interval-Valued Double Integrals and Convexity
For coordinated interval-valued function &(x,y) and coordinated fuzzy-interval-

valued function &(x,y), interval and fuzzy-interval Riemann-Liouville-type integrals are
defined as:

Definition 3. Ref. [34] A function & : A = [p, ¢] % [u, v] — Fy is called a fuzzy-interval double
integrable (FD-integrable) on A if there exists B € g such that, for each €, there exists § > 0
such that:

d(s(& P 6,8), B) <e,

for every Riemann sum of & corresponding to P € P (8, A) and for arbitrary choice (i, w;) €
[xi_1, x;] X [@j_1, @j] for 1 <i < kand1 < j < n.Then, we say that B is the FR-integral of &
on A and is denote by B = (FD) fpg f; &(x,@)d@dx or B = (FD) [, GdA.

Definition 4. Ref. [34] A fuzzy-interval-valued map & : A = o, ¢] x [u, v] — Fy is called
FIVF on coordinates. Then, from @-cuts, we establish the series of IVFs &4 : A C R? — R; on
coordinates are given by Sy (x, @) = [6.((x, @), @), &*((x, @), )] for all (x,@) € A. Here, for
each ¢ € [0, 1], the end point real valued functions S« (., ¢), 6*(., @) : (x,@) — R are called
lower and upper functions of &,.

Definition 5. Ref. [34] Let & : A C R? — Ty be a coordinate FIVF. Then &(x,y) is said to
be continuous at (x,y) € A = [p, ¢] X [, v, if for each ¢ € [0, 1], both end point functions
S« ((x,y), @) and &*((x,y), ) are continuous at (x,y) € A.

Definition 6. Ref. [34] Let & : A C R? — Fy be a coordinate fuzzy-IVF. Then &(x,y) is said
to be continuous at (x,y) € A = [p, ¢| x [p, v], if for each ¢ € [0, 1], both end point functions
S« ((x,y), ¢) and &*((x,y), ¢) are continuous at (x,y) € A.

Definition 7. Ref. [34] Let S : A C R? — Fy bea fuzzy-IVF on coordinates. Then fuzzy double
integral of & over A = [p, ¢| X [, v], denoted by (FD) fpg f; S(x, y)dydx, it is defined level-wise

by:
[(ED) [ J¥ &(x,y)dydx|” = (ID) [ [ & (x,y)dydx

y (14)
= {f; Ju 6((xy), @)dydx : 6((x,y), 9) € DA}/
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[(FD) [ [ S(x,pdydx]” = [(D) [ [ &.((x, ), 9)dydx, (D) [£ [ & ((x,y), ¢)dydx]

for all ¢ € [0, 1], where D is the collection of end point functions of IVFs on A. G is FD-
integrable over A if (FD) fpg f: S(x,y)dydx € Fy. Note that, if both end point functions are

Lebesgue-integrable, then & is fuzzy double Aumann-integrable function over A.

Theorem 3. Ref. [34] Let & : A C R? — Ty bea fuzzy-IVF on coordinates, whose ¢p-cuts estab-
lish the series of IVFs & : A C R?* — Ry are given by Sy (x,y) = [&.((x, ), ¢), *((x,y), ¢)]
forall (x,y) € A= o, ¢] x [, v] and for all ¢ € [0, 1]. Then & is FD-integrable over A if and only
if &.(x, p) and &*(x, @) are both D-integrable over A. Moreover, if & is FD-integrable over A, then:

— (D) [£ [ &l y)dyds 1

forall ¢ € [0, 1].

The family of all FD-integrable of fuzzy-IVFs over coordinates and D-integrable functions
over coordinates are denoted by FOp and O, ), for all ¢ € [0, 1].

Definition 8. Ref. [34] The FIVF S:A— Fy is said to be coordinated convex FIVF on A if:

S(ep+ (1 —e)g, su+ (1—s)v) -
< es6(p, u)Fe(1—5)8(p,v)F(1—€)s&(g, 1) F(1 —)(1—5)8&(g,v),

forall (p, ), (4,v) € A and g,s € [0, 1], where &(x) = 0. If inequality (16) is reversed, then &
is called coordinate concave FIVF on A.

(16)

Lemma 1. Ref. [34] Let S : A — Fy be a coordinated FIVF on A. Then, § is coordinated
convex FIVF on A if and only if there exist two coordinated convex FIVFs &y : [u,v] — Fy,
Sy (w) = &(x, w) and Gy [0,¢] = Fo, 6y(z) = &(z,y).

Theorem 4. Ref. [34] Let & : A — Ty be a FIVF on A. Then, from ¢-levels, we get the collection
of IVFs &, : A — R} C Ry are given by:

Sy(x,@) = [6:((x, @), 9), &"((x, @), 9)], (17)

forall (x,@) € Aand forall ¢ € [0, 1]. Then, & is coordinated convex FIVF on A, if and only if,
forall ¢ € [0, 1], 64((x, @), @) and &*((x, @), @) are coordinated convex function.

Example 1. We consider the FIVFs & : [0, 1] x [0, 1] — Fy defined by:

m o €0, 2(6+e")(6+e?)]
S(x)(0) = § AU, o€ (2(6+€)(6+ ), 4(6+ ¢¥) (6 + )]
0, otherwise,

Then, for each 6 € [0, 1], we have Sy(x) = [20(6 +€*)(6 +e?), (4 +20)(6 + €*)(6 + €?)].
Since end point functions S, ((x,®@),0), &*((x, @), ) are coordinate concave functions for each
6 € [0, 1]. Hence, &(x, @) is coordinate concave FIVF.

From Lemma 1 and Example 1, we can easily note the each convex FIVF is coordinated convex
FIVE. However, the converse is not true.
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Remark 2. If one takes S, ((x, @), ) = &*((x,®@),9) with ¢ = 1, then & is known as
coordinated function if & satisfies the coming inequality:

S(ep+ (1-e)c, s+ (1 s))
< es6(p, ) +e(1-5)6(p,v) + (1 —€)sS(g, 1) + (1 —¢)(1 —5)6(¢,v)
it is valid, which is defined by Dragomir [41].

Let one take S, ((x, @), ¢) # &*((x, @), ¢) with ¢ = 1 and &,((x, @), ¢) is an affine
function and &*((x, @), @) is a concave function. If coming inequality:

S(ep+ (1—¢)g, s+ (1—s)v)
> €6 (p, 1) + (1 - 5)8(p, 1) + (1 — )58, 1) + (1 — €) (1 — ) (¢, v),

is valid, then & is named as coordinated IVF which is defined by Zhao et al. [32], Definition 2 and
Example 2.

2.2. Fuzzy-Interval-Valued Fractional Integrals on Coordinated Functions

For coordinated interval-valued function &(x,y) and coordinated fuzzy-interval-
valued function &(x, y), double interval and double fuzzy-interval Riemann-Liouville-type
integrals are defined as:

Definition 9. Ref [33] Let & : A — R} and G € JOn. The double interval Riemann—Liouville-
type integrals J ' fut Iﬁ , T ﬁ, , j“ et .7 " of Gordera, B> 0are defined by:

P
Tyt 809 = r | G0 P S s)asdt (x> .y > g, (9
TP e, / / s— )P lS(ts)dsdt (x> p, y <v) (19)
VALANCIES / / — )P le(s)dsdt (x < ¢,y > i), (20)
Jg“, a S(x,y) / / s—y)PIS(t,s)dsdt (x < ¢, y<v) (1)

Now, with help of concepts related to fuzzy-interval-valued functions, which are given
by Khan et al. [34], Allahviranloo et al. [49], and Budak et al. [33], we introducejhefollowing
fuzzy-interval-valued Riemann—Liouville double fractional integral of the function &(x,y) by:

Definition 10. Let & : A — Fy and & € FO,. The double fuzzy interval Riemann—Liouville-
type integrals j;‘; i+ , TN i, TN fﬁ TP of &G ordera, B> 0 are defined by:

[ (S VT
Teb Sy / / ~ P8 s)dsdt (x> p, y > 1), (22)
\7; p S(x,y) / / s—y)P 1S (t,s)dsdt (x>p, y<v) (23)
T &(xy) / / — )P & s)dsdt (x < ¢ yp>), (24)

‘7;‘5 S(x,y) = // (t—x)"" 1 y)ﬁ 1&(t,s)dsdt (x<g¢ y<v) (25
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The fuzzy interval left and right Riemann—Liouville fractional integral of & based on left
and right end point functions can be defined level-wise, that is, for all ¢ € [0, 1], Equation (22),
we have:

EAtacienii
1

- I'(a)I(B) fo f}ly(x - t)a_l (v — s)ﬁ_leq’((t' s), )dsdt, (x >p, y>p), (26)
1 X . B .
= T b =0T =9 S (69), 9),7(65), ¢)ldsdt (x> o,y > )
where:
a, 1 x oy o B
Tyt Sy 0) = grrp [ ] =0 =9 TSk, idsit, x>y =) @D
and:
Tyt &) 9) = o [, 60 -9 S (), st (x> y>w), 8)

Now, for all ¢ € [0, 1], Equation (23) we have:

(78 &)

= prx fyv(x —t) _1(5 —y)ﬁ_16¢((t, s), @)dsdt (x >p, y <v)

1 X v — — %
= T o Iy =0T 6= TS((s), 0), 8 (1), p)ldsdt (x> p, y <v)
where:
Tyl 8w, 9= o [ ) -0 e S (), st k> oy <) @9
and:
Ty () 9 = g | 0 60 IS (), st (x> 0y <) (30)

Similarly, for all ¢ € [0, 1], Equation (24) we have:
TR S(xy)
1 ~
o S (Y a—1 _ \B1
= {)Tp) I fu (t—x)""(y—s)P""&(t,s)dsdt (x <g, y>pn), (31)

= Wff JIe=0""y =Pl Su((bs), 9),67((t5), 9)ldsdt (x <, y > p)

where:
Te 5 €, 0= g [ [0 T -9 Sy, gt (v <6 > ),
and:

TEE & (%), 9) = T(;F(ﬁ) [0 =P (), g)isat (x <6y > )

Similarly, for all ¢ € [0, 1], Equation (25) we have:
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‘zf &(x,y)
i =0 s =P S s)dsdt (< 6,y <) -
T = i =9 =0 T [8u((bs), 9), 87 (6s), @)ldsdt (x <,y <v),
where:
TN €.(ew) 0) = iy | ) 9T 60 S (), g)isat (x< ey <) )
and:
Te0- & (9, 0) = om0 6 0P (), st (x <6y <) 39

Remark 3. It can be easily noted that if S.((x,y), ¢) # &*((x,y), ¢) with ¢ = 1, then from
Definition 10, we achieve Definition 9.

3. Fuzzy-Interval Fractional Hermite-Hadamard Inequalities

In this section, we shall continue with the following fractional HH inequality for
convex fuzzy-IVFs, and we also give some fractional inequalities for the product of two
coordinated convex fuzzy-IVF through FOR.

Theorem 5. Let & : A — Fy be a coordinate convex FIVF on A. Then, from ¢-cuts, we establish
that the series of IVFs S : A — R} are given by Sy (x,y) = [6:((x,y), ), &*((x,y), 9)] for
all (x,y) € Aand forall ¢ € [0, 1]. If & € FO, and then the following inequalities hold:

A g 8(e12)72 (o) + HEHL28 8(5) 57 (5]

4(s—p) A=) L7
S % Ty S TIh SlemFT ) S0 TIEL Slo)] (35)
< e[ T8 (e mT T Sle ) FTE SlomFTL (o)
HEL 72 &(p,0) 770 86 FTf 8o FTE Sew)]
< @(Wﬁ@(g,u)iré(p,V)ié(g,V)_
If &(x) coordinated concave FIVF then:
s ()
- Dl 85 S0 )] IO S5 8]
Dt St S St ]
P Tet [ (o Ty S )lJ% (01037 &)
B [, 80 FIL SlemTIL Son)FIL Slew)]

Q~5(p W¥S(s, Pl) S(pm)+6(g)
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Proof. Let & : [p, ¢] — Fy be a coordinated convex FIVFE. Then, by hypothesis, we have

4@5(‘7;9, V—ZH/) <6(ep+(1—e)g ep+ (1—e)v)F6((1—e)p+eg, (1—e)p+ev).

By using Theorem 4, for every ¢ € [0, 1], we have:

o (52, )

<&.((g0+ (1—6)g eu+ (1-e), @)+ &.((1-e)p+eg, (1- e tev), g),
o ((H5).

<& (o + (1= 6)g eu+(1-e), @) + & ((1-e)p+eg, (1- )t ev),9)

By using Lemma 1, we have:

26, (( ; JZFV), (p) <Gu((x, ep+(1—e)), ¢) +6.((x, 1—e)p+ev), @),

37
26*((36,”%”), qo) <& ((x, en+(1=e)v), )+ 6" ((x, 1 —e)p+ev),9), ©7
and:
26.((85y) 0) SOullep+ (1=0)g, ) Q)+ 8=+t ) 9
26" ((455v), @) <& ((ep+ (1—€)s, ), 9) +&" (L —e)p+tc, 1), 9).
From (37) and (38), we have:
v ((s5) (o) o)
<1 [6u((x, ep+ (1—e)v), 9),6"((x, ep+ (1 —¢e)v), 9)]
+[6.((x, A—e)u+ev), ¢), & ((x, 1 —e)u+ev) @),
and:
e () o () v
<1 [G:((ep+ (1 —¢)g, y), @), & ((ep+ (1 — &), ¥), 9)]
+[6«((ep+ (1 =€), y), @), & ((ep+ (1 —&)g, y), @),
It follows that:
S (v 5 ) <1 8ol -t (1= )+ Syl (1=t ev), (39)
and:
6¢<p+g,y) <1 Gp(ep+(1—¢)g, y) +Gplep+ (1 —¢)g, y) (40)

Since Sy (x,.) and &y (.,y) are both coordinated convex-IVFs, then from inequality (11), for
every ¢ € [0, 1], inequalities (39) and (40) we have:

S (157) 1 3 P [T S+ T €] 1 TS

and:

p+g Ia+1) 7., . S0 (0) + S ()
6%( 2 ) =1 2(g_p)«[ o+ Sg, () + T 6%@)} <, - 9 @)

Since &y (w) = &y(x,w), then (41) can be written as:
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Go(x, Goyl(x,
Sy <x,‘uz—i—v) <I m{ w+ Go(x,v) + J- 6(p(x,y)} < olx V)—Zi_ o(x V). (43)

That is:

ou(o15)

v _ v —_ So(xn)+Sy(x,v
_Iﬁ{fy (1/—5)’3 16(,,(x,s)ds+fy(s—y)’3 169,,(x,s)0ls} < M.

a—1
Multiplying double inequality (43) by Mo and integrating it with respect to x over

2(¢—p)
[0, ¢], we have:
s + a—1
ﬁf S (x,%)(g—x) dx
<i fg f ) (w s)ﬁ716¢(x,s)dsdx + fg fv(g —x)* (s — y)ﬁ716¢(x,s)dsdx (44)
<I W[fpg(g ) 1S, (x, 1) dx—kfg 1S, (x, v)dx}

Again, multiplying double inequality (43) by (( ))a and integrating it with respect to x

over [p, ¢|,we have:
S utv a—1
2(¢—p)* fp 64’ (x ) (Q ) dx
He—p) P —p)f Sy L (x=p)*" Y(v—s)P 16, (x,5)dsdx
1 -1
4(c— p) 4(c—p)* (v—p)f o fg f a (s ,’l/l)ﬁ 6¢(x,s)dsdx
S Ty {fpg(x - P)“_l%(xrﬂ)dx + [y (= P)“_164,(x,v)dx]
From (44), we have:
F(Dt+1) U+v
2(c—p)" [ ot 64’(‘5’ T )}

Tat)I(p+1) [ 7 b
<R [T Sele) + T Sylon) (46)

I(«
<1 4(,(;_33 { o ol n) + T3 6¢(g,v)}

From (45), we have:

et [ Sl t)]

D40
(45)

I(a+1)I(B+1) x, B , B

A Y RTTI—Y: [J + Golpv) + T 7 Gq)(P:W] (47)
Ia

<1 BT Solo, ) + T Slp,)]

Since from @-cuts, we obtain the collection of IVFs &, : A — Rfr , then we have:
I(a+1) a = ptv
2(¢—p)" [ pt 6 (g’ 2 )}

M a B = a, B
S e vpf [jw e SleV) I 6(9#)} (48)

I N = T 7a &
—\< 4(20‘:;52‘ |: p+ 6(g/ ]’l)—’_Jer 6(91 1/):|
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d:
o F(ﬂé+1) « é v
2(g—p)" [jg‘ (P' 2 )]
L) I(+1) [ 7, B 5
S fepr {j - S(p,v)F +I G(Pfﬂ)} (49)
ac+1 ~ ~
h 49 o) {ja Slp u)+IE 6(,0,1/)}
Similarly, since &, (z) = & (z,y) then, from the (42), (48), and (49), we have:
s [0 8(5 )]
T(a+1)I(B+1) B <o p
54@puvmﬂﬂGw+6( %H@W+G@Wﬂ (50)
F(,BJrl ~ B
< 7L [Th S(p 1) FTF, S(sv)]
and:

s [ S (%))
)

T+ I(p+1) wp = I L O

R r— [jPW’ S(e )+ - 6(p,;¢)} (51)
I'(g+1) ﬁ
4(1/,},)/5 {j (pr V)+u7 (Q, ,’l/l)}

After adding the inequalities (48), (49), (50), and (51), we will obtain as a result the second,
third, and fourth inequalities of (35).
Now, from the left part of inequality (11), for all ¢ € [0, 1] we have:

p+¢ p+v I'(p+1) [ .8 p+g B p+g
6‘!’(2’2) SIZ(V—]J)‘B{j”ﬁ G(P T,I/ +‘7U7 64} Tr.u (52)

and:

p+g ptv Ma+1) [, ptv o 14+v
6‘”( 27 2 )Slz(g—p)"‘ ot ol &5 ) T I Selp 43

Summing the inequalities (52) and (53), we obtain the following inequality:
¢ pt I(a+1 + +
o (55) SRS o) 0 o)

AL e 0) 1 (5]

4(

Similarly, since for ¢ € [0, 1], we obtain the collection of IVFs & : A — R}, then the above
inequality can be as follows:

é(%a%)

(54)
& VT 70 & ptv B+1 =(ptg T 7B Z(pts
o 8o ) 7 S (ot [Ft [ S ()3 (555 n))
This is the first inequality of (35).
Now, from the right part of inequality (11), for all ¢ € [0, 1] we have:
I'(p+1 Sylo, 1) +6Gp(p,v
TEHD 158 6000 + 3 Splpp)] < SO EE0Y) g5
2(v—p)
Irg+1 Solc,u)+64,(c,v
(:B ) |:jf+6§0(g/v) _i_jvfg_ 6(P(g’y):| SI (P(g ‘u) > (I’(g ) (56)

2(v — p)P
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F(“ 1) « 6 —+ & S (p/ "ll) S (Q, )

W{ ot <p(€zlfl) Jg, G(P(p,y)} < 4 5 PG (57)
(lx—} 1) « « G} (p,l/) +(5 (g/v)

W { p+6<p(€,1/) + Jg, G(P(p,v)} <1 L 5 ¢ (58)

Summing inequalities (65), (56), (57), and (58), and then taking multiplication of the resultant
with %, we have:

F 0( 14 14 o
ek [T Selem) + T8 Solp, ) + T8 Gele,v) + T Solp,v)]
I'p
ol [J o(0.0)+ TL Solp,10) + T5.Spl6,v) + TL Sole )]
< Solo1)+6 (pV)Z6 (6 +Gy(c)

Since from @-cuts, we obtain the collection of IVFs &, : A — R}, then we have:

Last) [0 &(c, ) 22 8o ) FI48(c,v)TTE (o))

FHEL(7E (0TI ST IS FIL Sem] 9

Slpn)+6 (p,V)Zé(g,ﬂ)ié(g,V) _

A

This is last inequality of (35) and the result has been proven. [

Remark 4. If one is to take « = 1 and B = 1, then from (35), we achieve the coming inequality,
see [34]:

S(etse  ptv
s(t %)
%L pfg (x u+V)dx+v uf 6( y)dy} < m fgf S(x,y)dydx

L S mdxT [ S v)dx] + g5l [y SenayT [ S, y)dy]

é(p,u)jré(g,#)ié(pmlé(sﬂ/) _

(60)

= 4(c

A

Let one take S ((x,y), @), which is an affine function, and &*((x,y), ¢), which is concave
function. If S.((x,y), ¢) # &*((x,y), ¢) with ¢ =1, then Remark 2 is correct, and from (36),
we acquire the following inequality, see [33]:

ot )

2
o R T S I Y R R O]
> % [jp‘ifﬁ &)+ E &g m+I b &pv)+T"5 S(om)] 6D
D “*1 k[T 86 8T8 S(ev)+ T Slo,m)+ T S(p,v)]
Fiﬁj [ &(p,v +j/5 &(c, )4“7?/[5+ S(p,v) +jf, 6(9#)}

5 Slm)+6 (e +6(pv)+6(Gv)
7 .

Let one take S ((x,y), @), which is an affine function, and &*((x,y), ¢), which is a concave
function. If &.((x,y), @) # &*((x,y), ¢) with ¢ = 1, then Remark 2 is correct, and from (36),
we acquire the following inequality, see [32]:
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2 3| e (n it Jaxt k f & (M5 v )dy| € (b U Sy Sy )
1

2 gy [ S mdx + [£ S (x v)dx| + 5l [ S S (o w)dy + [ S(6,y)dy]

> Sem)+6(s, H)+C(P v)+6&(gv)

If 6.((x,y), ) = &*((x,y), ¢) with ¢ = 1, then from (35) we acquire the following
iquality, see [40]:

el o(e2)+ 52 {02+ B 51 (1) 2 (5]

Teenlpy (706 e5(c,v)+7%F 8(c, >+J"‘ﬁ S(pv)+IE0- (1)

| A

(5%, 13)
(

IN

4(g—p)" (v—p)f 7P P (63)
< se T2 86 ST (g v) + T8 S(o, )+ T2 S(p,v)]
+{(ﬁ“) 75 e FIL &cm)+TE o)+ T &(cm)]

< Sl +6(6u)+S(pv)+&(gv)
1 .

Theorem 6. Let (~‘5, j : A — Fy be a coordinate convex FIVFs on A. Then, from @-cuts, we estab-
lish that the series of IVFs G, : A — R aregiven by Sy (x,y) = [6.((x,y), ¢), &*((x, ), ¢)]

and o(x,y) = [((x,y), 9), *((x,y), 9)] for all (x,y) € Aand forall ¢ € [0, 1]. If EXJ €
FO, then the following inequalities hold:

Tea)I(B+1) [ 708 3 X7 B
e [T Sle )X T (e TTp - S(e )X T (o)

~ Ia+)I(B+1) a0, B = s F T oL B X ~ F
e ) [J L Slov)x I, v)+I - Sl u)xT (p,ﬂ)]

< (3~ werte) (3 - g ) Ko 6 1) T ey (3~ iy ) Llpr 6 00)

(64)

+<% zx+1 (a+2) ) (B+1) (ﬁ+2 p,g, Hv ) (ﬁ+1)(5+2) (,X+1)a(a+2)N(P/€/V,V)

If & and J are both coordinate concave FIVFs on A, then the above inequality can be written as:

T(a+1)T = S
Tas TG [ 7208 §(c,0)% T (6,0 T &6 m* T (e )]

~M % p B -
i y [j +S(p V)T (p,v)FT -G(pfﬂ)xj(fi,u)]

7\2~ a+l) (@+2) ) (2] ) (0,6 1 v)+ (a+1)“(a+2) (i _N(ﬁ+1)i,5+z))z(9'9' V)
2~ @ a+2) B+1) (ﬁ+2 M (0,6 1 v)+ (ﬁ+1ﬁﬁ+2) (a+1)a(a+2)N(P'9'V'V)

(65)

S
/\
=Nl

where:

K(p, ¢, p,v) = &(
L( Gt v) = 6(



14 of 26

Mathematics 2022, 10, 534

and for each ¢ € [0, 1], K(o,¢, 1,v), L(p, ¢, u,v), M(p, ¢, u,v), and N'(p,c, u,v) are defined

as follows:
Ko(p, 6 mv) = [Ki((p 6 1, v), @), K* (0,6, 1,v), @)l
Lo(p, 6 u,v) = [Le((0, 6 1, v), @), L™ (0,6, 1, v), @),
Mo(p, 6, 1,v) = [Ms((o, 6, 1), @), M*((0,6,1,v), @)l
No(p. 6w v) = Nullo, g mv), @), N (0,6 mv), ).

Proof. Let & and J both be coordinated convex FIVFs on [p, ¢] x [u, v]. Then:

)
)F (1= e)sS(g, ) F(1—€)(1-5)8(g,v),

S (ep+ (1—g)g sp+(1—s)v
< es6(p, u)Fe(1—5)S(p,v
and:

J (£p+~(1—£)~g,sy+(l—s)) B
< esJ(p, ) Fe(1—5)T (0,v)F(1—e)sT (6, 1) F(1—&)(1—5)T (g, v).

Since & and 7 are both coordinated convex FIVFs, then by Lemma 1, there exist:

S, : (n,v] — ]Fo,éx(y) = é(x,y), T : (n,v] — Fo,jx(y) = j(x,y),

Since (%x, and jx are FIVFs, then by inequality (12), we have:
S [0 Suto RISl )% T (w)]

1 ,H ) (&:(0% Te() F &: ()% Tu(v))
Sx(W)x Tav) F Ex(1) % Tap) ).

ICER )

( B
(B+1)(B+2)

Now for all for all ¢ € [0, 1], we have:

T8 S0 v) X, (v) + TS0, (1) X ()]

2(v wP
<1 (3~ b)) (8o (1) X g (1) + G, (V) X, (V)
+<W) (S (1) X g, (V) + G, (V) X, (W))-
That is:

b= )P S0 lxy) xo (xp)dy + [ (v — 1) 4 (x,y) X (x,y)dy]
(66)

2(v—p)f
<1 (3 = il ) (S (6 1) X (6, 1) + Sg(x,v) X (x,1))
+ W) (Sy(x, 1) X (x,v) + Sp(x,v) X (x,11)).

Multiplying double inequality (66) by ale— 2 ))a and integrating it with respect to x over

[0, ¢, we get:

W[@ﬁ,‘;ﬁ@(mx o)+ 0 &, (w)w(w)}
(67)

Tes) (1 il ) (T8 Sle ) g (6,1) + T2 Sylcv) g (6,1))

=1 2{=p)" \2
I(a+1) o6 1) X (6,v) + T Splc,v) Xy (Q,Pi))-

+2(§ )" (ﬁ+1 (B+2) (‘7
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Again, multiplying double inequality (66) by

and integrating it with respect to x

a(x—p)*!
2(¢—p)"

over [p, ¢|, we gain:

4c—p)"(v-p)’ -
1 (49
s 2(20::)2(1 D )(»7 Sylp, 1) Xg (0, 1) + T Sy(p,v) x(,,(p,v)) (68)

I« .
T by (T2 Solo ) <o (0,0) + T2 Slo,v) X (o,10))-

Summing (67) and (68), we have:

L) [pt1) [J e Slo,v) xg (0 0) + T Gq)(p,mx@(p,m]

_|_

jﬂl,ﬁ 6 ,]/ X , +j IB 6 , % ,
Ta+)I(p+1) o Gole) X (G V) + Tyl Solerm) Xp (6r1)

A -nl | jgvg’,ﬁ+ Sy(o,v) Xg (0, v) +jg;,v, S0, 1) Xg (0, 1)
<t g (i- (ﬁ+1)ﬁ(ﬁ+2 (T3 Slem) %o (6m) + TE Solom) X (0,1))
PR () ) (T2 Salev) g (69) + T2 Sgl,v) g (0,1))
o e (T ol ) xg (60) + T Sylom) <o (0,1) )
B (75 Sole) () + T Sylp) g (0,1))

Now, again with the help of integral inequality (12) for the first two integrals on the right-hand
side of (69), we have the following relation:

(69)

I'(a+1) (

T (T8 Sle ) X (6, ) + TE S4lo,1) %4 (0,1))

<1 (% - ﬁ) (Sglo, 1) xp (0, 1) + Sy (c, 1) Xg (6, 1)) (70)

+(rriarz ) (oo 1) X (6 1) + Solc 1) X (0 10))-

212(;::%2( ( ot S (G, ) X (c,v)+ jg"‘, 64,((),1/) Xg (p,v))
=1 (% - W) (Sg(p,v) X (0, V) +6p(g,v) xg (V)  (71)

+ (s ) (Splo,v) X (6,v) + Sgle,v) X (p1)).

PO (T8 Slem) xg (60) + T Splp) %g (0,1) )
<1 (% - M"w) (Splp, 1) X (p,v) + Sp(s, 1) Xg (6,v)) (72)
+(rtiarm ) (Splo 1) xg (60) + 646 1) X (01)).
and
I'(a

_Ei (jp“+ Splev) Xg (6 1) + TE Se(p,v) X4 (Pfﬂ))
<1 (3= i) (oo v) o (0,1) + Sole,v) xg (6 1) (73)
+(rriara ) (o) Xp (6, 1) + Spl,v) X (0 10))-

From (70)—(73) and inequality (69), we have
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Ta+1)T(B+1) jp":% Sy(c,v) Xg (6 v )+u7+§ Solc 1) Xq (6, 1)

e vn” | T8 Se(p,v) X (0,v) + Jg_,f_e (0,1) g (0, 1)

<I <% - <a+1)a<a+2)> (% (ﬁ+1ﬁﬁ+2))K¢(p’ 6 V) + T <% B (ﬁ+1ﬁﬁ+2>>L¢(p’ G V)

1 o ,B .B
(- ooy ) wrlm Moo o) + b wrrtara N (0,6 )

+

Since from ¢-cuts, we obtain the collection of IVFs &, ¢ : A — R, then the above inequality
can be written in the form of inequality (64). Hence, the result has been proven. [

Remark 5. If one is to take « = 1 and B = 1, then from (64), we achieve the coming inequality,
see [34]:

e Jo Sy S y)XT (x,y)dydx

~ . o~ (74)
< $K(p, 1, v)F 18{ (p,g,y,V)+M(p,g,y,V)}+3lf6N(p,€,y,V)

Let one take &4 ((x,y), ¢) as an affine function and &*((x,y), ¢) as a concave function. If
S.((x,y), ¢) # 6*((x,y), @) with ¢ = 1 then, by Remark 2 and (65), we acquire the following
inequality, see [33]:

Fart)pt) [ o ;
e p) p)P | T s(ev) x (6 v) + T0ib - S(em) x (eom) |

T(a+1)T(B+1) «, B a, B
+ T BT T g0 b S(o,v) % (0,v) + T8 St x (pr1) | -
o

1 B 1 B
- (a+1)(oc+2)) (? - (ﬁ+1)(ﬁ+2))K(p’ 61 V) + T (f - (ﬁ+l)(ﬁ+2))L(p’ G V)

NI—

>

1 p p
+(3 - e e M e C ) + ErfE eV e s )
Let one take S ((x,y), ¢) as an affine function and S*((x,y), ¢) as a concave function. If

G.((x,y), @) # 6*((x,y), ¢) with ¢ = 1, then by Remark 2 and (65), we acquire the following
inequality, see [32]:

(P,g,ﬂ/ ) [L(P/Gr%v)+M(PIQ%V)]+%N(PIG/%V)

If&.((x,y), ¢) = 6" ((x,y), ¢) and «((x,y), ¢) =" ((x,y), ¢) with ¢ =1, then from
(64), we acquire the following inequality, see [50]:

Far s [ 7o f ;
4(€*P)a(V*}l)ﬁ [ jn‘ﬁ ut S( ) ( )+ j*v S(g’ ‘M) X (Qrﬂ) :|

Ta+r)I(p+1) a, .5 .S B S

et DTE [ g0 S(0,v) x (o) + T8 (o, % p,1) | -
1 w 1 B a 1 B

= (7 - (1x+1)(ac+2)) (? - (ﬁ+1)(ﬁ+2))K(PI G V) + a1 1) (@) (2 - (ﬁ+1)(ﬁ+2))L(Pz G V)

A : b
+(3 - et prlE M s m ) + el eV e s

Theorem 7. Let &, J : A — Fy be a coordinate convex FIVFs on A. Then, from @-cuts, we estab-
lish that the series of IVFs G, : A — R aregiven by S (x,y) = [6.((x,y), ¢), &*((x, ), )]
and o(x,v) = [«((x,y),¢), *((x,y),¢)] for all (x,y) € A and forall ¢ € [0, 1]. If 6xJ €
FOn, then the following inequalities hold:
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(pts p+rv\3 F(ets ptv
46(%1 L)Xj(pr VT)

< LWIED T g b S(e %I () F T8 Sem=T (o m) |

w-wf L 7p
+%[J b &1 7T (0TI &, )xj( 0 ]
T e + (/3+1)ﬁ(/5+2)< ~ @@ )} (0,6 1 v (78)
+B <% vc+1)a(a+2)) + @) @) B 5+2} (0,6 1V

1(1 B o
+ {f (? e 1)(l3+2)) T @@ (/5+1)(/5+2)}M(p’ S aV)

i - e e | N es )

E(ers mtv\x 7(ete wrv
46<Tf T)XJ(*r T)

- fetlleny [ 730 S0 @0 SlenT(en |
4(g—p)* (v—p)P

7 L) I(p+1) aﬁ S B

FLIE T gl &0 )% T (e F I Slom) % T (oo >]
- b 79
+{2(a+1l§(a+2) (ﬁ+1)(ﬁ+2)< I CES)) a+2))} (0.6 v (79)
T11(1 o
* {7 (i BCES! (HZ)) + (a+1) (@+2) 5+1)(5+z } (0,6 mv

8
T3} - prte) + e ke Mg )

T [1 B N
i - e e [Neony)
where K(p, ¢, 1,v), Lo, ¢, 1,v), M(p, ¢, u,v), and N (p, ¢, u, v) are given in Theorem 6.

Proof. Since &, 7 : A — Fy are two convex FIVFs, from inequality (13) and for each ¢ € [0, 1],
we have:

x,%) Xg (x,%)dx (80)

S
(3 ) (So(e57) o (o 137) + 80 (s 137) 0 (0. 77))

and.:
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(81)

+
—
=
+
=
=
+
D
SN—
—
@
)
—
©
N\+
Sal
=
~
X
<
~—
©
N‘+
Nal
=
+
@
<
/N
©
Sk
Sal
<
~
X
-
—
©
Sk
Sal
<
~—

864)(&/%1/) Xg (% HTH)
JE2(s =) T8 (%, 150) xg (x, B3 )dx ]

< &
= Z(g Py +fg (x —p)*~ 164,( ”H) X x,”zj)dx

+f”2 =18, (55 ) xg (555 y)dy (82)

Again, with the help of integral inequality (13) and Lemma 1 for each integral on the right-hand
side of (82), we have:

I 16(’)( @V> xg (%15 )dx
[fg f Tw—y)Ple,(x, y)dydx]
4(g—p)* (v—p)P Ugf y-pfle (x,y)dydx}

+(ﬁ+lﬁﬁ+2) Z(gfp) f (¢c—x)"" (Gq,(x 1) X (X, 1) + Sy(x,v) Xq (x,v))dx

<
4(g—p)"

(83)

+<% B (/5+1ﬁ/3+2))2(g —o)" 7 Jy (6= N8, 1) X (x,0) + G (x,1) X (x, 1)) dx
- W [ 0 S0lev) %0 60+ 5L Solom o lom) |
Hl ((/3+1 5+2)>< L Gyla ) Xg (6 1) + T Gyls,v) X (gm))

Hl (% B+ /3+2 )( Solc 1) xg (6v)+ jp“+ Gpl(c V) Xg (Qr.”))
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e fpg 2(x — )" 'S, (x,’%'v) X ( ”+V)dx
<1 % LSS =) 7 (v = )P T S (x, )y ]
b [ = 0 = 0P )y

+(/3+1)(/S+2) 2(g p) f (x—p)* 1(6(/7(95/]4) X (X, 1) + Gg(x,v) Xg (x,v))dx

(84)

+(3- (ﬁﬂ =) ) I fpg(x —0) (S (x, 1) X (x,V) + Gp(x,v) Xy (x, 1)) dx

_ a4 I(p+1) /8 a, p
4e—p) (v—p)P [ *7 + Syl v) X (0v) + T Solp, 1) X (0, 1) }

I'(a+1
+ i () (jéxf Sylpr10) g (pr10) + T Slpv) xg (p,1))

T(a+1 1 o
T (3~ ity ) (T2 Soloom) xg (p,v) + TE S4l,v) x4 (p,10))-

ot u)ﬁ [ f 2v—y)f s (p;rg,y) % (p+€,y)dy}

<; Tas)Ip+y [ TN (6 v) X (61) + T2 &4(p,v) xg (p,V) }
4(c—p)"(v—p)

I'(g+1
+2(1(/ﬁ+u)) ((a+1)(ac+2 )(j Splo,v) X (0,v) + jf* Solc,v) Xy (g’v))

35 (5~ i) (90 Solov) <o (60) + ) S4(ev) xg (61)):

+

(85)

[ e () %o (25 5)a |

Tat)I(p+1) [ 7o B w p
S | Tk Solen) %o (610 + T Sgle ) X (1) |

I'(g+1
+2(§ﬁ_+m)ﬂ ((a+1)(a+2)) (~7 Solp, 1) X (0, 1) + T Gyl 1) % (w))

I o
+ﬁ(% - W) (Jff Sp(p. 1) X (6 1)+ T) Gole ) Xg (w))-

(86)

and:

26@(%%4‘) Xg (pTﬂ/ﬂ)
L [ T8 Sl ) X (610) + TE Sylp, 1) X (01|

ey (Solo 1) X (0, 1) + Sgls, 1) ¢ (6, 1))

(87)

+(3 = e ) (S, 1) g (6 10) + Sl 1) X (p,10))

26 (‘0+g 1/) X (%,v)

I«
< B [0 6, (6,0) xp (6,0) + T2 Splp, 1) xg (0,0)]
+ (a—i—l)lx(tx-i-z) (GfP(p/ V) X(P (p,l/) + G(P(g,l/) X(p (glv))

+(3 — rriazz) (Solv) X (6,v) + S4lc ) X4 (0,1)

(88)
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and:

2
SI i) [jp‘ﬂ Splc 1) X (6,v) +TE Splo, 1) X (p,v)}
ety (Gelo 1) Xg (0,v) + Go(c, 1) X (,))

+(3 — et ) (8o, 1) X (V) + Solc 1) X (0,1)

)5 (5
T2 Solcv) %g (6, 10) + T Solp, v) X (p,10)]
+ e (Selov) X (0, 1) + 846, v) Xg (6, 1))

+(% - m) (Sg(p,v) X (6 1) + G5, v) Xg (0, 1))

26<p1<€f FTH)

(B+1)

<1 200—p)P {‘7#

+(<B+&M<e¢<g,u> Xg (6, 1) +S(gv) X (V)
B

3 W) (Sp(e 1) xg (6,v) +Gglc,v) X (¢, 1))

) %o (s15")
TE S4lpv) X (60) + TF S4(p, v) g (5,1

ZG(Plgg,wzrV) X p,’%’l’)
L TP Solev) xg (0,0) + TL Sole, v) % (0,1)]
e (Sp(6 1) g (0. 1) + Gy(5,v) Xg (0,v)
<52 - W) (Sg(g 1) Xg (0,v) +6yp(g,v) Xy (0, 1))

_|_

From inequalities (83) to (94) and inequality (82), we have:

(89)

(90)

©1)

(92)

(93)

(94)
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Tib Slev) %o (V) + Tk (e, ) x4 (6, 1)
A= il | T8 Se(0,v) X (0,v) + TEE Spl0,1) xg (1)

B (TF Slov) <o (0,) + TE Sylev) g (1)

2(v—p)P
+ w 121Xa 2 I
i) T (T2 Sglo.10) %o (0m) + TL Sgle 1) xg (1))

Z(E,ﬁjl)ﬁ <.7 " Gy(p,v) X (6,v) + Jf+ Sy(c,v) X (g, v))
+2(3 -
(z (tx+1)(a+2)) +2(Vﬂ+yl (jﬁ o0, 1) X (6,1) + T2 Splc 1) % (g,y)) o)
IE(M—%) ( S (g/l’l> Xo (6 m)+ pa+ 64)(91/) X (G/V)>

+2( s
((;m)um)) +F atl (jzx oo 1) g (0 1) + T 6<P(Pr1/)><qo(p/v)>

2(g—p)"
I 3 N
((gats) ( (G} (Q/V) X (c,v)+ o+ G(P(g,v) Xy (g,y))

+2 %_ B+1)(B+2) I'(a
( (ﬁ+1)(ﬁ+2)) n (< +1) (J”‘ Solp, 1) X (p,v) + TE Gglp,v) X¢(W>)

2 B 1 2B
+ e e Ke 06 + + (2 = ) it Lo (e 6o )

24 1 B
+artir (8 = gl ) Molo.cv)

1 1 B
+2(3 = ey ) (3~ el ) No 0,6 mv)

Again, with the help of integral inequality (12) and Lemma 1, for each integral on the right-
hand side of (95), we have:

21(-;(,‘8_;1)25 (‘7p{SJr G(P( ’ ) (10'1'/) + jﬁJr G(P(g/ U) ng (g/ V))
+”“L TP Splo10) %y (0,1) + T Sglc) xp (c 1)) (96

%(%ﬁ Sy (p,v) xg (c,v) +Jf+ So(c,v) Xg (g,v))
P (T Sgloa) <o (61) +TF Sole ) xo61)  O7)
<1 (3 - i ) Lolo 6 v) + Gt No (0,6 v)

2(;:,31)2( (jp”‘+ Sylc ) xg (6, 1) +T% Sylcv) Xy (g,u))
+ (““ (72 & ( 1) X (0,10) + T Slp,v) %o (1)) (98)
<i(z- W)K(P(P'G'V' )+ @ Lelo 6 1Y)

S (T (o, 1) % (0,v) + TE Sglo,v) % (0, 1)
(6—p) G

L (T2 S4(p1) X (0,0) + T2 S0, 0) Xg (p1t))  (99)
<1 (2 W)MQD(PIQ/V/V)+Mwap(P/gfﬂrV)

From (92) to (99) we have:
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¢ pt ¢ pt
464)(%/ %)X (p(%, ”zv)
Tyh Syl v) xg (g v )+J+f Syl 1) X (6, 1)

< Ha+)I(p+1)
+ T Sg(0,v) g (0,v) + T8 Splo, ) g (0,10)

=1 4c—p) (v—p)P

+ 2(a+1l§(a+2) * (ﬂ+1)ﬁ(ﬁ+2) (l (“H)IXW) Kolp,6 p,v) (100
+13(2 - arfem) + eE ErEe  Lele e wy)

* %E%— FrE )+ we prE ) Meo s )

+1i - e e ]N‘P(p'g’]" )

That is:

=(ptc ptv\s Fpts ptv
46(71 T)X j(T' T)

L Tl | Tpbhe SE0XT (¥ 8o m* T (o)
4(g—p)" (v—p)P +j'x i+ 6( )xj(p, )+ jgf/ff G(p, )Xj(p, )

+ 2(a+1ﬂ)‘(zx+2) + (ﬁ+1)ﬁ(,s+z)<1 (oc+1)(ac z))r(PrGIW)

+2(z- (a+1)“(a+2) + (oc+1)(a+2) (/5+1)(ﬁ+2) L(p, ¢, 1,v)

+ %E% B (ﬁ+1ﬁﬁ+2) + (oc+1)a(:x+2) (5+1)ﬁ(5+2) M(p,6, 1)

+ % - (a+1)lx(1x+2) (/5+1)/3(/S+2)}N(Pr G 1Y)

Hence, the result has been proven. O

Remark 6. If one is to take « = 1 and B = 1, then from (78), we achieve the coming inequality,
see [34]:

< oo Jo Jy S y)XT (x,y)dydxT 5K (o, ¢, p,v) (101)

*P
+%[L(p,g,u, ) M(p,g,y,w}i%N(p,g,u,v).

—~
Ral

Let one take S.((x,y), ¢) as an affine function and &*((x,y), ¢) as a convex function.
If 6.((x,y), ¢) # 6*((x,y), ¢) with ¢ = 1, then from Remark 2 and (79), we acquire the
following inequality, see [32]:

46(“9 ﬂerV) % (# y;v)
2 o= o Sy 8y X(x,y)fde%K(p,g,u,V) (102)
+36[L(p 6 1, v) + Mo, 6, 1,v)] + 5N (0,6, 1, V).

Let one take S.((x,y), ¢) as an affine function and &*((x,y), ¢) as a convex function.
If 6.((x,y), ¢) # 6*((x,y), ¢) with ¢ = 1, then from Remark 2 and (79), we acquire the
following inequality, see [33]:
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(o ) (o)
5 Hat) LB+ j;ﬁ; S(g,v) x (gv )+~7+€ S(cm) x (6 1)
T e =t | 0P S(0,v) x (o) + Jg,f, S(o 1) % (o, 1)
ﬁ 1
e T E e (7 ~ i) [Kloonv) (103)

o w B
(lx+1)ﬁ(a+z) T @ @) Br )ﬂgmz) L(p. ¢/ 1 v)
~ e ) T eme e | M)

Nl— N—

+ + + +
W= N= N N

5
- wris e Ve s )

If 6.((xy), ¢) =& ((x,y), @) and .((x,y), ) =" ((x,y), @) with ¢ =1, then from (78),
we acquire the following inequality, see [50]:

ptg  ptv ptg  ptv
46(T' - ) X(Tr - )

NIy | Tyihe Sev) x (ev) + T3iE_ S(e,m) x (¢, 1)
e’ | 4758 S(0,v) x (o,v >+J¢,€, S(p, 1) % (o, 1)

IN

I /3 1
@yt <ﬁ+1><ﬁ+2>(?‘ wrer) [Kes ) (104)

- (achl)lx(terZ) + (a+1)“(1x+2) (B+1)(B+2) L(p,6 1, v)
(B+2) M(p,6, 1, v)

m+

™ =

NI—= N[—=

___ B "
(B+1)(B+2) (oc+1)(a+2) (B+1

+ + + +

= N= N= N

B
~ @mar EmE [N ny)

4. Conclusions and Future Plans

The major goal for this study was to introduce new fuzzy fractional operators and to
show some Hermite-Hadamard-type integral inequalities with the help of Lemma 1 for
introduced coordinated convex fuzzy-interval-valued functions via newly defined fuzzy
fractional integrals. We also demonstrated that the newly established inequalities could be
transformed into Hermite-Hadamard-type inequalities for classical convex functions, for
fuzzy-interval-valued and interval-valued functions [24,27,30], and for coordinated convex
fuzzy-interval-valued and interval-valued functions [32-34,41,42,50] via Riemann integrals
and fuzzy Riemann integrals, respectively, without having to prove each one separately.
This is a novel and intriguing topic, and future research will be able to find equivalent
inequalities for various types of convexity and coordinated m-convexity by using different
fractional integral operators.
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