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1. Introduction

The study of some classes of surfaces with particular properties in Euclidean space
R3, such as constant angle surfaces, ruled surfaces, canal surfaces, minimal surfaces, cyclic
surfaces, and developable surfaces, is one of the major objectives of classical differential
geometry [1,2]. A cyclic surface or circular surface is a one-parameter family of regular,
fixed-radius circles positioned around a curve that acts as a spine curve [3,4]. Therefore, it
is possible that almost all interesting properties had been discovered before the middle of
the 20th century. However, this topic has recently attracted attention in several domains
(especially architecture, computer-aided design, etc. (see [5,6])). Particular cyclic surfaces
have been considered in earlier papers, that is, the canal surface of a space curve, torus, and
cylindrical surface are special cyclic surfaces [7,8]. In spatial kinematics, the movement of a
one-parameter family of circles with a defined radius generates a cyclic surface, while the
movement of a one-parameter family of lines generates a ruled surface [9-11]. The well-
known examples of cyclic surfaces are tubes and surfaces of revolution [12]. Nitsche [13]
studied cyclic surfaces with nonzero constant mean curvature, and he proved that the only
such surfaces are the surfaces of revolution discovered by Delaunay [14].

Let s be an arc-length parameter of the curve & = «(s), which is perpendicular to
every s-plane of the foliation. Suppose that the tangent, principal normal and binormal
vectors of the curve « are denoted {%,91,B} and the planes of the foliation are not parallel.
Therefore, we can parameterize the cyclic surface ¥ (s, t) by

X(s,t) = B(s) +A(s) [y(s) cos[t] M + v(s) sin]f] %}, t € [0,27], 1)

where 1 = u(s),v = v(s)and A = A(s) > 0 are functions of s, B = pB(s) denotes the
center of each ellipse of the foliation, and the Frenet equations of the curve « are
T =M,

N = 0cT+wB, B =-wN )
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where the prime ’ denotes the derivative with respect to the s-parameter, and ¢ and w
are the curvature and torsion of a, respectively. We assume that ¢ # 0 because « is not a
straight line, and let

B'(s) =aT+bN+cB (3)

where 4, b, and ¢ are smooth functions on s. Without loss of generality, we can assume that
u(s) = 1. Now, we can discuss the following particular cases of the general case:

(1): Lopez [15-17] studied a cyclic surface foliated by a smooth, one-parameter family
of circles in three-dimensional Euclidean space R3, which results directly from our work
when v(s) = 1. In [15], he studied the CGC surface in R? foliated by circles. In [16,17],
he studied surfaces that satisfy a special Linear Weingarten (LW) condition of linear type
asocqp = €10 +eyandesM + €, G = €5, whereeg;, i = 1,2,...,5 are real numbers, and
o1 and o, denote the principal curvatures, while M and G denote the mean and Gaussian
curvatures at each point of the surface. Also, he proved that A surface of revolution is the only
CGC cyclic surface [15].

(2): When v(s) = €y # 1, where €y is an arbitrary constant, the surface (1) is a surface
foliated by general ellipses, which were studied by Ali and Hamdoon [18]. They proved
that, with constant Gaussian curvature G, the following are equivalent:

(a): The surface foliated by general ellipses is a CGC surface.

(b): The surface foliated by general ellipses is developable.

(0): The surface foliated by general ellipses is a cylindrical surface that is part of a generalized
cone or a part of a generalized cylinder.

In this article, we will discuss and classify the surface foliated by general ellipses in
the form (1) such that v(s) is not a constant function, and we will show the following main
results for zero Gaussian curvatures in R3:

Theorem 1. The surface (1) foliated by general ellipses is flat if and only if it is a part of a conical
surface or one of the following surfaces: (31), (48), (56), (60), or (64).

Theorem 2. The surface foliated by general ellipses is a CGC surface (1) if and only if G = 0.

Theorem 3. Let I1 be a CGC surface foliated by pieces of ellipses in parallel planes. Then,
(1):G = 0.
(2): T1 must be parameterized, up a rigid motion of R®, as

X(s, t) = (el s+ep,€15+ £0,S> + (@1 s+ Co) (cos[t], Vo sinft], 0), 4)
where €0, €1, €0, €1, éOI él/ Vo € R.
As a corollary of both Theorems 2 and 3, we obtain the following.

Corollary 1. All surfaces foliated by general ellipses with constant Gauss curvatures must be
surfaces of revolution.

Remark 1. A conical surface or quadratic surface is a locus of points in the three-dimensional
space whose coordinates in a Cartesian coordinate system X(s,t) = (x,y,z) satisfy an algebraic
equation of degree two:
3 .3
Yo oaxd+ Y gk =0,
ij=1 k=0

where (x',x%,x3) = (x,y,z), while ajj and ay are constant coefficients. A conical surface intersects

every plane in a (proper or degenerate) conic section. Moreover, the cone consisting of all tangents
from a fixed point to a conical surface cuts every plane in a conic section, and the points of
contact of this cone with the surface form a conic section [19]. There are 17 standard-form types
of conical surfaces. An elliptic paraboloid, generalized cone, ellipsoid, sphere, hyperboloid of one



Mathematics 2023, 11, 3200

30f17

sheet, hyperboloid of two sheets, and hyperbolic paraboloid are some special conical surfaces. For
generalized cylinders, for example, an elliptic cylinder, hyperbolic cylinder, parabolic cylinder, and
circular cylinder are also special types of conical surfaces [20].

Note: The calculations for our problem are very complicated, so Mathematica was used
for computations.

2. Gaussian Curvatures

Consider I1, a surface in R® parameterized by X = X(6y,6,), and let {( denote the
unit normal vector field on I1. The tangent vectors to the parametric curves of the surface
X(6,,6,) are

_0X _0X
T = ﬂ/ 0, — 8792

and the unit normal on this surface is given by

Xg

}:91 X }:92

g= 0
X9, % Xo, |

where X refers to the cross-product. The Gaussian curvature G is

det(9H;;
G = det), 5)
det(QSi]-)
where
Gij = (Xg, Xg),  9ij = (Ko 0, i =12 (6)

To prove our results, it is necessary to transform the equation G = constant to an expres-
sion as a linear combination of the trigonometric functions {cosli f], sin[i t] }, where i is a
positive integer. Because the multi-linearity of the determinant shows that the denominator
of & is a trigonometric polynomial, of the form required by linearization, we can write the
above equation in the following interesting form:

8

3" (&i(s) coslit] + Fi(s) sinfit]) = 0 @)

i=0

where €;(s) and §;(s) are functions of only the variable s. Then, all these coefficients, ; and
§i, must equal zero. The next step is to calculate the explicitly form of the coefficients &; and
§; using a series of operations. Although the scalar curvature G can be explicitly computed,
for instance, using the Mathematica program, its expression is somewhat cumbersome.
However, the key to our demonstrations is that G can be written as

G — P(coslit],sin[it]) _ Yo (Yicos[it] + A; sinit]) ®)
Q(cos[it],sin[it]) P, (Qy cos[it] +¥; sinfit])

Given that the Gaussian curvature G is assumed to be constant, (8) transforms into
P (coslit],sin[it]) — G Q (cos[it],sin[it]) = 0. )

Equation (9) is a linear combination of the functions {cos|i t],sin[i t] }; then, the correspond-
ing coefficients must vanish. Here, it is not necessary to give the (long) expression of G
but only the coefficients of higher order for the trigonometric functions. Assuming the
curvature never vanishes, we can use w(s) = @(s)o(s) and b(s) = &(s) o(s), where @
and ¢ are functions of s.
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3. Proof of Theorem 1

In this section, we assume that G = 0 on the surface X(#,s). From (9), we have

-

PB(coslit],sinfit]) = ) (T; cos[it] +X;sinfit]) = 0.

i=0

Explicit computations of the coefficients I'; and X; show that the equation ¥4 = 0 leads to

2o {2va§02+1/’ (2a2+3)\2(72)} +2(c+@a) (av —vEo?)

@ = (10)
v (12 —1)A202
EquationI'y = Ois
_ 1 2 2 2 202,202 42 2 2,2
V= —75 (ca {C—Z(v —1)aa)} +v%0 [1/ @* (a* 4+ A% 0?) —2a*@
(11)
—02 & — \?¢? (1—1—(272)} +a*(@* 0 —v?) +ov/ (2aw0+r20’)>.
From the condition 23 = 0, we obtain
= 1 [c+ w@a] {va(4a0§+/\ [40A’+Aa’])
vAZg2
-2 (2612—/\202)] —v@ |avy <3A202—4a2) +A2024 (12)
+120 (4U§,u2 —A2od +Aa [40/\’4—/\0’})]).
As a result of the equation I'; = 0, we now have
&= 1 442 o2 [(vz—l)cw—ﬁvv’} —243 {(1/2—1)2(72(02—1/’2]
vZAZ gt
+vAo? {41/@02/\’—#)\1/’ ((:0'2—1—61/)} —oa |20 +200A%1"? (13)
—t PN 202 4120 (@2 +1) A2~ 2882] + Avv/ (4M’+M')D.
Now, based on the formula I', = 0, it leads to
1
"no_ 3 2 (.2 o o 2./ 2
A= R <3a [(DU’ (1*=1) (2c—wa) —2vEr*V +av }
+0a? (30(1/202§2 —c2) —6vAcV A+ A2 {wzgs (2 —-1)(2v*-1)
—4(71/’2—1/1/’0’]) —|—/\2¢73(UCZ—a)z)\2031/4+a/'\21/’2+21/AU1/’/\’ (14)

+12 {A203 (@2+1)+0 (c? 2 +3A%—¢a) +/\/\’U’D
+Aac? {6@1/202)\’ +A ((DC(TZ (2-31v3)+v[3¢c?*V +vogd —i—v’a’])}).
A straightforward computation for the condition £, = 0 leads to the following important

condition
vA?o? {(vz—l)wa—c} d = A (15)
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where
A = (a®—02)?) {6(@112 (V> —1)—@A?0?v? — 6ac}
+va(c+wa)[§a((72}\2—6a2)—Aa(éax\’%—/\(f’)} (16)
+oovd [ZC(M (3a> —0?) =P A3N + Aa? (60 N +)\U’)}.
The condition (15) gives us two possibilities:

A

vAZ g2 {(vz—l)wa—c}

3.1. Whenc # (»—1)wa = a =

In this case, the equation X1 = 0, becomes
(az—)\202> {1/0'2 (ga—i—r)t’)—(az—rzaz)v’} = 0. (17)
Again, from the above condition, we obtain the following two possibilities:

vo? (Ea+AN)
2 _ A2 g2
Substituting v’ from the above equation and v” from (11), the compatibility condition
/
= implies

ds

3.1.1. Whena # +0A = Vv =
1

2c(3a2— 02 A2) +aw [(31/2—2)02)\2—6(1/2—1)012} = 0. (18)

The above condition yields two cases:
a® {(31/2 —2)A%0? -6 (V? — 1)(12}

A
(3.1.1.1): When a # :i:% = c = 2232 . The com-
0> —3a
putation of the coefficient Iy = 0leads @wa = 0 = 7 = 0, a contradiction with
c# (V-1 wa.
oA . ey da . /
(3.1.1.2): Whena = ek Again, the condition 2’ = 7 8ives A= —+/30¢. Sub-
/ /
stituting in the conditions A" = a and v’ = dl, we obtain the following conditions,
& ds ds 8

respectively:

6c2+2V3(2-312)cAoco+ (1 —1) (¥ -2) A’ ?@® = 0,
6c—4V3(1E—1)cAoc@+2(1* —1)2A20?@* = 0.
The following condition results from subtracting the two conditions above
VAco [V3e— (1P —1)Acw@] = 0.

Now, there exist two cases:
(@: @ = 0. ThenTy = 0 = ¢ = 0 which contradicts c # (v> —1)@a.

2 _
(b):c = m = a = Ao which contradicts ¢ # (v2 — 1) @ c again.

V3 V3
312.a = 0 A

Substituting a = +0 A and 4’ from case (3.1), in the condition ' = Z—i, we have

(cC+7") [(5—41/2))ufa)+50} = 0.
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According to the above condition, let us distinguish the two possibilities:
/
(3.1.2.1): When A’ = —¢ ¢. Using A" in (14), the compatibility condition A" = %
2 _
resultsinc = W. On the other hand, the condition ¢’ = % gives
Vo® [(51/2 —6)oEv— (512 —12) /\v’} =0,
which implies two cases:
(@: @ = 0 = ¢ = 0, which contradictsc = (v* — 1) @a.
(b): v = M Using v from (11), the compatibility condition v" = '
T Tz —1)a e ’ P Y = s
becomes
80042 — A% (52 —12)2 [32+ (32— 4012 +50) @ = 0,
which leads to
A(5V2—12) /(4012 — 32 - 514) @2 — 32
= j: .
¢ 20212
. 7 d‘: . .
Now, applying ¢’ = 7+ Wearrive at the following:
(85v* — 26412 + 144) Ao = 0.
Because the function v(s) is not constant, ® = 0. Therefore ¢ is imaginary, which is a
contradiction. 5
(3.122): A # —0& = ¢ = w. SoT; = 12v2¢? (0 &+ A') A*, which

is impossibly equal to zero.

3.2. Whenc = (V> —1)@a, Then A = 0and 2v* A\?> 0 @@ {1/02 (Ea+rA)— (a®—
A2 02) v/ } =0
The above condition suggests two possibilities:

321.0w =0

If we substitute @ = 0 into equation I'; = 0, one can obtain the following condition:

vol&a—a’v + Ao? (Av)’} <4a (A% 02 —a2> v/

(19)
+vo [4512(7@ — Ao (o?g+a)+Ara(do A —1—/\0’)}) =0,
which yields two cases:
B21D:vo*ia = a®v —Ao? (A 1/)/. Again, we consider two subcases:
2.0 2 !
a*v' —Ao* (Av) .
(ID): Whena # 0 = ¢ = Py . Now, we rewrite v” as follows:
! 5! 2 12
=10y VY (/\12/) . (20)
o va
Rewrite again the above equation in the following form:
/ ! ! 1
PSSy LA Y (21)

v (% vo v
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!/
Hence, the compatibility condition A’ = ar gives the following ordinary differential
ds
equation (ODE):
30 vy (v
" 3 v Vy o
v+ (40 a)+7 (U) <U) 0. 22)

If we apply the following transformation,

#6s) =2 [als)ds,  v(s) = \/B(¢)

Equation (22) becomes

d*B(¢)  dB(¢p)
10 i 0. (23)

The general solution (GS) of the above equation is

B(¢) = e1+ e sin[g] + +e3 cos[p] = v(s) = \/61 + € sin[¢(s)] + +e3 cos[¢p(s)]. (24)

e1 N (s) + [e2A!(s) —e30(s) A(s)] sin[¢p(s)] + [e3 A/(s) + €20(s) A(s)] cos[qb(s)].

Solving Equation (21), we obtain

a(s) = (25)
el +el—et
Then, we have the following solution:
b(s) = €10(s) A(s) + [e2A/(s) —e30(s) A(s)] 2cos[(i;(s)]z— [e3A(s) +ex20(s) A(s)] Sin[4)(5)]/ 26)
€3+ €5 — €7

and c(s) = w(s) = 0, where €1, €3, and €3 are arbitrary constants, while o (s) and A(s) are
arbitrary functions of s.
For this solution, the base curve « is a plane curve, and the position vector takes the

following form:
a(s) = /(cos [/U[s] ds},sin [/U[s] ds},O) ds. (27)

After the computation of the Frenet frame of base curve «, the position vector X1 (s, t) =
(x1,x2,x3) of the developable surface is given by

= A — 2 sl sin (€1 + €3) cos [¢[s]] ] ,
xq (s) ( T o H) [y[s]] + i g
— €1 —€3) sin [W[s | (28)
X = A(s) <2€2H+cos[t]> cos [y[s]] + (€1 23) S2 [lpi 1] ,
€3+ €5 — €7 €2+ 62 — 2
x3 = A(s) sin[t] \/e1 + €2 sin[2¢(s)] + €3 cos[2p(s)],

where (s) = [ o(s) ds. The above surface, in Cartesian coordinates, is given by:
(1 —e3)x] —2erx1 %0 + (€1 +€3) %5 + 13 = 0.
Now, we can write the following Lemma:

Lemma 1. The developable surface (28) foliated by general ellipses represents a conical surface in
Euclidean 3-space.
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(ID: When a(s) = 0, the condition in the case (3.2.1.1) leads to v(s) = %, where v

is an arbitrary constant. Now, we can rewrite the equation of ¢’ as the following:
¢ _ 3
¢ AT
The GS of the above ODE is &(s) = & A3(s), where & is an arbitrary constant. Hence, the

equation of A" becomes

AT 2N o a2 A (1+¢5A%)

N A o A

The GS of the above ODE is
Aot /A3+4& sin |2 [odo]

1/2
(1 cos [t Jode]) (13425 e | fm})l @

A(s) = £2

where A is an arbitrary constant. Hence, all coefficients I'; and X; vanish. In this case, we
have:

a(s) = c(s) = w(s) =0, b(s) = &A%(s)o(s), v(s)= )’ (30)

where A(s) is given by (29) and ¢(s) is an arbitrary function of s, while Ay, {o, and v are
arbitrary constants. Therefore, the parametrization of the tangent vector of the curve C(s)
is given by

B'(s) = GoA’(s)o(s)M.
Hence, there exists Cy € R3 such that

Bls) = Cot8o [ A(s) ols) N(s) ds,
The parametrization of this surface is given by
Xp(s,t) = Co+& [ A3(s) o(s) Mds + A(s) cos|t] N+ vy sin[t] B, (31)

A(s) is given by (29), and ¢(s) is an arbitrary function of s while Ag, y and vy are arbitrary
constants.

(321240 (202 —a?) v +vo [4a2 08— Ao (G +a) + Aa (40N +A0")] = 0.
This case splits into two subcases:
oA 463V —4rc2a (Av) + oA (cd —ad)

(I): When a # j:T = ¢ = vo? (2d2 — o2 A7) . Thus the

equation I'y = 0 becomes
(a* — 0* A?) [az (cv —vd') +voad — Ao ()\v)/} = 0.

The previous equation has two solutions:

LAy a — +7 VA +a
v

the following cases:

and a9 # 0 is an arbitrary constant. Now, we examine
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(I-A.1): v> A2 + ay # 0. We have the following conditions:
v\’
o (ag+v2A%) |vo+ <U) +v ()\1/)’2 =0,
32
A a N L 0 (Ad2v? =240 —4vv' V) + AvE (02 A2 —2A"2) 32)
oo 12 (ﬂo +12 AZ) :
Now, all coefficients I'; and Zj are zero and we obtain the following solution:
2 2 I(a) _ 13 /
as) = o(s) \/v?(s) A%(s) +a0, b(s) = agV'(s) —v°(s) rA(s) A (s)l
v(s) v2(s) \/v2(s) A2(s) + ag
v(s) = €1 cos[p(s)] + e sin[p(s)], w(s) = c(s) =0, (33)
Ms) = e F A POy fos)as,
(el cos[¢(s)] + €2 sin[cp(s)]) — )\%

2
AMer—e€1Az)” — A% (A2 4 A3
where ag = (e 5 ! 22) 5 0 (2 1+43) , while o (s) is an arbitrary function of s and
Af (€1 + €3 — AF)
A1, A2, Mg, €1, and € are arbitrary constants. Therefore, the parametrization of the tangent
vector of the curve B(s) is given by

[ZA2F Ago T . [/\01/’—1/3/\/\’] N

/
S =
Fs) v V2 V2 A%+ A

Hence, there exists Cy € R such that

)
B(s) :CO—M,

v

The parametrization of this surface is given by

v2(s) A%(s) 4+ Ag
v(s)

The above surface can be expressed by the Cartesian equation below:

X3(s,t) = Co+ (/\(s) cos|[t] — ) N+ A(s) v(s) sin[t] B. (34)

(/\1 €) — €1 )Lz)z — /\% (/\% + }\%)
A (et + €3 —A9)

B+ (€221 —€1x2)” — A2 (2 4+ 22) +

(35)

2 [(/\1 €) — €1 /\2) (62 X1 — €1 XZ) — /\% (/\1 X1+ /\2 xz):|

AoJer+e5—A3

From the above discussion, we proved the following Lemma:

Lemma 2. The developable surface (34) foliated by general ellipses represents a conical surface in
Euclidean 3-space.

(I-A2): V2 A2 +apg = 0 = v(s) = , where &g = —1} is an arbitrary negative

10
o)

constant. This case leads toa = b = ¢ = 0, which is a contradiction again.
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(I-B): a(s) = 4o A. The equation of A" can be written as

AN oz A

S W U

The GS of the above ODE is
Ao
cos {fa(s)ds} + Aq sin [fa(s)ds} '

As) = (36)

where Ay and A are arbitrary constants of integration. Therefore, the equation of v”

becomes
V(14 A3)2A2 [ 2N
—t == |- - (37)
v AL v o A v
The GS of the above equation is
v(s) = v \/cos [fa(s) ds] + 11 sin [fo(s) ds} \/cos {fa(s)ds} + Aq sin [fo(s) ds] (38)

where 1 and v; are arbitrary constants of integration. Now, all coefficients I'; and X; are
equal to zero. Then, we obtain the following solution:

a(s) = o(s)A(s), b(s) = =A(s), c(s) = w(s) =0, (39)

where the functions A(s) and v(s) are in (36) and (38), respectively, while o (s) is an arbitrary
function of s, and Ag, A1, vp, and v are arbitrary constants. Therefore, the parametrization
of the tangent vector of the curve f(s) is given by

B'(s) = A(s)o(s) T — A/(s) M.
Since w(s) = 0, a(s) is a plane curve, and it is easy to prove there exists Cy € R® such that
B(s) = Cop— A(s)N.

The explicit parametrization of this surface is given by

cos {fa(s)ds} + 17 sin {fa(s)ds}
cos [fa(s)ds} + Aq sin [f(r(s) ds}

The position vector X4(s,t) = (x1,xp, x3) of this developable surface is given by

X4(s,t) = Co+ A(s) (cos[t] —1) M+ Ag1g

sin[t] b. (40)

Ag sin {fﬁ(s) ds} (1 — coslt])
X1 = ’
cos [fa(s) ds} + Ap sin {fa(s) ds}
X = Ao A " Ao COS[t]
A1 + cot [fa(s) ds} 1+ A tan {fa(s) ds} , (41)
o~ Ao cos {fa(s)ds} + 17 sin [fa(s) ds] sinfe].
cos {fa(s)ds} + Aj sin [fa(s) ds}

The above surface satisfies the following equation:

Vl/\lx%—i-)\o()tl—vl)xl—()\l +v1)x1x2—0—x%+1/62x§ = )\%
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Then, we have the following Lemma:

Lemma 3. The developable surface (41) foliated by general ellipses represents a conical surface in
Euclidean 3-space.

A
(IN): Whena = :I:%, the condition in the case (3.2.1.2) becomes

(vA) [3Av +4vA +20vE] =0,

which yields two cases:

42
(I1-A): v(s) = %, where vy is an arbitrary constant. Now, the condition v" = dTZ
)\/
yields ¢ = — 75 Hence, the equation of A" becomes
YO
NoA o A
The GS of the above ODE is

Ao

Me) = cos [fU(S)dS} + A1 sin UU(S) ds} |

(42)

where Ag and A; are arbitrary constants. Hence, all coefficients I'; and ¥; are equal to zero.
Therefore, the parametrization of the tangent vector of the curve f(s) is given by

iy TAT A

Since w(s) = 0, a(s) is a plane curve, and it is easy to prove that there exists Cy € R® such
that

AN
B(s) = Co— o
The parametrization of this surface is given by
Xs5(s,t) = Cop+r(s) (cos[t] - ;) N + by sin[f] B, (43)

where Ay, A1, and vy are arbitrary constants while ¢ (s) is an arbitrary function of s such
that w(s) = 0. The position vector X5(s,t) = (x1,x,x3) of this developable surface is
given by

Ag sin [fa(s)ds} (1—2 cost])

2(cos [fO'(S) ds} + Ay sin {IU(S)ds]),

Xy = Ao M n Ao cos|t] , (44)

A1+ cot [fa(s) ds] 14 Aq tan {fa(s) ds}

X1

X3 = vp sin[t].
The above surface satisfies the following equation:

(/\1 X1 — X2)2 ﬁ
AG AG
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Then, the following lemma is proved:

Lemma 4. The developable surface (44) foliated by general ellipses represents a conical surface in
Euclidean 3-space.

/ !/
(II-B): { = W. Now, the equations of v" and r” yields the following
conditions:
LN+471//+87/\/_£/+1(02+47A/2)
v v AoV Az
(45)
ATsSA 6V A, 32
T e w ()
The GS of the above equations are
v(s) = \/cl + ¢y sin {2 Jo(s) ds} + c3 cos {2 fa(s)ds},
46
ca 1 c2 + (€1 — ¢3) tan [f(r(s)ds] (16)
Als) = o) exp| 5 tanh
34—
Hence, all coefficients I'; and %; are equal to zero. In this case, we have:
o(s)A(s) , 3A(s)V'(s)

a(s) = TEAEL ) O+ 505, w6 = e =0 @)
where 0 (s) is an arbitrary function of s while ¢;, i = 1,...,4 are arbitrary constants.
Therefore, the parametrization of the tangent vector of the curve f(s) is given by

B = (AT 3AEvE)T
N 2 2v(s) ’
Hence, there exists Cy € R3 such that
B A(s) M 3[A(s)v(s)] M
Be) = Qo= 5~ [ S
The parametrization of this surface is given by
3[A(s)v(s)]’ 1
Xe(s,t) = Co— [ <[2(1/)(s)()]) Nds + A(s) (cos[t] - 2) N+ A(s) v(s) sin[t] B. (48)
322. When@ # 0, Thenvo® (Ga+AN) — (a2 = 220%) v/ = 0
) a2y —Ao? (/\1/)/
Let us consider two cases: (3.2.2.1): Whena # 0, then¢ = . Ifwe

2
vac
rewrite the equation of @’, then we obtain

! 2/3
_ 3vv I Vb + @ (49)

21 B @l/3 7

8[8,
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/
. . o, v
where by is an arbitrary non-zero constant. Now, the condition v/ = — leads to the

ds

following condition:
2
Qe = o [VO/\w’—sswA’ (b0+/\w2/3)] ) (50)
where

Q(s) = 90° @? (bo +w2/3)2(b0 @*/3 — 1)

(51)
+3by@ (bo + 02/3) [c@" — o' @] —byo@'? (4by +50%/3).
The above equation divides into two cases:
o3/2 [bo)\co’ —3@\ (bo + w2/3)}
M:Q(s) #0 = a = o) . Substituting inI's; = 0,
s
we obtain the following condition:

Yoo e’ - (3w’ +50a") @"] (52)

= [90@ (00" 50" @) —400? @'2 4+ 27 @2 0’2 4+ 36 0* (@? + @*)] @'

Now, all coefficients, I'; and %;, are equal to zero. Integrating twice, the above condition
gives

@ = 30@+\/c; @3 +c, @?/3 — @2 —1. (53)
Hence, we have

_ boA(s)@'(s) —3@(s) A'(s) [bo + @*/3(s)]
B 3o @3/3(s) ’

a(s)

b(s) — bo A (s) @'(s) +30%(s) @(s) [bo + (bo cr 4+ 1) @?/3(s) —i—b% (04/3(5)] (54)
(s) = 3coo(s) @3/3(s) ’

c(s) = boa(s) @3(s), v(s) = /1 —Dby@=2/3(s),

where ¢y = \/ bS +c1 bg —cpbp — 1, by, c1, and ¢; are arbitrary constants, while o(s) and

A(s) are arbitrary functions of s such that the curvature and torsion of the base curve a(s)
are related by the following equation:

;Sln[‘:((ss))} = 30(s) \/cl (;1((3)4/3“2 (‘:((SSDZ/S = (‘:((:Dzl (55)

The parametrization of this surface is given by

X7(s,t) = /[a(s)‘I +b(s)MN+ boa(s)wl/3(s)%] ds + A(s) [cos[t]‘ﬂ +1/1—by@=2/3(s) sin[t]%} . (56)

(ID: When Q)(s) = 0, the condition (50) leads to the following two conditions:

boAd = 30N (bo + w2/3), (57)

(58)

N 4bg+5A23\ @ 90%@ (bg+ @*/3) (1 —by@*/3)
o o bo+A23 | @ bo @’ '
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Now, all coefficients I'; and X; are equal to zero. In this case, we have:

_ boa(s) @'(s) _
bo) = e e nE SO = WA @),
, (59)
ro@'/3(s) by + @2/3(s)
A(s) = b?)—k—a)m(s)’ v(s) = W/ w(s) = o(s) @(s)

where a(s) and o (s) are arbitrary functions of s and the functions @(s) and o (s) are related
by the condition (58), while by and r( are arbitrary constants. Therefore, the parametrization
of the tangent vector of the curve B(s) is given by

by CD’(S) n
) [to@ + A573(5)

B'(s) = a(s) [If o + by @'/3(s) b%]

Under the condition (58), we can prove that

a
ds

T by @' (s) M bo@/3(s)B| 0
A(s)  30(s) A(s) [bo @ + @5/3(s)] A(s) o
Hence, there exists Cy € R3 such that

b() (D/(S) N
(s) [bo @ + A5/3(s)]

Bls) = Cot1(s) [T~ 5 +h@'/(s) ),

where A(s) 7(s) = [ A(s)a(s)ds, and the developable surface is given by

Xg(s,t) = Co+1(s) T+ (17(5) b(s) + A(s) cos[t}) N+ (bo 17(s) @3 +rg sin[t]) B, (60)

where o (s) and w(s) are functions of s satisfying the relation (58) while ry and by are arbi-
trary constants.

bo . . y N 3A

(3222:a=0=v = T When we rewrite the equation of ¢, we obtain = = o

¢

So we have & = g A3, where p is an arbitrary non-zero constant. Again, rewrite the
equation of @', and then obtain the following:
@' 33N

@ ABR—-A2) (1)

by @'/3 \/r%+row2/3+/\4/3

Therefore, A = , where 1y is an arbitrary constant. Substitut-
@ -3
A/
ing into the equation of A’ = AL obtain
4rg—50*3\ @  90%w@ 43 23y, b ug@*?
)_ (ro—@2/3 o = o (1—|—1’0(D )(1’0—(@ )+7l’0—(@2/3 . (62)
Now, all coefficients I'; and X; are equal to zero. Therefore, we have
a(s) = c(s) =0, b(s) = poo(s)A*(s),
(63)

15 + 10 @*/3)(s) + @*3)(s)

A(s):bowm)(w S r = 3y
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where the functions ¢ (s) and w(s) are related via the condition (62) while by, yo, and r are
arbitrary constants. Then, the parametrization of the tangent vector of the curve B(s) is
given by

B'(s) = moA3(s) o (s) M.

Hence, there exists Cy € R such that
Bs) = Cotpo [ A(s)a(s) () ds,
The explicit parametrization of this surface is given by
Xo(s,t) = Co+po [ A3(s) o (s) MNds + A(s) cos[t] M+ by sin[t] B, (64)

where the functions ¢ (s) and w(s) are related by the condition (62) while ry, yo, and by are
arbitrary constants. From the above discussion, the main Theorem 1 is proved.

4. Proof of Theorem 2

In this section, we assume that the surface (1) has a non-zero constant Gaussian
curvature Gy. In this case, Equation (9) can be written in the form

8
Y Ti(s)cos[it] + Zi(s) sin[it] = 0
i=0
One begins to compute the coefficients I'; and X;. The first coefficient
Y =20 —1)Goo@ A> v/ (02 (1 —1) [(1/2 -1)@* - 1} - 1/’2).

The vanishing of the coefficient 23 yields two possibilities:

\/1//2+(7’2 (12 —1)
oc(v2—-1) #0

The computation of the coefficient I's leads to

41 @(s) = +

2G3ATV2 |2+ 0% (- 1) =0,
which implies v'2 4 02 (v> — 1) = 0, a contradiction with @(s) # 0.
42.@(s) = 0
2
Now, I's = —% GoA® [1/’2 — (1 -w?) 0’2] = 0 gives vv/ = +0v1—12, where

|v| < 1. In this case, we have

ro = G- (o Vi -or) -]
5o = 16601~ )20 (5T -0,

For vanishing coefficients I's and X, we obtain the following:

ocv

V1I—12

c(s) =0, a(s) =
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2v> -1)oA 32 Gy 12 A3 o &2
The computationof 'y = Oleadsto A’ = u. The coefficientI'; = 01/2—5

2v4/1—1? 2 —1

= Oimplies { = 0and then (a, b, ¢) = (0, 0, 0), which is a contradiction. Therefore, the
proof of the Theorem 2 is completed.

5. Proof of Theorem 3
Let M be a surface in R® with zero Gauss curvature G and foliated by a piece of ellipses

in parallel planes. Without loss of generality, we assume that the planes of the foliation are
parallel to the (x; — x,)-plane. Let

X(s,t) = (f(s) +17(s) coslt], g(s) + b(s) r(s) sin[t],s), selLove], (65)

p
be a local parametrization of M. If we put G = W in the computations of the Gauss

curvature G, it yields
4
P =) (Tjcos[it] + &;sinit]) = 0.

i=0

A computation yields the following non-zero coefficients :

I = —4b%f", Y = —4bg’,
! ] /! r blz
I, =202V 7 +rb"), 1142 > (66)
r(b?+4bb")+8b(br')
Ty = — :
2

In view of the above expression of P = 0, it follows that b’ = 0,and so b = by, where by
is an arbitrary constant. Then, Ty = —4b?r". Sowe musthaver” = f” = ¢’ = 0. Asa

consequence, there are constants ry, 1, fo, f1, g0, and g; such that

r(s) =riu+r,
f(s) = fiu+fo, (67)
g(s) =gu+go,

that is, the functions f, g, and r are linear on s, and so, the surface is a generalized cone.
Therefore, the proof of Theorem 3 is completed.

6. Conclusions

From the above discussion, we have proved the following important theorems:

(1): The surface (1) foliated by general ellipses is flat if and only if it is a part of a conical
surface or it takes one of the following forms: (31), (48), (56), (60), and (64).

(2): The surface foliated by general ellipses is a CGC surface (1) if and only if G = 0.

In general, if the surface (1) foliated by general ellipses is flat, then the parame-
terizations of this surface can take one of the following nine forms: X(s,t) = X;(s,t),
i =1,2,...,9 where X;(s, t) takes the forms in the Equations (28), (31), (34), (40), (43),
(48), (56), (60), and (64) respectively. Four of these surfaces are conical surfaces, as intro-
duced in Lemmas 1-4. The other five surfaces take the forms in the Equations (31), (48),
(56), (60) and (64). For the surfaces X(s,t) = X(s,t) and X(s,t) = X(s,t), the base
curves are plane curves with arbitrary curvature functions. Furthermore, in the surfaces
X(s, t) = Xy(s,t), X(s,t) = Xg(s,t), and X(s,t) = Xo(s,t), the base curves are special
types of space curves where the curvatures and torsions are related via the conditions (55),
(58) and (62), respectively.

All results introduced by Lopez [15-17] are special cases of our present work when
v(s) = 1. Also, when v(s) = €y # 1, where ¢ is an arbitrary constant, the surface
(1) is a surface foliated by general ellipses, which are studied by Ali and Hamdoon [18].
They proved that The surface foliated by general ellipses is a cylindrical surface that is part of a
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generalized cone or a part of a generalized cylinder. However, our results are a generalization of
these results because a generalized cone and a generalized cylinder are special types of con-
ical surfaces. Recently, many authors considered circular (cyclic) surfaces with a constant
radius in Euclidean and Minkowski 3-space. They studied some geometrical properties
such as: Singularities and striction curves compared with those of ruled surfaces (see, for
example, [7-11]). However, our work is different from these papers in two ways: (1): We
considered the circular surfaces foliated by general ellipses, which are generalizations of
circles. (2): We obtained a complete solution of a flat problem of cyclic surfaces foliated by
general ellipses. Ali [21] studied the constant mean curvature surfaces foliated by ellipses in
three-dimensional Euclidean space R3. In future work, we hope to study the CMC surfaces
foliated by general ellipses in Euclidean space R® or in Minkowski space R3.
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