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1. Deriving the auxiliary posteriors of the latent variables

(i) q(unl |ϕnl , zn): The evidence lower bound associated with the auxiliary posterior
q(unl |ϕnl = 1, zn = k) can be read as

L =
〈

log p(ynl , unl |xnk, rnk, ϕnl = 1, zn = k)− log q(unl |ϕnl = 1, zn = k)
〉

q. (1)

According to the KKT condition, and using the Lagrange multiplier [1], we obtain the
q(unl |ϕnl = 1, zn = k) maximizing the lower bound as

q(unl |ϕnl = 1, zn = k) ∝ exp
[
⟨log p(ynl |xnk, rnk, unl , ϕnl = 1, zn = k)⟩+ ⟨log p(unl |ϕnl = 1, zn = k)⟩

]
∝ exp

[
1
2

log unl −
1
2
⟨σkl⟩⟨(ỹk

nl − µkl)
2⟩unl +

(vkl
2

− 1
)

log unl −
vkl
2

unl

]
, (2)

which gives

q(unl |ϕnl = 1, zn = k) = G
(

unl |âkl , b̂k
nl

)
, (3)

as shown in the paper.
The evidence lower bound associated with q(unl |ϕnl = 0) can be read as

L =
〈

∑
k

δzn ,k log p(ynl , unl |xnk, rnk, ϕnl = 0, zn = k)− log q(unl |ϕnl = 0)
〉

q
. (4)

The posterior q(unl |ϕnl = 0) maximizing the lower bound is given by

q(unl |ϕnl = 0) ∝ exp
[

∑
k
⟨δzn ,k⟩⟨log p(ynl |xnk, rnk, unl , ϕnl = 0, zn = k)⟩+ ⟨log p(unl |ϕnl = 0)⟩

]
∝ exp

{
1
2 ∑

k
⟨δzn ,k⟩

[
log unl − ⟨σ0l⟩⟨(ỹk

nl − µ0l)
2⟩unl

]
+

(v0l
2

− 1
)

log unl −
v0l
2

unl

}
, (5)

which gives

q(unl |ϕnl = 0) = G
(

unl |â0l , b̂0
nl

)
, (6)

as shown in the paper.
(ii) q(ϕnl): The evidence lower bound associated with the auxiliary posterior q(ϕnl) is

L =

〈
ϕnl

[
∑
k

δzn ,k log p(ynl , unl |xnk, rnk, ϕnl = 1, zn = k)

− ∑
k

δzn ,k log q(unl |ϕnl = 1, zn = k) + log βl − log q(ϕnl = 1)
]

+ (1 − ϕnl)

[
∑
k

δzn ,k log p(ynl , unl |xnk, rnk, ϕnl = 0, zn = k)

− log q(unl |ϕnl = 0) + log(1 − βl)− log q(ϕnl = 0)
]〉

q
. (7)

https://orcid.org/0000-0002-3446-1687


S2 of S6

Define

q(ϕnl = 1) = exp
{

∑
k
⟨δzn ,k⟩

〈
log p(ynl |xnk, rnk, unl , ϕnl = 1, zn = k)

+ log p(unl |ϕnl = 1, zn = k)− log q(unl |ϕnl = 1, zn = k)
〉
+ ⟨log βl⟩

}
,

q(ϕnl = 0) = exp
{

∑
k
⟨δzn ,k⟩⟨log p(ynl |xnk, rnk, unl , ϕnl = 0, zn = k)⟩

+ ⟨log p(unl |ϕnl = 0)⟩ − ⟨log q(unl |ϕnl = 0)⟩+ ⟨log(1 − βl)⟩
}

. (8)

Then, q(ϕnl) can be obtained by

q(ϕnl = 1) =
q(ϕnl = 1)

q(ϕnl = 1) + q(ϕnl = 0)
, (9)

and q(ϕnl = 0) = 1 − q(ϕnl = 1). Referring to the expectations calculated in Table A1 in
the paper, we have

q(ϕnl = 1) = exp

{
∑
k
⟨δzn ,k⟩

[
1
2
⟨log σkl⟩+

vkl
2

log
vkl
2

− log Γ
(vkl

2

)
− âkl log b̂k

nl + log Γ(âkl)

]
+ ⟨log βl⟩+ const.

}
,

q(ϕnl = 0) = exp
[

1
2
⟨log σ0l⟩+

v0l
2

log
v0l
2

− log Γ
(v0l

2

)
− â0l log b̂0

nl + log Γ(â0l) + ⟨log(1 − βl)⟩+ const.
]

, (10)

as shown in the paper.
(iii) q(xnk|rnk): Maximizing the evidence lower bound associated with q(xnk|rnk) gives

q(xnk|rnk) ∝ exp
[

logN (xnk|0, Ipk ) + ∑
l
⟨ϕnl⟩⟨log p(ynl |xnk, rnk, unl , ϕnl = 1, zn = k)⟩

+ ∑
l
⟨1 − ϕnl⟩⟨log p(ynl |xnk, rnk, unl , ϕnl = 0, zn = k)⟩

]
∝ exp

[
− 1

2
xT

nkxnk −
1
2 ∑

l
⟨ϕnl⟩⟨σkl⟩⟨unl⟩1

k⟨(ynl − wT
klRnkxnk − µkl)

2⟩

− 1
2 ∑

l
⟨1 − ϕnl⟩⟨σ0l⟩⟨unl⟩0⟨(ynl − wT

klRnkxnk − µ0l)
2⟩
]

. (11)

The expectations are taken by fixing on xnk and conditioning on rnk. It can be obtained that

q(xnk|rnk) = N
(
xnk| f̂ k

n(rnk), Ĉk
n(rnk)

)
, (12)

as shown in the paper.
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(iv) q(rnk): The evidence lower bound associated with q(rnkj) is given by

L =

〈
logN (xnk|0, Ipk ) + ∑

l
ϕnl log p(ynl |xnk, rnk, unl , ϕnl = 1, zn = k)

+ ∑
l
(1 − ϕnl) log p(ynl |xnk, rnk, unl , ϕnl = 0, zn = k)− log q(xnk|rnk)

+ rnkj[log ρkj − log q(rnkj = 1)] + (1 − rnkj)[log(1 − ρkj)− log q(rnkj = 0)]
〉

q
. (13)

If we define

q(rnkj = c) = exp
[
⟨logN (xnk|0, Ipk )⟩+ ∑

l
⟨ϕnl⟩⟨log p(ynl |xnk, rnk, unl , ϕnl = 1, zn = k)⟩

+ ∑
l
⟨1 − ϕnl⟩⟨log p(ynl |xnk, rnk, unl , ϕnl = 0, zn = k)⟩

− ⟨log q(xnk|rnk)⟩+ c⟨log ρkj⟩+ (1 − c)⟨log(1 − ρkj)⟩
]

, (14)

where the expectations are taken by fixing on rnkj = c (c ∈ {0, 1}), then, q(rnkj) that
maximizes the lower bound can be obtained as

q(rnkj = 1) =
q(rnkj = 1)

q(rnkj = 1) + q(rnkj = 0)
, (15)

and q(rnkj = 0) = 1 − q(rnkj = 1). Mathematical manipulation gives

q(rnkj = c) = exp
{
− 1

2
⟨log |I + Ank ⊙ rnkrT

nk|⟩

+
1
2

tr
[
⟨(I + Ank ⊙ rnkrT

nk)
−1(Rnktnk)(Rnktnk)

T⟩
]

+ c⟨log ρkj⟩+ (1 − c)⟨log(1 − ρkj)⟩+ const.
}

, (16)

as shown in the paper.
(v) q(zn): For q(zn), we define the quantity

q(zn = k) = exp
{
⟨logN (xnk|0, Ipk )⟩+ ∑

l
⟨ϕnl⟩⟨log p(ynl |xnk, rnk, unl , ϕnl = 1, zn = k)⟩

+ ∑
l
⟨1 − ϕnl⟩⟨log p(ynl |xnk, rnk, unl , ϕnl = 0, zn = k)⟩

+ ∑
l
⟨ϕnl⟩⟨log p(unl |ϕnl = 1, zn = k)− log q(unl |ϕnl = 1, zn = k)⟩

+ ⟨log p(rnk)⟩ − ⟨log q(xnk|rnk)⟩ − ⟨log q(rnk)⟩+ ⟨log πk⟩
}

. (17)

Then, q(zn) that maximizes the evidence lower bound is given by

q(zn = k) =
q(zn = k)

∑k′ q(zn = k′)
. (18)

The expectations in equation (17) can be evaluated referring to Table A1. Mathematical
manipulation gives the expression in the paper, where the expectations with respect to
q(rnk) have been replaced by the random imputations.
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2. Deriving the auxiliary posteriors of the parameters

The auxiliary posterior q(π) that maximizes the evidence lower bound can be derived
as

q(π) ∝ exp
[

∑
n,k

⟨δzn ,k⟩ log πk + logDir(π|α0)

]
∝ exp

[
∑
k

(
α0k + ∑

n
⟨δzn ,k⟩ − 1

)
log πk

]
. (19)

It follows that
q(π) = Dir(π|α̂), (20)

as shown in the paper.
The auxiliary posterior q(βl) that maximizes the evidence lower bound is given by

q(βl) ∝ exp
[
∑
n
⟨ϕnl⟩ log βl + ∑

n
⟨1 − ϕnl⟩ log(1 − βl) + logBeta(βl |κ1, κ2)

]
∝ exp

[(
κ1 + ∑

n
⟨ϕnl⟩ − 1

)
log βl +

(
κ2 + ∑

n
⟨1 − ϕnl⟩ − 1

)
log(1 − βl)

]
. (21)

It follows that
q(βl) = Beta(βl |κ̂1l , κ̂2l), (22)

as shown in the paper.
The auxiliary posterior q(ρkj) that maximizes the evidence lower bound is given as

q(ρkj) ∝ exp
[

∑
n
⟨δzn ,k⟩⟨rnkj⟩ log ρkj + ∑

n
⟨δzn ,k⟩⟨1 − rnkj⟩ log(1 − ρkj) + logBeta(ρkj|τ1, τ2)

]
∝ exp

[(
τ1 + ∑

n
⟨δzn ,k⟩⟨rnkj⟩ − 1

)
log ρkj +

(
τ2 + ∑

n
⟨δzn ,k⟩⟨1 − rnkj⟩ − 1

)
log(1 − ρkj)

]
. (23)

It follows that
q(ρkj) = Beta(ρkj|τ̂1kj, τ̂2kj), (24)

as in the paper.
The auxiliary posterior q(wkl) that maximizes the evidence lower bound can be ob-

tained as

q(wkl) ∝ exp

{
∑
n
⟨δzn ,k⟩

[
⟨ϕnl⟩⟨log p(ynl |xnk, rnk, unl , ϕnl = 1, zn = k)⟩

+ ⟨1 − ϕnl⟩⟨log p(ynl |xnk, rnk, unl , ϕnl = 0, zn = k)⟩
]
+ logN (wkl |0, m0Ipk )

}

∝ exp

{
− 1

2 ∑
n
⟨δzn ,k⟩

[
⟨ϕnl⟩⟨σkl⟩⟨unl⟩1

k⟨(ynl − wT
klRnkxnk − µkl)

2⟩

+ ⟨1 − ϕnl⟩⟨σ0l⟩⟨unl⟩0⟨(ynl − wT
klRnkxnk − µ0l)

2⟩
]
− m0

2
wT

klwkl

}
. (25)

Mathematical manipulation gives

q(wkl) = N (wkl |m̂kl , M̂kl), (26)

as presented in the paper.
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The auxiliary posterior q(µkl) that maximizes the evidence lower bound can be ob-
tained as

q(µkl) ∝ exp
[

∑
n
⟨δzn ,k⟩⟨ϕnl⟩⟨log p(ynl |xnk, rnk, unl , ϕnl = 1, zn = k)⟩+ logN (µkl |sl , λ0)

]
∝ exp

[
− 1

2
⟨σkl⟩∑

n
⟨δzn ,k⟩⟨ϕnl⟩⟨unl⟩1

k⟨(ỹ
k
nl − µkl)

2⟩ − λ0

2
(µkl − sl)

2
]

, (27)

which gives
q(µkl) = N (µkl |ŝkl , λ̂kl), (28)

as shown in the paper.
The auxiliary posterior q(µ0l) that maximizes the evidence lower bound can be ob-

tained as

q(µ0l) ∝ exp
[

∑
n,k

⟨δzn ,k⟩⟨1 − ϕnl⟩⟨log p(ynl |xnk, rnk, unl , ϕnl = 0, zn = k)⟩+ logN (µ0l |sl , λ0)

]
∝ exp

[
− 1

2
⟨σ0l⟩∑

n,k
⟨δzn ,k⟩⟨1 − ϕnl⟩⟨unl⟩0⟨(ỹk

nl − µ0l)
2⟩ − λ0

2
(µ0l − sl)

2
]

, (29)

which gives
q(µ0l) = N (µ0l |ŝ0l , λ̂0l), (30)

as shown in the paper.
The auxiliary posterior q(σkl) that maximizes the evidence lower bound can be ob-

tained as

q(σkl) ∝ exp
[

∑
n
⟨δzn ,k⟩⟨ϕnl⟩⟨log p(ynl |xnk, rnk, unl , ϕnl = 1, zn = k)⟩+ logG(σkl |

η0

2
,

ξ0

2
)

]
∝ exp

[
1
2 ∑

n
⟨δzn ,k⟩⟨ϕnl⟩ log σkl −

1
2

σkl ∑
n
⟨δzn ,k⟩⟨ϕnl⟩⟨unl⟩1

k⟨(ỹ
k
nl − µkl)

2⟩+
(η0

2
− 1

)
log σkl −

ξ0

2
σkl

]
, (31)

which gives

q(σkl) = G
(

σkl |
η̂kl
2

,
ξ̂kl
2

)
, (32)

as shown in the paper.
The auxiliary posterior q(σ0l) that maximizes the evidence lower bound can be ob-

tained as

q(σ0l) ∝ exp
[

∑
n,k

⟨δzn ,k⟩⟨1 − ϕnl⟩⟨log p(ynl |xnk, rnk, unl , ϕnl = 0, zn = k)⟩+ logG(σ0l |
η0

2
,

ξ0

2
)

]
∝ exp

[
1
2 ∑

n
⟨1 − ϕnl⟩ log σ0l −

1
2

σ0l ∑
n,k

⟨δzn ,k⟩⟨1 − ϕnl⟩⟨unl⟩0⟨(ỹk
nl − µ0l)

2⟩+
(η0

2
− 1

)
log σ0l −

ξ0

2
σ0l

]
, (33)

which gives

q(σ0l) = G
(

σ0l |
η̂0l
2

,
ξ̂0l
2

)
, (34)

as in the paper.
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To obtain vkl that maximizes the evidence lower bound, we solve the equation

∂

∂vkl

{
∑
n
⟨δzn ,k⟩⟨ϕnl⟩

[(vkl
2

− 1
)
⟨log unl⟩1

k −
vkl
2
⟨unl⟩1

k +
vkl
2

log
vkl
2

− log Γ
(vkl

2

)]}
= 0,

(35)

which gives the equation in the paper.
To obtain v0l we solve the equation

∂

∂v0l

{
∑
n
⟨1 − ϕnl⟩

[(v0l
2

− 1
)
⟨log unl⟩0 − v0l

2
⟨unl⟩0 +

v0l
2

log
v0l
2

− log Γ
(v0l

2

)]}
= 0,

(36)

as given in the paper.
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