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1. Introduction

Fixed point theory is one of the most glorious and prominent theories in functional
analysis and has extensive applications in other fields. Additionally, the basic and elemen-
tary theorem in this theory is Banach contraction principle [1], in which the contractive
mapping is defined on a complete metric space. The self-contractive mapping given in this
principle is naturally continuous although it is not useful if the mapping is discontinuous.
The crucial disadvantage of this theorem is how we apply self-contractive mapping if it is
discontinuous. This problem was resolved by Kannan [2] in the past, where a fixed point
theorem without continuity was proved. Later on, Reich [3] combined Banach contraction
and Kannan'’s contraction and presented a result in 1971. Fisher [4] initiated rational ex-
pressions in contractive inequality and presented a result in the background of complete
metric spaces. For more features in this way, we mention the researchers in [5-7].

In all of the above results, the concept of metric space plays a substantial and significant
role, which was instinctively initiated by M. Frechet [8] in 1906. Thereafter, many authors
have generalized the concept of metric by either weakening the metric axioms or altering
the domain and range of it. Czerwik [9] weakened the triangular inequality of metric
space by putting a non-negative constant s > 1 on the right hand side of it and gave the
idea of b-metric space. In [10], Branciari initiated the idea of rectangular metric space and
extended the conception of metric space by putting rectangular inequality on the place of
the triangle inequality. The rectangular inequality associates the distance of four elements.
Jleli et al. [11] introduced a new and fascinating space, which is famous as an §-metric
space in which the triangle inequality is satisfied inside a continuous function. §-metric
space is a generalization of classical metric space, b-metric space and Branciari metric space.
Subsequently, Al-Mazrooei et al. [12] used the notion of §-metric space and proved some
results for rational inequality that includes some non-negative constants.

In these extensions of metric space, we take the distance between elements of one set.
S0, a question arises naturally of how the distance between points of two distinct sets can be
discussed. Such problems of computing distance can be confronted in different fields of the
mathematics. In spite of that fact, Mutlu et al. [13] gave the notion of bipolar metric space
to resolve such issues. Additionally, this updated notion of bipolar metric space leads to
the development and progress of fixed point results in fixed point theory. However, a lot of
decisive work has been investigated the existence for fixed points of self- and multivalued
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mappings in the setting of bipolar metric space (see [14-24]) and references therein). Very
recently, Rawat et al. [25] unified the above two innovative concepts, namely §-metric space
and bipolar metric space, and introduced the concept of §-bipolar metric space and proved
the Banach contraction principle in this newly introduced metric space.

In this research work, we utilize the notion of §-bipolar metric space, which is more
general metric space than §-metric space and bipolar metric space and establish fixed
point results for Reich and Fisher type contractions. In this way, we generalize the main
results of Rawat et al. [25] in §-bipolar metric space, Mutlu et al. [13] in bipolar metric
space, and Jleli et al. [11] and Al-Mazrooei et al. [12] in §-metric space. As applications of
our leading results, we study conditions for the existence and uniqueness of an integral
equation. Moreover, we apply our result to investigate the existence of the unique solution
in homotopy theory.

2. Preliminaries

An outstanding Banach fixed point theorem [1] is stated in the following manner.

Theorem 1 ([1]). Let (20, ¢) be a complete metric space and let S : 20 — 20. If there exists some
non-negative real number A € [0,1) such that

6(S¢,Sh) < Ag(L, ),
orall {,h € 20, then the mapping S has a unique fixed point.
nen hen the mapping 3 h ique fixed poi

Kannan [2] presented the following theorem in which the given mapping is not
necessarily continuous.

Theorem 2 ([2]). Let (20,¢) be a complete metric space and let 3 : 20 — 0. If there exists some
non-negative real number A € [0, 3) such that

¢(S¢,3h) < Mg(L,3¢) + (R, Sh)),
forall £, € 2, then the mapping 3 has a unique fixed point.

In 1971, Reich [3] combined the Banach contraction principle and Kannan fixed point
theorem as follows.

Theorem 3 ([3]). Let (20, ) be a complete metric space and let 3 : 20 — 0. If there exist some
non-negative real numbers A1, Ay € [0,1) such that A1 +2A, < 1and

G(SL,Sh) < g6, 1) + Aa((£, 30) + (R, S)),
forall £, € 2B, then the mapping S has a unique fixed point.

In [4], Fisher gave a result for contractive inequality consisting of rational expression
as follows:

Theorem 4 ([4]). Let (20,¢6) be a complete metric and let S : 20 — 0. If there exist some
non-negative real numbers A1, Ay € [0,1) such that Ay + Ay < 1 and

6(¢, S0)g(Sh, 1)

S/ SH) <
S(S6Sh) < Mol ) + A==y =

forall £, € 20, then there exists a unique point £* € 20 such that J0* = (*.

In 2018, Jleli et al. [11] gave an absorbing extension of a metric space in the following
fashion.
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Let F be a family of continuous functions f : (0, +o0) — R satisfying the follow-
ing conditions:

(1) fisnon-decreasing,
(32) for each sequence {t,} C R, lim; ;0 &ty = 0 if and only if lim, e f (&) = —co.

Definition 1 ([11]). Let 20 # @ and let ¢ : WX — [0, +00). Assume that there exists some
(f,a) € F x [0, +00) in such a way

(i) ¢(¢,h) =0ifand onlyif ¢ =h,
(@) ¢(t,n) =¢(n0),
(iii) for every p € N, p > 2, and for every (u,)!_, C W with (u1,up) = (¢, 1), we have

p—1
¢(6,n) > 0= f(g(f, 1)) < f(Z g(un,unm) +a.
n=1

Then, (20, ¢) is alleged to be an F-metric space.

Example 1 ([11]). Let 20 = R. Define ¢ : 20x20 — [0, +0) by

e ={ (L1

(6,1) €[0,3] x [0,3]
€= i (¢h)

¢ 10,3] x [0,3],
with f(t) = In(t) and « = In(3), then (20,¢) is an F-metric space.

On the other hand, Mutlu et al. [13] gave the conception of bipolar metric space
as follows.

Definition 2 ([13]). Let 20 and Q be nonempty sets and let ¢ : 20 x Q — [0, +00) be a given
function. If the function ¢ verifies

(biy) ¢(¢, 1) = 0ifand only if £ =

(bin) c(L,h) = c(,0), if 1 € leﬂ
(biz) G(6,1) < (1) + (¢, n") +¢(¢/, ),
forall (£,1),(¢/, ") € 20 x Q. Then, the triple (20,9, ) is said to be a bipolar metric space.

Example 2 ([13]). Let 20 and 9 be the family of all singleton and compact subsets of R respectively.
Define ¢ : 20 x Q — [0, +o0) by

§(6,E) = £~ inf(2)| + |¢ — sup(E)|
for {£} CWand & C Q, then (W,Q, c) is a bipolar metric space.

Definition 3 ([13]). Let (201, 91,61) and (W, Qy,62) be two bipolar metric spaces. A map-
ping S : Wy UQy =% Wy Uy is said to be a covariant mapping, if I(W;) C W, and
I(Q1) C Qy. Similarly, a mapping S : W U Q) = Wyp U Qy is said to be a contravariant
mapping, if 3(W1) C Qp and I(W,) C Q.

To make distinction between these mappings, we will represent covariant mapping as
S (W, Q1) = (Wy, Q) and contravariant mapping as S : (W, Q1) = (Wa, Qo).

Very recently, Rawat et al. [25] unified the above two innovative conceptions, specifi-
cally §-metric space and bipolar metric space, and provided the idea of §-bipolar metric
space in this way.

Definition 4 ([25]). Let 20 and Q be nonempty sets and let ¢ : 20 x Q — [0, +0c0). Assume that
there exists some (f,a) € F x [0, 400) such that
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(D1) ¢(£,h) = Oifand only if ¢ = h,

(Dy) ¢(4,h) =¢(h, L), if (,he WN A,

(D3) forevery p € N, p > 2, and for every (un)!_, C Wand (v,)!_, C Quith (uy,v,) = ({,1),
we have

n=1 n=1

-1
¢(6,h) > 0= f(c(4,h)) < f(ljz 6(tns1,0n) + i g(un,vn)> +a.

Then (20,9, ¢) is called an F-bipolar metric space.
Example 3. Let 20={1,2} and Q = {2,7}. Define g : 20 x Q — [0, +0) by
¢(1,2) =6, ¢(1,7) =10,¢(2,7) =2, ¢(2,2) = 0.

Now since
10=¢(1,7) > ¢(1,2) +6(2,7) =6 +2 =38,

so the triangle inequality of bipolar metric space is not satisfied and thus, (25,9, ¢) is not a bipolar
metric space. Now it can be easily seen that ¢ satisfies the first two axioms (D1 and Dy) of §-bipolar
metric space. We only satisfy the third axiom (D3).

Case 1. ¢(1,2) > 0 implies

In(6) = In(g(1,2)) < In(¢(1,7) +¢(2,7) +¢(2,2)) = In(12),
Case 2. ¢(2,7) > 0 implies

In(2) = In(¢(2,7)) < In(g(2,2) +¢(1,2) +¢(1,7)) = In(16),

thus, the axiom (Dj3) is satisfied in both Case 1 and Case 2 with f(¢) = In(t) € F and a = 0.
Case 3. g(1,7) > 0 implies

In(10) = In(g(1,7)) < In(g(1,2) +6(2,2) +¢(2,7)) + & = In(8) + &,

thus the axiom (Dj3) is satisfied with f(t) =In(t) € Fand a > 1.
Thus, all the conditions of an §-bipolar metric space are satisfied and (20,9, ¢) is an
§-bipolar metric space.

Remark 1 ([25]). Taking Q =20, p = 2n, v; = vy;_1 and v; = uy; in the above Definition 4, we
establish a sequence (v])fil € W with (vy,va,) = (¢, 1) such that assertion (iii) of Definition 1

is satisfied. Hence, every §-metric space is an §-bipolar metric space, but the converse is not true
in general.

Definition 5 ([25]). Let (20,9, c) be an F-bipolar metric space.

(i)  An element { € QUL is said to be a right point if { € Q and a left point if { € 2.
Additionally, ¢ is said to be a central point if it is both a right and left point.

(i) A sequence Ty, on the set Q is said to be a right sequence and a sequence ({,,) on 20 is called a
left sequence. In an F-bipolar metric space, a right or a left sequence is said to be a sequence.

(iii) A sequence ({y,) is said to converge to an element ¢, if and only if (¢,) is a right sequence,
¢ is a left point and lim, e G(¢,¢y) = 0, or (£,) is a left sequence, ¢ is a right point
and limy 00 G(€n, £) = 0. A bisequence ({y,hy,) on (20,9Q,¢) is a sequence on the set
W x Q. If the sequences (£,) and (hy,) are convergent, then the bisequence (£,,hy) is also
convergent, and if (¢,) and (h,,) converge to a common element, then the bisequence (¢,,,hy,) is
called biconvergent.

(iv) A bisequence (£, ) in an §-bipolar metric space (20,9, ¢) is called a Cauchy bisequence,
if for each € > 0, there exists ng € N, such that g(ﬂn, hp) <€, foralln,p > ny.
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Definition 6 ([25]). An §-bipolar metric space (20,9, ) is said to be complete, if every Cauchy
bisequence in (20,9, ¢) is convergent.

3. Main Results

Definition 7. Let (20,9, c) be an F-bipolar metric space. A mapping S : (20,9Q,¢) = (2,9,¢)
is said to be Reich type contraction if there exist some constants Aj, Ay, Az € [0,1) such that
M+Ay+ A3 <land

G(Sh, ) < Ag(, 1) + Aag (4, IC) + A36(Sh, 1), (1)
forall (¢,h) € W x Q.

Theorem 5. Let (2,9, ¢) be a complete F-bipolar metric space and let 3 : (20,9, ¢) = (W, Q,¢)
be contravariant Reich type contraction, then the mapping S : 20U Q — 20U Q has a unique
fixed point, provided that the mapping 3 : (20,9, ¢) = (20,9, ¢) is continuous.

Proof. Let / be an arbitrary point in 20. Define the bisequence (¢;, ;) in (20,9, ¢) by
hn - %gn al’ld é}’l-ﬁ-l — %hn
foralln =1,2,... Now by (1), we have

Q(gn/ hn) = Q(%hnflz C\xye"rl/)
< Alg(ﬁn, hnfl) + AZQ(&U Sen) + A3€(%hn71/ hnfl)
= Mg(ln, 1) + A26(ln, in) + A3g(n, 1),

which implies that

A+A
Q(gnrhn) < 11_ /\jg(gn/ hnfl)' (2)
Moreover,
Q(gﬂrhnfl) = Q(Shnflrggnflr)

IN

/\lg(gn—lr hn—l) + A2Q(£n—1/ %En—l) + )‘3Q(Shn—1/ hn—l)
MG(Ly—1,u—1) + A26(Ln—1, Tin—1) + A36(n, Fty—1),

which implies that

A+A
6t Tin1) < T3 6lur ). ©

Setting ¢ = max{ Afj)f\z?’ , )31%/{‘32} < 1. Then by (2) and (3), it is easy to see that

¢(n, hin) < 9% (Lo, o). )

Similarly, we have
G(En-&-l/hn) S 192n+1€(€0/ hO)/ (5)

foralln =1,2,... Let (f,a) € F x [0,00) be such that (D3) is satisfied. Let € > 0 be fixed.
By ($2), there exists & > 0 such that

0 <t < dimpliesf(t) < f(e) —a. (6)

Now, from (4) and (5), we obtain
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p—1 P
Y o (G ) + ) c(4,my)
j=n j=n
< (192” T2t 192”> ¢ (Lo, To) + (192”“ TR R 192%1) ¢(fo, ho)
2n - n 19271
< 9y 8"g(lo,ho) = T g5l o),

n=0

for p > n. Since lim;; ;0 %g(fo,ho) = 0, so there exists ny € N, such that

2n

0<1_19

6(Lo, hp) <0,

for n > ngy. Hence, for p > n > ny, using (§1) and inequality (6), we have

Pl P 19271
f<2 Q(£j+1/hj) + Z Q(fj,hj)) < f(l — ﬁg(fo,ho)> < f(e) —a. )
J=n j=n

From (D3) and inequality (7), we find that ¢(¢,,%1,) > 0 implies

p—1 p
Fle(wy)) Sf(Z (i) + zg<fj,hj>) ra<f(e)
j=n j=n

Similarly, for n > p > ng, ¢(¢u, p) > 0 implies

n

fe(ln,Tp)) < fCZ:Q(EjH,hj) + Zg(@,h») +a < f(e).

J=p

Then, by (§1), ¢(n, 11p) < €, for all p,n > ng. Thus, (¢,, 1) is a Cauchy bisequence in
(2,9,¢). As (2,9, ) is complete, so (£, 1,) biconverges to a point w € W N Q. Thus,
(ln) = w, (hy) = w. Moreover, since the contravariant mapping < is continuous, so we
have

(4n) = w implies that () = (3¢;) = Sw.

Additionally, since (71,,) has a limit w in 20 N Q and the limit is unique. Thus, Sw = w. So,
S has a fixed point. O

Now, if @ is another and distinct fixed point of &, then @ = @ yields that
@ € WN Q. Then,

¢(w,@) = ¢(Sw,I0) < A1g(@, w) + Ayg(@, SO) + A36(Sw, w)
= Aig(o,w),

which is a contradiction, except w = ®@.

Corollary 1 ([25]). Let (20,9,¢) be a complete §-bipolar metric space and let ¥ : (20,9,¢)
= (W, 9, ¢) be a contravariant mapping. If there exists some constant A € [0,1) and

(ST, S0) < Ag(L,h),

forall (¢£,h) € 20 x Q, then the mapping I : WU Q — WU Q has a unique fixed point, provided
that the mapping 3 : (20,9, ¢) = (2,9, ¢) is continuous.

Proof. Take Ay = A, Ap = A3 = 0in Theorem 5. [
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Remark 2. If f(t) = In(t), for t > 0and « = 0 in the above Corollary, then F-bipolar metric space
reduced to bipolar metric space and we derive main result of Mutlu et al. [13] as a direct consequence.

Remark 3. If20 = 9 in the above Corollary, then §-bipolar metric space reduced to §-metric space
and we derive the main result of Jleli et al. [11] as a direct consequence.

Corollary 2. Let (20,9, ¢) be a complete §-bipolar metric space and let 3 : (20,9Q,¢) = (20,9,¢)
be a contravariant mapping. If there exists some constant 1 < % and

6(Sh, ) < (gl ) +¢(L, ) +6(Sh, 1)),

forall (£,h) € W x Q, then the mapping I : WU Q — WU Q has a unique fixed point, provided
that the mapping 3 : (20,9, ¢) = (W, Q, ¢) is continuous.

Proof. Take A; = A» = A3 = 7 in Theorem 5. [

Corollary 3. Let (20,9, ¢) be a complete §-bipolar metric space and let 3 : (20,9Q,¢) = (20,9,¢)
be a contravariant mapping. If there exists some constant 1 < % and

6(3h,30) < n(g(6,30) +¢(Sh, 1)),

forall (¢,1r) € 20 x Q, then the mapping I : WU Q — WU Q has a unique fixed point, provided
that the mapping 3 : (20,9, ¢) = (W, Q, g) is continuous.

Proof. Take A; =0, Ay = A3 =57 in Theorem 5. [

Now, we state a theorem that is a natural extension of Theorem 5 in this way.

Theorem 6. Let (20,9, ¢) be a complete F-bipolar metric space and let 3 : (20,9, ¢) = (W, Q, )
be a contravariant mapping. If there exists some constant 0 < 1 < 1 such that

¢(Sh, ) < ymax{g(¢,h),c(¢,3¢),c(Sh,h)}, (8)

forall (¢£,1) € W x Q, then the mapping I : WU Q — WU Q has a unique fixed point, provided
that the mapping 3 : (2,9, ¢) = (W, Q, ¢) is continuous.

Proof. Let ¢y be an arbitrary point in 20. Define the bisequence (¢, ;) in (20,9, ¢) by
hy =S¢, and 0,1 = Shy
foralln =1,2,... Now, by (8), we have

g(fn,hn) = g(%hn—llggn/)
17maX{g(En,hn_l),g(ﬂn,%En),g(%hn_l,hn_ﬁ}
nmax{¢(ln, fin—1),6(ln, Tin), ¢(ln, 1)}

nmax{¢(ln, Mty-1),6(Cn, fin) }. 9

If max{¢(4n, y—1),6(€n, fin)} = ¢(€n, hy), then we have

IN

Q(‘grz/ hn) < 77(;(611/ hn)/

which is a contradiction to the fact that 0 < 5 < 1. Thus, max{g(¢x, f1,—1), ¢(n, fin)} =
6(¢n, hy—1). Hence, by (9), we have

G(n, ) < m6(ln, 1) (10)
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Likewise,

c(Uniy—1) = c(Shy—1,3ly—1,)
nmax{¢(ly—1,Mn-1),6(ln-1,30n-1),6(Shy_1,ltn—1,)}
nmax{¢(ln—1,Mn-1),6(ln—1,Mn-1),6(ln, n_1)}
nmax{¢(n_1,Mu-1),6(ln, u_1)}.

If max{¢(¥,—1,—1),6(ln,y_1)} = 6(Ln, hy_1), then we have

IN

6(ln, 1) < ng(ln, 1),

which is a contradiction to the fact that 0 < # < 1. Thus, max{¢(¢,—1,71,—1),6(€n, fy_1)} =
6(¢y—1,h,—1). Hence, by (9), we have

g(enr hnfl) < 779(67171/ hnfl)- (11)

Now, by (10) and (11), it is easy to see that

6 (L, Tin) < 177" (b, To).-

Similarly,
6(€ns1,7tn) < "5 (o, o).

The remaining part of the proof is the same as of Theorem 5. [

Definition 8. Let (20,9, c) be an F-bipolar metric space. A mapping S : (20,9Q,¢) = (2, 9,¢)
is said to be rational contraction if there exist some constants A1,Ay € [0,1) such that
M+ Ay < land

(6, 30)c(Sh, 1)

¢
b Cx <
c(Sh, ) < Ag(€, 1) + Ay Trcbn) (12)

forall (¢,h) € W x Q.

Theorem 7. Let (20,9, ¢) be a complete F-bipolar metric space and let 3 : (20,9, ¢) = (W, Q, )
be contravariant rational contraction, then the mapping S : 20U Q — 2 U Q has a unique fixed
point, provided that the mapping S : (20,9, ¢) = (20,9, ¢) is continuous.

Proof. Let ¢y and fy be arbitrary points in 20 and £, respectively. Define the bisequence
(n, hy) in (20,9, ¢) by
hy =S, and 4,41 = Shy

foralln =1,2,... Now, by (12), we have

g(gn'hn) G(%hnflr gén/)

< Alg(én/hnfl)
6 (ln, Sln)g(STy—1, 1)
+A
2 T gl Py )
G(Enrhn)g(enrhnfl)
= Ac(¥ly,h,_ A
15( e 1)+ 2 1+€(£nrhn71)
< AU, Tiy—1) + Aag (b, i),

which implies that

A
6l Tin) < 736l Tin). (13)
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¢l 1) = 6(Shy—1,3l—1,)
< /\19(&1—1,%—1)
+A2€(€n—1/ 351«—1)@(%%—1, hn—lr)
1+ G(gnflrhnfl)
Q(énflrhnfl)g(gnrhnfl)
= AMc(l,_1,h,_1)+A
16(Ln—1,M1p—1) 2 T+ (b1, Fin1)
S Alg(gn—lrhn—l) + /\Zg(hn—lrgn)/
which implies that
A
Q(gn/ hn—l) < ! g(gn—lrhn—l)- (14)
1—Ap
Now, if we take 1 i‘lAz = 0, then (13) and (14) become
g(gn/ hn) < ﬁg(gn/ hn—l) (15)
and
(;(fn, hnfl) < 199(67171/ hn71)~ (16)
Thus, by (15) and (16), we have
(U, 1) < %" (Lo, Tp). (17)
Similarly,
g(£n+1rhn) S 192n+1€(€0/ hO)/ (18)

foralln =1,2,... Let (f,a) € F x [0,00) be such that (D3) is satisfied. Let € > 0 be fixed.
By (32), there exists 6 > 0 such that

0 <t < dimplies f(t) < f(e) — a. (19)
From (17) and (18), we obtain

p

p—1
Y. o (b 1) + 3 (4 1)
j=n

J=n

IN

(192” Lt 192”) ¢ (Lo, To) + (192”“ Lot 192%1) ¢(£o, ho)

2 3 0" c(lo, ho) = i
2 g( 0 0) - 1 9
n=0 -

IN

c(Lo, ho),

for p > n. Since lim;; ;0 %g(fo,ho) = 0, so there exists 1y € N, such that

2n

0<1_19

Q(EOI hO) < (S/

for n > ng. Hence, for p > n > nyp, using (§1) and inequality (19), we have

p—1 |4 192;1
f<2 g(f]url/hj) + Z g(@,h,-)) < f(l — ﬁg(fo,ho)> < f(e) —a. (20)
j=n j=n

By (Dj3) and inequality (20), we find that ¢(¢,,%,) > 0 implies
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p-1 p
fls(lu hp)) < f(ﬂ SUREHEDY g(zj,hj)> +a < fle).
J=n j=n

Similarly, for n > p > ng, ¢(¢u, 1) > 0 implies

n

fg(ln,Tp)) < f<rilg(€j+1/hj) + Zg(@,?y)) +a < f(e).
j=p

j=p
Then, by (F1), g(ﬁn,hp) < ¢, forall p,n > ny. Thus, (¢,,hy,) is a Cauchy bisequence in
(2W,9,¢). As (2,9,¢) is complete, so (¢, h,) biconverges to a point w € W N Q. So
(ly) = w,(hy) — w. Additionally, since the contravariant mapping ' is continuous,
we have
({n) = w implies that (,) = (3¢;) = Sw.

Moreover, since (71,;) has a limit w in 20 N Q and the limit is unique. Thus, Sw = w. So, ¥
has a fixed point. O
Now, if @ is another distinct fixed point of ¥, then Sw@ = @ yields that @ € 20N Q. Then,

(@,8w0)¢(Sw,w)

G
¢(w, @) ¢(Sw, S@) < AM¢g(@,w) + Ay T+ (@, )

= Mg(@,w),
which is a contradiction, except w = ®@.

Remark 4. If 20 = £ in the above theorem, then §-bipolar metric space reduced to F-metric space
and we derive the main result of Al-Mazrooei et al. [12] as a direct consequence.

Example 4. Let 20 ={9,10,18,20} and Q ={3,5, 11, 18}. Define the usual metric g: 20 x Q —
[0,00) by
c(¢,h) =|¢—n.
Then, (20,9,¢) is a complete F-bipolar metric space. Define the contravariant mapping 3 :
WU =WUby
18, if ¢ € WU{11}
x _
S(0) = { 9,  otherwise.

Then, all the conditions of Theorem 7 are satisfied with A1 = % and Ay = %. Hence, by Theorem 7,
$ has a unique fixed point, which is 18 € W N Q.

4. Application
4.1. Integral Equations

In this section, we study conditions for the existence and uniqueness of an inte-
gral equation.

Theorem 8. Let us consider the integral equation
0) =gt K(¢,h,¢(0))dn,
O =50+ [ K(thp(0)

where 20 U Q is a Lebesgue measurable set. Assume that

(i) K:(W?UD?) x[0,00) — [0,00) and f € £°(W) U £2(Q),
(ii)  There is a continuous function Y : 20% U Q% — [0, 00) such that

[K(6 1, (h)) — K(6,1,¢(R))| < Y(Wl){ 4, el



Mathematics 2023, 11, 2399

11 0f 14

forall £, € (W?* UN?),and I : £°(W) U £°(Q) — £°(W) U £°(9Q)
(i) || fagg Y& 16| < 1, e, supseayon Janua Y (6 H)|6h < 1.
Then, the integral equation has a unique solution in £°(20) U £°(Q).

Proof. Let & = £°(2) and © = £*(Q) be two normed linear spaces, where 20 and £ are
Lebesgue measurable sets and m (20U Q) < 0. Letd : & x © — [0, ) be given as

(&, ¢) = 11§ = Clleor

forall §,{ € E x ©.Then, (E,0,d) is a complete F-bipolar metric space. Define I : EU® —
ZEUO by

Hp() =0+ [ K(th,g(t))dn

for £ € 20U Q. Now, we have

d(I(e(£)), 1(¢(£))) = [I(e(£)) —I(¢(O)l
- ’ /mUQ K(6, 1, @(0))dh — /ﬂnug K(e,h,qxe))dh’

Lo KT 9(0) = K (67, ()

Mgp(h) — (7] }
Y (4, 1) W —1(d(1)||I(p(7))—e(h dh
o bl

Mllo(R) — @(R) || }
=) || I(@(R)—g(h Y (¢, 1)|dh
{ 12, lo®) fi?\(ﬁgh')ll—gpq)((h))u) o) /QIIUQ

IN

IN

T+ ¢—ol teun /WUQ

¢ —I(P)[ll1(¢) — ¢l
1+l — ol

= hid(p,9) + Azd@’i(f)g(d(;f;f)’ 7.

Thus, by Theorem 7, I has a unique fixed pointin EU®. O

Mo — ¢l
S {+/\2|<PW’>|I(<P)(P| sup Y (¢, 1)|dh

A

< Mll¢—ol +A2

4.2. Homotopy

Theorem 9. Let (20,9, c) be a complete §-bipolar metric space and let (E,®) be an open subset

of (2, Q) and (E,©) be a closed subset of (20,Q) and (£,0) C (E,0). Suppose £: (EUO) x

[0,1] — 0 U9 is a mapping satisfying the assertions:

(homl) £ # £(4,q) for each ¢ € 02U 0O and q € [0,1], where 0Z and 0O represent the
differential of & and ©, respectively,

(hom2)  forall{ € E,h € @and q € [0,1]

(2(,q), 2(6,)) < () + 2,2 fzﬁ;‘%q)ﬁ),

where 0 < A1+Ap < 1,
(hom3)  there exists M > 0 such that

(&, r),L(h0)) < Mr—o|,

forallt € E, h € ®andr,0 € [0,1].
Then, £(-,0) has a fixed point if and only if £(-,1) has a fixed point.
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Proof. Let Ry = {t € [0,1] : £ =£({, ), L € E}and 1 = {0 € [0,1] : i = £(h,0),hh € O}.
Since £(+,0) has a fixed point in 2 U ©, then we find 0 € Ry N Ry. Thus, ¥; N R, # . Now,
we shall prove that 1 N R, is both open and closed in [0, 1] and so, by connectedness,
Ry = Ry = [0,1]. Let ({m}), ({on}y) © (Ry, Ra) with (zu,0) = (p,0) € 0,1] as
n — oo. We also claim that p € 11 N R,. Since (T,,0,) € N1 N Ry, for n € NU{0}. Hence,
there exists a bisequence (¢, 1) € (E,©) such that fi, = £(¢,, T,) and ;11 = £(hy, 04).
Additionally, we obtain

g<£n+1’hn) - Q(S(hn/on)/s(en/”fn))

(L, L(ln, ) )G (L(Fn, 0n), i)

< Mc(ly,,h A

R T (P
Q(En/hn)G(gnH,hn)

= AMc(ly,h A

16(Ln, Fin) + Az 1+ 6(ln, in)
S A19(61/11 hn) +A2Q(5n+11 hn)/

which implies that

A
g(€n+1/hn) S 1 1/\29(671/?1")

Additionally,

Q(fn, hn) = Q(E(hnflronfl)r 2(‘6711 Tn))

6 (Un, £(ln, 7)) 6(£(Ttn—1,00-1), Ttu_1)
Mc(ly, by, A
1€( nsttn 1)+ 2 1+€(€n/hn—1>
6(ln, in )G (Ln, T1n—1)
= Ac(ly, b, A
16 1) + A= 2

)\1€(£n/ hnfl) + )\ZQ(an hn)/

IN

IN

which implies that

A
6(lnTn) < 1/\2g(€n,hn,1).

Doing the same procedure as performed in Theorem 7, one can simply prove that (¢, f1,,)
is a Cauchy bisequence in (E, ®). As (E, ®) is complete, so there exists p; € EN O such
that limy,—e0 (£y) = limy—c0(f1y) = p1. Now, we have

6(L(p1,0), 1) = c(£(p1,0), £(€n, Tn))

et 205200010

(€n, in)G(£(p1,0),01)
1+¢(€n, p1)

= Acg(ln,p1) + Azg

Applying the limit as n — oo, we obtain ¢(£(p1,0),p1) = 0, which implies that £(p1,0) =
1. Similarly, £(p1, T) = v1. Thus, T = 0 € 1 N Ry, and evidently 1 N R, is a closed set
in [0,1]. O

Next, we have to prove that 1 N R, is open in [0, 1]. Suppose (10, 00) € (R1, R2), then
there is a bisequence (¢, f1y) so that ¢y = £(ly, 1), io = £(0,00). Since E U O is open,
there exists some r > 0 such that B ({p,r) € EU® and B(r,hp) C EU O, where B¢ (o, 1)
and B (r, fp) represent the open balls with centers ¢y and %, respectively, and radius r.
Choose T € (0g —€,00+€) and 0 € (19 — €, Tp + €) such that

1

|T—00| < M

<

7

N @™

1
|0—T0|§W<

7

N @
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and
1

T —0g| < G

<€
5
Hence, we have
€ By,uw, (Lo, 7) = {h : hg € O|g(Lo, 1) <7 +c(Lo,ho)},

and
0 € By up, (1, 1) = {€: Ly € E[g(L, 1) < 14 c(Lo,T0)}.

Moreover, we have

¢(L(f,1),hg) = ¢(L(£ ), £(Mo,00))
c(L£(4,7),£(1,00)) + 6(L£(Lo, T), £(R,00)) + ¢ (L£(4o, T), £(F0,00))
2M|t — 00| + ¢(£(¢o, T), £(1,00))

ININ

< ﬁ + Mg(bo, ) + Az st 2<§O;ng€§il()h, L
= ﬁ + A6 (Lo, 1) +A2W

s+ el )
< ﬁ +¢(lo, ).

Letting n — oo, we obtain

c(L(¢,7),ho) < ¢y, 1) <r+¢(byhyp).
By corresponding fashion, we obtain

c(Lo, £(h,0)) < ¢(L, ) <14 ¢(Lo, ho).
However,

c(to,ho) = (2(60, ), £(h0,00)) < MITy — o] < s 0,
as n — oo, which implies that ¢y = fiy. Therefore, for each fixed 0,0 = 7 € (0g —€,00 + €)
and £(-,T) : By,uw, (Yo,7) = Br,un, (Yo, 7). As all the hypothesis of Theorem 7 hold, £(-, T)
has a fixed point in E N ®, which must be in 2N ®. Then, T = 0 € R; N RN, for each
0 € (0g —€,00 + €). Hence, (0g — €,00 + €) € R1 N Ry, which gives R N R, as openin [0, 1].
The converse can be proved by using the same process.

5. Conclusions

In this research paper, we have used the conception of §-bipolar metric space and
established some theorems for Reich- and Fisher-type contractions. We have derived certain
fixed point results of self-mappings in the background of §-bipolar metric space and bipolar
metric space as outcomes of our main results. The existence and uniqueness of the solution
of the integral equation is proved as applications of our leading results. Furthermore,
the existence of a unique solution in homotopy theory is also investigated.

The established theorems in this paper can be expanded to fuzzy and multivalued
mappings in the setting of §-bipolar metric spaces for future work. Furthermore, one
can obtain common fixed point theorems for these contractions. As applications of the
above-mentioned outlines in the foundation of §-bipolar metric space, certain integral and
differential inclusions can be solved.
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