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Abstract: In a thin heterogeneous porous layer, we carry out a multiscale analysis of Smoluchowski’s
discrete diffusion—coagulation equations describing the evolution density of diffusing particles that
are subject to coagulation in pairs. Assuming that the thin heterogeneous layer is made up of
microstructures that are uniformly distributed inside, we obtain in the limit an upscaled model in the
lower space dimension. We also prove a corrector-type result very useful in numerical computations.
In view of the thin structure of the domain, we appeal to a concept of two-scale convergence adapted
to thin heterogeneous media to achieve our goal.
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1. Introduction and the Main Results

The use of the Smoluchowski equation has proved very efficient in modeling several
natural and physical phenomena in chemistry, astrophysics, aerosol science, physics, engi-
neering and biological sciences, just to cite a few. Some applications arise in the modeling
of polymerization in chemistry, the motion of a system of particles that are suspended in a
gas, the behavior of fuel mixtures in engines (in engineering science), the formation of stars
and planets (in physics) and red blood cell aggregation. In this work, we are particularly
interested in its application to the aggregation and diffusion of particles.

More precisely, we are concerned with the application of the Smoluchowski equation in
the modeling of Alzheimer’s disease (AD), as it is a system of partial differential equations
aimed at describing the evolving densities of diffusing particles subject to coagulation in
pairs. Recently, the crucial role of the Smoluchowski equations in the multiscale modeling
of the evolution of AD at different scales has been considered in [1-4], where the authors
proposed a suitable mathematical model for the aggregation and diffusion of f-amyloid
(Ap) in the brain affected by AD at the micro-scale (that is, at the size of a single neuron)
and at the primary step of the disease when small amyloid fibrils are free to move and
merge. We also refer to [5-8] for some other works in the same direction. In the model
considered in [2], a tiny part of cerebral tissue is viewed as a bounded domain Q) C R?,
which is perforated by removing from it a set of periodically distributed holes of size &
(the neurons). Moreover, the production of Af in monomeric form at the level of neuron
membranes is modeled using a non-homogeneous Neumann condition on the boundary of
the porosities.

In the current work, we consider the model stated in [2] but, this time, in a thin porous
layer. This is motivated by the fact that Alzheimer’s disease particularly affects the cerebral
cortex (responsible for language and information processing) and hippocampus (essential
for memory), which represent very thin layers of brain tissue and contain thousands and
millions of neurons. Here, we describe a very small layer of brain tissue by using a highly
heterogeneous thin porous layer in which the heterogeneities are due to the number of
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millions of neurons that the brain tissue can contain. To be more precise, our model problem
at the micro-level is stated below.

Let ) be a bounded open Lipschitz connected subset in R2. For 0 < & < 1 to be freely
fixed, we set

Qg:Qx(—s,s):{(Y,xg)e]R?’:YEQand —s<x3<s}.

We denote by Z = Y x I the reference layer cell, where Y = (0,1)> and I = (—1,1). Let
Zy C Z be a compact set in Z with a smooth boundary, which represents a generic neuron,
and let Z; = Z\Zy be the supporting cerebral tissue (often called the solid part in the
literature of porous media).

Let us set a notation that is used throughout this work. Let 0 < ¢ < 1. For any set
S C R%and any k € Z? (with Z denoting the integers), we set

sk — {x€R3:x:s(k+y) foryES}.

With this in mind, let K, = {k € Z? x {0} : Z¢F C Q,}, and set T¢ = Uknger'k- We define
the thin porous layer by

OFf = O \T? (points in Q) lying off T¢).

The boundary of ()¢ is divided into two parts: the outer boundary dp()* = 9Q)¢ and the
inner boundary I'* = dT*. We also denote by I' = dZ; so that I'* = Ukek, I'®F. Finally
we denote by v the outward unit normal to I'*. We assume that () is connected and that
|Zs| > 0, where |Z;| stands for the Lebesgue measure of Z; in R®. The e-model reads as
follows: for m = 1, uj solves the PDE

€ M
aaitl —div(d1Vuj) + uj 421011,]'14‘;7 =0inQ,=(0,T) x OF
]:

€
ouj

%9 =0on (0,T) x 9% )

for1 < m < M, u, solves the PDE

M

it . .

gt’” — div(dy, Vug,) + uf, lzlam,j ; = finin Qe
]:

e 2
% — 0on (0,T) x O @
u%,(0,x) = 0in QF;
and for m = M, uf; solves the equation
ouj . .
ag—g’f —div(dpyVus,) = g in Qe
M =0on (0,T) x 90 (©)
u5;(0,x) = 0in QF,
where
€_1m_1 €,.€ _1 €,.€ dﬁt _ t*'x t 4
fim = 5 Z Bjm—jUjlm—jr 8e = 5 ) ajjujup and °(t, x) = 9( ,x,g) (tx) €Qe). (4
j=1 ]+k2M
j<M, k<M

We assume the following:
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Hypothesis 1 (H1). The coefficients a; ; are positive constants and satisfy a;j = a;; (1 <1i,j < M)
with appm = 0, and the diffusion coefficients d; are positive constants that become smaller as j
becomes large;

Hypothesis 2 (H2). The function y* is defined by ¢*(t,x) = ¢(t,%, %) ((t,x) € Qe), where
X,

p e cl([o, T];Cl(ﬁ;C;er(Y;Cl(I)))) with0 < i < 1and (0, y’) =0for (x,y) € QA x Z.

loc

periodic. In (1)—(3), V stands for the usual gradient operator, while div denotes the di-
vergence operator with respect to the variable x; T is a positive number representing the
final time. The unknowns are the vector value functions u¢ : Q; — RM, y¢ = (ui, ..., u5),
where the coordinate uf, > 0 (1 < m < M) stands for the concentration of m-clusters, that
is, the clusters made of m identical elementary particles, while uj, takes into account the
aggregation of more than M — 1 monomers. It is worth noting that the meaning of uj, is
different from that of uf, (m < M), as it aims to describe the sum of densities of all the large
assemblies. It is assumed that the large assemblies exhibit all the same coagulation proper-
ties and do not coagulate with each other. We also assume that the only reaction allowing
clusters to form large clusters is a binary coagulation mechanism, while the movement of
clusters leading to aggregation arises only from a diffusion process described by the con-
stant diffusion coefficient d, (1 < m < M). The kinetic coefficient a; ; arises from a reaction
in which an (i + j)-cluster is formed from an i-cluster and a j-cluster. Therefore, they can
be interpreted as coagulation rates. Finally, f;, (1 < m < M) represents the formation of
m-clusters via the coalescence of smaller clusters, and g, accounts for the formation of large
clusters via the coalescence of other large ones that have the same coagulation properties.

Our main aim in this work is to investigate the limiting behavior as ¢ — 0 of the
solution #*® to (1)—-(3) under the assumptions (H1)-(H2). This falls within the scope of a
multiscale analysis through the homogenization theory in thin porous domains.

Most structures in nature exhibit multiscale features both in space and time. In biologi-
cal sciences, modeling and simulation have proven to be useful and necessary in describing
and explaining many biological processes. To meet the challenge of their complexity, and
in order to numerically model such features and capture these multiscale phenomena
as correct as possible, mathematical modeling and theoretical concepts combined with
the development of efficient algorithms and simulation tools must be emphasized and
promoted. One such mathematical concept that has seen tremendous development dur-
ing the past 50 years is the theory of homogenization. Roughly speaking, homogenization
consists of replacing the generally complicated study of heterogeneous and composite
phenomena, often modeled using (nonlinear) partial differential equations (PDEs) with
variable coefficients, by the study of equivalent homogeneous phenomena with the same
overall properties but modeled using PDEs with non-oscillating coefficients, which is ideal
for numerical analyses, interpretation and predictions, hence the important role of this step.
Homogenization offers a rigorous mathematical framework allowing for the modeling
and analysis of composites in various environments. This is especially the case when the
environment is represented by a domain that is the union (or the complement of the union)
of subdomains of a very small size, say, a domain containing infinitely many holes such
as the one under consideration in this work. That is why the macroscopic model that is
derived in this work is more relevant in practice than the microscopic one.

There is a huge literature on homogenization in fixed or porous media. A few works
deal with the homogenization theory in thin heterogeneous domains; see, e.g., [9-15]. As
for homogenization in thin heterogeneous porous media, very few results are known up
to now. We may cite [9-12,14]. Concerning the Smoluchowski equation as stated in this
work, to the best of our knowledge, the only work dealing with its homogenization is the
study in [2], in which the considered domain is a uniformly perforated one that is not
thin. Our contribution in this work is twofold: (1) The domain ()¢ is a thin heterogeneous
porous layer. This renders the homogenization procedure not easy to handle. Indeed, to

In (H2), C},er(Y;Cl(I)) denotes the space of functions in C} (R?;C!(I)) that are Y-
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achieve our goal in Theorem 1 below, we make use of the partial mean integral operator M;
(see below for its definition) associated with the extension operator, while in [2], even the
extension operator is not used. (2) We prove in Theorem 2 a corrector-type result allowing
us to approximate each ¢, by a function of the form v, (t, x) = u,(t,%) + eul, (t,%,x/¢),

where the functions u,, and 1}, do not depend on e. We summarize our main results below.

Theorem 1. Assume that (H1)—(H2) hold. For any € > 0, let u® = (u%,)1<m<m be the unique
solution of (1)=(3) in the class (C1T22+¢(Q.))M, (x € (0,1)). Let also M and E, respectively
denote the partial mean integral operator and the extension operator defined by (37) (see Section 3)
and in Lemma 1 (see Section 2). Then, as ¢ — 0, one has, forany 1 < m < M,

MEcu, — uy, in LZ(Q)—strong, (5)

MeVEcuf, — Vxuy in L*(Q)*weak, (6)
out, Oy .

M.E.—" 5 o ! L*(Q)-weak, (7)

where u = (uy)1<m<m € [L*(Q) N L%(0, T; HL(Q)) N HY(0, T; L*(Q))M is the unique solu-
tion of system (8)—(10) below:

aﬂ — divg(d1AVzuq) + 0uy Za1]u] =dipinQ=(0,T) xQ

8
AV - n—Oon(OT)xE)Q ®)

u1(0,%) =0in Q)
Ifil<m<M,

M
a”—"’ — divy(dm AV xum) + Oty Zam] =3 Zajrm,]«u]-um,]‘ =0inQ
i—1

=1 = 9)
AVxuy -n=00n(0,T) x 90

um(0,%) =0in Q;

and
Ba”M — divg(dpmAVsum) —§ ¥ ajxujug =0in Q
j+k>M
j<M, k<M (10)

AVzup-n=00n (0,T) x 0Q
up(0,%) = 0in Q.

Moreover, u € (C'T22+¢(Q))M and is such that
Uy >0imQ,m=1,..., M. (11)

In (8)—(10), n is the outward unit normal to 0Q) and the matrix A = I + Vyw, where I is the
2 X 2 identity matrix and w = (w;)i=1 2, with w; being the unique solution (up to the addition of
function v; € HY(Y; H' (1)) such that v; = 0in Zs) in HY(Y; H'(I)) = {u € per(Y HY(I)) :
[ udy = 0} of the cell problem

{ divy (e; +.Vywi) = 0 inZs, (ej+ Vyw;)-v=00nT, (12)
wj(.,y3) is Y-periodic,

where, here, v stands for the outward unit normal to T', and e; is the ith vector of the canonical basis
in R3; the functions 1 and 6 are respectively defined by P(t,%) = [ ¥(t, %, y)do(y), (t,%) € Q
and 0 = |Zs| (the Lebesgue measure of Zs in R3).
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The partial mean integral M, considered in Theorem 1 is defined, for function ¢, by

€

M (£, %) = Zle [ (65,0 for (1,%) € Q.

System (8)—(10) is the upscaled model arising from the e-model (1)—(3). It is posed in a
two-dimensional space, leading to an expected dimension reduction problem, as usually is
the case for the homogenization theory in thin domains. Moreover, the Neumann boundary
behavior in (1) now plays the role (in the upscaled model) of the source term in the leading
equation in (8) so that, in the case of (1), the limiting equation does not have the same form
as the original equation posed in the e-model. For (9) and (10), apart from the diffusion
term, they are similar to the e-equations in (2) and (3).

Now, let w; (i = 1,2) and uy; (1 < m < M) be as in Theorem 1. We set

z 9
ul (t,%,y) = ij(y)%(t,f) = w(y) - Vxup(t,x) for (t,%,y) € Q X Z, (13)
=1 j

where w = (wy, wy). We have u}, € L2(Q) ® Hi(Y; H'(I)), where Hj(Y; H(I)) stands for

the space of u functions in H} .(R?; H'(I)) that are Y-periodic and satisfy . 7, u(y)dy = 0.
With this in mind, the second main result is a corrector-type result and reads as follows:

Theorem 2. Foreach 1 < m < M, assume that u% defined by (13) belongs to L2(0, T; Hl(Q)) ®
Ci(Y; HY(I)), where C(Y; HY(I)) = {u € CL.(R%; H'(I)) : u is Y-periodic and [, udy = 0}.
Then, as ¢ — 0, one has \

-0 (14)
LZ(O,T;Hl(QS))

where (u},)é(t, x) = ub, (t,%,x/¢) for (t,x) € Q..

The result in Theorem 2 allows us to approximate u}, in Q. by function v%, of the form
v¢,(t,x) = up(t, %) +uk(t,%,x/¢) for (t,x) € Q. Theorem 2 is new in the literature of
the homogenization of the Smoluchowski equation and is very important as far as the
quantitative homogenization theory of such kind of equations is concerned.

The plan of this work is as follows: In Section 2, we investigate the well posedness
of (1)-(3) and provide useful uniform estimates. Section 3 deals with the treatment of the
concept of the two-scale convergence of thin heterogeneous domains. We prove therein
some compactness results that are used in the homogenization process. With the help of
the results obtained in Section 3, we pass to the limit in (1)-(3) in Section 4, where we prove
the first main result of the work, viz., Theorem 1. We also prove Theorem 2 in the same
section, and we close the work with a conclusion.

2. Well Posedness and Uniform Estimates

The current section deals with the existence and uniqueness of the solution to (1)—(3),
along with some useful a priori estimates. We begin with the following theorem:

Theorem 3. Assume that (H1)—(H2) hold true. For any € > 0, system (1)—(3) possesses a unique
weak solution u¢ = (u%,)1<m<p € (C1H22H(Qe))M (w € (0,1) be fixed) such that

uy, (t,x) >0for (t,x) € Qe,m=1,..., M.
Furthermore, there exists eg > 0 such that, forall1 < m < M,

[l L0 < € (15)
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1
|‘VU§H||L2(QS) < Cez, (16)
Oty < Ce?, (17)
It ll2ig) ~
and
19Nl 20,1y xre) < CllWll 20,1051 (18)

forall 0 < e < g, where C > 0 is independent of m and e.

Proof. The well posedness of (1)—(3) has been addressed in [1,2,4,16]. We are concerned
here only with the uniform estimates (15)—(17), with estimate (18) being a classical result
arising from the trace result. We just emphasize that, since |I*| = O(1) (|T?| stands for the
Lebesgue measure of I'?), no scaling is needed in the left-hand side of (18). Now, for (15),
we follow exactly the same lines of reasoning as in [2] to obtain it. Both (16) and (17) remain
to be checked. We first consider (16). We distinguish the casesm = 1and 1 < m < M.

We start with m = 1. By multiplying (1); by u{ and integrating over ()¢, followed by
the use the divergence theorem, we obtain

1d 2 2 2 M
2l ||L2(Qe) +dp[|Vug ||L2(Qs) + Jae (|”i| Y1 ”LJ‘“JS‘)dx
= edq [re p(, %, 3 )uf(t, x)doe(x) (19)
d 2 d 2
< SO 2rey + 5[5 ()| 2 e
where the last inequality above stems from Holder’s and Young’s inequalities. We use a

well-known trace inequality to deduce the existence of a positive constant C; independent
of e such that

el Ol < € ([ 0P [ (90 Pa). 20

Therefore, by integrating (19) over (0,t) (t € (0, T]) and taking into account (18) and (20),
we are led to

t
145 (D) 1 2 +d1(2—€zcl)/0 19735 (5) 1722 s (21)
t
< Cldl/o 1455 () 172 0rey s + €1 C 1l 2 0 ey

We therefore infer the boundedness of u{ in L*(Q¢) associated with (21) wherein there
exists gy > 0 such that (16) holds for m = 1 and ||ui||im(0 T,12(06)) < Cs% forall 0 < e < g,

_1
where ¢ is chosen such that 2 — €2C; > 1, that is, gy < (o 2,
For1 < m < M, we proceed as for m = 1 and multiply (2); by u$, and integrate over
)%; then, one obtains

1d M
EEHufn(t)H%z(Qg)+dm||Vu;1||%z(Qs)+/ <|u;1|2zam,ju§>dx
Qs j=1

2
S R T S A
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By integrating over (0, t) for t € (0, T], we obtain

t
145 (B) 11202y + 26k /O V75, (5) 1 T2 ()5 < 201 Fil 20 148 1 20

By using (15), we obtain at once

1

N

2 2
””fn||L°°(o,T,-L2(Q€)) + ||V”21||L2(Qe = Ce

Finally, the proof of (16) for m = M is obtained exactly as the one for the case 1 < m < M
mutatis mutandis (replace f;, with g).

Let us now prove (17). We proceed as above by distinguishing three cases.

For m = 1, we multiply (1)1 by duf /9t and use (1),—(1)3 to obtain

ous
LG s G [ IvuPax = ey [ g lan
u3
A (“5 > “u“?) dx

Jat

But
Jut M Jut M
/ uﬁTlZal,juf dx < ‘ 81 u Zm]]
AN Gy= Flleen |3 12(0r)
2
out M
: ’ atl ui ) i
L2(0) j=1 L2(0x)
Thus,
aus |2 d 2
—_— di=||Vu§ . 22
‘at Lz(Qg)vL 1at” Uil 72 (e (22)
2
out
< 2sd1/1/) 1d u1zﬂ1]]
L2(Q)F)

By integrating (22) over (0, t) and using the boundedness property (15), we obtain after
integration by parts

aul

2
20 [ 0 5+ | T O ) < C

: (23)
+2edy [re pruidoe(x) — 2ed; fot Jre aais(s)uﬁ (s)doe(x)ds,

where we use the fact that ¢»(0,X,y) = 0. Now, we use inequality (20); then, (23) becomes
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s , \||2 2
fot‘ %(s) LZ(QS)ds +d1HV”§(t)HL2(QS)

< Ce +edy (HIIJSH%Z(re) + ||”§||i2(rs))

e 2
+ed [y (Haalﬂ(S) saqrey () HiZ(rs))dS

<Ce+C 2 S
< Cet Ce{ [$lliwome@xry T || 3 12(0,T.C(AxT))

05 T2 ) + Cae [ Vs (D[ 72qcrey + Clls ey + C V12

It follows that

Jus 2
7]‘ S

t
IR
where, in (24), we took advantage of (15) and (16). Hence, by choosing ¢ < ¢ to be
sufficiently small so that 1 — Ce? > 0, we obtain (17) for m = 1.

The proof of (17) in the case when 1 < m < M follows the same lines of reasoning as
above, but it is much easier. It is therefore left to the reader. This completes the proof. [

dstdi (1= C)||Vu (1)l|20) < Ce, (24)
L2(0)

The following result whose proof can be found in Theorem 3 in [17] will be useful in
the sequel.

Lemma 1. There exists a bounded linear operator E. : H (Qf) — H'(Q) such that, for all
v € HY(QF), Eco = v in OF and

IEevll2(0) < C (Il 2ae) + €l Vol iz )

and
IVE| 2 (0,) < ClIVOl 1200

for a positive constant independent of both € and v.

By virtue of Lemma 1, we may define the extension operator from L?(0, T; H' (Q¥))
into L2(0, T; H' (Q))) via the following statement: for v € L2(0, T; H' (Q)F)), we have

(Ecv)(t) = E¢(v(t)) forae. t € (0,T).

Then, on account of Lemma 1 and Theorem 3, we have

1
sup (”Es“%“Lw(QZ) + ||Esufn||L2(0,T;H1(Qg))> < Cez, (25)
1<m<M

where C > 0 is independent of £ and
Ol =(0,T) x Q.. (26)

We also need an estimate of dut, /9t in L?(Q]). To this end, we proceed as in [18] and
consider the restriction operator R, : L%(Q¢) — L?(QF), Rev = 0| (the restriction of v to
)f). Then, it is a fact that R, is a bounded linear operator as

IR0 1202y < N0l 2,y VO € L?(Q).
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Now, if R* : L[*(Q¥¥) — L?(Q) denotes the adjoint operator of R, then, for
v € L?(0, T; L2(Q)¥)) = L2(Q;), we define R}v by

(Rv)(t) = R} (v(t)) forae. t € (0,T).

Then, one has

T T
(Rew,o) = [ (R0, o)t = [ o), Re(o(e)ar

forall u € L2(Qe) and v € L2(QF). It is therefore easy to see that Riv = xqev for all
v € L?(Qe), or equivalently

Rv = xqeEev forall v € L2(Q;), (27)
where x e stands for the characteristic function of Qf in Q).

Lemma 2. Let the assumptions of Theorem 3 hold. It holds that

H?C EE)Egu,ﬁ1

= < Ce? forall 0 < & < g, (28)

L2(0f)

where C > 0 is independent of €, and e is defined in Theorem 3.

Proof. First, we have RZosuy, = xqedtEcui;,, where oy = d/9t. Thus, it is sufficient to show
that 1
”R:atEs”anLZ(Qg) < Ce2.

So, let ¢ € L2(Q)]); then,

|(REOtEettyy, @)| = [(O¢Eettyy, Rep)| < ||atEe”z€n||L2(Q£)HRSG’)”LZ(QE)

IN

1
||at”1£n||L2(Q€)||(P||L2(QZ) < Ce2 HGDHLZ(QZ)'
Whence the result. O

3. Two-Scale Convergence of Thin Heterogeneous Domains

The two-scale convergence of thin heterogeneous domains has been introduced in [19]
and extended to thin porous surfaces in [12,17]. The notations used in this section are
the same as in the previous ones. Specifically, the domain (). is defined as above, that is,
Q. = Q X (—¢,€). When e — 0, ), shrinks to the “interface” g = Q x {0}. We know
that Q: = (0,T) x Qf and QO = (0,T) x Q, and weset Q = (0,T) x O, [ = (—1,1),
Y = (0,1)% and finally Z =Y x I. Let 1 < p < oo; by L?er(Y; LP(I)), we denote the space
of functions in Ll’; (R%;LP(I)) that are Y-periodic. Accordingly, we define W;gf (Y; WLP(I))

as the subspace of Wllt;f (Y; WIP(I)) made of Y-periodic functions, and we set

Wyt W (D) = {u e WEGW (D) [ u@ iy =of,
which is a Banach space equipped with the norm
1/p 1
lulle = ([ 1vulray) ", we wirswie ).
z

Any x in R3 writes (X, x3) or (%, {), where X = (x1, x3). We identify Qg with Q so that
the generic element in () is also denoted by ¥ instead of (%, 0).
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We are now able to define the two-scale convergence of thin heterogeneous domains
and thin boundaries.

Definition 1. (a) The sequence (u¢)e~o C LP(Q]) (1 < p < 00)is

(i) Weakly two-scale convergent in LF (QF) to ug € LP(Q; Lher(Y; LP(I))) if whenever e — 0,
one has

1/ ug(t,x)f(t,f,f)dxdt—)// uo(t, %, y) f(t, %, y)dydxdt
of € QoxZ

€

forany f € LPI(Q;CW(Y; LY (1)) (1/p = 1 —1/p); we denote this by “ue — uq in
LP(Q)-weak 25”;

(ii)  Strongly two-scale convergent in LP (QL') towards ug € LP(Q; L;er(Y; LP(I))) if,ase — 0,
one has ue — ug in LP(Q)-weak 2s and

_1
e’ HuEHLP(Qg) - ||u0||Ln(Q;L§E,(y;Lp(1)))} (29)

we denote this by “u; — ug in LP(Q )-strong 2s”.
(b) The sequence (ug)e~q in LP((0, T) x T¢) is weakly two-scale convergent in LP ((0, T) x I'?)
towards uy € LP(Q x I') if, whenever ¢ — 0, one has

/(OIT)XFS ue(t, x)f(t,f, %)dUs(X)dt — //er up(t,%,y)f(t,%,y)do(y)dxdt

forall f € LV (0,T;C(Q x T)) that is Y-periodic in §; we denote this by “ue — ug in
LP((0,T) x I'®)-weak 2s”.

Remark 1. It is easy to see that, if ug € LP(Q; Cper(Y; LP(I))), then (29) is equivalent to
1
e 7 |ue — upllpqry — Oase — 0, (30)
where uf(t,x) = ug(t,%,x/¢) for (t,x) € QL.

We start with the following important result that should be used in the sequel; see
Lemma 3.2.3 in [20] for the proof.

Lemma 3. Let ¢ € LP(0,T;C(Q x I)), which is Y-periodic in jj. Then, by letting y¢(t,x) =
Y(t,x,x/¢€) for (t,x) € (0,T) x I'!, we have

@ o) xrey < NPllipo me@xryy
(i) [ frew(t,T, x/€)do (x)dt — [osr ¥, %, y)dxdo (y)dt.

Throughout this work, the letter E stands for any ordinary sequence (g,),>1 with
0 <&, <1lande, — 0 when n — oo. The generic term of E is merely denoted by ¢, and
e — O means ¢, — 0 as n — oo. This being so, we have the following compactness results.

Theorem 4. (i) Let (u;)ecr be a sequence in LP(QL) (1 < p < o0) such that

-1
Supé /p||u€||LP(QZ) <C
ecE

where C is a positive constant independent of . Then, up to a subsequence E' of E, the sequence
(1) e/ weakly two-scale converges in LP (Q]) to some ug € LP(Q; Lge,(Y; LP(I))).
(ii) Let (u¢)eck be a sequence in LP((0, T) x T'®) such that

||”e||LP((0,T)xr€) <C
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with C > 0 being independent of e. Then, we may find a subsequence E' of E such that the sequence
(Ue)ec pr weakly two-scale converges in LP ((0, T) x I'®) towards some function uy € LP(Q x T').

In Theorem 4 above, the proof of part (i) can be found in [21], while the proof of part
(ii) can be found in [20] (see also [12,17]).

Theorem 5. Let (i )eck be a sequence in LF (0, T; WYP (Q)) (1 < p < oo) such that

sup (7Pl o) + PV o)) < €
S

where C > 0 is independent of €. Then, up to a subsequence E' extracted from E, we may find a
vector function (ug, uy) with ug € LP (0, T; WY (Q)) and uy € LP(Q; W, (Y; WP (1)) such
that, when E' 3 ¢ — 0, we have

ue — ug in LP (Q )-weak 2s,

o, dug  duy

. p _ ; —
714 — 71‘ + 7;%- inL (Qﬁ) weak 2s fOTZ 1,2, (31)
and P 9
£ 71 / lp Ty 32
N — V3 m (QS ) weak 2s. ( )

For the proof of Theorem 5, we refer to [21].

[ 9dug dug
Vxlxlo o (8x1’ aX2IO>,

Remark 2. If we set

then (31) and (32) are equivalent to
Vu, — Vzug + Vyup in LP(Q])3-weak 2s.
The following result is sharper than its homologue in Theorem 5.

Theorem 6. Let (u;)ccE be a sequence in L*(0, T; H' (Q)) such that

_1
supe 2 (HuEHLZ(O,T;Hl(QC)) + ||u€||H1(O,T;L2(Qg))) <C, (33)
ecE

where C is a positive constant independent of e. Finally, suppose that the embedding H' (Q)) —
L%(Q) is compact. Then, up to a subsequence E' of E, there is a vector function (u,u') €
(L*(0, T; HY(Q)) N HY(0, T; L2(Q))) x L*(Q; HE(Y; HY(I))) such that, as E' > e — 0,

ue — u in L2(QF)-strong 2s, (34)
Vue = Vyu+ Vyul in L2(Q])3-weak 2s, (35)

and
Opute — dpu in L*(QF)-weak 2s. (36)

Proof. First, owing to Theorem 5, we derive the existence of a subsequence E’ of E and of a
vector function (u,u') € L2(0, T; H'(Q)))) x L*(Q; Hy(Y; H(I))) such that,as E' > ¢ — 0,

ue — uin L2(Q)-weak 2s,
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Vue — Vxu + Vyul in L2(Q])3-weak 2s,

and
st — Opu in L2(Q])-weak 2s.

Now;, (34) remains to be proved. To this end, we set

1 €
Meug(t,%) = 2/ ug(t,%, x3)dx3 for (t,%) € Q. (37)
—&

Then, we easily see that Mu, € L%(0, T; H'(Q)) N HY(0, T; L?(Q)) with

SUP(||Ms“s||L2(o,T;H1(Q)) + HMSuSHHl(O,T;Lz(Q))) <C (38)

ecE

Then, from (38), we derive the existence of a subsequence of E’ still denoted by E’ and of
the function uy € L2(0, T; H'(Q)) N H'(0, T; L>(Q))) such that, as E' > ¢ — 0,

Meue — ug in L(0, T; L2(Q)))-strong. (39)

We recall that (39) stems from the compactness of the continuous embedding L?(0, T; H' (Q))
NHY(0,T; L2(Q)) < L2(0, T; L2(QY)).
Now, from the Poincaré-Wirtinger inequality, it holds that

1
€ 2 |Jue — Mette| 1200, 7.12(00)) < Cell Vitell 20,5020 )

so that )
e 2 ||u€ — MSHSHLZ(O,T;LZ(QE)) —~0asE S5e— 0. (40)

Thus, the inequality

_1 _1 _1
€ 2 ||ue — uol| 2y < € 2 [lue — Mete|| 2y + € 2 [ Meute — o[ 21

associated with the equality

1
€ 2 |[Meue — uol| 21y = V2| Meue — uoll12(g)

yields (with the help of (39) and (40))
e 2 Jue — uoll;2(qry = 0asE' 5 e — 0.

This shows that u, — ug in L?(Q]')-strong 2s, and so ug = u. The proof is complete. [

The next result and its corollary are proved exactly as their homologues in Theorem 6
and Corollary 5 in [22] (see also [23]).

Theorem 7. Let 1 < p,q < ccandr > 1besuchthat 1/r = 1/p+1/q < 1. Suppose that
(te)ece C LT(QT) weakly two-scale converges in L1(QL) towards ug € L1(Q; LZeY(Y; L(I))) and
(ve)ece C LP(QT) strongly two-scale converges in LP (Q]) towards vy € LP(Q; L;e,(Y; LP(I))).
Then, (ueve )ec is weakly two-scale convergent in L™ (QL) to ugvy.

Corollary 1. Assume the sequences (ue)ecr in LP(QF) and (ve)ecr in LY (QF) N L®(QT) (with
1<p<oo,p =p/(p—1))satisfy the following:

(i) ue — ugin LP(Qg)-weak 2s;

(ii) e — vg in L' (Qe)-strong 2s;

(iii) (Ve)eck is bounded in L= (Qg).

Then, ugv, — ugvg in LP (Qe)-weak 2s.
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4. Derivation of the Homogenized Problem: Proofs of the Main Results
4.1. Preliminary Results

In this subsection, we aim to provide further important convergence results that will be
very useful in the sequel. In that order, it is to be noted that ()° can alternatively be defined
as follows: O = ukngzgf", where K, = {k € Z? x {0} : 2%k C Q,} with Q, = Q x (—¢,¢)
and Z¢ = {e(k+vy) : y € Z}. We set A, = ukngzsl"‘, a periodic repetition of set Z;. We
denote by yx. the characteristic function of A¢ in O¢: x¢ = x4,. Then, it holds that

X
Qf ={xeQ: XE(E) =1},
so that xo: (x) = xe(3) for x € Q..

Lemma 4. Let (e )¢~ be a sequence in LP(QI) (p > 1 a real number), which is weakly two-scale
convergent in LF(QF) to ug € LP(Q; Lﬁer(Y; LP(I))). Then, ase — 0,

UeXe — toXz, in LF (QF )-weak 2s. (41)
If further two-scale convergence is strong, then (41) holds in the strong two-scale sense.

Proof. Set v,(t,%,{) = u.(t, %, ¢f) for (£,%,) € QlT. Then, since u; — ug in LP(Q])-
weak 2s, it holds that ||u|| o) < Cel/2 (with C > 0 being independent of ¢) so that
Al @l < C. Hence, up to a subsequence, v — vg in LP(Qf) in the usual classical

two-scale weak sense, where vy € L (Q x I; Lhe(Y)). Next, let f € C(Q; Cper(Y;C(I))). By
passing to the limit (in the subsequence determined above) in the obvious equality

1 /Q Z ue(t, x)f (t,f,g)dxdt: /Q o(t%,0) f<t,x, z,g)dxdgdt,

£
1

we obtain at once 1y = vy.
This being so, by choosing f as above, one has

1/@ el 2 (3)F (15T )dndt - = /0% Ug(t,x,C)XAl(z,§>f<t,x,§,g>dxd§dt

= e

Owing to the usual two-scale concept, we obtain, as € — 0,
= [ ol 5,0x2 5,050, 5,O)dwdgaat, #2)
1 X

where, in (42), we used the fact that 1y = vy as proven above. This concludes the proof. [

The following result will be crucial in the homogenization process. From now on, we
set xs = xz,, the characteristic function of Z; in Z.

Proposition 1. Let (u5,)1<u<m be the solution of (1)-(3). Given any ordinary sequence E,
there exist a subsequence E' of E and functions (um, u},)1<m<p with uy € L2(0, T; HY(Q)) N
HY(0,T; L2(Q)) and ul, € L*(Q; Hy(Y; H'(I))) such that, as E' 5 ¢ — 0,

Xellsy, — Xstm in L2(QF)-strong 2s, (43)

Xe Vs, = xs(Vzim + Vyu,ln) in L2(Q])3-weak 2s, (44)
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and
XeOtUs, — XsOtipy in Lz(QST)—weak 2s. (45)

Proof. Since E.uf, = uf, in Q,, we have
Xeufn = XSESZ’[fn' (46)

Next, appealing to (25) and (28), we are in a condition to apply Theorem 6: given se-
quence E, we may find a subsequence E’ of E together with a vector function (uy, u},) €
(L%(0, T; HY(Q)) N HY(0, T; L*(Q))) x L?(Q; H(Y; H'(I))) such that,as E' 3 ¢ — 0,

Eeutf, — ty in L2(Q])-strong2s, (47)
VEeus, — Vg, + Vyu}n in L2(Q)3-weak 2s, (48)

and
Ecdsul, — Oputy in L2(Q )-weak 2. (49)

After applying Lemma 4 and accounting for (46), we are finished. [J

4.2. Passage to the Limit

Assume that the functions u,, and u}, are as in Proposition 1. Let ¢ € C!'(Q) and
¢1 € CY(Q x I;Cp,,(Y)), and define

o | R

@ (t,x) = @(t,%) + €1 (t,%, =) for (t,x) € QF.

We use @, as a test function in the variational form of (1)—(3):

Lfo, M deddt + 4 [ Vs - Vedxdt + L [ ul Zal U Dedxdt

(50)
= fo Jre 9(£,%, £) e (t, x)dtdoe(x);
Forl<m <M,
¢ o aé’t fu Vg, - VOdxdt + 1 [ ufy Zam]u D dxdt
(51)
1 m=1
=% Jo. L )i, Dectd;
]:
and
d
1/ g?/l Dedxdt + — dM Vs - VOedxdt = 1 ) ! / aj U Sup Deduxdt. (52)
£l Qe jtk>Mj=Mi<mE J Qe
Let us first deal with (50). We note that it is equivalent to
fQT XE ¢€dxdt + fQT ngul Vq%dxdt 4+ = fQT XEM] Z ay ]u ®€dxdt
(53)

= fo Jre (1%, )P (t, x)dtdoe (x).

We have that

=

R\
o | R

V. (t,x) = Vxo(t,X) + Vyo1((£,X, =) +eVzo1 (£, X, =).

oM
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Thus, we may apply Proposition 1 to proceed to the passage to the limit in the first two
terms of the left-hand side of (53), using @ as a test function in the two-scale concept.
Concerning the right-hand side of (53), we use Lemma 3 to pass to the limit therein. We
end up with the last term on the left-hand side, where the limit passage therein is more
involved. Indeed, we use there the strong two-scale convergence of x.uj towards xsuq
associated with the weak two-scale convergence of )(gu]§ (1 <j< M)towards xsu jto obtain

from Corollary 1 that, for 1 < j < M, we have, as E'se—0,
Xeuiu§ = (Xeu]) (Xett) — Xstaujin L*(Q])-weak 2s. (54)

Therefore, by using in that term the test function ®, and taking into account all the processes
described above after (53), we are led, as E’ > ¢ — 0 in (53), to

foXz xsaaithodfdydt +dq foXz Xs(Vzur + Vyul) - (Ve + Vyor )dxdydt

M
+ [foxz xsia L o jujpddydt = Hoxr podxdo(y)dt (55)
1=

(g, ¢1) € C1(Q) x C(Q x ;e (Y))-

We use the same process as for (53) to pass to the limit in (51) and in (52), and we obtain the
following:
Forl<m< M,

Wz Xs % paxdydt + du [[o, 7 Xs(Vrttm + Vyul,) - (Ve + V1 )dxdyd

M m—1
—O—foszsum lzlam,jujgodfdydt = %foxZXS ‘El j Uiy @dXdydt (56)
j= j=

for all (¢, ¢1) € C'(Q) x C'(Q x I;Cper (Y));
and

Hoxz Xs%—?god?dydt +dm [fguz Xs(Vrip + Vyttpg) - (Ve + Vyg1)dxdydt

= % )y foxz Xsj i jugpdxdydt 57)
j+k>M,j<M k<M

for all (¢, ¢1) € C1(Q) x C1(Q x T; Ch, (Y)).
We have proved the following result.

Theorem 8. The functions (uy, ul,)1<m<m determined by Proposition 1 solve variational prob-
lems (55)—(57).

Our next goal is to derive the system whose solution is (i, )1<m<pm. To this end,

we start by uncoupling Equations (55)—(57). We first consider (55), and we see that it is
equivalent to the following system consisting of (58) and (59) below:

/Q Z)(S(Vyul + Vyui) - Vygrdxdydt =0 Yo, € C1(Q x I; Crl,e,(Y)), (58)
X
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[owz xs St gdxdydt +dy [[, , xs(Veur + Vyul) - Vgdxdydt

(59)

M _

+ [foxz Xsta ,Zlal,j“j(l’dfdydf = [loxr Yodxdo(y)dt Ve € cHQ).
]:

Let us first consider Equation (58) and choose therein ¢ under the form ¢ (t,%,y) =
¢(t, %)y (y) with ¢ € C°(Q) and 1 € Cp2,(Y) ® C(I); then, (58) becomes

/Xs (Vzur + Vyui) - Vynpdy =0 Vi € Cper(Y )@ ct(I). (60)

To solve (60), we instead consider the variation problem
/ZXs(ej + Vywj) - Vyndy =0 Vi € Cpp(Y) @ (1), (61)

where ¢; (j = 1,2,3) denotes the jth vector of the canonical basis of R3. Then, (61) is
equivalent to the cell problem

—divy(ej_+ Vywj.) = 0in Zs, (ej+ Vywj)-v=0o0onT 62)
wi(.,y3) is Y-periodic,

where v stands for the outward unit normal to I'. It is an easy task to see that (62) possesses
a solution in the space

Hi(Y; HY(I)) = {u € Hy, (Y;H'(D)) : / udy = 0}
that is unique up to the addition of a function v; such that v; = 0 in Z;. Now, by multiplying
(61) by duq/9x; (j = 1,2) and summing up the resulting equations, and then comparing the
latter sum with (60), the following is yielded at once:

2
- ou -
ul(bTy) = ) wiy) 3 (4%) = w(y) - Ve (43), (63)
=1 j
where w = (w1, wy).
Next, by going back to (59) and replacing ui with the expression obtained in (63), we
obtain

fQ ([7 xsdy) S % pdxdt + dy fQ (f7 xs(Iy + Vyw)dy) Vzuy - Vredxdt

M
+fQ(fZ Xsdy)uq lzlalljujq)dfdt fQ (frv(., . y)do(y))pdxdt (64)
j=

forall ¢ € C'(Q),

where I is the identity 2 x 2 matrix.
This being so, we set

6= / Xsdy = |Zs| >0, A = I, + Vyw and §(t, %) = /w((t,f,y)dcr(y). (65)
z r

Then, A is a 2 X 2 symmetric positive definite matrix. Indeed, it is a fact that the entries of
A have the form

Ay = /Z (e + Vywi) - (¢ + Vyw)dy, 1<i,j<2;
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this stems from (61), where we show that it is still valid for 7 € Hj(Y; H(I)) and then
choose therein # = w;. With the above notations in (65), we see that (64) is equivalent to
the problem

M ~
Qaaliltl - div?(dlAqu]) + 91/11 .Zlulfjuj = d11/] in Q
]:

66
AVzu;-n=00n(0,T) x 00 (66)

11(0,X) =0in Q.
Proceeding as we did for (55), we easily show that (56) and (57) are equivalent to the

variational formulations of the following PDEs:
For 1 < m < M, (56) is equivalent to

Qu . M gm—l .
05 — divg(dm AVztm) + Gumjzlam,juj -3 121 A jhjlly—j = 0in Q
- - 67
AVizuy -n=00n(0,T) x 90 (67)
and for m = M, (57) is equivalent to

9837?4 — divy(dMAVyuM) — % Z aj/kujuk =0in Q
jHk>M,j<Mk<M 68
AVizup-n=00n (0,T) x 002 (68)

up(0,%) = 0in Q0.

System (66)—(68) is the homogenized model arising from the microscale e-problem
(1)-(3). It is posed in a two-dimensional space, leading to a dimension reduction problem.
We see in [2] that (66)—-(68) possesses a unique solution. We are now in a position to prove
Theorem 1.

4.3. Proof of Theorem 1

The proof of (5)-(7) follows easily from (47)-(49) associated with the properties of oper-
ator M. The fact that (14,,)1<m<nm solves (8)-(10) has been shown here above in Section 4.2.
Now, if we proceed as in [1] (see also [2]), we obtain the well posedness of (8)-(10) in the
space (C'*22+%(Q))M, and, specifically, (11) holds true. Indeed, if we set F = (Fy, ..., Fy),
where

M
Fi(tu) = dip—6uy ) ayjuj,
=1
M 0 m—1
Fu(t,u) = —Oup ) ay,uj— 5 Y @i jtjity—j for 1 <m < M,
j=1 j=1
0
Fy(t,u) = 5 Z aj Ujll.
j+k>M
j<M, k<M

Then, F satisfies the assumptions of the appendix in [1]. Hence, Theorems 7.1 and 7.2 of [1]
readily ensure the existence and uniqueness of the solution of (8)-(10) as claimed above.
Finally, the fact that the whole sequence [(15,)1<m<M]e>0 converges towards (U )1<m<m
follows from the uniqueness of the solution of (8)—(10). This concludes the proof.

4.4. Proof of Theorem 2

First of all, we recall that (u),)(t, x) = ul,(t,%, x/¢) for (t,x) € Q. This being so, for
1 < m < M to be freely fixed, let &, = u, — uy, — e(ul,)¢. Then, Ve, = Vus, — Viuy —
(Vyul)e — e(Vzul,)t. Assuming u}, € L?(0, T; H(Q)) ® C}(Y; HY(I)), the functions u},,

Vyul, and Vzu}, belong to L2(Q; Cper(Y; L2(I))) so that they can be used as test functions
in the definition of the two-scale convergence (see Definition 1).
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This being so, let us first consider the case m = 1.
We have

[ Vrel 22 0, = /Q Vre - Vradxdt.

Thus, by taking into account (43) (or (47)), proving Theorem 2 amounts to showing that
l||V1'5HL2 ) = 0as e — 0. So, we have

d d
—Vreliz gy =~ /(_2 Xe(Vit§ = Vi — (Vyup)* —e(Vzd)©) - (Vuf — Vi
— (Vyu)® — e(Vzup))
dy € € dq € 1\e¢ 1\e
- ? ngul . Vul - ngul . (Vyu1 + (Vyul) + €(VYU1) )
ol € Jaf
d
——1/QT)(5(Vyu1+(Vyu%)s—ks(Vyu%)e)~Vufn

d
+ €1 )(g(V uy + (Vyul) + S(Vyu%)s) (Vzug + (VyubE + S(Vyu%)e)

—h—b—h+%

where in the series of equalities above, we omitted dxdt in the integrals just for the sim-
plification of the presentation. We use V,ul and Vzu} as test functions to obtain at once

bL— // xs(Vzur + Vyui) - (Vg + Vyup)dxdydt, (69)
QxZ
Iy — / xs(Vzuy + Vyul) - (Vsug + Vyui)dxdydt (70)
QxZ
and
I; — // xs(Vzuy + Vyui) - (Veug + Vyui)dxdydt. (71)
QxZ

With regard to I;, one has

1 aul
Il:g/an at " / "8”12“11”]“1+/

By appealing to (54) and using once more the strong two-scale convergence of x.uj towards
XsU1, we obtain

Juji. (72)

m\k

)(gulu]u1 (Xgul)(xgu uj) — Xsiujug in L2(Q)weak 2s. (73)
Also, the strong two-scale convergence of x.uj associated with the weak two-scale conver-
gence of x.duj/dt gives, owing to Corollary 1,

£

ey Ly in LYOT )weak 2s. (74)

duq
”1 — Xs—=, 3

Now, for the last term on the right-hand side of (72), we first notice that, from the well-
known trace inequality

2[5 (1, )| 2000 < C (155 2000y + €l V(8 ) 2 )
we have from (15) and (16)

131l 20,1y xre) < € (75)
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where C > 0 is independent of . It follows from part (ii) of Theorem 4 that (up to a
subsequence) the trace of u$ on (0, T) x I'* two-scale converges in L2((0, T) x I®), and its
two-scale limit can be easily identified (by integration by parts) with the trace of u; on
QxT,ie.,

Uil 1) xre = #lgur in L2((0, T) x T%)-weak 2s. (76)

Thus, by using ¢ as a test function, we obtain, up to a subsequence,

T Cx B
/0 /rf P(t, %, g)ul(t, x)do(x)dt — /er Yudxdo(y)dt. (77)

Now, in view of the uniqueness of 11, the convergence result in (77) holds with the entire
sequence (U] )e>0-
By collecting (73), (74) and (77), we obtain

ou M -
I — / Xs =ty — // Xs/ XsU1 Zal,]-ujul + // Yuydxdo(y)dt. (78)
oxz' ot oxz" Jar a OxT

Now, if we take 1 as a test function in the variational form of (66) and account for (78), we
see that

L — // xs(Vzuy + Vyui) - (Veug + Vyui)dxdydt. (79)
QxZ

By putting together (69)—(71) and (79), we obtain the result of the case m = 1.
The proof in the case 1 < m < M is easier and follows the same steps as in the case
m = 1. Theorem 2 is therefore proved.

5. Conclusions

In this work, we provided a qualitative multiscale analysis of a micro-model of Smolu-
chowski equations in thin heterogeneous domains. Starting from a three-dimensional
problem, we proved that the upscaled equation is posed on a two-dimensional space,
leading to a dimension reduction problem. We also addressed an approximation issue by
proving a corrector-type result, showing that the solution uj, can be approximated by the
function v§, = u, + e(u},)¢ in Q. where u,, and ul, solve equations that are independent
of . This is very useful in numerical computations and opens the door to the quantitative
homogenization of (1), which aims to find the rate of convergence in the approximation of
us, by v5,.
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