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Abstract: Quantum teleportation and dense coding are well-known quantum protocols that have
been widely explored in the field of quantum computing. In this paper, the efficiency of quantum
teleportation and dense coding protocols is examined in two-level atoms with two-photon transitions
via the Stark shift effect, where each atom is separately coupled to a dissipative reservoir at zero
temperature. Our results show that non-Markovianity and Stark shift can play constructive roles
in restoring the quantum advantages of these protocols after they are diminished. These findings
could offer a potential solution to preserving the computational and communicative advantages of
quantum technologies.
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1. Introduction

Quantum communication protocols have special quantum advantages, such as security
and high capacity, compared to their classical counterparts [1–4]. Among the various
quantum communication protocols, quantum teleportation is an old protocol that uses the
initial entanglement between Alice as the sender and Bob as the receiver [5]. In quantum
teleportation protocols, the transmission of a desired state is possible using local operations
and classical communication. If Alice and Bob share a maximally entangled channel state,
then the fidelity value between the sending and receiving states will be equal to unity
under ideal conditions [5]. The quantum teleportation protocol has the quantum advantage
when the value of the average fidelity is greater than its classical bound, which is equal
to 2/3 [6,7]. Moreover, some authors [8,9] proved that the optimal teleportation fidelity
fmax is a linear function fmax = (2Fmax + 1)/3 of the maximal singlet fraction or fidelity
Fmax defined as the maximal overlap of a state with a maximally entangled state.

Another quantum communication protocol that is designed based on sharing entan-
glement between the sender and receiver is known as quantum dense coding [10–12]. In
quantum dense coding protocols, one qubit is sent from the sender to the receiver, and two
bits of classical information are transmitted through this protocol if the state of the channel
is maximally entangled. It is worth mentioning that this protocol can still show a quantum
advantage even if the initial channel state is not maximally entangled [13].

The quantum advantage of quantum teleportation and dense coding protocol entirely
depends on the initial entanglement shared between the sender and the receiver [14–17].
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The initial entanglement between the sender and the receiver can be reduced and destroyed
under the effect of the external environment [18]. Therefore, the influence of different
environmental noises on quantum teleportation [19–23] and dense coding protocols [24–28]
has been given special attention. Various methods have been introduced to protect the
quantum advantages of the mentioned protocols under quantum noise, such as choosing
the appropriate initial state of the channel [29,30], using different structures for noise [31,32],
applying filter operations [33], and weak measurements [34,35].

In the real world, it is difficult and almost impossible to isolate the system from its
surroundings. So, the interaction of the system with the environment is almost an inevitable
phenomenon. In quantum information theory, the topic of open quantum systems has
received much attention [36–41]. In general, determining the evolution of a quantum system
that interacts with its surroundings is a complex and difficult process. According to the type
of interaction of the system with its environment, the dynamics of open quantum systems
are divided into two categories: Markovian and non-Markovian. In Markovian dynamics,
information continuously flows from the system to the environment. However, in the
non-Markovian dynamical transformation, in some time intervals, the information flows
back to the system from the environment [42–44]. The dynamics of quantum correlations
in open quantum systems has been the subject of many recent types of research [45–52].
Due to the interaction of the quantum system with the environment, quantum correlations
in quantum systems are changed, and in general, they are quickly destroyed. The behavior
of quantum correlations in open quantum systems depends on the type of evolution of the
quantum system. In general, the amount of quantum correlations in Markovian evolution is
continuously reduced and destroyed [53–55] while in non-Markovian evolution, quantum
correlations are restored due to the presence of memory effects in some intervals and show
fluctuating behavior [56–58]. Due to the importance of quantum correlations as a source
in quantum information theory, several methods have been introduced to protect them
against decoherence [59–62].

In reference [63], the process of excitation of the atomic two-photon, which is con-
trolled by time-dependent quantum evolution, has been studied from the spectroscopic
precision point of view. Furthermore, Stark shift dynamics calculated in two-compartment
Coulomb systems show high efficiency in resonance ionization spectroscopy. The authors
of reference [64] show how to regulate a spontaneous emission using dc field inside a cavity.
The study of the Stark effect on the evolution of entanglement in quantum systems without
considering the dissipation of the system has been the subject of some works [65,66].

Recently, Golkar and Tavassoly [67] revealed that the entanglement of a system consist-
ing of two two-level atoms is protected using the Stark effect in a dissipative environment.
Motivated by this, we consider quantum teleportation and dense coding in two-level
atoms via two-photon transitions along with the Stark shift effect, in which each atom is
coupled to a dissipative reservoir at zero temperature. We will focus on the efficiency of the
Stark shift effect in Markovian and non-Markovian reservoirs for implementing quantum
teleportation and dense coding protocols. Our results show that the effect of the Stark
shift in the non-Markovian reservoir is useful for protecting the quantum advantages of
teleportation and dense coding, implying that the complex effects of both Markovian and
non-Markovian reservoirs on the quantum advantages of the mentioned protocols.

2. The Model and Its Solution

This section employs a physical model of an open quantum system in which two two-
level atoms (two identical qubits) interact separately with two independent environments
in the presence of the Stark effect at zero temperature (see Figure 1). Here, we briefly
introduce the model used in this work. We assume that two qubits A and B interact
independently and locally with two independent environments E1 and E2, respectively, in
the presence of the Stark effect at zero temperature [67]. In the presence of the Stark effect,
this model can be considered as the interaction of a two-level system with its environment
field due to two-photon transitions, viz
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where the environment modes have frequencies ωij (j = 1, 2), respectively associated with
E1 and E2. Moreover, ω0 is the transition frequency of the two qubits, â†

ij
(âij ) is the creation

(annihilation) operator of the ith mode of the jth environment, and σ̂P
+(σ̂P
−) with P ∈ {A, B}

is the raising (lowering) operator for qubit P. Moreover, gi1 and gi2 are the coupling constant
between the qubits and environments and the parameters βij and ηij are the Stark shift
coefficients [68]. It is appropriate to continue the work in the interaction picture. So, the
above effective Hamiltonian in the interaction picture will be written as follows
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i1

gi1

(
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Let us assume that the initial state of the system (qubit environment) is as follows

|ψ(0)〉 = (µ|0〉A|1〉B +
√

1− µ2|1〉A|0〉B)⊗ |0i1〉E1 |0i2〉E2 , (3)

where µ ∈ [0, 1], |0ij〉Ej is the vacuum state of the jth environment, and |0〉P (|1〉P) is the
ground (excited) state of the two qubits. Considering that the number of excitations in the
total system is preserved, the dynamics of the whole system at an arbitrary time t > 0 can
be obtained as follows

|ψ(t)〉 =(c1(t)|1〉A|0〉B + c2(t)|0〉A|1〉B)
∣∣0i1
〉

E1

∣∣0i2
〉

E2

+ ∑
i1

ci1(t)|0〉A|0〉B
∣∣2i1
〉

E1

∣∣0i2
〉

E2

+ ∑
i2

ci2(t)|0〉A|0〉B
∣∣0i1
〉

E1

∣∣2i2
〉

E2
.

(4)

Above, |2ij〉Ej indicates that there exist two photons in the mode i of the jth environ-
ment. Using the time-dependent Schrödinger equation Ĥint|ψ(t)〉 = i(∂/∂t)|ψ(t)〉, the
coupled equations for amplitude probability will be obtained as follows

ċj(t) = −i
√

2 ∑
ij

gij cij(t)e
i
(

ω0−ωij

)
t
, (5)

ċij(t) = −i
√

2g∗ij
cj(t)e

−i
(

ω0−ωij

)
t − 2iβij cij(t). (6)

By observing the Schrödinger equation and attempting to solve it for the defined
model, we find that the terms ηi1 â†

i1
âi1 σ̂A

+ σ̂A
− |ψ(t)〉 and ηi2 â†

i2
âi2 σ̂B

+σ̂B
−|ψ(t)〉 are equal to zero.

Hence, the parameters ηi1 and ηi2 will not play a role in the evolution of the quantum
system. By performing mathematical calculations and integrating Equation (6) and finally
putting its result in Equation (5), we will reach an integro-differential equation as

ċj(t) = −2
∫ t

0
dt′ f

(
t− t′

)
cj
(
t′
)
, (7)
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where f (t− t′) is the correlation function and has the following form

f
(
t− t′

)
=
∫

dωi J(ωi) exp
[
i(ω0 − 2ωi − 2β)

(
t− t′

)]
. (8)

Here, it is supposed that βi1 = βi2 = β and ωi1 = ωi2 = ωi. On the scale of a
large number of environmental modes, the sum of the modes can be converted into an
integral as ∑i |gi|2 −→

∫
dωi J(ωi), in which J(ωi) represents the spectral density of the

electromagnetic field inside the dissipative cavity. In our work, it is assumed that the
spectral density of the environment has a Lorentzian form as [36]

J(ωi) =
1

2π

γ0λ2

(ω0 − 2ωi)
2 + λ2

, (9)

where λ shows the spectral width of the environment and is related to the environment’s
correlation time τE ≈ 1/λ. It can be shown that the parameter γ0 is connected to the decay
rate of the excited state of the atom. It should also be noted that the relaxation time scale τs
over which the system changes depends on the parameter γ0 through τs ≈ 1/γ0 [69]. By
using the Lorentzian spectral density in Equation (9) and inserting it into Equation (8), the
correlation function takes the following form

f
(
t− t′

)
=

γ0λ

2
exp

[
−(λ + 2iβ)

(
t− t′

)]
. (10)

By making use of this correlation function and applying the Laplace transformation to
solve the integro-differential equation in Equation (7), the exact solutions for c1(t) and c2(t)
can be obtained as

c1(t) = µε(t), c2(t) =
√

1− µ2ε(t), (11)

where

ε(t) = e−
(λ+2iβ)t

2

[
cosh

(
Ωt
2

)
+

λ + 2iβ
Ω

sinh
(

Ωt
2

)]
, (12)

with
Ω =

√
−4γ0λ + (λ + 2iβ)2. (13)

In the usual basis {|1A, 1B〉, |1A, 0B〉, |0A, 1B〉, |0A, 0B〉}, the time-dependent reduced
density matrix is written as follows [67]

ρt =


0 0 0 0
0 ρ22 ρ23 0
0 ρ∗23 ρ33 0
0 0 0 ρ44

, (14)

where ρ22 = |c1(t)|2, ρ23 = c1(t)c∗2(t), ρ33 = |c2(t)|2 and ρ44 = −ρ22 − ρ33 + 1.
The model used in this work can be applied to two different regimes: weak and strong

coupling regimes [70]. In a weak coupling regime, the relaxation time τs is greater than the
environment correlation time τE , i.e., τs > 2τE and γ0 < λ/2. In this regime, the dynamics
of the quantum system are Markovian, and a decay process occurs during time evolution.
While the situation is different in the strong coupling regime. In a strong coupling regime
the environment correlation time τE is greater than the relaxation time of the system τs,
namely τs < 2τE and γ0 > λ/2. In this regime, the dynamics are non-Markovian, and due
to the memory effects, the revival of information with oscillations can be observed. In this
paper, both the Markovian and non-Markovian regimes will be considered in the presence
or absence of the Stark shift effect.
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Figure 1. Schematic representation of two-level atoms A and B, which interact independently with
their surrounding environments E1 and E2 respectively. There is no interaction between the two
interacting subsystems A− E1 and B− E2.

3. Quantum Teleportation

An entangled mixed state can be considered a resource for studying quantum tele-
portation [14,71,72]. In this work, we will investigate the impact of the Stark shift on the
possibility of quantum teleportation through the chosen model. Here, it is assumed that
the initial input state is an unknown two-qubit state

|ψin 〉 = cos(θ/2)|10〉+ eiφ sin(θ/2)|01〉, ∀ 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π. (15)

In the process of quantum teleportation, an initial input state ρin = |ψin 〉〈ψin | is
mapped to an output replica state ρout through a mixed channel ρch. So, from the math-
ematical point of view in quantum theory, it can be said that the mixed channel ρch is a
completely positive map. By using joint measurement and local unitary operations on
input state ρin , the output replica state ρout can be obtained as

ρout =
3

∑
i,j=0

pi pj

(
σi ⊗ σj

)
ρin

(
σi ⊗ σj

)
, (16)

where σ0 = I is identity matrix, σ1,2,3’s are common Pauli matrices, and pi = tr(ηiρch) is
the probability that the mixed channel ρch is one of the well-known Bell states

η0 = |Ψ−〉〈Ψ−|, η1 = |Φ−〉〈Φ−|, η2 = |Ψ+〉〈Ψ+|, η3 = |Φ+〉〈Φ+|. (17)

Here, the quantum channel ρch is assumed to be the time-dependent reduced density
matrix ρt in Equation (14), i.e., ρch = ρt. Hence, the output state is given by

ρout =


ρ̃11 0 0 0
0 ρ̃22 ρ̃23 0
0 ρ̃∗23 ρ̃33 0
0 0 0 ρ̃44

, (18)

where
ρ̃11 = ρ̃44 = (ρ22 + ρ33)ρ44,

ρ̃22 = ρ2
44 cos2(θ/2) + (ρ22 + ρ33)

2 sin2(θ/2),

ρ̃33 = ρ2
44 sin2(θ/2) + (ρ22 + ρ33)

2 cos2(θ/2),

ρ̃23 = 2eiφρ2
23 sin θ.

(19)



Mathematics 2023, 11, 1407 6 of 14

The concept of fidelity between the initial input state ρin and the output state ρout
can be used to test the quality of the quantum teleportation process [73–76]. The fidelity is
described as

F =

(
tr
√√

ρin ρout
√

ρin

)2
. (20)

If the input and output states are completely orthogonal, the fidelity value is zero and
the performance of the quantum teleportation process has not been optimal at all and it fails.
If the fidelity is equal to one, quantum teleportation has the most efficiency, i.e., the input
state is identical to the output state. If 0 < F < 1, it means that the quantum information is
disturbed during the transition and the quantum teleportation is not complete. According
to the model chosen in this work and doing a series of mathematical calculations, the
fidelity between the input (15) and output (18) states is obtained as follows

F =
sin2 θ

2

[
ρ2

44 + 4ρ2
23 − (ρ22 + ρ33)

2
]
+ (ρ22 + ρ33)

2. (21)

In order to quantify the performance of the quantum teleportation process, the average
fidelity of teleportation FA is described as [77]

FA :=
1

4π

∫ 2π

0
dφ
∫ π

0
dθF sin θ. (22)

Inserting Equation (21) into Equation (22), and taking the integral, we have

FA =
1
3

[
ρ2

44 + 4ρ2
23 + 2(ρ22 + ρ33)

2
]
. (23)

As it is clear from the above equation, the average fidelity depends on the parameters
of the quantum channel ρch = ρt.

If the average fidelity FA is more than 2/3 (its value in the classical world), then it
can be said that the transmission of the quantum state using the quantum protocol is more
favorable than the classical protocols.

In Figure 2, we discuss the average fidelity of teleportation (23) for the different values
of the Stark shift parameter β against the scaled time τ. We set the parameter µ = 1/

√
2 and

evaluate the dynamics of teleportation using FA under both Markovian and non-Markovian
regimes of the independent reservoirs. Initially, FA = 1 ensures that the teleportation of the
initial two-qubit state has been successful. However, it seems that the further evolution of
FA depends on the Stark shift parameter. For example, in Figure 2a, the degree of fidelity
decreases for the decreasing strength of β. Generally, FA accommodates the highest values
when β = 5γ0 and the lowest ones when β = 0. This shows that the performance of coupled
reservoirs can be strengthened by increasing β to succeed in teleportation. Moreover, per
the definition of the coupling strengths, revivals in the dynamics of FA are witnessed. This
suggests the trade-off of the attributes between state and coupled reservoirs. On the other
hand, Figure 2b illustrates the dynamics of FA when the configuration is assumed in a
Markovian regime. This regime seems to be highly fatal for teleportation compared to that
observed in the non-Markovian regime. Even for the highest Stark shift parameter, FA
slopes quickly enter the classical domain. Nonetheless, in the case of the non-Markovian
regime, FA sustains the quantum advantage just for β ≥ γ0. Unlikely, for β < γ0, the
average fidelity of teleportation quickly enters into the classical domain, i.e., FA < 2/3.
In comparison, the quantum advantage of teleportation is quickly lost in the Markovian
regime for all values of β. Therefore, the Markovian reservoir should be avoided for more
prolonged success in the teleportation of two qubits under the current situation.
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Figure 2. Average fidelity of teleportation (23) as a function of the scaled time τ = γ0t when
µ = 1/

√
2 for different values of Stark shift parameter β. (a) Non-Markovian regime with λ = 0.1γ0

and (b) Markovian regime with λ = 10γ0.

In Figure 3, we disclose the average fidelity dynamics of a two-qubit state when
coupled with two independent reservoirs. Particularly, we focus on the average fidelity of
teleportation for specific ranges of the Stark parameter β and scaled time 0 < τ < 30 when
the reservoirs are assumed in a non-Markovian regime (Figure 3a) and in a Markovian
regime (Figure 3b). Initially, we have FA = 1. With time, the fidelity of the state continues
to decrease, and the rate of decline seems to depend on the strength of the Stark shift
parameter. As one can easily detect, for β = γ0 in the non-Markovian regime, the state’s
fidelity remains higher even for the prolonged scaled time. On the contrary, the fidelity of
teleportation decreases with the decrease in the strength of β. We notice that the fidelity
exhibits minimal values for β = 0. In comparison to the non-Markovian regime in Figure 3a,
the fidelity remains weak when the coupling of the reservoirs is tuned to the Markovian
regime. In this regime, the initial state’s teleportation degree is the same as that observed
in the non-Markovian regime. However, with time, FA shows a quicker loss and the
teleportation protocol loses its quantum advantage compared to that observed under the
non-Markovian regime, suggesting the beneficial nature of the reservoirs only in the non-
Markovian regime. Moreover, in the non-Markovian regime, FA stays in the quantum
domain for β > 0.5γ0 but quickly enters the classical domain for β < 0.5γ0. In contrast,
FA quickly enters the classical domain for all values of the Stark shift parameter in the
Markovian regime.

Figure 3. Average fidelity of teleportation in terms of the scaled time τ = γ0t and Stark shift
parameter β for (a) non-Markovian λ = 0.1γ0 and (b) Markovian λ = 10γ0 regimes with µ = 1/

√
2.

Figure 4 explores the average fidelity dynamics for the system of two qubits when
exposed to two reservoirs influenced by the Stark shift effect. In the current case, we
specifically focus on evaluating the role of a specific range of µ on the preservation of
the average fidelity both in the Markovian and non-Markovian regimes. It is crucial to
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note that we set λ to different values for the Markovian and non-Markovian reservoirs. In
Figure 4a–c, we set the Stark shift parameter as β = 0, 10γo, and 15γo, respectively, with
λ = 10γ0. In these plots, for µ = 0.5, the fidelity of the state remains maximal and for all the
other values of µ, it reduces from 1. On the other hand, in Figure 4d–f, we demonstrate the
fidelity of the state when the reservoirs are considered in the non-Markovian regime. We
notice that the initial value of the fidelity remains the same as that witnessed in Figure 4a–c.
However, the associated qualitative dynamical map of the fidelity becomes different, where
evident oscillations are observed. Note that at certain time intervals, fidelity is maintained
in this regime and the teleportation protocol keeps its quantum advantage. As can be seen,
the fidelity of teleportation stays in the quantum domain in the non-Markovian regime
compared to that recorded in the Markovian regime. Hence, for successful and higher-order
teleportation, one must tune the reservoirs to the non-Markovian reservoir.

Figure 4. Average fidelity of teleportation versus the scaled time τ = γ0t and parameter µ for
different values of the Stark shift parameter β in the Markovian regime [(a) β = 0, (b) β = 10γ0, and
(c) β = 15γ0] with λ = 10γ0 and in non-Markovian regime [(d) β = 0, (e) β = 0.5γ0, and (f) β = γ0]
with λ = 0.1γ0.

4. Quantum Dense Coding

In this section, we want to review the notion of quantum dense coding. It should be
noted here that, unlike the quantum teleportation process, there is no need to physically
send the quantum state in the dense coding process. Contrary to what happens in the
quantum teleportation process, in the quantum dense coding, the transmission of the
quantum state to a receiver will be done after applying local unitary transformation by the
sender. The main goal of this process is to determine how much the quantum advantage
of bipartite state ρAB is for transmitting classical information. The analytical formula of
quantum dense coding protocol can be determined by the Holevo quantity as [13,78]

χ(ρAB) := S(ρ̄AB)− S(ρAB), (24)

where ρ̄AB = 1
4 ∑3

i=0(σ
i ⊗ I)ρAB(σ

i ⊗ I) denotes the signal ensemble average state and
S(ρ) = −tr(ρ log2 ρ) is the von Neumann entropy of the density matrix ρ. Due to the fact
that the Holevo quantity χ(ρAB) is asymptotically available, it can be called the dense
coding capacity [79]. Notice, we obtain the valid dense coding (quantum advantage) when
χ(ρAB) > 1 and for the optimal dense coding, we have χ(ρAB)max = 2 [80,81].

Based on the time-dependent density matrix (14), the average quantum state of the
signal ensemble ρ̄AB can be expressed as

ρ̄AB =
1
2
[ρ33(|00〉〈00|+ |10〉〈10|) + (1− ρ33)(|01〉〈01|+ |11〉〈11|)], (25)
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hence, the analytical expression of dense coding capacity (24) for our case (14) can be
obtained as

χ = −ρ33 log2
ρ33

2
− (1− ρ33) log2

1− ρ33

2
+ ρ44 log2 ρ44 + q+ log2 q+ + q− log2 q−, (26)

where

q± =
1
2

[
(ρ22 + ρ33)±

√
(ρ22 − ρ33)2 + 4|ρ23|2

]
.

The Holevo quantity (24), also known as the Holevo information, is a measure of the
amount of classical information that can be transmitted using a quantum channel with a
given set of quantum states. In the context of quantum dense coding, the Holevo quantity
is used to quantify the maximum amount of classical information that can be transmitted
by sending two quantum systems in a specific entangled state ρAB. This process allows
the transmission of more information than would be possible with classical systems using
the same amount of resources. The Holevo quantity can evaluate the performance of a
quantum communication protocol and determine the optimal encoding strategy for a given
set of quantum states.

In Figure 5, we present the dense coding capacity (26) as a function of the scaled
time τ for different values of the Stark shift parameter β. We distinguish two scenarios:
Markovian and non-Markovian environments. The key difference is that in the non-
Markovian regime, the Holevo quantity features oscillations, which is a typical sign of
memory effects. Consequently, over time, we have multiple local minima that result from
the backflow of information. On the other hand, for Markovian dynamics, we witness
a significant decline in the dense coding capacity and, soon after, the Holevo quantity
increases and converges to an equilibrium value (valid dense coding when χ→ 1), which
is the same for all values of the Stark shift parameter.

Furthermore, in Figure 6, we observe the dense coding capacity versus time and
the Stark shift parameter. In the strong coupling regime, the properties of the plot are
more complex due to memory effects. In the strong coupling regime, the dynamics of
the quantum system are non-Markovian, meaning that the system is affected by memory
effects. In this regime, the Holevo quantity oscillates and revives over time, which indicates
that there is a periodic exchange of information between the system and its environment.
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Figure 5. Dense coding capacity (26) as a function of the scaled time τ = γ0t when µ = 1/
√

2
for different values of Stark shift parameter β. (a) Non-Markovian regime with λ = 0.1γ0 and
(b) Markovian regime with λ = 10γ0.

In addition, in Figure 6a, there is an increase of the Holevo quantity with the Stark
shift parameter, which can be interpreted as a result of the increased coherence between
the two-level atoms and the environment, which leads to more efficient transmission of
classical information. The Stark shift is a type of energy shift that can be caused by an
external electric field, and it can affect the energy levels of a two-level atom. As the Stark
shift parameter increases, the energy levels of the atoms become more separated, which
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leads to a larger energy gap between the levels and a corresponding increase in coherence.
In Figure 6b, the dense coding protocol loses its quantum advantage after a short period of
time but regains it over time (χ ≈ 1) for small values of Stark shift.

Figure 6. Dense coding capacity in terms of the scaled time τ = γ0t and Stark shift parameter β for
(a) non-Markovian λ = 0.1γ0 and (b) Markovian λ = 10γ0 regimes with µ = 1/

√
2.

In Figure 7, we observe the dense coding quantity versus time and the parameter µ, in
Markovian and non-Markovian regimes, for different values of the Stark shift parameter, β.
In the non-Markovian scenario, as the Stark shift parameter increases, the amplitude of the
oscillations of the Holevo quantity declines. This can be understood again by considering
that the Stark effect can be thought of as a shift in the energy levels of the two-level system.
As the Stark shift parameter increases, the energy gap between the levels increases, which in
turn leads to a decrease in the coupling between the system and its environment, resulting
in a decrease in the amplitude of the oscillations of the Holevo quantity. In this figure, for
the Markovian regime, we see that the maximum of the dense coding quantity declines as
we increase the Stark shift parameter. This is due to the fact that in a Markovian regime,
the system’s dynamics are governed by a decay process, and as the Stark shift parameter
increases, the coupling between the system and its environment becomes stronger, leading
to a faster decay of the system’s coherence and a decrease in the Holevo quantity.

Figure 7. Dense coding capacity versus scaled time τ = γ0t and parameter µ for different values
of Stark shift parameter β in Markovian regime [(a) β = 0, (b) β = 10γ0, and (c) β = 15γ0] with
λ = 10γ0 and in non-Markovian regime [(d) β = 0, (e) β = 0.5γ0, and (f) β = γ0] with λ = 0.1γ0.

Overall, the results in Figures 5–7 suggest that the dynamics of quantum systems in
the presence of the Stark effect can be highly dependent on the strength of the coupling
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between the system and its environment as well as the Stark shift parameter. In the non-
Markovian regime, memory effects lead to oscillations in the Holevo quantity, which can
be used as a measure of the amount of classical information that can be transmitted using
a quantum channel with a given set of quantum states. Furthermore, the results suggest
that the Stark shift parameter can affect the coherence of the system and the efficiency of
the quantum communication protocols. The increase of the Stark shift parameter leads
to more efficient transmission of classical information in the strong coupling regime, but
it also leads to a decrease in the amplitude of the oscillations of the Holevo quantity. In
the Markovian regime, the Stark shift parameter leads to a faster decay of the system’s
coherence and a decrease in the Holevo quantity. These findings can be useful for designing
and optimizing quantum communication protocols, particularly in the context of dense
coding and quantum teleportation.

5. Concluding Remarks

We analyzed the efficiency of quantum teleportation and dense coding protocols for
two identical qubits independently coupled to a dissipative reservoir at zero temperature
in the presence of the Stark shift effect. Generally, we showed that the average fidelity of
teleportation and the dense coding capacity are controllable by the Stark shift effect and the
state parameter. In particular, we obtained the valid areas of these parameters where the
examined protocols exhibited quantum advantages. Notably, we found that the Stark shift
has a constructive impact on quantum advantages for both Markovian and non-Markovian
reservoirs. However, this positive influence can be more evident in the non-Markovian
reservoir even for lower Stark shift parameter values. Thereby, we believe that our results
may provide a way to preserve the quantum advantages of the communication protocols
in experiments involving quantum information-processing tasks. Of course, we considered
only a physical model of an open quantum system where two identical qubits interact
independently with two environments. For the other models with different reservoirs, it is
still necessary to study more details.
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