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Abstract: In this paper, we proved a weighted Hardy—Rellich inequality for Dunkl operators based
on the spherical h-harmonic decomposition theory of Dunkl operators. Moreover, we obtained
the explicit constant of the inequalities, which is optimal in some cases. Our results extend some
known inequalities.
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1. Introduction

The classical Hardy inequality

_nl|P p
/ VulPdx > ’Np‘ / [P o, (1)
RN p RN |x[P

holds for u € C(RN) when 1 < p < N and for u € CP(RN\{0}) when N < p < 0.
Hardy’s inequality plays an important role in analysis and has extensive applications in
partial differential equations and physics. Since Hardy in [1] firstly proved this inequality
in the case of one dimension, many researchers devoted themselves to it and made great
progress, not only in Euclidean spaces, there are many counterparts in Carnot groups and
Riemannian manifolds, see [2-12] and the references therein.

Davis and Hinz obtained in [13] the following Rellich inequality

‘ N(N -2 —1)\? ulp o
/RN|Au|7’dx2(( p’;)(’” )) /RNMLde,uECO(RN), )

where 1 < p < %, and the constant (M’;)(p_l) 4

is sharp. It is a generalization to
the second-order derivative of Hardy inequality. In [14], Tertikas and Zographopoulos

obtained a Hardy—Rellich type inequality

m 2 m‘vu|2 oo (mpN
/RN x| | AulPdx > cm,N/RN e € CR(RY) 3)

where N >5,4— N <m <0, and

2
(MO 4+ N —2))

n=0,1,2,--- W + n(n + N — 2)

The constant C,,, y was proven to be sharp. Particularly, when Nr4=2vN"-N+1 V?)Nz_NJrl <m <0,

—m)2 S
Cun = N whereas when 4 — N < m < NH=2NENHL o < ¢,y < Mo Ry
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thermore, a new proof of inequality (3) for m = 0 was given in [15]. Particularly, the author
proved that, for N = 3, 4, the sharp constants Cy n are % and 3, respectively. Moreover, the
authors in [16] obtained an improved Hardy-Rellich inequality associated with operators

P N—-19 1

L:—ﬁ— roor 12

A(U/
where A, is a non-negative, self-adjoint operator on SN~1.

In recent years, there has been considerable interest in studying the Hardy-type
inequality for Dunkl operators. It is well known that there exists a constant such that the
following Hardy inequality

|ulP

P > Lkl I
/RN |VieulPdpye = C | R

dpix, 4)

holds for all u € C°(RN) (see [17-19]). When p > Ni = N + 21, vy is defined in Section 2,
the best constant C = (p_T}\]") b was obtained by different method in [17,18]. When p = 2,
Velicu proved in [19] for any u € CJ°(RY) and Ny > 2, the following sharp inequality

Jul?

2 (N —2)?
/RN |Viu|“dpy > T /]RN Wdﬂkr &)

holds. This results is based on a L? norm comparison of | Vu| and |Vu| for any u € C}(RN)
which is obtained in [20] by investigating the carré-du-champ operator. Forany 1 < p < N,

—2yp—p\P —p\P1
the authors in [17,19] get explicit constants C = (W) and (y)

(W —2v(p— 1)), respectively. However, the best constant of L Dunkl-Hardy in-

equality for any 1 < p < Nj is still an open question.
The author in [19] also obtained a Rellich inequality for Dunkl-Laplacian

N2 (N — 4)? u|?
27, > 'k
/RN | A" dpi > 16 /RN |x|4dyk’ ©

NZ(N—4)? .
and the constant —*—=— is sharp.
In this paper, we proved the following weighted Hardy—Rellich inequality for Dunkl
operators with an explicit constant

Viu/?
[y e = G, [ 1+ ”

It is an extension of inequality (3) in the case of Dunkl operators. In [18], the authors
2

proved that for 2 = 0 and a = 2 the best constants of inequality (7) are, respectively, %

2
(N > 5+4v)and M (Nk # 2). When a = 0, we have C; , = % for any Ny > Ho,

where H, , is defined as the largest real zero points of cubic function
fary(x) =23+ [a(5+27) — (5+47))x* +4a(a —1)x +4(a — 1)~

Note that Hy,, < 5+ 47, so our result improved the inequality in [18]. When 7y = 0
and a = m = 0, Ay and Vj degenerate, respectively, to A and V, and the inequality (7)
return to the inequality (3).

The plan of this paper is as follows. In Section 2, we introduce some definitions and
basic conceptions of Dunkl operators. In Section 3, we obtained weighted Hardy-Rellich
type inequalities for Dunkl operators by using the spherical h-harmonic decomposition.
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2. Dunkl Operators

In this section, we will introduce some fundamental concepts and notations of Dunkl
operators, see also [21,22] for more details.

We call R a root system, if R C RN \ {0} is a finite set such that RN aR = {—a,a}
and 0, (R) = R for any & € R, then denote 0y as a reflection on the hyperplane which is
orthogonal to the root «, written as

(a, x) .
()

We write G as the group generated by all the reflections o, for « € R, it is a finite
group. Letk : R — [0, 00) be a G-invariant function, i.e., k(«) = k(va) forall v € G and all
a € R, simply written k, = k(a). R can be decomposed as R = Ry U (—R4 ), whena € R4,
then—a € —R., and R is called a positive subsystem. Fix a positive subsystem R in
a root system R. Without loss of generality, we assume that for all « € R, |a|?> = 2. For
i =1,...,N, the Dunkl operators on C' (RV) is defined as

X =x—2

. u(x) — u(ogx)
Tiu(x) = d;u(x) + “EZR;Jr kyo; ) .

By this definition, we can see that even if the decomposition of R is not unique, the

different choices of positive subsystems make no difference in the definitions due to the
N

G-invariance of k. Denote by V = (Ty, ..., Ty) the Dunkl gradient, Ay = Y T? the Dunkl-
i=1

1=
Laplacian. Especially, for k = 0 we have Vg = V and Ag = A. The Dunkl-Laplacian can be
written in terms of the usual gradient and Laplacian as follows,

Apu(x) = Au(x) +2a§+ ke <V<lllx(/9;)>,06> _ u(x)<a_’ ;t>(2(7ax) ‘

The weight function naturally associated with Dunkl operators is

wp(x) = [T Kex) .

aERL

This is a homogeneous function of degree 2, where

v = Z ks.

a€R+

We will work in spaces LP (RN, |x|"4y ), where dpy = wy(x)dx is the weighted measure.
For this weighted measure, we have a formula of integration by parts

/RN Ti(u)odpy = — /RN uT;(0)dpy.
If at least one of the functions u, v is G-invariant, the following Leibniz rule holds.
T;(uv) = uTyv + vT;u

Spherical h-harmonics. We introduce some concepts and basic facts for spherical
h-harmonic theory, see [21] for more details. then we called homogeneous polynomial p of
degree n an h-harmonic polynomial of degree # if it satisfies

AkP =0.

Spherical h-harmonics (or shortly h-harmonics) of degree n are the restrictions of
h-harmonic polynomials of degree n to the unit sphere SN~1. We denote the space of
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h-harmonics of degree n as P,. Denote the dimension of P, as d(n), which is finite and
given by following equation:
d(n) = ("FTH = ().
Furthermore, one can decompose the space L2(SN~1, wy.(&)d¢) as the orthogonal direct
sum of the spaces P, forn =0,1,2,.. ..

Let {Y/"}, i = 1,...,d(n) be a set of orthogonal basis of P, In the spherical polar
coordinates x = r{, forr € [0,00) and ¢ € SN=1 we can write the Dunkl-Laplacian as

? N.—190 1

A= 2 2 S Ao,
k= o2 r ar+r2 k0

where Ay is a generalization of the classical Laplace-=Beltrami operator on the sphere,
which only acts on the ¢ variable. The spherical h-harmonics Y/ are all eigenfunctions of
Ay, and the corresponding eigenvalues are given by

Ak,OYin = —n(n + N — Z)Yin = )\nYlTl.

The h-harmonic expansion of a function u € L?(jy) can be expressed as

where

i1 = [, 1DV @wn()av @),
and v is the surface measure on the sphere SN~1.

3. Hardy-Rellich Type Inequalities for Dunkl Operators
In this section, we prove the weighted L? Hardy-Rellich inequalities for Dunkl operators.

Theorem 1. Assumea € R, Ny # 2 —aand Ny, # a. If one of the following conditions is satisfied:
(1)a >2,and Ny > max{1,2 —a+2y/(a—2)(a—1)};

(2)0<a<2and Ny > a+ Hg,;

(3)a <0, Ny > a+ Hy,, and

2 AN —T<a<0, if max{3 2 @,
2 2(Ne—1)<a<0, if Nk21+%,
then, for any u € C§°(RN), the following inequality holds
a 2 (Nk — a)Z a | |2
/RN x| Axuldpu = === /RN x| |x|2 dpi. ®)

Remark 1. Note that when a = 0, the function
fo(x) = X3 — 5+ 4’)/)9(2 +4,

it follows that
444y < Hpy <5+47.

Thus, Theorem 1 improves the results given in [18].

Remark 2. fyo(4) = —12, fo,0(5) = 4,504 < Hoyg < 5. This means that the condition N > 5
is reasonable when a = v = 0 in inequality (8).
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Remark 3. Especially, we have Hy,, = 2. Therefore, inequality (8) holds for any Ny > 1+ 2.
Proposition 1. Assumea < 1,thena+ Hy > 14 27.
Proof. We only need to prove f; ,(1+ 2y —a) < 0. By direct computation we have

fay(L4+2y —a) =(14+2y —a)® + [a(5+27) — (5+47)](1 +27 —a)?
+4a(a—1)(1 42y —a) +4(a—1)?
=(a—=1)((1+27)(4+27) — 2a7)2y
—(1—a)®(1427)(4+27) — (4 +2ay)).

Since a < 1, itis clear that f; (1 +2y —a) <0. O

We prove firstly an estimate of the right-hand side of inequality (8) which is different
from the result for Euclidean gradient. In fact, in the case of the Euclidean gradient, the
following inequality (9) is exactly an equality for any a € R.

Lemma 1. Forany u € C§°(RN), we have the inequalities:
(1) When a > 2,

d(n)

Vil > Foo _ _
LS £ [t e o
n=0 i=1

(2) Whena < 2,

d(n)

|V S teor 12 Neta-3 2 Nj+a-5
> . k - Nk
/RN |x[>~# e = nZ—O i=1 /0 [lu”’ll ' Attt }dr, (10)
and
Viu 2 0 d(l’l) too ’ - -
/RN ||x|k2—|“ L < Z /O [|un,i|21,Nk+u 3 Anui,irN"H S]dr
n=0 i=1 (11)
oo d(n) .4
22—y Y [ kNt
n=1i=1 "0
Proof. By integration by parts,
|Viu|? AN u x-Viu
/RN |x[2a dpy = — /RN Wdﬂk +(2—a) /RN ”Wdﬂkz (12)
where
x-Viu _ xu
oo it = = o Vel g
Ny+a—-4 X 2
T /RN u( |x[4—a . |x|4=a Vit = |x|4-a anR ko (u — “(‘Tax))> dpi.
+
Therefore
X Vil = Neta ot u? [ (4= u(oax))u
[ i = 2 o it Tk [ e e (3)

aERL
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Inserting (13) into (12),

Vul? Au-u 2—a)(Ny+a—4 u?
/R|k\ _ k dk_( ) (Nk )/R diig

N a2 Pr = BN [x[2 2 N Jx]t
(14)

Foma) ¥ [, o,

aER Y RN

When a > 2, since |x|*~* and dyy, are G-invariant, by Holder’s inequality we have

1 1
2 2
4, (0 %) - ud <</ a4, (0 1) 12d > (/ a—4 2d)
o ) e < ([l P ) ([ 51 P )
= [ Jrl = P
It follows from (14) and (15),

/ |Vku|2 7/ Ay - U (2 —a)(Nk+a—4)/ u? i
RN |x[2—4 N [x[2e 2 RN [x[£-4 k-

By using the spherical decomposition for Dunkl operators,

Viul? u-Au 2—a)(Ny+a—4 u?
/R | k,| dﬂkS—/R %dﬂk—( )(2’{ )/R —dpik

v ¥ T N [t
o, () oo O Ne—1 A
k ! _
= — Z Z/ |:unl(unl+ ”n,i+%un,i)TNk+u 3:| dr
n=0 i=1 0 r

- ><Nk+a— i(Z/ s,

2 ) o 2 Ny+a—3 2 Ni+ta—5
=) Z/ [\un,i\ Nk — A, ;N }dr.
n=0 i=1 *0

When a < 2, inequality (10) can be obtained similarly. On the other hand, by spherical
decomposition we have

oo d(n)
u= un,i(1)Y{'($),
n=0 i=1
+oo d(n) N
u(oyx) = i, ()Y (E),
n=0 i=1

where

where wf = Jsn—1 wi(§)dv(E) is the spherical measure. Note that wy(&)dv() is G-
invariant, by a change of variables 0, — ¢, we obtain

o1 (r) = uo,1(r),

+o0 d(n)
1 — u(oyx EZum

=1 i=1

— iy, i(r)) Y7 (8).

3
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From Parseval’s identity, we have

1 +c>o d( ") +oo N Nias
/ v Tapma (# — wl(0aX) Judpy = / (tt,i (1) = g i (1)) - g i 0
EN || = 1 i 1

- /]RN |X|4 a [( — Uy, 1) - (M(U’,Xx) - 1/70,1)](1/[ — ”0,1)d}4k~

Moreover

1 ~
- /]RN W(”(Uax) — tio,1) (1 — ug1 )dpk

1 1
1 ~ 2 2 1 o 2
< (/]RN W(M(UMC) —1ip1) d]/tk) (./RN W(u — 1) dl/lk)

1
= Jan W(” — o1 dpi.
Then we have
L du <2 1 2d 16
/RNW(”—“(%X))“ Pk = /RNW(L[_MOJ) Hk- (16)

By (16) and spherical decomposition of Dunkl operators, we have

|V ] u-Agu (2—a)(Ny+a—4) u?
/]RN 2 dpy < _/]RN - dpr — ) /]RN |x|4_ad14k

rY/N ‘x‘4 a _uO,l)zd]’lk

o d(n) / No— 1 \
l « , -
= — Z Z / [”"'i(”n,i + uVl,i + %un,i)rNk-H'l 3:| dr
n=0 i=1 0 r r

) +00
_ . y Z/o u%/irNkJrader

—a)y Z / zrirNk“*Sdr.

n=1i=1
O

Now it’s time to prove Theorem 1.

Proof of Theorem 1. Since

2 o A1) oo Ne—=1. An 2N+—1
[y i = 3 Y [ (a0 M D) ey

n=0 i=1

when a > 2, by Lemma 1 we have
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' Viu 2
[y o - [ S

ad d(n) +oo " Nk_]. ! An 2 Ni+a—1 I Ni+a—3 2 Ni+a—5
> Z/o Uit — Uy T gt | T — Clu,, ;|7r™ + AnCuyy ;7% dr

n, 7,2

+OO " ,
[ [Pt (N = 1)1 = ) = 2 = Ol 2402y
0 ’ 3

n)

M/-\

oo d(n) 1o
F A= (2—a)(Ny+a—4)+C) ) / 12 NetaSgy
n=0 i=1 *0 ’

I
_

Denote

n,i

+OO " ,
In,i :/O [|u . ZTNk+a_1 + ((Nk _ 1)(1 _ a) — 20, — C)|un,i|2rNk+a—3} dr
T Neta-5
-0 [

Using the following weighted Hardy inequality

+oo _9)\2 [ 4o
/ 2Nt gy > W/ u2pNita=3, (17)
0 0
+oo _4)2 ,+4oo
/ lu[2rNete3 gy > W/ 12N =5, (18)
0 0

we have
Ny — a)? too
I > ((k4a) —2A, — C) /0 \un,i\erk”%dr

T 2 Neta-s
+An(Ay — (2—a)(Ny+a—4)+ C)/O uy K

Let C < Me®® _ 23 then Cpgr = M7 Taking € = 49 sy have

(Nk —a) (Ng +3a — 8)) /+°° u2 N5y

In,i 2 /\n (An - 4

If Ni > a, Mem)Bet3078) > 0 then I,,; > 0. When 1 < N < g, M=t (Mit3e-8) o
then I,; > 0if A, < Pm0WNit308)

max{1,2—a+2y/(a—2)(a—1)} <N <a.

Whena < 2,
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. Vku 2
[y o - [ S

> +oo " Nk—]. i An ] 2 Ni+a—1 C 2 Ny+a—3 AC 2 _Ng+a-5 d
_Z Z u ‘+f“ + 5 Uni | T - |un,i| r + AnCu, i1 r

n, 7,2

+o0
—22-a)Cr Y ) /O u2 N5y

+oo " / _

/ ['un i|2rNk+a71 + An|un i|2rNk+a73 + Bnu% irNkJra 5} dr.
y 0 , , ,

n=0 i=1

By integration by parts, we obtain
Ap=(Ny—1)(1—a)—2A,—C,

B _{ Ao(Ao— (2 —a)(Ny+a—4)+C), n=0;
Tl A —2—a)(Ny+a—4)+C)—-2(2—a)Cy, n>1,

since Ay = 0, then By = 0.
Denote

+Oo n
]rl,i = /O [‘ Uy i

then from inequality (17) we have

! — —
T,Nk—i-/z—l_l_An‘un,i‘ZrNk—i-a 3+Bnui,iTN"+” 5]dr,

) 2 400 +00
wi > |An+ (Ne+a-2)7 u, |2rNeta3gq. 4 B, u Neta=Sgy, (19)
7 4 0 n, Jo n,i

Forn =0,

_ \2 +oo
Jo1 > <(Nk4a) _ C) / \u01|2rN"+”73dr,
0 ,

_\2
sowe get C < M.

Forn > 1, take C = M, from inequality (18) we get
1 q y g

+o0 oo
Jni 2 —2)\;1/0 |y ;PN 3y 4 Bn/o w2 Neta =5y
+o00
> Dn/o M%riT’Nk+“_5dr,
where (N )(N 3 8) (2 )
—a + 3a — —a
D= <An - 4k > Y (Ng —a)*y,

1. If0 <a < 2,wecanrewrite D; as

(Ny —a)® +[a(5+27) — (5+479)](Ny —a)? +4a(a —1)(Ny —a) +4(a —1)2
4

Dy =
1
:Zfﬂ,v(Nk —a).

Thus, D1 > 0if Ny —a > H, . Moreover, D, can be seen as a quadratic function of
Ap. Since

(2 —a)? < (Nk—a)(Ny +3a —8)
2~ 8 ’

Ap <Ay =—-2N <2< —
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for0 <a < 2andn > 3, we have

N+a7Nk2+a(3a—8—2N)/\n+g

> —
Dn 2 D 4 4 2(

—a)(2Ny —a)y > 0.

So D, > 0foranyn > 1,i.e., J,; > 0for any n > 0. Thus, the inequality (8) holds.
2.  Ifa < 0,we can also have D; > 0 for

Nk Z a + Ha,'y.
; (2—f1)2 (2-a)®
Moreover, D, > Dy > Dy > 0if Ay < A; < =5~ or Ay < -5~ < A and
M Ay > M —I—( i . Computing directly we have

20— BN —T<a<0, if max{l &L} <N <14+,
2 V2N —1)<a<0, if Nk21+#.

Combining all the arguments above, we obtain the inequality (8).

(N )

Next we prove the optimality of the constant . For any € > 0, take

Npt+a—4+e

r , O<r<;
r-— z ., r>1.

Recall that Ny # 2 — g, calculating directly we have

) (Np+a—4+€)?(Ny—a—e)? (N—1)2
lim S 1Bt ||AV"Z€‘| e _ fim N tNW =
0 frw Wp Ak 0 7 T NFa—2€
_ (N —a)?
= _

O

Theorem 2. Assume 0 < a < 1, Ny # 2, and 142y < Ny < a+ Hy,. Then, for any
u € C3(RN), we have the inequality

|Agu|Pdy > C Vieul® (20)
R 1K Mk = LaNy BN X2 His

where
(N2 +a? —4a — 4)°

C = .
NI 4 (Np+a—2)2+16(2 — a) (14 27)
Proof. When n > 1, choosing 0 < C < M, then we have from the inequalities (18)
and (19)
—+o00
]n,i Z Ei’l/o ugl,irl\]k-‘ra—Sdr,
where

= (- <Nk—a><zzk+a—4>>2_ (Wﬂz_am_%)c

Firstly we can rewrite E; as

C.

2
. <N,§+a2—4a—4> (Ne+a—-2)2+4(2—a)(1+27)
1= -
4 4
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References

From E; > 0 we have

(N2 + a2 — 4a — 4)°
4(Np+a—2)2+16(2—a)(1+27y)

Cmax =

_a

Crax < (NkT if and only if 1 4+ 2y < Ny < a + Hg . Taking 0 < C < Cyyy, then,

(Nk—ﬂ)(Nk+ﬂ—4)) —)\1</\1— (Nk—ﬂ)(gfk+ﬂ—4))

Ey —E; =X (Az -

4
+(/\2—/\1)< —Z\i{>

(N = 1) ((Ng —1)2 —=2(Ny — 1) + a(4 — a))
2

:Nk<N,% +a(4-— a)) —
+(Nk+1)((Nk4_a)2—C>
>0

forany 0 <a < 1.
On the other hand, for any n > 2,

/\n_(Nkia)(§k+a74)+cg/\2_(Nkia)(gk+a74)+c
NZ+a(4—

2
wehave E;, > E; > Eq > 0. Thus, J,,; > 0, which implies that inequality (20) holds. [

Remark 4. Ifa =0,y =0, then

25
: N=3;
_ 367 7
ONO { 3, N=4

which recovers the results in [15].

4. Conclusions

In this paper, by using the spherical h-harmonic decomposition theory, we obtained
some weighted Hardy—Rellich inequalities associated with Dunkl operators. Particularly,
we obtained the explicit constants of these inequalities and proved the sharpness of the
constant in some cases.
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