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1. Introduction

Neutral delay differential equations (NDDEs) arise widely in the study of circuit
theory [1], control theory [2-5], population dynamics [6], bioengineering [7] and so on;
some researchers also considered the delayed neural networks [8], the stochastic area [9], etc.
In particular, the mathematical theories of impulsive neutral delay differential equations
(INDDEs) have been developed by a large number of researchers in recent years. For
example, their existence, uniqueness and oscillation have been studied by some professors
in [10-12], their stability has also been studied extensively. In [13], Xiaodi Li and Feiqi Deng
used the Razumikhin method for impulsive functional differential equations of neutral type.
In [14], Bainov Drumi Dimitrov, Stamova and Ivanka M. studied the uniform asymptotic
stability of impulsive differential difference equations of neutral type by Lyapunov’s direct
method. In [15,16], both authors found the asymptotic behavior of solutions for INDDEs.
In [17,18], the authors discussed the exponential stability of INDDEs. However, their
explicit solutions are considerably difficult or even impossible to obtain. This is why we
need to investigate the numerical methods of INDDEs and use these works for mathematical
simulations.

For non-neutral-type differential equations, there are lots of publications dealing with
their numerical methods. In paper [19], Zhuo Xue, Xinxin Han and Kaining Wu studied
the stability of the Runge-Kutta method for linear impulsive differential equations (IDEs).
In paper [20], Shujin Wu investigated the Euler method for random impulsive differential
equations. In [21], Covachev et al. obtained a convergent difference approximation for a
nonlinear impulsive system in a Banach space. Bainov et al. [22] studied some difference
methods for the first-order partial impulsive functional differential equations and proved
the convergence for general numerical methods. Then, Ding, Wu and Liu [23] used their
idea to investigate the Euler scheme and its convergence for impulsive delay differential
equations (IDDEs). Our work was in part motivated by this. So far, however, only few
papers have studied numerical methods for INDDEs. It is the purpose of this paper to
investigate numerical solutions for INDDEs using the Euler scheme. The difficulty is caused
by the neutral term and delay term, which should be simulated with another stepsize in
case of the effect of impulse.

The aim of the present paper is as follows. First, we establish the Euler scheme of
linear systems for INDDEs. After assuming the conditions, we present a method to take the
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fixed stepsize and design a new interpolation idea to deal with those non-integer partition
nodes. Our main result first proves the convergence order by means of the induction and the
technique of inequality within the first interval, and then uses mathematical induction to reach
the final conclusion. Finally, based on the idea discussed before, we offer explicit solutions and
Euler schemes of two examples, using MATLAB R2023b to verify their convergence orders,
respectively, which are illustrated clearly in two tables and figures.

2. Main Result
In this paper, we consider the INDDE

x(t) =ax(t)+ bx(t—71) —cx'(t—0), t>0,t#T,
Ax(Tk) = lk/ ke ZJr, (1)
x(t) = (1), —r<t<0,

where 4, b, ¢, 0, T and [} are real constants, ¢ > 0,7 > 0and Z* = {1,2,--- }, x/(t) denotes
the right-hand derivative of x(t), ¢(t) € C!, r = max{c, 7} and Ax(7¢) = x(7;") — x(7),
x(7") = x(7). The impulse times T satisfy 0 < 7y < - -+ < T < - - - and limy_, T = .

We let 7, — ¢ and T — T be not impulsive points, V k € Z", 1, — 7,1 > r. The Euler
scheme for Equation (1) is

Xn+l = Xn +ahX, + thn—m1+51 - CXn—m2+1+<52 + CXn—mz—i—(Szrn 7é Mk — 1,
X = X1+l &)
Xi = ¢(ih),ih € [-r,0],i € [-m,0],

where (my — 61)h =T, (my — 6)h = 0, my,my € Z",81,8, € [0,1), his a stepsize , 0 < h <
Tand Xy, _p1;(j = 1,2) are defined by interpolations

Xp—mj+o; = 0jXn—m+1 + (1 = 6) Xn—m;. 3)
Letnp = 0and
Tk Tk c Z+
Mk = hT, i N )
| %] +1, Otherwise.

Note that |- | is the greatest integer function.

Given T > 0, there exist p, N € Z", which makes T = pmh, 0 < 7y < -+ < 1, <
-- <1y < T < Ty4+1, where m = max{my, my}. From [11], we know that x(t) and x’(t)
are bounded. Therefore, we assume that there exits an M > 0 such that the solution x(t) of
Equation (1) satisfies |x(t)] < M and |x/(t)| < M for t € [—r, T]. For the sake of simplicity,
we also assume |p(t) — ¢(s)| < M|t —s| and [¢/(t) — ¢'(s)| < M|t —s]|.

The exact solutions x(t,) are approximated by X,, at t, = nh,n € Z*,0 < n < pm.
The initial function is X; = ¢(ih), ih € [—r,0].

We let e, = |x(nh) — X,|, which denotes the global error. The following theorem
illustrates that the convergence order of the Euler method for Equation (1) is one by
analyzing the global error e,,.

Theorem 1. The convergent order of Euler scheme Equation (2) is one, if there exists a C > 0, such
thate, < Ch,1 <n < sm.

Proof. We show there exists a C; > 0 such that
en <Cehyn € I = [y + L] (\Z,k=1,2,3, ---, N. 5)

First, we show that there exists a C; > 0 such that e, < Cih, n € I;. For the sake of
simplicity, we assume that ¥ = max{c, 7} =0, m=mpyand 0 < T < 0 < 7.
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When0 <t, <t<o0c<1,1<n<m -5 <my—5 <1, wehave

en = [x(nh) — Xyl
=|x((n—1)h —I—f 1y 8% (1) +bx(t = 7) —ex'(t — 0)dt — Xy g — ahXy 4
= bhXy 146, T Xn—myrdy — Xn—my—145,
<e,_1+ \foh ax((n—Vh+t) +bx((n—my —1+8)h+t)—cx'((n —my
=1+ 6)h+t)dt —ahX, 1 —bhXy 145 + Xn—myr6, — Xnmy—1+46, |
< e+ [y lal[x((n = Dl +1) = Xoa| 4+ [bl|x((n = my =1+ 6)h + 1)

(6)

h
*Xn7m171+51 |dtL + |C| |fo *X’((n —my—1+ 52)h + t)dt + Xn7m2+z52

- X?I*?ﬂz*lﬁ’éz |r

where
[x((n = 1)h+1) = Xy
= |x((n—1)h +ft+nl () 4+ bx(u— 1) — cx'(u — 0)du — X1
<epq+ [y lal|x((n — 1)k +u)| + |b||x((n —my — 1+ 8)h+u)| +|c||x' ()
(n—my —1+6)h+u)|du
< en—1 + (la| + [b] + [c[) Mh,
|x((n—my =14+ 61)h+1) = Xy 144,
= |p(t+ (n —my — 1+ 61)h) — ¢((n —my — 1+ 61)h)| ®)
< Mh,
and

Jor—x! (1 = ma = 14+ 62)h + Bt + Xy 15, — X143,

= [x((n —my =1+ 62)h) — x((n —ma + 02)h) + Xy —my 16, — Xn—my 146

= |p((n—mz =14 62)h) — ¢((n — ma + 62)h) + p((n — ma + 62)h) — ¢ ©)
((n—my —1+62)h)|

=0.

Substituting Equations (7)—(9) into Equation (6), we obtain
en < en—1+|alhlen—1+ (la] + [b] + |c[)Mh] + [b|MF? + |c| -0
= ep—1(1+ |alh) + MK?(|a|(|a] + [b] +[c]) + [b] (10)
< Ci11h,
and letting g = 0, by Gronwall inequality [24,25], we obtain

[la](la + |b[ + |c]) + [b]]M a7

Cia1 = ]

Whent <t, <2t <o <m,m —0 <n<2(my—08) <my—3d <y, wehave

ey = |x(nh) — Xy
<eq1+ Jy lallx((n =18+ ) = Xy a |+ [b]|x((n — my — 1+ 61)+t) a1
h
_Xn—m1—1+51 |dt + |C||f0 —X/((Tl —my—1+ 52)h + t)dt + Xn—mz-i-(SZ

- Xn—m2—1+(52|'
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As discussed in Equation (7), for t € [0, k], we obtain

[x((n = 1)h+1t) = Xp-1| < en—1 + (|af + [b] + |c|) M, (12)

lx((n—my —1461)h+t) — Xy —1+40, |

_ (n—my—1481)h+t
=|x((n—my —1)h —l—fn iy —1)h

=01 Xn—m; — (1 —61) Xy, 1|
< ep_my—1+ |f‘51h+t ax(u+ (n—my —1)h) +bx(u+ (n —2my — 1+ 61)h)
—cx'(u+ (n—my —my =1+ 8)h)du — 61 (Xn—m; — Xp—m,—1)|

ax(u) +bx(u — 1) — cx'(u — 0)du

< en_my— 1+|f x(u+ (n—my —1)h) +bx(u+ (n—2my — 1+ 61)h)
—cx'(u+ (n—my —my —1+8)h du—l—f‘sthax (u+ (n—my —1)h)
+bx(u+ (n—2mqy —1+61)h) —cx/(u+ (n —my —my — 1+ 62)h)du
— 01(ah Xy -1 + VX oy 146, — Xy —my 465 T CXn—my—my—1+6,)|

< enmy1 + o e+ (n = my — 1>h> ~ Xuomy—1) Fb(x(u+ (n—2m (13)
—1461)h) — Xy—omy—1+0, )du + f +(n—my —my—1+6)h)du
= 01 (=X my—my+6 +CXn—m1—m2—1+152)| + (lal + |b] + [c[) MR

< enomy—1 + |aloth(en—m,—1 + (|a] + [b] + [e[) M1 1) + [b| MTH + [c|[x((n
—my—my —1+46)h) —x((n—my —my —1+01 +62)h) + Xy—my—my+6,
= Xo—my—my—1+6,| + (|a + [b] + |c[) Mh

< enmmy—1 + |alorh(en—my—1 + (|a] + [b] + [c|)M1h) + [b| METH? + [c||—¢(

(1’[ —my—my—1+01 +(52)h) +¢((1’l —mq — My +§2)]’l)| + (|€l| + |b|
+ |c|)Mh

< (1+|alorh)en—m, -1 + Mh((laloih + 1) (|a| + [b] + [c]) + [e|(1 — é1))
+ |b|Mé&21H?,
and similarly to Equation (9),
|/0h (1= my — 1+ &)+ B)dt + Xy s, — Xnomy—146,] = 0. (14)
Substituting Equations (12)—(14) into Equation (11) yields

en < en1+|alh(en—1+ (laf + |b] + [c])Mh) + [b|h((1 + |a[o1h)en—m,—1 + Mh
((alo3h +1)(Ja| +[b] +[e]) + le|(1 — b1)) + [b]|MSTH?) + |c] - O
< ey-1(1+ |alh) + MK (la|(Ja] + [b] + |c[) + [b]((a]6Th + 1) (la] +[B] + |c])
+ |c[(1 = 61)) + b*6Th) + [b|(1 + |al61h)C 11k
< Cy0h,

where

M(Jal(la] + [b] +[c]) + bI((Ja|f T + 1) (la] + |b] +|c]) + |e| (1 = 81)) + b*63T) + [b|(1 + [a|r T)Coa1 joir

Ciip =
|a|

When (k— 1)t < t, <kt, (k—1)(my — 1) < n < k(mq — &) for some
€ 3, Lmz % J ], similarly to the discussion above, we can obtain C; 1 =
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(lal(lal+[bl+|c])+[b](|al 3 T (|a]+[bl+|c))+lel(1=61)) (1+|b|oy T+B20F T4+ [bF 262 TH2) 4 b|*5F TF2)

(* !
la )
1 1P0Halo T)(Cr -1 +1611 TC 14— 2 U2 T2Crap 5+ b 26> TF 2C111))e\a\T
la] ’

such thate, < Cyqih.

When L%:?jr <ty <0, | 2=2 | (my — 8;) < n < my — &, an analogous calculation

my—o1

can be performed to obtain C 1 such that inequality e, < C,

11, Lmz §2J+
. 1
Takmg C1’1 = max{Cl,L], C1,1,2/ , C

my =0

My —0b
1’1'\-m$7§§ J +1

My — &y < 1.

L”’Z*‘SZ J +1

h holds.

}, we have e, S Ciphforl <n <

Wheno < t, < 20 < 7, mp—06 < n < 2(mp — ) < 1, firstly we consider

U’Stn<0’—|—T<20’<T1,m2—52§n<m2—52+ml—5l<2(le—52)<111,

ey = |x(nh) — Xy

h
< eut+ [ allx((n— 1R+ ) = Xy 1|+ [Bl|x((n — my — 14 61)h+ 1)

h
Xy —14ey At + el | Jo =X ((n —ma — 1+ 82)h + t)dt + Xy iy 16,
- anmzflJréz"

As discussed in Equations (7) and (13), for ¢ € [0, h], we have

[x((n = 1)h+1t) = Xu_1]| < en1 + (la| + [b] + [c[) Mh

[x((n —my =14 60)h+t) = Xpm; 144, |

y—65 L’”z—&zj 1y —5,

< (1+|a|§1h)(1+|b|51h—|—b25%h2—|—---+|b|Lm1_5lJ§1m17§1 html—élj)cl,lh

+ Mh((|a|62h + 1) (|a| + [b] + |c|) + |e[(1 = 61)) (1 + |b|61h + b?62h> +

—5y My —
my 0J Lm1 51J

+ |b|Lml—51

J+1 l-ml 01J+2h

1My —o
hlml 51J)+M|b|Lml 01 L 2J+2,

and

(15)

(16)

(17)
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h

|f0 —x’((n —my—1+ 52)h + t)dt + Xn7m2+(52 - Xn7m271+(52|

= |x((n—my —1+62)h) — x((n —ma + 02)h) + Xu—my16, = Xn—my—146|

=|x((n—my—1)h) + f(: 72"22 11)252 x(u) +bx(u—1)—cx'(u—o)du —x((n
—mp)h) — f((iinﬁz);mh ax(u) +bx(u — 1) —cx'(u — 0)du + 62Xy, 1 + (1
- 52)Xn—m2 - 52Xn my — (1 - 52) nfmzfll

IN

len—my — €n—my—1] + |f x(u+ (n—my—1h)+bx(u+ (n—my —my —1
+61)h) —cx/(u+ (n—2my — 1+ 6)h)du — fozh ax(u+ (n—mp)h) + bx(u
+(n—my —my +81)h) — cx'(u+ (n — 2my + 62)h)du + 55 (ahXy—m,

+ X —my—my+8, — CXn—2my+1+8, + Xn—2my+6, — (A" Xy, 1

+ bh Xy —my—146, — Xn—2myt8, + Xn—2my—1+6,))|

len—my — en—my—1| + |f0 (u+(n—my—1)h) = Xy_p,—1) + b(x(u+(n
—my — iy — 14 8)h) - xn,mrmfmlwu = 52" a(x(u+ (n —ma)h)
—Xn—my) + b(x(u+ (n—my —my 4 61)h) — Xy_yy—m,+o, )1 +C f‘szh x'(u+
(n—2my + 6)h) — x'(u+ (n —2my — 1+ &) h)du + cdr(—Xp—2my 1144,

+ 2X0—2myt8y — Xn—2my—1+6,)|

ooh
< |en—m2 €n—my— 1|+f2

IN

lallx(u+ (n—my = 1)h) = Xym,—1| + [bl|x(u+ (18)
(n—my —my =14 61)1) = Xy my 115, |du+ 22" alx(u+ (n — ma)h)
=Xy | + [bl[x(u + (n —my —my + 01)h) — Xy —my 45, |du + |C||f52h '
+(n—2my + 6p)h) — x'(u+ (n—2my — 1+ &) h)du + 5 (=X —2my 4144,
+ 22X 2my 6, — Xn—2my—1+6,) |
< en—m-1lallt + M2 (|al(|a] + [b] + |c]) + []) + |al2ht(en—m, 1 + (a] + |b]
+ |c|)Méah) + |a|éah(en—m, + (|a] 4+ |b| + |c|) Mbah) + 2|b|dh - Méyh + |c|
|—¢((n —2my + 62)h) + ¢((n — 2my +262)h) — p((n —2my — 1+ 25)h) + ¢
((n—=2my —146)h) —p((n —2my + 1+ 62)h) +2¢((n — 2my + 62)h) — ¢
((n—2my — 1+ 62)h)|
< |a|(1 +28,)Cy 1h% + MK2(|a|(|a| + |b] + |c]) (1 +2562) + |b](1 +26152)) + |c|
|p((n —2my +262)h) — p((n —2mpy — 14 262)h) — ¢((n —2my + 1+ 6)h)
+ ¢((n —2my + 6,)h)|
< |al(1 +262)C1,0h? + M2 (Ja(|a| + [b] + [c]) (1 +203) + bl (1 +20182)) + |c]
[¢'((n—2my — 1425 )h)h — ¢’ ((n — 2my + 5)h)h|
< |al(1 +262)C1,1h? + M2 (Ja(Ja| + [b] + [c]) (1 +203) + [b] (1 +20182) + || (1
—&2))

Substituting Equations (16)—(18) into Equation (15) yields
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en < ey1+lalh(en—1+ (|a] + |b| + |c|)Mh) + |b|h((1 + |a|61h) (1 + |b|61h + b253h% +

mz 5 Lmz §2J my—&y

o) e o by ey gt MB((jal62h + 1) (Ja] + [B] + [e]) + |e] (1 = 61))
m 5 np—oy My —8 m ) ny—dy 42
(1+|b|§1h+b25%h2+ . |b| m% Aij l\‘ml ‘sljhl-mffoij)_‘_M“ﬂ my— o?J""lé-lL"’l 1J

pbm= 61“2)+|c|<|a|<1+zaz>c1,1h2+Mh2<|a|<|a| + || + le[) (1 + 263) + b](1
+26162) + |c|(1 = 62)))
< ey 1(1+ [alh) + M2 (|a|(|a] + [B] + [c]) + [b](((|a]62h + 1) (|a] + [B] + |c]) + |c]

mz 5 L’”Z 52J ny—dy m )

(1= 81))(1+ [blSy+ 28302 + - [bf )5y i =si ) b =st

+1

| 2702 | 4o | my=s

5" hLﬁJH|c|(|a|(|a|+Ibl+|c|)(1+252)+|b|(1+2(51r52)+|c|(1—5z)))
m JJ LMZ?J Lm 5J
+ (|b|(1 + |a|61h) (1 + |b|61h + b253h* + +|b\ Mg M ) e [a
(1+267))Cy 12
< Cipah,

where C1p1 = (M(a|(la] + [b] + [c[) + [b(((|a]6}T + 1) (la| + [b] + |c]) + ] (1 — 61)) (1

0=0y | | M=% 1y —5, M=% 40
+|b|(51T+b25%T2 —|—|b| ml f’1j 1L"’1 olJTLml 61 )—l—|b‘ m1 51J+151Lm1*51J

+lel(lal(a] + 1Bl + |e[) (1 +263) + [b](1 +25152) + lel(1=62))) + (Ib|(1 + |a|6: T) (1

7”2 dy J Lm2 5 J
+ |b|61 T + b262T% + +|b| R

my—dp

T\-mlﬂ)‘l J)

|22 | “1,)a|T
T-m=1") + [c||al(1+262))Cy,1)|a] e

Wheno + 1 <t, <o+21,my—3d +my—0 <n<my—0J+2(my — 1), similarly
to the discussion above, we can obtain
en < en—1+|alh(en—1+ (la] + |b] + [c|)Mh) + [b|h((1 + |a|d1h) (en—m;—1 + [b]o1hen—om, —1

Mo —0
+1 L= 41tz g
+b2(52h €n—3m,— 1+ |b| ml alj (51 179 hLml alj en (L’”Z 5

+ Mh((|alo2h+1)(Ja] + b] + |c]) + || (1 — 61))( 1+yb|(slh+b25ih2

\.mz ‘52J 3 | mp—o

T (bloy) DR g B2 SR ) L e lalh
+ Mh(|al (|a] + [b] + |c]) + [b]((|a]63h + 1) (|a] + [b] + |e]) + |c|(1 = é1)) + b*6Th)
+ [b](1 + |a]617) Cy1h? + |aldsh(en—my—1 + (Ja] + [B] + [c]) Mdah) + |a|dah(en—m,
+ (|a] + |b] + |c[)Mb2h) 4 2|b|62k (€n—my—my —1 (1 + |a|61h) + Mh((|a]oTh 4 1)(|al
+1b] + Je]) + el (1 = 81)) + [B|MO2H2) + || (1 — 82) MK2)

< eq1(1+ |alh) + Mh>(Ja|(1+ |c| + 2(c[63) (|a] + [b] + |e]) + [b] (aloFh(|al + [b] + |c|)

|42)my— 1)

my—0dy

my—0dy
Flel(1 = 80)) (1 + [bl6rh + B2622 + -+ (|blorh) 7= ) 1 ((bloymy b=
+ [bllc]((|aloth + 1) (la] + [b] + [e]) + le|(1 = 61)) + b?[c|63h + 2[b] |c|62((|a|6Th + 1)
(laf +[b] +le]) + e[ (1 = 1) + [b]oFh) + c*(1 = 62)) + (|b](1 + [a]617) (Ci1 2.1

3

T 1blohCyy + BEIRCy1 + -+ ([blouh) T CL ) 4 lelCua(lal(1+ 282) + [b]
(1+ |a|o1h +262)))h?
< Cyiop0h,
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where Cy22 = (M(el(1+ e + 2/ea)Jl + 01+ e) 4 161(aldFT + 1)l + o] + Ie) +

2 |41 Lm1 01J+1 i m=% |

/(1= 60) (1 + DI T+ D227 4+ o] 72 THRG 1) 4 (ol 6 12

mz—é
plim=a 1+ 2 16)(c|((1ald3T + 1) (|a] + [b] + |e]) + e[ (1 = 61)) + b[c|62T +2|b||c|da((|a| 2T +
1)(|a] + |b] + [c]) + |c I(1—51)+|b\52T)+c (1=202)) + (|b|(1 4 |a]61T)(Ci 2,1 + |b]61TC1 1
2|41 Lml 2]+

m )

+ b262T2Cyp + - - |b| G
|ﬂ|51T+25z))))|ﬂ| el

Wheno+ (k—1)t <t, <o+kt,my—dy+ (k—1)(my —961) <n < my—3dy+k(my —

41) for some k € [3, Lmz 52J] similarly to the discussion above, we can obtain Cy, =

(M (|ﬂ|(1+\C\+2|C|52)(\ﬂ|+|b|+|C|)+|b|((1+|C|)(1+|b|51T+ + (pley )R =

k—2

+2|C|52(1+|b|51T+ +(pleT)tm Al ) (]8T +1)(la] + [b + |c]) + || (1 61)) +

(Ielor)'m- e Ik L ke N+ [el)[D]oy + 2leld) + 2[b|c?d2(1 = &2)T) + [b](1 + 2]elé2)

(14 al8 T) (Copgor + -+ (D18 72C10) 4+ (lallel 1+ 262) + [blel 1+ Jalor T)

(1 () e D)Caa)lal el
When o + | 2= ZJT <ty < 20, my — 6+ | M= (my — &) < n < 2(my —6y),

m20j

Th=t ey )+ Je|Cua (el (1 + 262) + [p] (1 +

-1
)

my—o1
an analogous calculation can be performed to obtain C R such that inequality
7Ly =0y
ep < C12 ES 02J+1h holds.
Takmg C1,2 = max{CLz,l, C1,2,2, . Cl 2, L:g j-‘rl} we have en < Cl,zh for my — 52 <

n < Z(Tl’lz — 52) <171.
Let Biyq = [0 | When (j— 1) < ty < jo, (j—1)(my — &) < 1 < j(mz — 5),

3 <j < By, en < Cyjh, where Cyj = max{Clljll, Cijar ,CLMZE:%JH}, and Cy jx can be

obtained by

en < ey—1(1+|alh) + Mh*(|a| (14 2[c[62)(|a] + |b] + [c]) + [b] (1 + |b]61h + b*62h2 +

. n12 2 .
+ (blog) TV U2y o s (120 4+ (20 2) (1 + [blorh + 2620 +

j— k—
T (Jolonh) UV ERSIH3) (lals2h 11 (1a] + o] + ) + [e](1 — 1))
T (bloyh) IR D2 02621 o115 5 (1 4 20| + - - + (21e])2) + Qe

i1 ) k—2
— 52)) + I2(|b|(1 + |aldnh) (Cy g + -+ + (ploy) UG, 1y Lojafelya
+2le + -+ L)) (Crjr + -+ Cra) 4 20b[62(1+2)e] + - + (2]c])2) (1 + alérh)

M2 | 41)+k—3

L )
(Crjpor + -+ ([playn) Vb= C1,1)) + el (len—m, — en—my—1| + -+ + (2lc|)i 2

|en7(]‘71)m2 ~ Cn—(j—1)my—1 |)
< Cyjkh,

When Bio < t, < 1, Bi(mpy — &) < n < 11, an analogous calculation can be
performed to obtain Cy g, 41, such that inequality e;, < Cy g, 41/ holds.

Taking C; = max{Cy1,C1, - ,C1p,+1}, wehavee, < Cihforl <n <.

Whent, =1,n =1,
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en = |x(mh) — Xy, |
= |x(m) + f’hh ax(t) + bx(t — 1) — cx'(t — 0)dt — Xy, |
= [+ x(r) + [T ax (b4 ) 4 bx(m 4t —T) — X/ (T + £ — 0)dt
— (Il + Xy 1)
< |x((m — 1)h) + le " ax(t) +bx(t — 1) —cx/(t — o)dt — X, 4| (19)

—|—|f’71h Tax(t4+1) +bx(ry +t—1) —cx' (7 + t — 0)dt]|
<epy-1+ |f hax( )+ bx(t — 1) —cxX'(t — o)dt| + (|a] + |b] + |c|) Mh
< ey -1 +2(|a| + |b| + [c|)Mh
< (G +2(|a] + [b] + |c])M)h.
Letting C; = C; +2(|a| + |b] + |c|) M, we obtain inequality e, < C1h, holds for n € I.
We assume that Equation (5) holds for n € I;_1, thatise, < Cs_1h forn € I;_1. Now,
we show Equation (5) holds for n € I.

When 7 1 <ty < T 1 +T < T1+0,7s1+1<n < qg+m—6 <11+
my — 02,

en = |x(nh) — X,
< et + [y lallx((n—1)h+£) = Xy_q| + [b][x((n — my — 1+ ) + 1)
Xy 140, A+ [l fi =% (1 = iy — 1+ &)+ )t + Xy s
— Xy—my—145, -
As discussed in Equations (7), (13) and (18), for t € [0, k], we have
[x((n =1k +t) = Xy1| < ep—1 + (la] + [b] + |c|) Mh
[x((n—mq+ 61 = Dh+1) = Xy 16,1
< (14 |aluh)(Coy 4+ - - - + (plagh) Bt Bt s DB D10y 4 vy
((laloth +1)(Ja] + [b] + [c]) + |e|(1 = 61)) (1 + [b|orh + BP6Th> + - - +

(\b|5 h)(B1+...+Bs—1+s—l)([ml 51J+1) 1) i M|b|(BlJr“'JrBs—lJrs*l)(ng 02J+1)

My —0
(Bit++Bs1+s=1) (| 525 52J+1)+1h(31+ By s —1)(| 2= j§j+1)+1

1 7
and

fo =/ (1 =1y =1+ &) + D)t + Xy iy 6, — Xy 145,]
< Jen—my = enmy—1|+ -+ Q2e[)PT BT e, g s,
Cpr (By o+ By s—2)my—1| 20621 (1 - - -+ (2]c]) Prthats=3)
(Cs—1+ -+ C)h+ (|a| + |b] + |c|)Mdrh) + 2|b|62h(1
+ o+ (2Pt ) (14 [a|dyh) (Coah -

1y —0p

+ (|ployh) Bt Bt s DW= D20 1y (1 4 (bloyh -
T (ploym) BB DR D2y (162 1) (Ja] + (] + [el)

My — o
(Bl+---+Bs,1+sfl)(me75%J+l)71)

+ [e[(1 = 61)) + M1 h(|b|é1h)
+ (2|C|)Bl+~~+BS,1+s—2(1 _ 57_)Mh2,
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then, we obtain

en < eq—1(1+ |alh) + MI?[al(la] + [b] + [c]) + [b|*((1 + |a]o17) (Cs—1 + - -~

_ my—dy _
+ ([play ) B Bt s D= 0 ey 4 M ((Jal62h + 1) (Ja] + [B] + [e]) + |c]
"’2*52

(1= 60))(1+ [Dlovh + BG4 -+ ([play) P oo D =g o0,

=)
+ M([p| o) Bt B D=5 Y el (lenmy — enmyt| + oo+

(Z‘C‘)Bl+ Beorte 3|3 B]‘F ~+Bg_1+s5— Z)mz 7erlf(B1+"'+Bs,]+572)m27l| +2|ﬂ|(52h

(L4 2fe)ProtBe®t=3) (Cog + - + Ci)h + (|a] + [b] + [c]) Mdh)
+2|b|6ah(1+ - - - + (2]c|)Brt+Bsat5=3) (1 + |a|61h) (Cs 1B + - - -

(’bwlh)(Bl+...+3571+571)(L’”Z:‘SZJ+1)72

mq—o61

Cih) + Mh(1 + [b|orh + - - -
1 (pfoyiy Brt Bt s DR D2 (1120 4 1) (a4 [b] + [el) + e (1 — 61))

+ Moyh([pley) BB | e Bt Berts2(1 ) wn2)
< Gaah

Just as in the discussion of C; ; x, we can obtain C; 1 ; such thate, < Cgqh,75—1 + (k —
1)(my —61) <n <ws_1+k(my —61) fork=1,2,---, | 2= ‘52J When 7,1 + Lmzfgfjr <

th < Tso1+0, 4521 + LZi:giJ(’”l —01) < n < ys_1 + my — J, we also can obtain
B . ] < g
CSJ,LZf,Zfﬁl which satisfies ¢, < Cs’l,L:Z?Z?th.

Taking Cs1 = max{Cs11,Cs12,---,C

o1 Lmzﬂszﬁl}, wehavee, < Cg1h, forns_1+1 <
Trhmy oy
n < 1s—1 + my — 6. Then, there are finite C; j, and the number of C; ; does not depend on
stepsize h.
Taking

Cs = max{Cs1,Cs2, - ,Csp,11};

we have
en < CShIT]571 +1<n<1ns.

When t, = 75, n = 175, an analogous calculation as in Equation (19) yields

en = |x(775h) - X775|

. (20)
< (Cs +2(|al + [b] + |c[)M)h.

Letting Cs = Cs +2(|a] + |b| + |c|), we obtain e,, < Csh for n € I;.
Whenny <n < pm = %, same as 11 € [#s_1 + 1,75), we can obtain Cy11 which
satisfies e, < Cn411h.

Taking
C =max{Cy,Cy, -+ ,CN,CN+1,1},

we can obtain ¢, < Ch which holds for 1 < n < pm. This completes the proof. [

3. Examples

In this section, we present two examples to show the efficiency of our work.
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3.1. Example 1
We consider the following INDDE:

X(t) = —2x(t) —x(t—1)+x/(t—3), t>0,t#2k
Ax(2k) = 0.5, kezt, (1)
x(t) =1+t -3 <t<o,
The solution of Equation (21) for t € [—3, 3] is
31ty le2, 0<t<1,
_%_F‘lit_%t6272t+}1672t+%6272t’ 1<t§3,
x(t) = =1+ 1p— Lpe272 14320 4 30372 4 12720 4 Le=2t 3 <4 <2 (22)
1y 1 4 1242t 3,42t 1,22t 1,32
—gt+ ¢ + gtle* % — qret~H — Jte?~H — S

Using Euler scheme (2), we obtain the global errors at t = 0.5, t = 1.5, t = 2, and
t = 2.5, denoted by ¢ 5, €15, €2 and e; 5. Then, as can be seen from Table 1, as the stepsize
halves, the error reduces by a factor approximately equal to % The errors are also plotted in
Figure 1. Obviously, we obtain that the numerical solution convergent to the exact solution
with & — 0 and the convergent order is one. This means our method is efficient.

Table 1. The global errors of Euler scheme (2) for INDDE (21).

Stepsize €05 e1s e ers
1/10 0.0100 0.0189 0.0093 0.0211
1/20 0.0048 0.0091 0.0051 0.0104
1/40 0.0023 0.0045 0.0026 0.0052
1/80 0.0012 0.0022 0.0013 0.0026
1/160 0.000578 0.001100 0.000676 0.001293
1/320 0.000288 0.000549 0.000339 0.000646
1/640 0.000144 0.000274 0.000170 0.000323
1/1280 0.000072 0.000137 0.000085 0.000162
0.025

—&—errors at t=0.5
—#—errors at t=1.5

errors at t=2.0 4
0.02 —+—errors at t=2.5 "/-
S
0.015 s
o
0.01 P
0.005

0. 0.01 002 003 004 005 006 007 008 009 0.1
h

Figure 1. Errors vesus stepsize for Equation (21) at four alternative output points.
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3.2. Example 2
We consider the following INDDE [26]:
8
() =3x(t) = Lx(t—3)+ £X(t— 1), t>0t#k
Ax(k) = (—1)k, kezt, (23)
— 1
x(t) =0, —5 <t<0,
The solution for t € [0, 3] is
0, 0<t<],
—e%, 1<t< g,
X(t) = { (85 pem3)es 4o S te, b<t<, (24)
(e 15 47—6*15*2)&’3 - %(t—zg)j-e%—%z
+(—e75 —%e*ﬁ —%e_?)eél % <t< %

By Euler scheme (2), we similarly obtain the global errors at t = 1, t = 11/10,
t = 13/10, and t = 7/5, denoted by ey, e11/10, €13/10 and ey /5. And from Table 2, as the
stepsize halves, the error reduces by a factor approximately equal to %, too. The errors are
plotted in Figure 2. We can easily see that with & — 0, the numerical solution is convergent

and the order is one, which proves our method again.

Table 2. The global errors of Euler scheme (2) for INDDE (23).

Stepsize e1 €11/10 e13/10
1/10 0 2.0667 x 10~* 2.0366 x 10~% 5.0877 x 107>
1/20 0 1.0448 x 1074 1.0179 x 10~* 2.8268 x 107>
1/40 0 5.2531 x 107> 5.0879 x 107> 1.4867 x 1075
1/80 0 2.6339 x 107° 2.5435 x 107> 7.6198 x 10~°
1/160 0 1.3188 x 10~° 1.2716 x 10~° 3.8569 x 10~°
1/320 0 6.5989 x 10~° 6.3579 x 10~° 1.9401 x 10~
1/640 0 3.3007 x 10~° 3.1790 x 10~° 9.7293 x 10~7
1/1280 0 1.6507 x 106 1.5896 x 10~° 4.8710 x 107
- %10 ‘ ‘ ‘
—&—errors at t=1
—#—errors at =11/10
errors at t=13/10 L
2F —+—errors at t=7/5 :
15}
05} "” o =
et

002 003 004 0‘[4)5 006 007 008 009 d.1
h

Figure 2. Errors vesus stepsize for Equation (23) at four alternative output points.
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4. Conclusions

In this paper, we discuss the numerical solutions for the neutral delay differential
equations with impulsive perturbations, we use a fixed stepsize Euler method for INDDEs
and propose the Euler scheme which is a simple but most feasible scheme by taking the
partition nodes and employing the linear interpolation. Then, we show how this method
may be convergent by order one. To achieve this, mathematical induction is used to strictly
prove the final conclusion, that is, the convergence order of the INDDE:s is one. Lastly, we
present two numerical results to verify their convergence orders,respectively.

From this paper, we know that the Euler method for INDDEs is convergent of order
one. To find numerical methods with higher convergence order for INDDE:s is the goal of
our futher work. On the other hand, the current study actually is a kind of preparation
for the stability of INDDEs. However, as far as we know, there are many studies on the
stability of exact solutions, but few on the stability of numerical solutions. Therefore, we
are going to focus on the properties of stability by these different choices of numerical
methods. These will be new challenges for us.
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