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Abstract: In this study, we introduce new generalizations of higher-order type-I functions and higher-
order pseudo-convexity type-I functions. The application of the notion of sublinear functionals to
these generalizations of higher-order type-I and higher-order pseudo-convexity type-I functions is
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and higher-order pseudo-convexity type-I functions, we established and studied six new types of
higher-order duality models and programs for multiple objective nonlinear programming problems.
In addition, we use these generalizations of higher-order type-I functions and higher-order pseudo-
convexity type-I functions, to formulate and prove the theorems of weak duality, strong duality, and
strict converse duality for these new six types of higher-order model programs.

Keywords: multiple objective programming; nonlinear programming; higher-order duality; (F,p,0)-
type-I functions; pseudo-convexity functions

MSC: 90C30; 49M37; 65K05; 90C46

1. Introduction

In [1], the author investigated higher-order duality for multi-objective programming
problems. In [2-5], the authors studied second-order dual nonlinear programming prob-
lems. Reference [6] introduced the concept of invexity duality in programming prob-
lems. Reference [7] introduced invexity and nonconvex optimization and their appli-
cations to these programming problems. Reference [8] discussed v-invexity functions
in vector optimization problems. These programming problems under p-convexity are
presented [9,10]. [11], which was expanded to include (F,p)-convexity functions defined
by [12,13]. The dual Mond-Weir type of these programming problems involving (F,p,0)-type
I functions was introduced by [14,15]. In [16-18], the authors discussed the higher-order
duality of these programming problems. The second-order (F,p,0)-type-I functions for
nondifferentiable fractional programming problems were introduced by [19-23]. The
higher-order vector optimization problems involving cone-invexity functions are given
in [20]. In [24,25], they proposed a higher order for fractional programming problems.

In this work, we present new generalizations of higher-order type-I functions and
higher-order pseudo-convexity type-I functions for multiple objective nonlinear program-
ming (MONLP) problems. In addition, we establish and study of six new types of higher-
order duality models and programs for multiple objective nonlinear programming prob-
lems. Furthermore, we formulate and prove the results of duality theorems under these
generalizations of the higher-order type-I functions for these MONLP problems. Finally,
we discuss the first four types of these higher-order duality models and programs with
this condition a} (x, u) = zx]z-(x, u) = a(x,u) and the other two types of higher-order duality
models and programs without this condition.
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fi(x) = fi(u) = F(x,u;0 (x, 1) (V fi(u) + VpKi(u, p)) + ( P)

2. Preliminaries and Definitions
Consider the MONLP problems that take the following form:

MONLP : min f(x) = (f1(x), fa(x), ..., fm(x))
subjecttox € X = {x € R" |gi(x) <0, j= 1,2,...,k}

where the functions f : X — R™ and g : X — R¥ have continuous differentiability.

Proposition 1 ([26]). If the point X is weakly efficient for the MONLP problem, which satisfies the
constraint qualification. Then I\ € R™, y € R¥ satisfaction.

Y VONE) + X Vg (®) =0,

k
) yig(X) =
j=1
A>0,3" Ai=1y>0.

Definition 1 ([10]). A sublinear is a type of functional F : X x X x R" — R that satisfies the
following conditions:

(i)  F(x,u;a1+ap) < F(x,u;a1) + F(x,u;a) Yay,a; € R,

(i) F(x,u;aa) = aF(x,u;a) Vo € R,a > 0,a € R"

Let wus define the functions fj:X —R"gj:X — RNK:XxR" >R,
Gj: X x RF — R that are differentiable and also define the following real-valued functions:

d:XxX =R, al,a?: Xx X — R \{0},p, c €R.

The higher-order (F, «, p, 0, d)—type-I, higher-order (F, «, p, 0, d)—pseudo-convexity
type-1, and higher-order strict (F, &, p, o, d)—pseudo-convexity type-I functions are defined
in the new definitions that follow.

Definition 2. The MONLP problem functions f;(x) and g;(x) are higher-order (F,a,p,0,d)—
type—l at the point u € X with respect to (w. r. t.) the functions K;, G; Vi, j and p;,0; € R,

]2 X x X = R4\ {0} if Vx € X we have

VpKi(u, p) + pid?(x, u),

and

— 8j(u) > F(x,u;0% (x,u) (Vg;(u) + VqGj(u,9))) + Gj(u,9) — 4" VqGj(u,q) + 0jd*(x, u).

We note that, if ] (x, u) = oc]Z(x, u) = 1, the higher-order (F, &, p, o, d)—type-I reduces

to the higher-order (F, p, 0)—type-I defined in [15].

Definition 3. The functions f;(x) and g;(x) of the MONLP problem are higher-order (F, &, p,0,d)—
pseudo-convexity type-I at a given point u € X w. r. t. the functions K;, G; Vi, jand p;,0; € R, if
V x € X, we have

F(ox, u; 0} (x,u)(Vfi(u) + V,pKi(u, p))) + pid*(x,u) >0 =
ﬁ(x) fi(u) > Ki(u, p) — p"V,Ki(u, p),
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and
F(x,u;02(x,u)(Vgj(u) + V4Gj(u,q))) + ojd®(x,u) > 0 =

]
—g8j(u) > Gj(u,q) —q"V4Gj(u,q).

Definition 4. The functions f;(x) and g;j(x) of the MONLP problem are higher-order strict
(F,a,p,0,d)—pseudo-convexity type-I at the point u € X where functions meet K;, G; if ¥x €
X, pi, 05 € R, we have

P, 150 (o, ) (Vo () + VK, p))) + pid(,) > 0 =
fi(x) = fiu) > Ki(u, p) — p"VpK;(u, p),
and
F(x, u;ajz(x,u)(ng(u) + V4Gi(u,q))) + 0jd*(x,u) >0 =
—gj(u) > Gj(u,9) = q"V4G;(u, q).

Example 1. Consider the problem.

24x+2

min f(x) = o

subjectto x € X = {x ER|g(x)=1—x%x> 1}

Let them F(x,u;a) = |a|(x — u)?, a'(x,u) = a?(x,u) = %”‘ and p = —1, ¢ = —1,
d(x,u) = 0.2|x — u|,u = 1. And for each individual, as well as each family x € X, K(u, p) =
i G(u,q) = q(u? +2), f(x) = f(u) 2 F(x,w;a! (x,u) (Vf(u) + VpK(u, p))) = K(u, p) +
pTVpK(u, p) +pd*(x,u), —g(u) > F(x,u;0?(x,u) (Vg(u) + V4G(u,q))) — G(u,9) +q" Vg
G(u,q) + od?(x,u).

As a result, f(x) and g(x) they are higher-order (F,a, p, o, d)—type L

Example 2. If ai(x,u) = a?(x,u) = 1 in Example 1 we define the functions K(u,p) =
IpTV2f(u)p and G(u,q) = 1qTV?g(u)q then f(x), g(x) fail to be second-order (F,p,o)—
type-I functions (see [13]), because if u =1,x = 6,0 = —1,0 = —0.5 we have

Fx) = fu) = F(x,u; (Vf(u) + V2 (u)p)) + %PTVZf(M)P — pd?(x,u) < 0.

In addition,

—g(u) = F(x,1; (Vg(u) + V2g(u)9)) + %qTVzg(u)q — od*(x,u) <0.

Remark 1. If a} (x,u) = tx]Z(x,u) = 1 the higher-order (F,a, p, o, d)—type-I is related to the

following:

1. For example K;(u, p) = 3pTV?*fi(u)p, Gj(u,q) = 3q7V?g;(u)q Definition 2 reduces to
the second-order (F, p,0)—type-I that is defined by [13].

2. If F(x,u;a) =n(x,u)a,a € R"andn : X x X — R" so, then the higher-order invexity
function becomes a special case of this higher-order (F,w, p, 0, d)—type-I.

3. Forexample p; = 0; = 0, if we have the following functions,

1 1 n n
Ki(u,p) = EpTV2f,-(u)p, Gj(u,q) = EqTVZgj(u)q, n:XxX—=R" aeR" F(x,u;a) =n(x,u)a.

The higher-order (F, «, p, 0, d)—type-I functions are related to the second-order type-I
functions that are defined by [25].
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3. The Six New Types of Higher-Order Duality Models for the MONLP Problems
Are Described

In this section, we establish and study the new six types of higher-order duality model
programs for the MONLP problems. We also define and show the theorems of weak duality,
strong duality, and strict converse duality for these new six types of higher-order model
programs using generalizations of the higher-order (F, «, p, 0, d)—type-I and higher-order
(F,,p,0,d)—pseudo-convexity type-I functions.

3.1. The First Is in a Series of Six New Higher-Order Duality Models and Programs

Let us consider the first type of the new six types of higher-order duality model
programs for the MONLP problems in the form

MONLD1:
max Y7y A fi(u)
subject to
3fi(u) 9gj(u) & 9Ki(wp) | & 9Gi(uq)
; i3 +;y] T Bl +§y, og ey
= j= i= j=1
k 97) >0 2
Y v+ Y viGiwa) — " g5 >0, @
m m aK u,
Zi:1 )\iKi(”/p)_pTZZ l/\('gpp) 0, 3)
y;>0,j=12,...k 4)
m
Ai>0,i=12,...,m Y A =1 (5)

We examine the weak duality, strong duality, and strict converse duality theorems for
this first kind of duality model in this section.

Theorem 1 (Weak Duality). Assume that x is feasible for the MONLP problem and that
(u, Ay, p,q) is feasible for the MONLD1 problem, let the conditions be

m k
o} (x,) = 0 () = (), (0 Ay + Y yj07) = 0
i=1 j=1
And choose one of the following:

(i) The functions f;(x) and g;(x) are higher-order (F,w,p,0,d)—type-I at point u € X w. r. t.
K;, G;
Or

(ii) ~ The functions f;(x) and g;(x) are higher-order (F,a, p, o, d)—pseudo-convexity type-I at
ue Xwrt K, G;

Then comes the

Zz 1/\fl >Zz 1/\fZ (6)

Proof. Using the assumption (i): Because the functions f;(x) and g;(x) are higher-order
(F,a,p,0,d)—type-I functions at u € X w. r. t. K;, G; we have

fi(x) = fiu) = Fx,uaf (x,u) (V i) + VpKi(u, p))) + Ki(u, p)

(7)
pTVKi(u, p) + pid?(x, u),



Mathematics 2023, 11, 889

50f 20

and
—g]'(u)ZF(x,u;wf(x,u)(Vg]( u) +V,Gi(u,q)))+
Gj(u,q) —q"V4Gj(u, q)+0] 2 (x,

since that time y; > 0, A; >0, Déil(x/ u) = a7

](x,u) = w(x,u).
Multiply (7) by A; taking summation over i from 1 — m, and multiply (8) by y; taking

summation over j from 1 — k, and we get

8
). ®)

L Afi(x) — & Afi(u) > Flxusalx, u)(%lma{;u R

¥ AKi(u,p) —pT b A up) +d2(x u) z Aioi,

i=

©)

and

k k de: k 3G (u,
—421]/]-g]-(u) > F(x, u;oc(x,u)( Z yj ga/(;) + Aﬂlyj g,(;‘ q)))+
j= j=

k k (10)
Gi(g) | o

,Zlijj( q)—q" Z Yi—oq T4 (x,u),ZlyjtTj-
= =

By adding inequalities (9) and (10), we get

m m k m
;1 Aifi(x) — ;1 Aifi(u) — Z yigj(u) > F(x, u;a(x,u)(lz Aiag(;)—i-

9G; (u, m
+ z v ;q" )+ L A, p) -

k 3G;(uq) )

m
9K (u,
pT L L) 45 yiGi(u,q) — g7 2] bt

m

k
d*(x,u) (X Aip; +]§1 Yio;)

We obtained the following: By applying the constraints (1)—-(3) and applying the
m k m m
condition (Zl Aipi + ‘21 yjo;) >0, Zl Aifi(x) > 121 Aifi(u).
i= j= i= i=

Also, using the assumption (ii), the functions f;(x) and g;(x) are higher-order
(F,«,p,0,d)—pseudo-convexity type-I functions at u € X w. r. t. K; and G; we have

F(x, ;) (x, ) (V£ (1) + VKo, p)) + pid? (x, 1) > 0 =

fi(x) = fi(u) > Ki(u, p) — p"VKi(u, p), (12)

and
F(x,u;ocjz(x,u)(Vg]( )+ V4Gj(u,q))) + 0jd*(x,u) > 0 =

—gj(u )7 Gj(u,q) — 9" V4Gj(u,q).

Using constraints (4) and (5) and conditions y; > 0,4; > O,ai (x,u) = ocjz(x,u) =
a(x,u).

Multiply (12) by A; taking summation over i from 1 — m, and multiply (13) by y;
taking summation over j from 1 — k. We got

(13)

F(xw;a(x,u) (5 A9 4 32 22000 4 @2 (2, 0) 5 Aoy > 0=
mzzl " i=1 " i=1 " SK(ep) (14)
Aifi(x) = 421 Aifi(u) > ¥ AiKi(u, p) — PT‘Zl o T
= 1= 1=

i=1 i=1
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In addition,
k de; k
P uae ) (X v, 50 + 3 Ly a;“”>>+d2<x,u>zymo:»
= | (15)
u,
_Zl}/]g]( >>Z]/] ( q) — q Z Yj aqq~
j=
By adding inequalities (14) and (15), we get
P(xuzx(xu)([j)\af’ +ZA ”p +Zy] au +Z y; uq)))Jr
” m k
d*(x,u) (X Mipi + X yjoj) > 0=
=1 j=1 (16)

m m k "
B st~ E o - £ g = F it~

u k JG; u,
pT ZA k() +Zy] () =" 2y ),
]:

m m

Use the constraints (1)-(3) that we have Y A;fi(x) > ¥ A;fi(u).
i=1 i=1

Then, the proof end. [

Theorem 2 (Strong Duality). Allow for the existence of x a weakly efficient solution to the MONLP
problem that meets the constraint qualification, and the functions K(u,0) = 0, G(u,0) = 0 then
JX € Ry € RF 3 (x,A,7,7 = 0,7 = 0) is feasible to solve the MONLDI problem and the
corresponding values of objective functions for the MONLP and MONLD]1 problems are equal. If
the hypotheses of Theorem 1 hold, then that point (X, A, 7,7 = 0,4 = 0) is weakly efficient for the
MONLD1 problem.

Proof. We are A € R", 7 € R¥ satisfied with the following: As the MONLP problem has ¥ a
weakly efficient solution that meets the constraint qualification,

YL VO )+ X, (75) (0 = 0,

koo
Zj:l ng]'(x) =0,
A>0Y " Ai=1y>0.

Therefore, it (X,A,7,7 = 0,7 = 0) is feasible for the MONLD1 problem, and the corre-
sponding values of the objective functions for the MONLP and MONLD1 problems are
equal. If the hypotheses of Theorem 1 hold, then the point (¥, A,7,7 = 0,7 = 0) is weakly
efficient for the MONLD1 problem. [

Theorem 3 (Strict Converse Duality). Let’s X be efficient for the MONLP problem and (1, A, Y, 7, 7)
optimal for the MONLD1 problem, respectively. Let the conditions be

m k
af (X, 7) = o3 (X, %) = a(%, %), (ZXp Y 705 =0

And we assume that either
(i) Atu € Xw. r.t. K;, Gj, the functions f;(x) and g;(x) are of higher-order strict (F,a, p,0,d)—

type L.
Or
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(i) Atu € Xw.r. t. K;,Gj the functions f;(x) and g;(x) are higher-order strict (F,a,p,0,d)—
pseudo-convexity type-I.
Thenu = X.
That is u an efficient solution to the MONLP problem.

Proof. Consider the polar opposite, namely, i # X since ¥ is efficient for the MONLP
problem and (%, A, y, P, §) optimal for the MONLD1 problem. Theorem 1 entails a

i Aifi(®) < i Aifi(1) (17)
i=1 =1

Because functions f;(x) and g;(x) are higher-order strict (F,a, p, 0, d)—type-latu € X
w. 1. t. Kj, Gj assumption (i) =

() = () > F(E T} (57) (VA(T) + VpKi(E, 7)) + K@ )=

_ o o (18)
pTV K (1, ) + pid? (%, 1),

and
—gj() > F(%, ;a3 (%,1)(Vg;(1) + V4G;(,7))) + Gj(#,4) — 19)
7'V,Gi(,9) + 0jd*(x, ).
From constraints (4) and (5) and since j; > 0, Ai>0,al(x,1) = 0{]2 (x,u) = a(x,u).
Multiply (18) by A; taking summation over i from 1 to m, and multiply (19) by v;
taking summation over j from 1 to k, and we get

mX mo_ — m*afl(ﬂ) m (L,
Y Aifi(x) = X Aifi(u) > F(x, wa(x,u) (X A T b p
= = om ML k) o M (20)
¥ AiKi(7, ) — 7T & A2 4 @2(%,7) ¥ Aipr,
i=1 i=1 P i=1
and ; ) ;
_ _ 3gi(u _ Gi(1g
_jgl ]g](u) > F(x u,tx(x,u)(]gl ] 355[ ) +].§1yf ]a(q ﬂ))H_
k . T k G, (11,7) 9/ — k (21)
Y yiGi(w,q) -9 L y;—5— +d°(x,u) ¥ yj0
j=1 j=1 j=1
By adding (20) and (21), we obtain
L Nfi(®) = LA - L 785(0) > FE @ m) (2 A%+
Mo SK(7iF k. _ ogi(@ k _ aG(ug mo_ . _
E XSGR+ L g+ L)+ L K, p) -
= = = = 22
7T§XaK,(Hﬁ)+£7G(ﬁf)_fTifan(ﬁﬁ)_F ( )
P o or j=1 joit I j:ly] 94
m __ k
d(x,7) (X Aipi+ X 7;09)
i=1 j=1 ]

m o _ k
By using constraints (1)-(3) as well as the condition, (Y Ajp; + © y].a]-) > 0 we get
i=1 =1

imw > imﬁw)

1

That contradicts (17). Then 7 = .
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We can deduce from assumption (ii) that since the functions f;(x) and g;(x) are higher-
order strict (F, &, p, 0, d)—pseudo-convexity-type-lat 7 € X w. r. t. K;, G;

F(X . (%,1) (Vi(0) + V,Ki(T,))) + pid(%,11) 2 0 = )
fi(®) — fi(@) > Ki(w,p) — 7" V,Ki(w, p),
and
F(Y,ﬁ;a]z(f,ﬂ)(Vg]( )+ V4G(1,7))) + 0jd*(x,4) > 0 = 24)

_g]( u) > G](u,q) q quj(ﬁ/ﬁ)-

Using constraints (4)—(5) and the conditions yj >0,A >0, zx}(x, u) = zsz(x, u) =
a(x,u).

Furthermore, multiply (23) by A; taking summation over i from 1 — m, and multiply
(24) by y; taking summation over j from 1 — k where we get

F(X, % 0 (%, 1) (D0 A 20y 3, oK) >> +d2 (%) O A > 0 =

i 8K (u P) (25)
LIy Aifi(®) — T Aifi(i) > T 4K, P) — T L op
In addition,
— _ ogi(u — 9G;(1, —
P (%, 1) (S 7250 + T 7,255 ) + P 1) K RG0S gy
*ijlngj( )>2j:1yj i) —1 Z;( 1Yj :q‘
By adding the inequalities (25) and (26), we get
Ly ofm | P K@R) | g g (0 & o 3G
LA LR+ LGS+ NGt
mo_ k
dz(f,ﬂ)( ;1 Aip; + 4;1 y](?'] >0=
m o_ 7111_7 " k mo_ (27)
L (0 — L) — L 30 > L K 7)-
1= 1= = 1=
mo_ — k o kT
pTEAMGE + L ,Gima) ~ 7 5
i= j= j=

Using the constraints (1)—(3) and the conditions (Zlmzl Xipi + E;(:l yjaj) > 0, we
obtain
Y Afi(x) > Y Aifi(w)
That contradicts (17). After that u = ¥, the proof is complete. [J

3.2. The Second of Six New Higher-Order Duality Models and Programs

Let us consider the second type of the new six types of higher-order duality model
programs for the MONLP problems in the form:

MONLD2:
max Yy Aifi(u) + T g yjg(n)
subject to
afz agi(u) & 9Ki(u,p) & 9Gj(uq)
Ai yj +Y A — Yy — =0, (28)
Z ]; 7 Qu z:zl " op ]; I 9q
aK u,
Yo AiKi(u,p) —pTY L A épp) 0, (29)

yi>0,j=12,..k (30)
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m
Ai>0,i=1,2,...,m Y A=1 (31)
=1
The duality theorems are covered for the second kind type in this section.

Theorem 4 (Weak Duality). Assume that x is feasible for the MONLP problem and that
(wA,y,p,q) is feasible for the MONLD?2 problem. Let the following conditions be met:

af (x,u) = o (x, u) 2 Aipi + Zy]a] (32)
k )
Z (u,9) > qTZ y}i(u,q) (33)

j=1 9
Additionally, we assume that either
(i) The functions f;(x), gj(x) are higher-order (F,w,p,0,d)— type-I at point u € X w. r. t.
K;, G]
Alternatively,
(i) Atu € Xw. r. t. K; and Gj the functions f;(x), gj(x) are higher-order (F,a,p,0,d)—
pseudo-convexity type-I functions.

After that
D Afi(x) = Y Aifiu +Z _1¥i8j(1)-

Proof. Using Theorem 1, we get:
By assuming (i) and the relations (28), (29), (32), and (33) in (16), we arrive at the
following:

21 Aifi(x 21 y Aifiu +Z 1 ¥58j(u)

Using the assumption (ii) and the relations (28), (29), (32) and (33) in (16), we get

Yo Aifilx) = Y Afilu +2 1 ¥58j(u)

The proof is complete. [

Theorem 5 (Strong Duality). Let the point X satisfy the constraint qualification with the functions
K(u,0) = 0, G(u,0) = 0and be weakly efficient for the MONLP problem. Then A € R™, € R¥
a point that (X,A,,p = 0,9 = 0) is feasible for the MONLD2 problem, and the corresponding
values of the objective functions for the MONLP and MONLD?2 problems are equal. If the hy-
potheses of Theorem 4 are true, then the point (X,A,y, 7 = 0,4 = 0) is weakly efficient for the
MONLD?2 problem.

The proof is analogous to Theorem 2.

Theorem 6 (Strict Converse Duality). If X is efficient for the MONLP problem and (1, A, Y, D, 7)
is optimal for the MONLD?2 problem, let the following conditions be met:

al«l(f,ﬁ) = ocjz(x u Z )tlp, +Z Ty i) (34)
koo _0Gi(u,q)
gijj(u,q) >q" gyfijaq (35)
j= j=

And we assume that either
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(i) Atu € Xw. rt K; Gj, thefunctions f;(x), gj(x)arehigher-order strict (F,a,p,c,d)—type-
L
Or

(i) Atu € Xw. r.t. K;and G; the functions f;(x), gj(x) are higher-order strict (F,a,p,0,d)—
pseudo-convexity type-I.
Thenu = X.
That is u an efficient solution to the MONLP problem.

Proof. Take a look at the polar opposite. That is u # ¥ since X is efficient for the MONLP
problem and (i, A, ¥, 7,§) optimal for the MONLD2 problem, we get the following inequal-
ity from Theorem 4:

Y Afi(®) < Y i) + Y 7y(0): (36)

Assumptions (i) and the relations (28), (29), (34), and (35) are used in imports (22).

YAfi () > Y Aifi(u) + Z;‘:l ¥;8j(1) That contradicts (36). Hence, we get i = X.

We get the following by substituting the assumptions (ii) and the inequalities (28), (29),
(34), and (35) in the relation (27):

YAfi(X) > Y Aifi(w) + Z;‘:l y;8(u) That contradicts (36).

Hence, the results follow. O

3.3. The Third Type of the New Six Types of Higher-Order Duality Model Programs

Let us consider the third type of the new six types of higher-order duality models
programs for the MONLP problem in the form:

MONLD3:
JK;(u,
malel)tfl +2 1 AiKi(u, p) pzll)t pp)
subject to
) " 9K (u, k. 9Gj(u,q)
ZA fl r’ Zm—lg P) + Y5 =0, (37)
=1 i=1 P =1 q
k L])
Yy + Gl — "y >0, (38)
y; >0,j=12,...k (39)
m
Ai>0,i=12,...,m Y A=1 (40)

i=1

The duality theorems for the third model type are covered in this section.

Theorem 7 (Weak Duality). Assume that x is feasible for the MONLP problem and that
(u, Ay, p,q) is feasible for the MONLD3 problem, let the following conditions be met:

al (x,u) = ucjz(x u Z)&lp, + Zy] i (41)

And we assume that either

(i)  Atu e Xw.r t. K; Gj, the functions fi(x), gj(x) are of higher-order (F,a, p, 7, d)—type-I.
Or

(i) Atu € Xw. r. t. K;, Gjthe functions fi(x), g;(x) are higher-order (F,a,p,c,d)—pseudo-
convexity type-I.
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After that

211)‘fl >Z L Aifi(u "‘Z 1 AiKi(u, p) pZz1

Proof. Using Theorem 1, we have:
Using the assumption (i), substituting (37), (38), and (41) in (11), we get

ZzlAfz >Z L Aifiu Z 1 AiKi(u, p) PEM

Using assumption (ii), if we substitute (37), (38), and (41) into (16), we get

JKi(u, p)
op

oK;(u, p)
op

oK;(u, p)

Zzl/\lfl >Z Aifi(u *Z 1 AiKi(u, p) PEM ap

The proof is complete. [

Theorem 8 (Strong Duality). If there is X a weakly efficient solution to the MONLP problem that
satisfies the constraint qualification with the functions, K(u,0) = 0, G(u,0) = 0, then we have
A€ R"y e R = 3(x,A,7,7 =0, = 0) a feasible solution to the MONLD3 problem as well,
and the corresponding values of the objective functions for the MONLP and MONLD3 problems
are equal. If the hypotheses of Theorem 7 are true, then that point (X, A, Y, = 0,4 = 0) is weakly
efficient for the MONLD3 problem.

The proof is similar to Theorem 2.

Theorem 9 (Strict Converse Duality). If X is efficient for the MONLP problem and (i, A,,7,7)
is optimal for the MONLD3 problem, let the following conditions be met:

() = 02(x,0) = ), (32 Aipi+ 3. 7,05) = . @)

And we assume that either

(i)  Atu € Xw.rt.K;, Gj, the functions f;(x), g;(x)are of higher-order strict (F, a, p, o, d) —type-I.
Or

(i) Atu € Xw. r. t. K;, Gj the functions f;(x), g;j(x) are higher-order strict (F,a,p,0,d)—
pseudo-convexity type-I functions.
Thenu = X.
That is u an efficient solution to the (MONLP) problem.

Proof. Consider the inverse; that is, 7 # X we have from Theorem 7 that ¥ and (7, A, 7,7,9)
are efficient and optimal for the MONLP and MONLD3 problems, respectively.

Zzl/\lfl <Z Alfl *Z /\Kup 7T211

We get the following from (22) by using the assumption (i) and the relations (37), (38),
and (42).

(43) contradicts this. Hence, 7 = ¥.

Use (ii), (37), (38), and (42) in (27) and we get

—BK JK;(u, p) (43)

i= 1/\le >2 Alfl +2 /\K up 7T21 1)\ ;p)

(43) contradicts this. Hence, the results follow. [
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3.4. The Fourth of Six New Higher-Order Duality Model Programs

Let us consider the fourth type of the new six types of higher-order duality model
programs for the MONLP problems in the form:

MONLDA4:
max Y7 Aifi(u) + Xy AiKi(i, p) — pT Ty A 2K 4
9G;(uq)
Y1 g () + X yiGi(u,q) — " Sy a;q
subject to
O ofi(u) S 9gi(u) PN 9Ki(u,p) | & 9Gj(u,q)
A +Y v + Y APy, TR, (44)
l; " ou ];y] ou l:Zl oap ];y] aq
yi>0,j=12..k (45)
Ai>0, i=1,2...,m ) A=1 (46)

These duality theorems for the fourth type are covered in this section.

Theorem 10 (Weak Duality). If x is feasible for the MONLP problem and (u, A, y, p,q) is feasible
for the MONLD4 problem, let the following conditions be met:

al (x,u) = ocjz(x u Z Aipi + Zy]a] 47)

And we assume that either

(i) Atu e Xw.r t K; Gj the functions fi(x), gj(x) are of higher-order (F,a,p,c,d)—type I.
Or

(i) Atu € Xw. r. t. K;, G; the functions f;(x), gj(x) are higher-order (F,«,p, 0, d)—pseudo-
convexity type-I.

Then

I Aifi(x) 2 Ty Aifia) + TPy Ak, p) — pT Py A SR 4
(
2?21 ngj(u) + Z;‘(:l ijj(u,q) —q Z;'(:l Yj E)q q)'

Proof. From Theorem 1, we have:
Substitute (44) and (47) in (11) based on the assumption (i) to obtain

Yy Aifi(x) > X Aifi(u) + 20y AiKi(u, p) — pT T A Zp)+
Ty vj8j(0) + Ty Gy (u,0) — g7 Ty ;2D

Using assumption (ii), substituting the relations (44) and (47) in (16), we get

LIy Aifi(x) 2 Ty Adfil) + Ty AiKi(u, p) = pT Ty ARG
E;?:l]/jgj(”)+2;‘:1yj Gi(u,q) —q Z;c 1%96@”1)

The proof is complete. [

Theorem 11 (Strong Duality). If there is X a weakly efficient solution to the MONLP problem
that satisfies the constraint qualification with the functions, K(u,0) = 0, G(u,0) = 0 then the
point (X,A,y, 7 = 0,7 = 0) is feasible for the MONLD4 problem as well, and the corresponding
values of the objective functions for the two problems, MONLP and MONLD4, are equal. If the
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hypotheses of Theorem 10 are true, then the point (X, A,y,7 = 0, = 0) is weakly efficient for the
MONLD4 problem.

The proof is similar to Theorem 2.

Theorem 12 (Strict Converse Duality). If it X is efficient for the MONLP problem and (u, A, Y, 7,7)
optimal for the MONLD4 problem, let the conditions be:

m k
al (X, 1) = zx]?(f,ﬂ) =a(x,u), (Y Aipi+ Z*jaj) >0 (48)

And we assume that either
(i) Atu € Xw. r.t.K;, Gj, the functions f;(x) and g;(x) are of higher-order strict (F,a, p,0,d)—

type I.
Or

(i) Atu € Xw. r.t. K;, Gj the functions f;(x) and g;(x) are higher-order strict (F,a,p,0,d)—
pseudo-convexity type-I.

That is, there is U an efficient solution to the MONLP problem.

Proof. Assume the reverse, for example # # X. Since the point X is efficient for the MONLP
problem and the point (i, A, ¥, p,4) is optimal for the MONLD4 problem, Theorem 10
deduces the following relationship:

Yy Aifi(®) < X Aifi(@) + Ky AiKi(, p) — T xy Ay 2K

_ o _ 3G,(74) (49)
Z;'{:1 y;8; (1) + Z}Cﬂ y;Gj(u,q) — q’ Z;F:l Y ]aqu !

From assumption (i), using (44) and (48) in (22) to obtain

(ﬁ P)
ap

A2

D’l§

LAf@® > L@ + L AK@wp) -7 +

1
2}(:1?]'81( )+E] 1Y,G (ﬁ 7) -7 Zf 1?1 (

H\»—\

This is contrary to (49). Hence, # = X From assumption (ii), if we use (44) and (48) in
(27), we get

LA > AL + L AK (TP -7 L L 200

o IR _ GG
Ci17,8i(@) + L viGi(,) — 7" £i, 7 ]a(q d

This is contrary to (49). Hence, u = x then the proof end. [J

3.5. The Fifth of Six New Types of Higher-Order Duality Model Programs

Let us consider the fifth type of the new six types of higher-order duality model
programs for the MONLP problems in the form:

MONLD?5:
max Y Aifi(u)
subject to
k vk 9G(u,q)
Yy + X viGiwa) — "y 1Yy 20 (50)
m m JK;(u
Yo AKi(up) —pTY A M 0, (51)

dp
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y;i>0,j=12,...k (52)

m
Ai>0,i=12,...,m Y A=1 (53)

This section deals with the fifth kind type category for duality theorems.

Theorem 13 (Weak Duality). Assume that x is feasible for the MONLP problem and that
(u,A,y,p,q) is feasible for the MONLDS problem, let the conditions be

m k
(‘21 Aipi + Zlyjaj) 20, Vufi(u) = =V,Ki(u, p)Vi,
i= j=
vugj(u) = —Vq ( ‘1) ]

(54)

Additionally, we assume that either

(i) Atu e Xw. r t K;, Gj, the functions f;(x), gj(x) are higher-order (F,a,p, 0, d)—type-I.
Or

(i) Atu € Xw. r. t. K;, Gj the functions f;(x),g;(x) are higher-order (F,, p, 7, d)—pseudo-
convexity type-I.

Then Y7 1 Aifi(x) > Y"1 Aifi(u).

Proof. Using assumption (i), we can conclude that the functions f;(x) and g;(x) are higher-
order (F,a,p,0,d)—type-latui € X w.r. t. Kj, G;

Fi(x) = filu) = B3} (x,0) (V fiw) + ¥ Ki(a, p))) + i, p) — 5
TV pKi(u, p) + pid*(x, 1),
and
~8(0) 2 (03 () (Vg0 +9,6(0,) 56

Gj(u,q) —q"V4G (u q) + ojd*(x, u).

This is accomplished by combining (54) with the functional property F in relations (55)
and (56).

fi(x) = fi(u) > Ki(u, p) — p"VpKi(u, p) + pid®(x, 1), (57)
and
—gj(u) > Gj(u,q) — q"V4Gi(u,q) + ojd*(x,u). (58)
The restrictions (52) and (53), 7; > 0, A; > 0.

Multiplying (57) by A; taking summation over i from 1 — m also multiplying (58) by
y; taking summation over j from 1 — k then adding the results yields

m m k m m
L Aifil0) = B Aifilw) = B yigi0) = X Aiiwp) = piT L A )
= - = (59)

k £ aGua) | o m K
,Zlijj(“/ q)—q" Z ] — Tt (x, )({ZlAiPi‘f"Zlyjaj)
= =

m k
We get the following by using (50), (51), and the condition (Y A;j0; + Y y]-aj) >0
i=1 i=1

in (59).
leAfl >211Af1
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We get the following because the functions f;(x) and g;(x) are higher-order (F, a, p, o, d)
—pseudo-convexity-type-I at the point 7 € X w. r. t. Kj, G; to assumption (ii):

F(x, ujaf (x,u) (Vfi(u) + VKi(u, p))) + pzdz(x u) >

60
B = K)ok p), ©

and ) )
F(x,u;05(x,u)(Vgj(u) + VqGj(u,q))) + 0d*(x,u) > 0 = (61)

—8j(u) > Gj(u,q) — 4"V 4Gj(u,q).
When we combine (54) with the functional property in (60) and (61), we get
pid*(x,u) > 0 = fi(x) — fi(u) > Ki(u, p) — p"V,Ki(u, p), (62)
and

a]-dz(x,u) >0 = —gj(u) > Gj(u,q) — qTVqG]-(u,q). (63)

We get by multiplying (62) by A taking summation over i from 1 — m and also
multiplying (63) by ¥; taking summation over j from 1 — k and adding the results with

use constraints (52)~(53), 7; > 0, A; > 0.

i=1
. y " , (64)
L Aifi(x) = X Aifi(u) 2 X AiKiGwp) = pT L e

and

= (65)
£ L £ 9G;(ug)
- Lyii(0) = X yiGi(uq) —q" Xy, b

k
The following is obtained by applying the condition ( g Aipi + ¥ y07) > 0 to rela-
i=1 =1
tions (64) and (65):

m k
d(x,u) (X Aipi + ¥ yj07) > 0=
i=1 =1
m m k m T m K, (1, p)
'21 Aifi(x) — 121 Aifi(u) — ,Zlngj(u) > '21 AiKi(u, p) — p '21 A=+ (66)
1= 1= 1= 1= 1=

L. (14)
421]/](;]( ) q Z ] B :
=

We can use the constraints (50) and (51) as well as the conditions ( Z Aipi + }: y]U])
i=1 j=1

0 in (66) to obtain
Zz 1 Ai fl > Z Aj fl

Hence, the proof is complete. []

Theorem 14 (Strong Duality). If X is weakly efficient for the MONLP problem and satisfies the
constraint qualification with the functions, K(u,0) = 0, G(u,0) = 0 then the point (X, A, P =
0, = 0) is feasible for the MONLDYS problem, and the corresponding values of objective functions
for the MONLP and MONLD?S problems are equal. If the hypotheses of Theorem 13 are true, then
the point (x, Ay, 7 = 0, = 0) is weakly efficient for the MONLDS5 problem.

The proof is similar to Theorem 2.
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i=1
0 and assume that it X is efficient for the MONLP problem and (1, ),v,7,q) optimal for the
MONLD?S problem.
In addition, we assume either one of the following:
i) Atu € Xw r t K Gj the functions fi(x) and g;j(x) are of higher-order strict
(F,a,p,0,d)—type L
Or
(i) Atu € Xw. r t K;and G; the functions f;(x) and g;(x) are higher-order strict
(F,a,p,0,d)— pseudo-convexity type-I.

m o__ k
Theorem 15 (Strict Converse Duality). Let us proceed with that condition (Y, Ajo; + Y. y]«(Tj) >
=1

Thenu = X.
That is u an efficient solution to the MONLP problem.

Proof. Assume the inverse. For example, u# # ¥, since X and (%, A, 7, 7,7) are efficient
and optimal for the MONLP and MONLD4 problems, respectively, we get the following
relation from Theorem 13:

Y Afi(®) <Y Aifi(u (67)

Because the functions f;(x) and g;(x) are higher-order strict (F,«, p, o, d)—type-I at
u e Xw.rt K, Gj, we get the following relations from assumption (i):

Fi(®) ~ fi(@) > FE T} (€0 (VA® + VoK@P) + K@D~ o
PV pK;i(@, ) + p,d* (%, ),
and
() > F(5, a3 (5 1) (V1) + V4G ) + )
Gj(#,7) — 7' V4G;(T, q)+0] 2(x, 7).
When we combine (54) with the properties F in relations (68) and (69), we get
fi(®) = fi@) > Ki(@,p) — p' VpKi(%@, ) + pd” (%, 70), (70)
and
—gi(@) > G;(@,q) — 7" V4G;(%,7) +0yd* (X, 7). (71)

The restrictions (52) and (53) apply as well y; =20, Ai > 0.

Multiply (70) by A; taking the summation over i from 1 — m also multiply (71) by v;
taking the summation over j from 1 — k and adding the results.

mo_ mo__ k . m o_ o T K (p)

Z /\lfl(x) - X Azfz(”) Z ]/]g](u) > ) )‘zKl(u/p) P LA lap, +

i=1 i=1 j=1 i=1 i=1 72)
k L 7Tkiacj(uq) 2im g = k (
Yy Gug) —q Ly—5— +d*(x,u)(L Aipi+ ¥ ¥;07)

j=1 / j=1 / 1 i=1 j=1 J

m _ k
Combining (50) and (51) as well as the condition (Y A;p; + ¥ yjaj) > 0in (72) yields
i=1 j=1

Y Aifi(X) > Y Aifi() that contradicts (67). Hence, u = .
From assumption (ii), because the functions f;(x) and g;(x) are higher-order strict
(F,ua,p,0,d)—pseudo-convexity type-latu € X w. . t. K;, G;

F(x, wal(x,u)(Vfi(u )+V,,I< (1,p))) +p:id*(x, %) > 0=

u
fi(®) = fi(#) > Ki(#,p) = 9"V, Ki(@,p), (73)
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U
N
—
=
N|
SN—
—
IyeE

It
=
==
g

and
P TV + V4G m7) + () 20> -
~5(7) > G(7,7) 77 V4Gy(7,7).
Using the conditions (54) in the preceding relations (73) and (74) to get
pid?(X,5) > 0 = fi(%) — fi(#) > Ki(#,7) — " V,Ki(#, p) (75)
and
o;d?(%,1) > 0 = —g;(u) > G;(,7) — ' V4G;j(1,7). (76)

So we multiply (75) by A; summation over i from 1 — m and multiply (76) by Y;
summation over j from 1 — k, then add the results with constraints (52) and (53),?1- >0,

_ m __ k
A>0, (X g+ X y].aj) > 0 and we get
i=1 =1

_ k

)
m __ k m __ m __ pa—
~ L XA — L3 > L AKi(m,p) ~ " LA 77)
1= ]: 1= 1=
k _ _ 3Gi(,
L 9,Gj(@q) -7" LY ]a(: d
1= ]=

Using constraints (50) and (51) in (77), we get
Y Aifi(x) > Y Aifi(i) that contradicts (67).
Hence, u = x the proof is complete. [J

3.6. The Sixth of the Six New Types of Higher-Order Duality Model Programs

Let us consider the sixth type of the new six types of higher-order duality models
programs for the MONLP problem in the form:
MONLDEé:

max T Aifi () + 54 Aiki(u, p) — pTEI, A 2]
subject to
k k k  9Gj(u,q)
Zj:l ngj(u) + ijl y]'G]'(M,Q) — qT j=1 y]‘]aT >0, (78)
y;>0,j=12,..k (79)
m
Ai>0, i=1,2...,m Y A=1 (80)

Finally, in this section, we look at the sixth kind for studying duality theorems.

Theorem 16 (Weak Duality). If x is feasible for the MONLP problem and (u, A, y, p,q) is feasible
for the MONLDG problem, let the functions:

Vufi(u) = =V Ki(u,p) Vi, Vugi(u) = —V4Gj(u,q)vj. (81)

In addition, we assume

(i) The functions f;(x) and g;(x) are of higher-order (F,a, p,0,d)—type I at this point i € X
in terms of K;, G;.
Alternatively,

(i) Atu € Xw. r. t. K;and G; the functions f;(x) and g;(x) are higher-order (F,,p,0,d)—
pseudo-convexity type-1
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Then

oK;(
Zl l)\fl >Zz 1)\f1 +Zz l/\K u, P —-p Zz 1)\ ;lp)

Proof. According to Theorem 13, we have:

k
Using (78) and the condition ( rzn: Aipi + 2 y]'(rj) > 01in (59) for assumption (i), we get
i=1 =1

oK;( up)

Zz  Aifix >Zz y Aifiu +Zz  AiKi(u, p) —p Zz A ap

Using constraints (78) and the condition ( E Aipi + Z y ]0’/) > 01in (66) for assumption
i=1 j=1
(ii), we get

u,
Zz 1}\](Z >Zz 1Afl +Zz l/\K u, P -p Zz 1A pp)

Hence, the proof is complete. [

Theorem 17 (Strong Duality). If X is weakly efficient for the MONLP problem and satisfies the
constraint qualification with the functions, K(u,0) = 0, G(u,0) = 0 then we have A € R™,y € RF
= (x,A,9,7 = 0, = 0) is feasible for the MONLDG problem, and the corresponding values of
objective functions for the MONLP and MONLDG6 problems are equal. If the hypotheses of Theorem
16 are true, then that point (X,A, 7,7 = 0,7 = 0) is weakly efficient for the MONLD6 problem.

The proof is analogous to Theorem 2.

Theorem 18 (Strict Converse Duality). If it X is efficient for the MONLP problem and (%, A,Y,7,9)
optimal for the MONLDG6 problem, let the condition be:

We assume either the

(i) Atu € Xw. r t K;and G; the functions fi(x) and gj(x) are higher-order strict
(F,a,p,0,d)—type-L
Alternatively,

(i) Atu € Xw. r t K;and G the functions fi(x) and gi(x) are higher-order strict
(F,, p, 0,d)—pseudo-convexity type-I.
Thenu = X.
That isuan efficient solution to the MONLP problem.

Proof. Assume the inverse. For the MONLP and MONLD4 problgms, for example u # %,
Theorem 16 implies the following: because it is X efficient and (#, A, 7, P, §) optimal,

Yo AL <Y Afi) + Y K, P) *TZMA Z’?) (82)
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We get from (78), and an assumption (| y 0j) > 0 is substituted into (72)

1

eE
>
_C)

N M»

for assumption (i).

Z Aifi(x >Z (Aifi(a +le/\l< (u,7) — pTZﬁlxi@

That contradicts (82). Hence, u# = x.
m _ k

For assumption (ii), using constraint (78) and the condition (Y A;jp; + ¥ 7]»17]‘) >0
i=1

substitution in (77), we get an

Zzl/\lfl >Z Alfl Z /\K”P) VTZ:LXI'W

That contradicts (82). Hence, u = X the proof is complete. []

4. Conclusions

In this article, we established and studied six types of higher-order duality models and
programs for MONLP problems under the generalizations of higher-order type-I functions.
Furthermore, we formulated and proved the theorems of weak duality, strong duality,
and strict converse duality of these six new types to higher-order models and programs
for multiple objective nonlinear programming problems using these generalizations of
higher-order type-I functions and higher-order pseudoconvex type-I functions.
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