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* Correspondence: corina.cipu@upb.ro

Abstract: For decades, cancer has remained a persistent health challenge; this project represents
a significant stride towards refining treatment approaches and prognostic insights. Proton beam
therapy, a radiation therapy modality employing high-energy protons to target various malignancies
while minimizing damage to adjacent healthy tissue, holds immense promise. This study analyzes the
relationship between delivered radiation doses and patient outcomes, using various approximation
functions and graphical representations for comparison. Statistical analysis is performed through the
Monte Carlo method based on repeated sampling to estimate the variables of interest in this analysis,
namely, the survival rates, financial implications, and medical effectiveness of proton beam therapy.
To this end, open-source data from research centers that publish patient outcomes were utilized. The
second study considered the estimation of pay gaps that can have long-lasting effects, leading to
differences in retirement savings, wealth accumulation, and overall financial security. After finding a
representative sample containing the relevant variables that contribute to pay gaps, such as gender,
race, experience, education, and job role, MC modeling is used to simulate a range of possible pay
gap estimates. Based on the Monte Carlo results, a sensitivity analysis is performed to identify which
variables have the most significant impact on pay gaps.

Keywords: Monte Carlo modeling; optimal control; business model; performance control

MSC: 37M10; 60-08; 65C05

1. Introduction

Performance control incorporates management activities aimed at ensuring that a
project’s performance closely aligns with a predefined set of desirable values. Performance
is evaluated based on project performance indicators, including cost, schedule, labor
productivity, materials consumption, and waste. The study of performance control has
established the foundation for examining the requirements for control information from the
perspective of management professionals at different levels of authority and responsibility
within organizations. It additionally involves documenting the extent and level of detail
of control information currently offered by existing monitoring systems and identifying
similarities and differences in information monitoring and interpretation between these
systems [1]. The connection between streamlining control and Monte Carlo methods lies in
the use of simulation-based approaches to evaluate and prioritize risks in complex projects
such as road pavement maintenance. Utilizing Monte Carlo simulations, a model can
re-evaluate and prioritize risks, helping to efficiently manage and overcome the impacts of
risks on construction projects. This method allows for a more comprehensive evaluation
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of risks from multiple perspectives and factors, aiding in informed decision-making to
effectively control and mitigate potential risks [2].

The Monte Carlo method uses several random samples to approximate complex
process outcomes or solve difficult mathematical problems. The Monte Carlo method was
first established for atomic research during the Second World War, and it is now used in
numerical simulations and probability analysis throughout many scientific and industrial
fields. It is a powerful method for modeling and evaluating complicated systems in
many domains, and has become an essential tool in numerical simulations and probability
analysis, [3].

Modeling the effect of input variables on output quality is one of its uses. When
paired with sensitivity analysis, which determines the inputs that have the biggest im-
pact on a process, Monte Carlo simulations offer insightful information that can be used
to guide decision-making and process improvements, see [4]. Bibliometrix is an R 4.3.2
software package designed for bibliometric analysis, enabling the quantitative evaluation
of academic publications. It is implemented to examine citations evolution, authorship,
and collaboration networks in scholarly writing. A Bibliometrix analysis shows that the
keywords (performance control, mathematical modeling, and problem optimization) have
been used together in the scientific world by 82 authors since 1998 and referred to by
another 908 authors [5]. In 1998, Randall S. Sexton and Robert E. Dorsey demonstrated the
superiority of genetic algorithms over backpropagation through a Monte Carlo analysis on
seven test functions, showcasing its effectiveness in the in-sample, interpolation, and ex-
trapolation scenarios [6]. According to Bibliometrix, this paper was the first significant
mention of the statistical method’s commercial applicability in the scientific world.

This has subsequently been proven in other studies, such as one from 2006 discussing
improvements in product quality [7], and another [8] that inserts the Monte Carlo method
into a sequential quadratic programming context. In the realm of performance control and
mathematical modeling, optimization is key to enhancing system efficiency. Mathematical
models serve as powerful tools helping to formulate effective policies and manage assets.
Through simulation, these models offer a dynamic view of how different policies impact
system performance. This integration facilitates strategic decision-making, enabling opti-
mal asset management for resilient systems that adapt effectively to changing conditions.
Its applicability in various domains is unquestionable, with performance optimization
being among the most popular, as can be observed from Figure 1.

Bibliometrix is a robust tool for bibliometric analysis, facilitating seamless data im-
porting and conversion to a data frame collection. Its versatile capabilities extend to data
gathering through the Dimensions, PubMed, and Scopus APIs. This comprehensive plat-
form further encompasses meticulous data filtering, ensuring precision in subsequent
analyses. Bibliometrix empowers users with analytics and plots, spanning four crucial
metrics: Sources, Authors, Documents, and Clustering by Coupling. The software delves
into an in-depth examination of three knowledge structures—Conceptual, Intellectual,
and Social Structure—providing a holistic understanding of scholarly landscapes through
sophisticated bibliometric insights.

Figure 2 shows related idioms; their size is proportional to the frequency of mentions
in scientific papers discussing this topic.

An interesting demonstration involving the fashion industry showed that statistical
methods and machine learning algorithms can be used to improve business performance by
enhancing sales forecasting. In 2019, Jonghyuk Kim and Hyunwoo Hwangbo demonstrated
that stochastic control and optimization can improve issues related to product distribution,
logistical costs, and inventory, improving the financial outcome of a company [9]. Use
of the Monte Carlo method helped to facilitate project planning, resource allocation, and
financial modeling. Numerous variables, such as advertising costs, retention rates, and
sign-up rates, can be estimated for better risk management. Furthermore, as companies
merge in order to expand, projections must be made, for which an estimation theory is
needed [10].
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Figure 1. Bibliometrix cluster plot field.

Figure 2. Bibliometrix word cloud.

Performance control and optimization via application of the Monte Carlo method have
tremendous potential applicability in healthcare. For instance, medical image processing
(CT, MRI) can be improved by examining Monte Carlo integration errors in graphics using
Fourier analysis to enhance rendering algorithms, thereby ensuring that the algorithms
are robust and reliable under different imaging conditions [11]. This is crucial for imaging
systems, on which the diagnosis of numerous pathologies depend, as well as for new
and better forms of cancer treatment such as proton radiotherapy [12]. Statistics have the
potential to lowering high costs and expand accessibility, which are the most important
problems around this revolutionary cancer therapy [13]. Through Monte Carlo simulations,
the radiation dose for each patient can be optimized and treatment can be individualized,
improving the technique even further [14].

This paper emphasizes the significance of Monte Carlo simulations in control and en-
hancement of performance in various domains, including finance, business, and medicine.
Notably, the study emphasizes the potential of applying Monte Carlo methods as a way to
analyze and improve multiple aspects of company operations, including managing cost
and resolving salary discrepancies. Monte Carlo simulations can be used in many scenarios
to enhance performance control by generating confidence intervals, such as radiotherapy
in the medical context or compensation analysis in the business context.

This study explores pay gaps and cost efficiency modeling for proton beam therapy,
highlighting impacts on social development and promoting equity, social justice, and eco-
nomic sustainability. It establishes a framework for increased modeling and simulation
techniques, enabling better policy development and resource allocation in a complex world.
The study emphasizes exploring less explored areas of statistical analysis for societal growth
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and well-being. The Monte Carlo technique is used in both business and medical domains
due to its versatility, motivating the study to push beyond customary limitations and
explore new elements, potentially transforming business and medical landscapes.

The rest of this paper is structured as follows. The next section addresses the statistical
formalism for the Monte Carlo method, which encompasses probability theory, hypothesis
testing, estimation, regression analysis, and experimental design. The subsequent sec-
tion examines the outcomes of employing this technique in two domains: healthcare and
economics. Section 2 of the paper presents significant statistical results, while Figure A1
illustrates the relationship among the U(0, 1), N(µ, σ), Gamma(α, β), and Beta(α, β) distri-
butions, which are useful for the Monte Carlo simulations presented in Sections 3 and 4.
Section 3 simulates the expenses of radiotherapy per fraction, considering the duration of
radiotherapy in each fraction, which contributes to the overall cost. Section 4 addresses
a pay gap model that uses Monte Carlo simulations to highlight the salary inequalities
between men and women while considering variations in their education levels.

2. Methods and Algorithm
2.1. MC Applicability and Data Collection

The Monte Carlo method is a statistical method that represents a broad class of compu-
tational algorithms that rely on repeated random sampling to obtain numerical results [15].
The basic concept is to use randomness to solve problems that could be deterministic in
principle but involve high costs or require lengthy computation. This method can also be
useful for risk analysis when working with a large number of simulations by choosing the
variable that has uncertainty and assigning it a random value [16].

MC modeling is an important mathematical tool used in many disciplines. It involves
random sampling to study properties of systems with components that behave in ran-
dom fashion, simulating the behavior of these systems by randomly generating variables
describing the behavior of their components. MC modeling has numerous applications,
including finance and risk analysis, physics and materials science, environmental science,
healthcare and pharmaceuticals, energy and utilities, urban planning and transportation,
and demographic studies.

This research includes Monte Carlo simulations based on high-cost experimental data
related to the healthcare system through the relationship between the dose of radiation ad-
ministered and the patient’s results in proton beam therapy. Deterministic analysis is based
on various approximation functions and relatively empirical graphical representations.

The Monte Carlo method is used in the following section based on experimental data
following repeated sampling (with numerical data taken from open access sources) to
estimate the survival rates, financial implications, and medical effectiveness of proton beam
therapy as the variables of interest in the analysis. Open-source data from research centers
that publish patient outcomes are used.

2.2. Monte Carlo Modeling

Definition 1. Monte Carlo Method: Suppose that there is a numerical problem P to be solved with
a solution λ. The Monte Carlo method for solving P consists of the following steps:
↫ a stochastic process X is appropriately associated such that it can be estimated λ

(e.g., λ = E[Λ(X)], E[Λ(X)] → λ or Λ(X) converges in probability towards λ),
with Λ as a given function. Λ = Λ(X) is an estimator of λ named the primary estimator.

↫ a selection X1, X2, . . . , Xn is simulated from X and an estimator Λn of Λ(X) is computed.

In the case of E[Λ(X)] = λ, the estimator for Λ(X) is Λn =
1
n

n

∑
i=1

Λ(Xi),

called the secondary estimator.
↫ the solution of the problem (P) is approximated with help of Λn.

Remark 1. If the primary estimator Λ(X) is unbiased, meaning E[Λ(X)] = λ, then the secondary
estimator Λn typically follows the law of large numbers; therefore, Λn → λ in probability.
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Remark 2. Using inverse method the that follows from Theorem A1, a simulation of a random
variable X ∼ Exp(λ) with pdf f (x) = λe−λx, supp f = (0, ∞) can be made.

The inverse of the distribution function F(x) = 1 − e−λx, x > 0 is provided for

u ∈ (0, 1) by F−1(u) = − 1
λ

log(1 − u); knowing Y ∼ U(0, 1) ⇒ 1 − Y ∈ U(0, 1),

X = log
(

U− 1
λ

)
∼ Exp(λ).

For the density function F(x) = 1 − αe−αxβ
, x > 0 with U ∼ U(0, 1),

X =

[
− 1

α
log(U)

]1/β

∼ Exp(α, β).

Remark 3. As in Figure A1 is precised X ∼ G(α, β) could be simulated by the sum G =
α

∑
i=1

Ei

for Ei ∼ Exp(β), if α is a positive integer.

For the case when α is a real positive value but not an integer, the accept-=reject
algorithm can be used (Theorem A3). The instrumental distribution Y ∼ G([α], 1

b ) is used

in the algorithm, with b =
[α]

α
< 1 obtained looking for the maximum critical value of the

ratio
f (x)
g(x)

=

(
xα−1e−x

Γ(α)

)
/

(
x[α]−1e−x/b

b[α]Γ(α)

)
=

xα−[α]

b[α]
e−(1−1/b)x as a function of b.

Remark 4. The Monte Carlo integration method (MCIM) [17], as a numerical technique for
approximating definite integrals using random sampling, uses random sampling to estimate the
average value of a function over a given region and then multiplies this average by the volume (or
area in 1D) of the region to obtain an approximation of the integral.

Using the Monte Carlo method, the integral
∫ b

a
f (x)dx for a continuous function f

over the closed and bounded interval [a, b] can be computed. We can write the integral as

I( f ) =
∫ b

a
f (x)dx = (b − a)

∫ b

a
f (x)

1
b − a

dx = (b − a)E[ f (X)], (1)

where X ∼ U(a, b) is the distribution. The Monte Carlo technique is then used to gen-
erate a random sample X1, . . . , Xn of size n from the U(a, b) distribution and compute

Yi = (b − a) f (Xi). Then, Y is an unbiased estimator of
∫ b

a
f (x)dx.

Example 1. Estimator for the integral I( f ) with MCIM

Let X1, X2, . . . , Xn ∼ U(a, b) be i.i.d random variables generated and corresponding
random sample numbers: (x1, . . . , xn) uniformly distributed between a and b. We compute

Qn =
b − a

n

n

∑
i=1

f (xi), the first estimator for I( f ) such that
Qn − I( f )

σ/
√

n
convergence in

distribution to N(0, 1). The estimator for the variance σ̂ =

(
n

∑
i=1

( f (xi)− Qn)
2

n − 1

)1/2

leads

to the confidence interval for I( f ):
(

Qn −
σ̂√
n

Zα/2, Qn +
σ̂√
n

Zα/2

)
.

Example 2. Optimization of robustness output design process with MCM (see [8]).
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The design parameter for a new product is important in relation to the robustness of its
design, and its probability distribution largely determines the robustness of the production
response in general. Process optimization is based on improving the estimation of these
parameters through Monte Carlo simulation.

The MCM algorithm (see [18]) follows these steps:

Step 1: Define the relationship between the design variables X and response output as a
response surface model f (x) = f (x1, x2, · · · , xn).

Step 2: Define the distribution characteristics of the design variables,

Step 3: Consider the samples x(j) =
{

xj1, xj2, · · · , xjn
}T of the variables X.

Step 4: Compute the error for the sample according to the output B,

∆max = g
{

xj1, xj2, · · · , xjn, B
}T.

Step 5: Verify if Yj = ∆i max − ε < 0, ε the maximum error considered.

Step 6: Repeat Step 2–Step 5 k times and compute KT = ∑k
j=1 Uj, Uj =

{
0 Yj > 0
1 Yj < 0

Step 7: Compute the reliability ratio P = KT/K and compare it with the accepted one (D).
If P > D, then stop; otherwise, proceed to Step 2 and modify the precision value
of random design variables to enhance the reliability ratio and robustness of the
manufacturing process. The manufacturing process is then optimized.

3. Streamlining Performance Control in Healthcare Systems

Cancer has been an occurring problem in various patients for decades, and this project
might be a step towards an improved approach of treatment and pathological prognosis.

Proton beam therapy is a type of radiation therapy that uses protons to treat different
types of malignancies. It functions by targeting the tumor with doses of high-energy
protons, reducing the nearby healthy tissue. This can be an advantage for older and sicker
patients; the precision of this type of therapy is especially beneficial for patients where the
cancer is in an inoperable place, such as the spinal cord, brain, bones, and soft tissues.

Statistical analysis using the Monte Carlo method, a broad class of computational
algorithms that rely on repeated sampling to obtain numerical results, is considered here
to estimate the survival chances and the financial and medical efficiency of proton beam
therapy. Data found in research centers that have published patient outcomes were used.
A study was made of both financial and medical efficiency using statistical methods.

Due to its ability to evaluate stochastic processes, select input probability distributions
via hypothesis testing, and specify correlations between simulated variants, Monte Carlo
simulation was used as a streamlining option for cost efficiency through simulation of
the survival rates and primary treatment cost. This method offers superior simulation
accuracy and separates principal work items and unit price components effectively, leading
to acceptable precision and error rates in cost estimation [19].

3.1. Dose Optimization in Proton Beam Therapy

The dependency between the administered radiation dose and the absorbed particles
and energy, as well as the patient outcomes, were computed using different types of
approximation functions and graphic representations. The mathematical relations (2)
define the absorbed dose by the quantity of radiation energy and the equivalent dose by
factoring in a biological coefficient (see [20]):
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Dabs =
W
m

, [Dabs] = 1Sv =
1
20

Gy,

Deq = ωDabs, De = λDeq,

[De] =
[
Deq

]
= 1 J/kg = 1Gy( Gray) .

(2)

The absorbed dose is defined as the quotient of the average energy transferred by
ionizing radiation to a substance and the mass of that substance. The equivalent dose is
calculated by multiplying the absorbed dose, which is the average amount of radiation
energy absorbed by a tissue or organ, by a specified factor (ω) that accounts for the kind of
radiation. The effective dose is calculated by multiplying a biological factor (λ) with the
equivalent dose for each organ.

Graphical representations and approximation functions are employed to depict the
dosage levels employed in the treatment of carcinomas. The exponential curve illustrates a
decrease in the number of unaffected persons as the proton dose increases. Estimation of
the unaffected individual influenced by the administrated dose and number of targets has

the form
N
N0

= e−kD, graphically represented in Figure 3a.

On the other hand, the sigmoid graph incorporates the same analysis but is further
influenced by n, the number of targets, which represents the number of cancer cells. This
demonstrates that in the context of proton therapy it is possible to administer a greater
dosage to effectively treat tumors, resulting in treatment of superior quality. Monitoring the
prescribed dosage is essential, as it directly impacts the costs involved with this particular
cancer treatment.

(a) Exponential type curve (b) Sigmoid type curve

Figure 3. Number of unaffected individuals according to the type of dose exposure.

Figure 3b displays a sigmoid function created using an enhanced formula that incor-
porates both the administered dose and the quantity of targets in the body, specifically, the

cancer cells affected by radiation
N
N0

= 1 −
(

1 − eD/D0
)n

.

3.2. Cost Efficiency

Proton therapy, a promising treatment option in clinical and hospital settings [12],
faces challenges due to its high cost compared to advanced photon therapy. Technological
advancements are being made to reduce capital investment and operational costs. Instru-
mentation, facility layout, and treatment logistics are being improved to lower treatment
costs. However, a significant reduction in treatment costs is not expected in the near fu-
ture. The ultimate goal is to achieve a facility size and cost similar to photon treatment
techniques; however, this will require further technological advancements and efficiency
improvements. Despite these advancements, the high cost of proton therapy remains a
significant obstacle to its widespread adoption.

Thorough cost estimates should take into account both direct factors and indirect
factors such as impairment and decreased productivity [13]. Direct expenditures pertain
specifically to medical treatments, whereas indirect expenses encompass labor costs, depre-



Mathematics 2024, 12, 1090 8 of 17

ciation, maintenance, and overhead charges [21]. The main determinant of treatment costs
in physical therapy is indirect charges, which can impede cost effectiveness. Treatment
costs are influenced by factors such as capital investments, operating personnel charges,
and maintenance needs. The method, fractions, and beams within each fraction have a
considerable impact on cost estimation [13].

The therapeutic ratio of particle treatment is superior to that of photon therapy;
nevertheless, the investment costs associated with particle therapy are relatively higher.
The initial investment required for facilities that are solely proton-based, combination
carbon ion/proton facilities, and photon facilities ranges from EUR 23.4 million to EUR
138.6 million. Proton therapy costs less per fraction than carbon-ion therapy but more than
photon therapy. When compared to photon therapy, the cost ratio of particle therapy is
considered to be 4.8 for establishments that provide both types of treatment, while the cost
ratio for facilities that only provide proton therapy is recorded as 3.2 (see [22]). The cost per
fraction of proton treatment ranges from EUR 743 to EUR 1300, resulting in an annual total
cost of EUR 24.9 million for a center dedicated to proton therapy. The initial investment
required for a proton-only establishment is around EUR 94.9 million (Figure 4).

Figure 4. Estimated cost per fraction depending on the lifecycle of a facility.

The results of our research indicate that the costs incurred by each individual patient
or every treatment course are expected to decrease dramatically when the number of pa-
tients undergoing therapy increases. As therapy advances, the duration of machine usage
and the frequency of treatment sessions increase. The estimation of costs is significantly
influenced by the procedure, the number of fractions, and the number of beams inside
each fraction. There is a big issue regarding the lack of data regarding the consequences
and expenses, and the collecting of appropriate data is the most important factor in de-
termining reimbursement. The difficulties that are connected with estimating the costs
of proton therapy include the limited availability of literature data, limitations in terms
of methodology, and the possibility of differences between reimbursement estimates and
actual treatment charges [23]. The significance of Monte Carlo simulations in this study is to
analyse and improve the costs associated with proton beam therapy. In order to maximize
this treatment’s potential, further mathematical analysis and modeling can be performed
using Monte Carlo simulations to improve costs [24].

The results of these simulations provide valuable information that may be used to
assess the efficacy and safety of various potential treatment strategies.

Using data from [13] (Table 1), the estimator Ê = 0.925 for the mean E[X] and standard

error estimator V̂ = 0.02 for the D[X], shape parameter k = α =
E[X]2

D[X]
, and scale parameter
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θ =
D[X]

E[X]
=

1
β

were computed and the Gamma(α, β) distribution for the Survival rates

(per three-month cycle) was plotted via Monte Carlo simulations for different numbers of
samples, as shown in Figure 5.

(a) (b)

Figure 5. Survival rates (overall survival PT for all patients α = 42.7812, β = 46.2963. (a) n = 10,000,
Mean = 0.92495, Std Dev = 0.13928; (b) n = 100,000, Mean = 0.92551, Std Dev = 0.14144.

In Figure 5a, for n = 10,000 number of samples we obtain a confidence interval of
[0.92222, 0.92768]; in Figure 5b, n = 100,000 is considered, and a confidence interval of
[0.92464, 0.92639] is obtained for (95%) significance.

Using the minimum a = 8, maximum value c = 18 and the expected value

µ =
a + 4b + c

6
= 10 min (see [25] (Table 2) for the SE/range and the expected value),

the most likely value b = 8.5 is obtained. The Beta PERT (a, b, c) distribution that models
the primary treatment cost is MC simulated and depicted in Figure 6a for n = 104 number
of samples, with a confidence interval [13.6757, 13.7437], and in Figure 6b for n = 105, with
a confidence interval of [13.674, 13.6954] obtained for (95%) significance.

(a) (b)

Figure 6. Primary treatment cost. (a) n = 10,000, Mean = 13.7097, Std Dev = 1.7334. (b) n = 100,000,
Mean = 13.6847, Std Dev = 1.7258

A cost efficiency model for proton beam therapy can be written if we take into
account primary treatment cost cpt (estimations presented in Figure 6), equipment cost,ceq,
and facility cost c f needed for a dose or for a multiple treatment (ctc = cpt + ceq + c f ),
taking account ABC principles in healthcare [26]. The facility cost c f is computed from
the estimated cost per fraction depending on the lifecycle of a facility, shown in Figure 4,
and the cost of a dose or multiple dose treatment according with the effective survival
curve, which have the following form: p = (1 − pm)e−νD0 + pm (see [27]). According

to the TGP (Tumor Control Probability) model, TCP = e−γBED, BED = n d
(

1 +
d

α/β

)
,

α/β ∈ [0.5, 5]Gy is the biologically effective dose (see [24,28,29]). The constant pm ∈ [0, 1)
is the survival rate at an infinite dose and ν > 0 is the slope parameter that determines how
quickly the survival rate p transitions from 1 to pm. Under the premise that pm is stable,
the larger the ν is, the faster the p decreases; see [30].
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Figure 7a illustrates the correlation between the quantity of fractions, the dosage,
and the BED (biologically effective dose) using the Linear-Quadratic (LQ) model formula.
The Linear-Quadratic (LQ) model is utilized in radiation therapy to forecast the biological
impacts of fractionation schemes. Furthermore, Figure 7b illustrates the correlation between
dosage and the quantity of fractions. It is evident that the dosage and BED rise as the
number of fractions decreases. Based on the evidence, it can be inferred that a therapy
with the lowest alpha–beta ratio, administering a dose of 2 Gy, would require 15 portions.
The alpha–beta ratio is a useful tool for assessing radiation treatment plans, as it quantifies
tissue vulnerability to radiation. Within the LQ model, the ratio can vary between 1 and
5 Gy. The variations in values can be attributed to disparities in tumor cell attributes, such
as genetic mutations, cellular repair processes, and microenvironmental factors. These
factors affect the response to radiation therapy and contribute to the observed diversity in
sensitivity across and within patients.

(a)

1 2 3 4 5 6 7 8 Dose (d)
0

20

40
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80

100

120

N
u

m
b

e
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o
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fr
a

c
ti

o
n

s

/ =3

/ =1.5

/ =0.5

(b)

Figure 7. Number of fractions (n) as a function of dose and BED. (a) n(Dose,BED). (b) n(dose,BEDmean),
BEDmean = 139.985.

According to [24], the follow up cost per visit is EUR 97 and the number of follow-up
visits for the first year and second year is a Gamma distribution with expected values
of 4, and 2, respectively. Using MC simulations for the two cases, confidence intervals
are obtained with probabilities depicted in Figure 8 and used to compute the secondary
treatment costs, which include the costs of the probabilities of return in the first and
second years.

(a) E = 4, Mean = 4.0006, Std Dev = 0.89511 (b) E = 2, Mean = 2.0005, Std Dev = 0.63243

Figure 8. Follow-up visits MC simulations as Gamma distribution with scale parameter θ = 0.2 and
shape parameter (a) k = 20, (b) k = 10.

The total cost also includes these costs: ctc = ct + ceq + c f , with treatment cost ex-
pressed by primary cost and secondary cost (ct = cpt + cst). In addition, the equipment
cost is considered for the moment being fixed in EUR [14,030, 18,160] with an average of
EUR 16,090, and the study could be continued for up to 5 years. For the follow-up of the
next 3 years, MC simulations can be used with Gamma distribution with expected value
E = 1 each year and V = 0.2 and with the value of EUR 97 per doctor visit to calculate
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the costs for each visit. For a more thorough checkup, an addional CT-scan cost is EUR
154 each year and can be simulated with the Gamma distribution function (Figure 9).

Figure 9. Estimated secondary treatment cost in relation to the probability of return and follow-up.

4. Business Model for Pay Gap Estimations

In Europe, the gender pay gap is an uncorrected statistic that provides a thorough
picture of incomes and indicators that differentiate men and women in the workplace.
A nuanced analysis detects that elements of the earnings inequality between genders can
be attributed to two primary factors: first, differences in the average characteristics of
male and female employees, and second, variations in the financial returns associated with
these traits (see [31]). This intricate understanding emerges from the methodological study
titled ‘Gender Pay Gaps in the European Union—a statistical analysis’, which meticulously
investigates the drivers of the unadjusted gender pay gap, drawing insights from the 2018
edition of the Structure of Earnings Survey. Furthermore, the study of wage discrepancies
in Europe goes into the differences between part-time and full-time work. Notably, while
detailed data at this level is not available in all EU Member States, the discrepancies are
significant. For part-time workers in 2021, the gender pay gap varied from −3.6% in Italy
to 22.7% in Spain, with negative numbers reflecting women’s greater gross hourly wages,
which are frequently impacted by selection biases (see [32]).

Addressing the wage gap in organizations involves a diverse approach that takes
into account issues such as performance control and optimization. Establishing clear
performance review methods that use objective criteria relevant to job functions is a good
place to start, as it reduces the possibility of assessment bias. Regular pay equality audits
which analyze data across demographics can help to discover and correct existing inequities.
Implementing performance-based pay systems which tie salary to merit can help to align
monetary rewards with individual contributions, thereby reducing the pay gap.

A statistical model that describes the relationship between compensation and the
relevant variables can be considered through the Monte Carlo method. This could be a
regression model or machine learning model that connects the input variables according to
their distribution and uncertainty.

Analyzing the gender pay gap, different scenarios can be simulated by randomly
assigning gender labels to individuals in the dataset while keeping other variables constant.

Let us consider a linear regression model between salary, months of experience, and
education level:

Ski = S1i + a1i Mki1i[0,Mki ]
+ a2iEdi + ε, i ∈ {1, 2}, k ∈ 2, 7,

S1i = Xi ∼ N(µi, σ2
i ), µ1 − µ2 = ∆ > 0,

(3)

where Ski is the salary of the individual gender (i = 1 for men and i = 2 for women) over
the period of time k that depends on Mk· = 6(k − 1) periods of experience (semestrial =
six months), with the entire period under consideration being three years; here, Edi is a
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numerical representation of the individual’s education (1 for high school, 2 for bachelor’s,
3 for master’s, etc.).

For the MCM simulations, we assume that ∆ = 20%µ1€; moreover a11 = a12, a21 = a22
for the same k that are linearly increasing with a δ1 = 10% from the mean (that is, 100€
and 80€ if µ1 = 1000€ and µ2 = 800€) increasing arithmetic ratio in first two years and
δ2 = 8% in the next two periods. In other cases, these parameters could be estimated from
the employees’ company data.

To identify potential pay disparities, the predicted salary and difference Sk1 − Sk2
could be studied for each semestrial period or at the end the three years.

Monte Carlo simulations to estimate pay gaps involve the following steps:

(a) Specify the distribution of each variable and its probability distribution (e.g., years of
experience, education level).

(b Generate random samples by creating random samples from the specified distribu-
tions for each variable.

(c) Calculate the salary for each sample.
(d) Analyze pay gaps ⋄ and calculate pay gaps based on the characteristics of each

simulated individual.
(e) Run multiple Monte Carlo simulations to obtain a distribution of pay gap estimates ⋄

that reflects the uncertainty associated with the pay gap.

For a22 = a21, according to Equation (3) and Figure A1, the salary at the end of the
period k is Ski ∼ N(µki, σ2

ki) with

µki = Mkiµi + (Mki − 1)δ1, i ∈ {1, 2}, k ∈ 2, 7,

σ2
ki =

Mk

∑
j=1

σ2
i = Mkσ2

i . (4)

Denoting as µpg = µ11 − µ12 the mean pay gap disparities after a first month,
µk

pg = µk1 − µk2 after period k, Stdpg the standard deviation after first month, and Stdk
pg the

standard deviation after k period, Figures 10–12 depict the MC simulations.

(a) n = 104, µpg = 200.25 , Stdpg = 128.20 (b) n = 106, µpg = 200.11, Stdpg = 127.97

Figure 10. Pay gaps of salaries after first month (S11 − S12).

(a) µ2
pg = 1297.69 (b) µ3

pg = 2619.64 (c) µ4
pg = 3940.97

Figure 11. Pay gaps of total income after first four periods (Sk1 − Sk2), k = 2, 3, 4, n = 105.
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(a) µ5
pg = 5279.66 (b) µ6

pg = 6575.74 (c) µ7
pg = 7871.58

Figure 12. Pay gaps of total income for the last three periods (Sk1 − Sk2), k = 5, 6, 7, n = 106.

When graduating a new course, for example moving from a Bachelor’s degree to a
Master’s, the mathematical model for the education that we could consider is the distri-
bution for rare occurrences, namely, the Poisson distribution; in that sense, the end of the
analyzed period is selected as the time frame for additional education, with a growth rate
of 20%.

Figure 13 shows MC simulations of the additional income obtained from the education
part for the two last periods; the two parameters λ1 = 217.7333 and λ2 = 174.1867 are
computed from µk1, µk2, with k = 6 for Figure 13a and k = 7 for Figure 13b.

(a) n = 106, λ1 = 217.7333, λ2 = 174.1867 (b) n = 106, λ1 = 217.4444, λ2 = 173.9556

Figure 13. Poisson distribution modeling the income from the education.

Figure 14 is dedicated to the accumulated income differences for the first four periods
and for the last three. The three scenarios are identical for the first 2 years. Scenario (S1)
maintains the same delta 1 increase until the end of the analyzed time period, scenario (S2)
differs from (S1) by changing the percentage of increase δ1 in δ2, and scenario 3 additionally
takes into account wage increases depending on education.

(a) Identical Scenarios S1–S3, k ∈ 1, 4 (b) Different Scenarios S1–S3, k ∈ 5, 7

Figure 14. Relative pay gap differences curve.

This concept demonstrates performance control by including the educational parame-
ters of employees in their career advancement.
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5. Conclusions

Monte Carlo simulations have emerged as an important tool for refining and improv-
ing proton beam therapy, a modern cancer treatment method. These techniques, which
simulate the passage of proton beams through tissues with meticulous accuracy, provide
for a full knowledge of dose and energy distribution, assisting in the formulation of more
effective and focused treatment strategies. The costs related to radiotherapy in this research
are essential to furthering the accessibility and evolution of healthcare in this direction.

In this study, it is underlined that the Monte Carlo method can be used to analyze
and improve the way in which a business runs, whether in relation to costs or other issues
such as salary differences. This research is important for modeling scenarios, revealing
the possible impact of various solutions for closing the wage gap, benchmarking against
industry norms, and requesting employee input to help create a more equal and inclusive
corporate environment. Enhancing performance control is achieved by utilizing Monte
Carlo simulations to establish a confidence interval in many situations, including radio-
therapy and compensation analysis in a business setting. Values that deviate from the
model are less congruent with the observed data, yet are crucial for error detection and
enhancing efficiency.

The impact of statistical modeling is profound, as it provides insights into complex
systems and facilitates predictions in a variety of fields, making it an essential tool for
understanding and navigating our world’s complexities. These two selected scenarios
for Monte Carlo simulations are significant in current society and are commonly debated
among scientists. Both sections focus on reducing expenses and streamlining present man-
agement in discussions related to financial security and access to quality healthcare, which
are essential human needs. Using Monte Carlo simulations helps enhance performance
control in this manner by providing scenarios and risk analysis through estimation that aid
decision-making in the systems.
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Appendix A. Statistical Results

We take into consideration a statistical population characterized by a continuous
random variable X with a distribution that depends on an unknown parameter. A volume
sample n is drawn from the respective population (x1, . . . , xn) and the arithmetic mean x̄ is
calculated.

E(x) = µ, D2(x̄) =
σ2

n
, D(x) =

σ√
n

(A1)

If X is normally distributed, represented by the sample X1, X2, . . . , Xn with the values
(x1, . . . , xn), then the sample mean is also normally distributed with the parameters speci-
fied above regardless of the sample size. If its distribution X is not known, then the central
limit theorem states that the sampling distribution of the mean becomes normal at the limit
for a large sample volume.

∑n
k=1 xk − ∑n

k=1 E(Xk)√
∑n

k=1 D2(Xk)

Distribution(n→∞)−−−−−−−−−−−→ N(0, 1) (A2)

Theorem A1. Inverse method.
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Suppose that the random variable U has a uniform distribution (0, 1). Let F be a continuous
distribution function; then, the random variable X = F−1(U) has distribution function F.

Theorem A2. Central Limit Theorem [33].
Let X1, X2, . . . , Xn denote the observations of a random sample from a distribution with mean

µ and finite variance σ2. Then, the distribution function of the random variable (X̄ − µ)/(σ/
√

n)
converges to Φ, the distribution function of the N(0, 1) distribution, as n → ∞.

Based on Theorems A1 and A2, Law of Large Numbers and Chebyshev’s Inequality

P(|X − µ| ≥ kσ) ≤ 1
k2 , (A3)

for every k > 0, and random variable X with a finite variance σ2 and mean µ = E(X)
relations from Figure A1 will be used in simulations of normal distributions, Exponential
Exp(β) distribution or Gamma and Beta distributions G(α, β), B(α, β).

Figure A1. Computation of some distribution functions from the uniform distribution.

Theorem A3. Accept–Reject algorithm.
Let f (x) be a pdf. Suppose that Y is a random variable with pdf g(y), U is a random

variable with a uniform U(0, 1) distribution, and Y and U are independent. If the condition
f (x) ≤ Mg(x),−∞ < x < ∞ holds, then the following algorithm generates a random variable X
with pdf f (x):

1. Generate Y and U.

2. If U ≤ f (Y)
Mg(Y)

, then take X = Y; otherwise return to step 1.

Appendix B. MC Sampling

The basic steps of the Monte Carlo algorithm in MATLAB R2023b/R 4.3.2 code are:

1. Identify the transfer equation ⋄ precise the quantitative model of the explored process.
2. Define the input parameters ⋄ define the distribution and parameters of each input

used in the transfer equation.
3. Set up the simulation ⋄ Create a random data set for each input.
4. Simulate and analyze process output with the simulated data in place; you can use

your transfer equation to calculate simulated outcomes.

The basic steps of the algorithm for MCIM in MATLAB R2023b/R 4.3.2 code are:
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⋄ Define the function to be integrated.
⋄ Define the region of integration (bounds, intervals, etc.).
⋄ Generate random points within the region.
⋄ Evaluate the function at each random point.
⋄ Calculate the average value and multiply by the volume/area of the region.

The error can be reduced if stratified sampling is used, meaning that the integration
region D is split into k regions Dj where j = 1, . . . , k. In each region, a Monte Carlo
integration with nj points is performed; the estimate for the integral I is provided by

E =
k

∑
j=1

vol
(

Dj
)

nj

nj

∑
n=1

f
(
xjn
)
, (A4)

while the estimator for σ2 becomes

σ̂ =
k

∑
j=1

vol
(

Dj
)2

nj
σ2( f )

∣∣∣
Dj

,

σ2( f )
∣∣∣
Dj

=
1

vol
(

Dj
) ∫

Dj

(
f (x)− 1

vol
(

Dj
) ∫

Dj

f (x)dx

)2

dx

=

(
1

vol
(

Dj
) ∫

Dj

f (x)2dx

)
−
(

1
vol
(

Dj
) ∫

Dj

f (x)dx

)2

.

(A5)

Monte Carlo estimation is based on a finite number of simulations. Therefore, MC
estimates are subject to certain errors. The Monte Carlo error can be reduced by increasing
the number of generated sample sequences M. Denoting p̂ =

n
M

, the Monte Carlo standard

error for the estimation is computed as SE =

√
p̂(1 − p̂)

M
, which decreases on average in

relation to
1√
n

.
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