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Abstract: Based on the definitions of fuzzy associative algebras and fuzzy ideals, it is proven that the
intersections of fuzzy subalgebras are fuzzy subalgebras, and the intersections of fuzzy ideals are
fuzzy ideals. Moreover, we prove that the kernels of fuzzy homomorphisms are fuzzy ideals. Using
fuzzy ideals, the quotient structures of fuzzy associative algebras are constructed, their corresponding
properties are discussed, and their homomorphism theorems are proven.
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1. Introduction

Zadeh [1] pioneered the concept of fuzzy sets and laid the foundation for fuzzy math-
ematics. Following this, Liu [2] introduced the notions of fuzzy invariant subgroups and
fuzzy ideals and subsequently discussed several fundamental properties. Ahsan et al. [3-6]
conducted extensive research on the structures and properties of fuzzy semirings, integrating
fuzzy concepts into semiring structures and catalyzing further research in this area. Liu [7]
provided precise definitions of the operations of L-fuzzy ideals in rings. Consequently, nu-
merous researchers have delved into the studies of fuzzy prime ideals in rings. Swamy [8]
introduced the concepts of fuzzy ideals and fuzzy prime ideals of rings with truth values in a
complete lattice. Furthermore, Malik and Mordeson [9] undertook a thorough examination to
characterize all fuzzy prime ideals and confirmed the key properties associated with them.
Nanda [10,11] contributed by defining fuzzy fields and subsequently introduced the notions
of fuzzy algebras and fuzzy ideals over fuzzy fields. Biswas [12] enhanced the definitions of
fuzzy fields and fuzzy linear spaces. Subsequently, Kuraoka and Kuroki [13] introduced fuzzy
quotient rings derived from fuzzy ideals and investigated the relationship between fuzzy
quotient rings and fuzzy ideals. Gu and Lu [14] raised concerns regarding the validity of
Nanda’s definition of fuzzy fields, prompting redefinitions of fuzzy fields and fuzzy algebras.
Then, they proved that the homomorphic image is a fuzzy algebra. Moreover, researchers
have delved into the studies of fuzzy quotient algebras. In subsequent works, scholars pri-
marily focused on exploring fuzzy ideals in semigroups [15-18]. Zhou, Chen, and Chang [19]
introduced the concepts of L-fuzzy ideals and L-fuzzy subalgebras. Additionally, Addis,
Kausar, and Munir [20] provided the concept of homomorphic kernels on fuzzy rings and
proved three homomorphism theorems. Korma, Parimi, and Kifetew [21] conducted a study
on the properties of homomorphisms on fuzzy lattices and their quotients. As a result, three
isomorphism theorems regarding the quotients of fuzzy lattices were developed by them.

Adak, Nilkamal, and Barman [22] conducted a research on fuzzy semiprime ideals of
ordered semigroups. Hamidi and Borumand [23] explored the properties of EQ-algebras.
Kumduang and Chinram [24] investigated fuzzy ideals and fuzzy congruences in Menger
algebras. Furthermore, various scholars [25-27] have examined alternative approaches to
analyzing distinct algebraic structures. Since associative algebra is a very important class of
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algebraic structures, its theories can be applied to group, ring, and semiring structures. It is
an important foundation of modern mathematics. On the other hand, algebraic structures
hold a significant position in mathematics with wide-ranging applications in many disciplines
such as theoretical physics, computer sciences, information sciences, coding theories, and
so on. The study of fuzzy associative algebra is helpful to better understand other fuzzy
algebraic structure theories. This serves as ample motivation for us to revisit assorted concepts
and findings from the realms of abstract algebras, thereby extending their applications to the
broader framework of fuzzy sets.

In this paper, we provide the preliminaries in Section 2. In Section 3, we introduce the
concepts of fuzzy subalgebras and fuzzy ideals, and then we discuss their properties. The
quotients constructed by fuzzy ideals are presented in Section 4. In Section 5, we provide
three isomorphism theorems of fuzzy algebras.

2. Preliminaries

In this section, we provide fundamental theoretical knowledge, serving as the basis
for subsequent sections.

Definition 1 ([28]). Let (L, <) be a poset. A poset (L, <, A\, V) is a lattice if any two elements a, b
have a least upper bound a \V/ b and a greatest lower bound a A b, which we denote as L for short.
A lattice L is called a complete lattice if each of its subsets S has VS and NS, where VS and NS
represent the least upper bound and the greatest lower bound of all elements in S, respectively. In
particular, V@ and NQD represent the smallest element 0 and the largest element 1 of L, respectively.

Definition 2 ([29]). Let X be a nonempty set and L be a complete lattice. A fuzzy subset of X is a

function y : X — L, where y is called the membership function, X is called the carrier of u, L is

called the truth set of u, and for all x belonging to X, u(x) is called the degree of membership of x.
We use Fi (X) = {p | p: X — L} to represent the set of all membership functions on X.

Definition 3 ([29]). We define operations A, V on Fr(X) as follows:

(%) = max{p(x) ' (x)},

"(x) = min{p(x) ' (x)},
plx) =1-px),

forall x € X, u, ' €eF (X).

Definition 4 ([30]). Let A be a linear space on a field F, in which the multiplication operation is
defined as («, B) — ap, and it satisfies the axioms

(D a(Bp+7v) =ap+ay,

(2) (a+ B)y = ay + B,

(3) (ka)p = a(kp) = k(ap),

(4) a(By) = («B),
foralla, B, v € A, k € F; then, A is called an associative algebra over F.

Definition 5. Let A and B be associative algebras. Then, B is a subalgebra of A if B C A, and
every fundamental operation of B is the restriction of the corresponding operation of A.

3. Fuzzy Subalgebras and Fuzzy Ideals

In this section, we first give the concept of fuzzy associative algebras. Secondly, we
define fuzzy subalgebras, fuzzy homomorphisms, and fuzzy ideals in fuzzy associative
algebras and prove that the intersections of fuzzy subalgebras are fuzzy subalgebras, the
intersections of fuzzy ideals are fuzzy ideals, and both the homomorphic images and
preimages of fuzzy ideals are fuzzy ideals.
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Definition 6. Let A be an associative algebra over the number field F and L be a complete lattice.
ua € FL(A) is a fuzzy algebra on A, satisfying

(D pa(ar)Apalaz)<pa(ar +az),

(2) pa(ar) Apalaz)<pa(ar - az),

(3) pa(ar)<pa(k-a1),

(4 pale) =1
forall ay, ap€A, k € F, e is a constant in A, and we denote it as (A, pta).

Remark 1. If A is a ring, then it satisfies (1), (2), and (4) of Definition 6, if A is a group, then it
satisfies (1), (4) or (2), (4) of Definition 6; if A is a semiring, then it satisfies (1), (2), and (4) of
Definition 6, and it is a commutative semigroup under addition; and if A is an associative algebra,
then it is a commutative group under addition, and the associative algebra has one more scalar
multiplication operation than a semiring.

Definition 7. Let A be an associative algebra, B be a subalgebra of A, L be a complete lattice, and
Ha|, € FL(A); then, (B, pp),) is a fuzzy subalgebra of (A, pia).

Definition 8. Let (A, pua), (B, up) be fuzzy algebras and a function « : A — B be a homomor-
phism from A to B. A mapping o : (A, ua) — (B, up) is called a fuzzy homomorphism from
(A, na) to (B, up) if

na(a) < pp(a(a)),

foralla € A.

Example 1. The addition, multiplication, and scalar multiplication of polynomial sets over a field F
form associative algebras.
Let fi(x) = a1x> + byx + ¢y and fo(x) = ayx* + byx + co; then, (f1(x), p1) and (f2(x), uz2)

are fuzzy algebras. Suppose that o : (f1(x), p1) — (f2(x), u2) and o (fo(x)) = 1.5 <;41 (fl(x)))

for any ax* + bx + ¢ € f1(x) and pp(a(ax? + bx +c)) = 1541 (ax> + bx + ¢); thus, a is a
fuzzy homomorphism.

Remark 2. (1) A fuzzy homomorphism o : (A, pa) — (B, up) is called a fuzzy monomorphism
from (A, ) to (B, up) ifa : A — B is an injection;

(2) A fuzzy homomorphism « : (A, ua) — (B, up) is called a fuzzy epimorphism from
(A, pa) to (B, up) ifa : A — B is a surjection;

(3) A fuzzy homomorphism « : (A, ua) — (B, up) is called a fuzzy isomorphism from
(A, pa) to (B, ug) ifa : A — B is a bijection.

Remark 3. (1) Forall a € A, pg(a(a)) = \Vpa (vfl (zx(a))) if a mapping o : (A, pa) —
(B, up) is a fuzzy homomorphism;

(2) Forall a € A, ug(a(a)) = pua(a) if a mapping « : (A, ua) — (B, up) is a fuzzy
isomorphism.

Definition 9. Let A be an associative algebra, R be a subalgebra of A, L be a complete lattice, and
a fuzzy set of R be a function ug : R — L. Then,

(1) (R, uR) is a fuzzy left ideal of (A, pn) if ur(a-b) > ur(b) foralla € A, b € R;

(2) (R, uR) is a fuzzy right ideal of (A, pa) if ur(a-b) > ug(a)foralla € R, b € A;

(3) (R, uRr) is a fuzzy ideal of (A, pa) if ur(a-b) > ur(a) VvV ug(b) foralla € R, b € R.

Theorem 1. Let (A, ji4) be a fuzzy algebra and {(B;, up.)|i € I} be a set of fuzzy subalgebras of
(A, pa). Then, N\ (Bj, up,) is a fuzzy subalgebra of (A, pa).
iel
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Proof. Itis obvious that A B; C Aand A B; is a subalgebra of A. Then, we have

el el
N\ s (ai +bi) > N\ (ps,(a;) A s, (b7))
iel icl
= A us,(ai) AN\ p, (b)),
i€l iel
N\ ms,(ai - bi) > N\ (ps,(a;) A g, (b))
iel iel
= A pg(a;) A\ g, (bi),
iel el

and

N\ 1, (ka;) = pp, (kay) A ... A g, (kay)

iel
> pip, (1) A A pp, (an)

= A ps,(a:);

i€l
foralla;, b; € Bj,k € F,and A up,(e) = 1.
iel

In conclusion, A (B;, up,) is a fuzzy subalgebra of (A, u4). O
i€l

Theorem 2. Let (A, ja) be a fuzzy algebra and {(R;, ug,)|i € I} be a set of fuzzy ideals of
(A, pa). Then, N\ (R;, pg,) is a fuzzy ideal of (A, pa).
iel

Proof. Itis easy to obtain that A R; is a subalgebra of A. Then, we have

iel
N mr;(ai-bi) > N\ (pr,(ai) V pg, (b))
iel icl
= N ur.(ai) vV \ ur, (b;),
i€l i€l

for all a;, b;€R,;.
In conclusion, A (R;, pig,) is a fuzzy ideal of (A, pu4). O
iel
Remark 4. Let (A, pa) be a fuzzy algebra and {(B;, up,)|i € I} be a set of fuzzy subalgebras of
(A, pa) [respectively, let {(R;, pg,)|i € I} be a set of fuzzy ideals of (A, ua)l. Then, \/ (B;, up,)
iel

may not be a fuzzy subalgebra of (A, pa) [respectively, \/ (R;, pg,) may not be a fuzzy ideal of
icl
(A, pa)l

Example 2. Consider polynomial algebras in Example 1, where addition, multiplication, and scalar
multiplication are defined in a conventional manner. Consider that two of these fuzzy subalgebras,
(F1, uy) and (F2, uy) are sets of fuzzy polynomial algebras:

(1) (F1, puy): The fuzzy degree of the fuzzy subsets of all constant polynomials is 1; the fuzzy
degree of the other polynomials is 0.

(2) (F2, up): The fuzzy degree of fuzzy subsets of all linear polynomials is 1; the fuzzy degree
of the other polynomials is 0.

Obviously, both (F1, pq) and (F2, uy) are fuzzy subalgebras. However, (F1, u1) V (F2, uy) is
not a fuzzy subalgebra; for example, the fuzzy degree of quadratic polynomial x> is 0 in (F1, p1) V
(F2, i2); however, x? is neither a constant polynomial nor a linear polynomial.
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Remark 5. One can provide an example of fuzzy ideals by following the construction method
described in Example 2.

Theorem 3. Let (A, 114), (B, up) be fuzzy algebras, f : (A, ua) — (B, ug) be a fuzzy epimor-
phism, and (R, uR) be a fuzzy ideal of (A, pa). Then, (f(R), ps(r)) is a fuzzy ideal of (B, up).

Proof. It is easy to obtain that f(R) is a subalgebra of B.
Suppose that a, b €R; thus, f(a), f(b) € f(R). Then,

iRy (f(a) - f(b) = V o ur(z)
f(z)=f(a)-f(b)

= \/ ur(a-b)

z=a-b

\V (ur(a) vV ur(b))

z=a-b

(Vur@) Vv (\/ pr(0))
= wpr) (f(@) V pp(r) (F(D)).

In conclusion, (f(R), pf(r)) is a fuzzy ideal of (B, pg). O

v

Theorem 4. Let (A, un), (B, up) be fuzzy algebras, f : (A, ja) — (B, ug) be a fuzzy homo-
morphism, and (R, pg) be a fuzzy ideal of (B, ug). Then, (f_l(R),]xlf—l(R)) is a fuzzy ideal of
(A pa)

Proof. It is easy to obtain that f ~1(R) is a subalgebra of A.
Suppose that a, b €f~1(R); thus, f(a), f(b) € R. Then, from Remark 3(1), we have

V i1y (a-b) = pr(f(a-b))
= ur(f(a)- f(b))
> pur(f(a)) vV ur(f(b))
=\ tp1(r) (@) V \ prpa(ry (b).

In conclusion, (f~(R), Js-1(g)) is a fuzzy ideal of (A, pa). O

4. Quotients of Fuzzy Algebras

In this section, we define the quotients constructed by fuzzy ideals and establish the exis-
tences of fuzzy homomorphisms and fuzzy isomorphisms between these quotient structures.

Definition 10. Let (A, pa) be a fuzzy algebra and (R, puR) be a fuzzy ideal of (A, pt4). We define
an addition, a multiplication, and a scalar multiplication operations on A/ R as follows:
()(a-R)+(b-R)=(a+Db)-R,
(2)(a-R)-(b-R)=(a-b)-R,
(3)k(a-R) = (ka) - R,
foralla,be Ak € F.

Theorem 5. Let (A, jua) be a fuzzy algebra, (R, yr) be a fuzzy ideal of (A, pu4). There exists an
a € Asuchthat pa(a) =1, pa g is defined by
1, a €R,
/ _ .
Pa/R(@/R) =3 sup ua(a-b), o ¢ R/
beR
then, (A/R, ua/R) is a fuzzy algebra, which is called a fuzzy quotient algebra of (A, pia).
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Remark 6. First, we prove that the operations on A/ R are well-defined.
Leta',a"”, b/, 0" € A,r € R, a’-rand b’ - r belong to the same class, a” - r and b - r belong
to the same class, thus,
pa(@ -r)=pat' -r), pa@” -r)=pa"-r),

suppp(a -r) =supua(t' -r), and suppuy(a” -r) =sup ps (b’ -r).
reR reR re€R reR
(1) Ifa’,b' € R, a",b" € R, then

pa((@-a")-r)y=1=ps((b'-0") 7).
(2)Ifa', V' ¢ R, a",b" ¢ R, then

suppa((a’-a")-r) =suppa(a’-(a"-r)) = sup pa(a"7),
reR

reR ar=F,
FER
sup pa((b'-b") 1) =supps(b'- (b" 1)) = sup pa(t'-7),
reR reR b =7,
FER
anda' -7 €a'-R b -FT€V R, then sup pa(a'-7) = sup pa(b'-7), thus,suppa((a’-a") 1)
ar=t, v r=t, reR
FeER FER
=Ssuppa ((b' b ) r), we can obtain that the multiplication operation is well-defined. In the same

reR
way, we can obtain that addition and scalar multiplication operations are well-defined.

Next, we prove Theorem 5.

Proof. Let us prove that the result under multiplication is true.
Suppose that a;, a; € A.
(1) If ay, ap € R, then

pasr((a1-R) - (a2-R)) = pasr((a1-a2) -R) = 1;

thus, pa/r(a1-R) Apasr(az-R) < pasr((ar-R)- (a2 R)).
(2)Ifa; € R, ap ¢ R, then

pasr((a1-R)-(a2-R)) =suppa((ar-az)-b)

beR

> sup pa(ar-az) Asup pa(b)
a1€R,a7¢R beR

> sup ]JA(Lll 'ﬂz)Al
a1€R,ﬂ2¢R

= pa/r(az-R).

In addition, p4,r(a1 - R) =1; then, pa/r(a1 - R) Apasr(az2 - R) = pa/r(az - R). Thus,
pa/r(ar-R)Apasr(az-R) < pasr((ar-R) - (a2 R)).

In conclusion, the result under multiplication is true.

Similarly, we can prove that the results under addition and scalar multiplication are
true.

Thus, (A/R, pia/R) is a fuzzy algebra. O

Remark 7. The definition of p4 g in Theorem 5 conforms to the Zadeh extension principle.

Theorem 6. Let (A, 14) be a fuzzy algebra; there exists an a € A such that yy(a) = 1. Let
(R, uR) be a fuzzy ideal of (A, pa) and (A/ R,y /r) be a fuzzy quotient algebra of (A, pta). pa/r

is defined by
1, a €R,
Ha/r(@'/R) = {supﬂA(a’ ‘b), a ¢R-
beR

We define a mapping as follows:

v: (A ua) — (A/Ruasr),v(d)=d/R,



Mathematics 2024, 12, 1125 7 of 14

foralla’ € A; then, v is a fuzzy homomorphism.

Proof. First, it is easy to obtain that v is a homomorphism.
Next, we prove that v is a fuzzy homomorphism.
(1) If a1, ap€ R, then
pasr((a1-R) - (a2-R)) = pasr((a1-a2) - R) = 1.
Thus, pa(a1) Apa(az) < pasr((a1-R) - (a2 R)).
(2)Ifa; € R, a2 € R, then

#asr((a1-R)-(az-R)) = i‘ég pa((ar-az)-b)

> sup pia(ar) A sup pa(az) Asuppa(b)
LIIGR uz%R beR

= sup pa(ar) Asup pa(az) A1
EIER a2$R

> palar) Apala).

Thus, pa(a1) Apa(a2) < pasr((a1-R) - (a2 R)).

In conclusion, the result under multiplication is true. Similarly, we can prove that the
results under addition and scalar multiplication are true.

Hence, v is a fuzzy homomorphism. [J

Theorem 7. Let (A, ua), (B, ug) be fuzzy algebras, f' : (A, ua) — (B,up) be a fuzzy ho-
momorphism, (R, ug) and (R', ug:) be fuzzy ideals of (A, ua) and (B, up), respectively, and
(A/R,uasr) and (B/R’, up rs) be fuzzy quotient algebras of (A, pa) and (B, i), respectively.
A mapping f : (A/R,ua,r) = (B/R, ug,rr) is defined as follows:

fla-R)=b-R,f(R) SR, f(a-R) = f(a)-R,
oralla-R € A/R,b-R' € B/R', ug,p is defined b
HB/ Y

1, berR,
!
up/r/(b/R') = sup  pa(a-R), b&R,;
f(a/R)=b/R

then, f is a fuzzy homomorphism.

!

(A pa) SN (B, uB)

«| s
(A/R,iasr) —— (B/R,ug/w)

Proof. First, it is easy to obtain that f is a homomorphism.
Next, we prove that f is a fuzzy homomorphism.
Let us prove that the result under multiplication is true.
(1) Ifb e R,, then VB/R’(b . RI) = 1; thus, ‘MA/R(LZ . R)S VB/R’(b . Rl)
(2)Ifb ¢ R/, then

pp/ri(b-R') = sup pa/r(a-R)
f(a-R)=b-R’

= f(a‘R)V:b.R, #a/r(a-R)

> pasr(a-R).
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In conclusion, the result under multiplication is true.

Similarly, we can prove that the results under addition and scalar multiplication
are true.

Hence, f is a fuzzy homomorphism. [

Theorem 8. Let (A, p4), (B, up) be fuzzy algebras, f (A ua) — (B, up) be a fuzzy homomor-
phism, and (R, ug) be a fuzzy ideal of (B, ug). Thus, (f~1(R), HpRy) is a fuzzy ideal of (A, a),
and (A/f~1(R), w1 is a fuzzy quotient algebra. We define a mapping as follows:

aw: (A/fH(R), 1) = (B/R,pa),a(a/ ' (R)) = b/R,

foralla/f~Y(R) € A/f1(R), and yy is defined as follows:
1, beR,
u2(b/R) = sup wm((a-a')-fY(R)), b¢R,;
a(a'/f~1(R))=b"/R,b'€R
Ifb € R, then py («~(b/R)) = 1, and there exists an a” / f "1 (R) € A/ f~1(R) such that
p1(a”/fY(R)) = 1; then, ais a fuzzy isomorphism.

Proof. First, we prove that « is a homomorphism.

Suppose that a1/f1(R), a2/ f}(R),(a1 - a2)/ f"}(R) (a1 + 2)/f'(R) € A/f(R),
b]/R, bz/R, (b] + bz)/R,(b1 'bz)/R,b/R, b*/R € B/R,zx(al/f_l(R)) = b1 ‘R, Dc(az/f_l(R)) =
by-Ra((a1-a2)/f1(R)) =b-R,a((a1 +a2)/f 1(R)) = b*- R, by - by = b, by + by = b*; then,
we have

w((ar/fUR)) - (a2/ FH(R))) = a((ar - a2) /f 1 (R))
=b-R
= (b1-b2) R
= (b1-R) - (b2-R)
=a(a1/fY(R)) -a(az/fL(R)),

w((n/f7HR)) + a2/ FH(R))) = zx((m +a)/f(R))

b*
(bl+bz)
= (b1-R) + (b2-R)

06(111/f "(R)) +a(a2/f1(R)),

and

a(k(al/f_l(R))> "‘( (ar/f" ())>
= (kby)-R
kee(ay/f(R)).

Thus, « is a homomorphism.

Next, we prove that « is a bijection.

(i) For any a1/ f '(R),a2/f'(R) € A/f~Y(R), if a1/ f Y (R) # a»/f Y(R), then
a(a1/fY(R)) # a(az/f1(R)); thus, a is an injection.

(ii) Forany b/R € B/R, thereexistsana; /f "1(R) € A/f~}(R) suchthata(a;/f1(R)) =
b1/R; thus, « is a surjection.

From the above proof, we can obtain that « is an isomorphism.

Finally, we prove that « is a fuzzy isomorphism.

Suppose that by, by € B; then,

(1) If by, by € R, then
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H2((b1-R) - (b2 R)) = pa((b1 - b2) - R) =1 =iy ((a1-a2) - f1(R)).
Thus, pi2 (b1 - R) - (b2 * R)) = p1 ((a1 - 2) - f71(R)).
(2 If by € R, by ¢ R, since (A/f Y(R),u1) is a fuzzy algebra, we have
pi((ar-az-a') - fHR)) > pa(ar - f7H(R)) Apa(az- f7H(R)) Apa(a” - f71(R)); thus,

p2((by-R) - (b2~ R)) = p2((b1 - b2) - R)
= suppi((m-a2-a') - f71(R))
> sup (a1 f7H(R))
« (fll'ff1 (R)) =b1'R,
A sup pa(az- fH(R))
tx(az-ffl(R)):bzR
R )
a(a f~1(R))=b'-RbE€R
=1A sup yl(az-ffl(R))/\l
tx(uzf’l(R)):bz-R
= sup m(az- f71(R))
a(az-ffl(R)):bg-R

> (a2 f1(R)).

From the definition of fuzzy algebras, we have y((a1 - a2) - f~H(R)) > py(ay -
fTHR)) Apa(az- f71(R)); thus, pr ((a1-a2) - f7H(R)) < pa((b1 - R) - (b2~ R)).

Conversely, whether by - by € Ror by - by ¢ R, there always exists an (a1 -a3) - f"}(R) €
A/f7Y(R) such that i1 ((a1 - a2) - f1(R)) < pua((b1 - R) - (b2 - R)).

In conclusion, the result under multiplication is true.

Similarly, we can prove that the results under addition and scalar multiplication
are true.

In conclusion, « is a fuzzy isomorphism. [

5. Homomorphism Theorems

In this section, we give the concept of homomorphic kernels and prove that they are
fuzzy ideals. In addition, three homomorphism theorems are proved.

Definition 11. Let (A,ua),(B,up) be fuzzy algebras, o : (A, ua) — (B, up) be a fuzzy homo-
morphism, and L be a complete lattice. Then, the kernel of  is defined as follows:

Kera = {a € A|a(a) =0}, : Kera — L, u(a) =1,
which we denote as (Kera,pt) for short.

Example 3. Let (A,jua),(B,up) be fuzzy matrices, o : (A, ua) — (B, up), and for all (a, ua),
(e, ue)€ (A, pa) a((a, pa)) = (a,ia) - (¢, pc) = (b, py); then, Kera = {(c, pc) € (A, pa)l(a, pia)
(¢, uc) = 0}, and the O here represents the null matrix.
Theorem 9. (Kerwa,u) is a fuzzy ideal of (A, pua).
Proof. Suppose that a, b € Kera; then,

pla-b) 2> p(a) Ap(b) =1A1=1=p(a) v pu(b).

Thus, (Kera,p) is a fuzzy ideal of (A, ua). O
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Theorem 10. Let (A, pa), (B, up) be fuzzy algebras and o : (A, ua) — (B, up) be a fuzzy
epimorphism. There exists an a € A such that pa(a) =1, (A/Kera,u 4 kers) i a fuzzy quotient
algebra of (A, pa), and pi A kerq is defined by

1, a' € a/Kera,
/
VA/Kem(’l /Kera) = sup  pa (a’ -b), a ¢ a/Kerw,”
bea/Kera

If o' € a/Kera, then, ug(a(a’)) = 1. v : (A pa) — (A/Kera, g kery) is a fuzzy
homomorphism, and v(a') = a’ /Kera for all a’ € A. We define a mapping as follows:

ﬁf(A/Kem‘/VA/Kerzx) - (B'VB)/ﬁ(a//Kenx) = 0(({1/),

foralla’ € A; then, B is a fuzzy isomorphism.

(A, pa) Z (B, up)

7

(A /Kera, .uA/Kerlx)

Proof. Suppose that a1,a; € A. We can obtain that § is a homomorphism using Theorem 6.
We only need to prove that f is a bijection and yp (ﬁ((al . az)/Kem)) = Ua/Kera ((a1 -
ay)/Kera).

First, we prove that § is a bijection.

(i) For any ay, ap € A, if ay/Kera # ay/Kera, then, a(a;) # a(ay); thus, B is an injec-
tion.

(ii) For any ¢ € B, since «a is surjective, there exists an a’ € A such that «(a") = c. Since
a'/Kera € A/Kerw, then B(a’/Kera) = a(a’) = ¢; thus, B is a surjection.

Next, we prove that yp (ﬁ((al -ay) /Keroc)) = Ua/kera ((a1 - a2) /Kera).

(1) Ifay, ap € a/Kera, then p jkery ((a1 - Kera)-(ap - Kera)) = pa gera ((a1 - a2)-Kera) =
1. In this case, pp(a(aq - a2)) = 1.

Thus, pa/Kera ((a1 - a2) - Kera)=pp (‘B((m “ap) - Keroc)).

(2)If ay € a/Kera, ay & a/Kera, then

VA/Kenx((al - Kera) - (ap - Ké’]’(){)) = ,uA/Kem((al “ap) - Kem)
= sup pa((ar-az)-b)

bea/Kera
> sup pa(a) AN sup pa(a) A sup pa(b)
a1€a/Kera ay¢a/Kera bea/Kera

— sup pala) A sup () AT
ay€a/Kern ar¢a/Kera

> pa(ar) Apa(az).

Foranyaj,ay € A,
e (w(ar -az)) = Viua (a7 (a0 - a2))

> pa(ar) Apalaz);

then, p1 4/ kera ((a1 - a2) - Kera) <pp (,B((al -ap) -Kem)).
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Let B/ : (B, up) — (A/Kera, pia/kers), and ' (a(a’)) = a’ /Kera for alla’ € A.
(8)If a1, ap € a/Kera, then the process of the proof is similar to (1).
(4)If a; € a/Kerw, ay ¢ a/Kera, then

(- Kera) (a2 Kera)) = (0122 - o)
= sup pa((ar-a)-b)

bea/Kera

> sup  pa(m)A sup  pa(az) A sup  pa(b)
a1 €a/Kera ayé&a/Kera bea/Kera

=1A sup pa(ax)A1
ar¢a/Kera

> palaz).

From the definition of pg, pup(a(ay - a2)) > pa(ar) A pa(az), we have
1B (5((@ ~az) 'Kem)) = pg(a(a1-82)) < paskera (a1 - a2) - Kera).

Hence, up (ﬁ((m -ap) -Kerzx)): Haykera ((a1 - a2) - Kera).
In conclusion, the result under multiplication is true. Similarly, we can prove that the
results under addition and scalar multiplication are true; thus,  is a fuzzy isomorphism. [J

Theorem 11. Let (A, ) be a fuzzy algebra, (Ry, pig,) and (Ry, pir,) be fuzzy ideals of (A, pa),
(Ro, ur,) be a fuzzy subalgebra of (Ry, yg,), (A/Ry, 1) and (A/Ro, pa) be fuzzy quotient al-
gebras of (A,ua), ((A/R2)/(R1/R2), u3) be a fuzzy quotient algebra of (A/Ry, pip). There
exists an (a" /Ry)/(R1/Ra) € (A/Ry)/(R1/Ry) such that yuz((a”/Ry)/(R1/Rp)) =1, py is
defined as follows:

1, a€ (a"/Ry)/(R1/Ryp),

sup Va(((a : u’)/Rz)/(R1/R2))' aé (a"/Ry)/(Ri/Rp),
a'e(a” /R2)/(R1/Ry)

m1(a/Rqy) =

We define a mapping as follows:

w: ((A/Ry)/(R1/R2),pu3) = (A/Ry,p1),a((a/Ra)/(Ri/Ry)) = a/Ry,
forall (a/Ry)/(R1/Ry) € (A/Ry)/(R1/Ryp); then, w is a fuzzy isomorphism.

Proof. For any aq, dp € A, Lll/R1, ﬂz/R1 S A/Rl,(al/Rz)/(Rl/Rz),(az/Rz)/(Rl /Rz) €

(A/R2)/(R1/Ry), we have a((a1/R2)/(R1/Rz)) = a((a2/R2)/(R1/Ry)) &< a1/Ry =
a3/ Ry; thus, « is a well-defined bijection.

Similarly, we can obtain that a is a homomorphism using Theorem 6; thus, « is an
isomorphism.

Next, we prove that « is a fuzzy isomorphism.
(1) If ai, ap € (a///Rz)/(Rl /Rz), then

p1((a1-Ry) - (a2-Ry)) =1 ((a1-a2) - Rq) =1 = }43(((ﬂ1 -ﬂz)/Rz)/(Rl/Rz)).
Thus, p1 ((a1 - Ry) - (a2 - Ry)) = y3(((a1 -az)/Rz)/(Rl/R2)>.
(2)Ifay € (a"/R2)/(R1/R2), az ¢ (a"/Rz)/(R1/Ry), since ((A/Rz)/(R1/Rz), p3)
is a fuzzy algebra, we have 3 (((al “ay - a’)/Rz)/(Rl/Rz)) > u3((a1/R2)/(R1/Ry)) A
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#3((a2/R2)/(R1/R2)) A pus((a'/R2)/(R1/Rz)); thus,

p1((ar-Ry) - (a2 Ry)) = p1((a1 - a2) - Ry)

= sup  pis(((@1-a2-a)/Ra) /(R /Ry))
a’e(a"/Ra)/(R1/Ry)

> sup u3((a1/R2)/(R1/Rz))
a1€(a” /Ry)/ (R1/R2)

A sup #3((a2/Rz)/(R1/Rz2))
azé(ﬂ"/Rz)/(Rl/Rz)

A sup u3((a'/R2)/(R1/R2))
a'e(a"/Ry)/(R1/Ry)

= sup #3((a1/R2)/(R1/Rz))
a1€(a” /Ry)/(R1/Ry)

A sup #3((a2/R2)/(R1/R2)) A1
ay¢(a"/R2)/(R1/Ra)

= sup 3((a1/R2)/(R1/Ry))
a1€(a"/Rp)/(R1/Rz)

A sup #3((a2/Ry)/ (R1/Rz2))

ay&(a"” /Ry)/(R1/Ry)
> u3((a1/R2)/(R1/R2)) A ps((a2/Ra)/ (R1/Ry2)).

Thus, p3((a1 - R2)/(R1/R2)) A ps((a2- Ro)/(R1/Rz)) < pa((a1-a2)/Ry).
Conversely, whether a; - a; € (a”/Ry)/(R1/Rp) oray -ap ¢ (a”/Ry)/(R1/Ry), there

always exists ana € (a”/R2)/(R1/Rz) such that iy (a/Rq) = pq ((a1 - a2)/Rq) = V3(((111 :

a2)/Ra)/(Rq /Rz)) .

In conclusion, the result under multiplication is true. Similarly, we can prove that the
results under addition and scalar multiplication are true.

Hence, a is a fuzzy isomorphism. [J

Theorem 12. Let (A, ua) be a fuzzy algebra, (H, ugr) be a fuzzy algebra of (A, p14), and (R, ug)
be a fuzzy ideal of (A, pa); then, (HR/R, us) and (H/H N R, us) are fuzzy quotient algebras.
We define a mapping as follows:

o' : (HR/R,ug) = (H/HNR, us),a(hr/r) = h/hNr,
forall hr/r € HR/R, there exists an W''r /r € HR /R such that us(h"r/r) =1, and ys(h/hNr)

is defined by
1, hehr/r,
ps(h/hnr) = sup pa((hr-H'r)/r), h&n'r/r,;
Wehr/r

then, similar to the proof of Theorem 11, we can obtain that & is a fuzzy isomorphism.

6. Conclusions

In this paper, we discussed the properties of fuzzy ideals and quotients of fuzzy asso-
ciative algebras. In Section 3, we provided the concepts of fuzzy associative algebras, fuzzy
homomorphisms, and fuzzy ideals over a common number field. In Theorems 1 and 2,
we proved that the intersections of the subalgebras were fuzzy subalgebras and the in-
tersections of fuzzy ideals were fuzzy ideals. In Theorems 3 and 4, we showed that if
f:(A ua) — (B, up) is a fuzzy epimorphism, then the homomorphic images and preim-
ages of fuzzy ideals are fuzzy ideals. In Section 4, we defined an addition, a multiplication,
and a scalar multiplication operation on quotient structures constructed by fuzzy ideals. We
proved that the quotient structures created by fuzzy ideals were fuzzy algebras and there
were fuzzy homomorphisms between fuzzy algebras and its fuzzy quotient algebras. In
Theorem 7, we proved that if (R, yig) and (R, ug/) are fuzzy ideals of (A, u4) and (B, up),
respectively, then f : (A/R,pa/r) — (B/R’, up,r:) is a fuzzy homomorphism. In Section 5,
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we defined the concepts of kernels in fuzzy homomorphisms, and in Theorem 9, we proved
that the kernels were fuzzy ideals. In particular, we proved thatif a : (A, pa) — (B, p) is
a fuzzy epimorphism, then A/Kerw is isomorphic to (B, jip). Moreover, we proved two
other homomorphism theorems.

This work helps us to better understand other specific fuzzy algebra structure theories
and provides important theoretical support for the study of other algebraic theories. On
this basis, the classification and representation of fuzzy associative algebras can be studied
in the future.

Author Contributions: Writing—original draft, X.Y.; writing—review and editing, X.Z. All authors
have read and agreed to the published version of the manuscript.

Funding: This research was funded by the University Science Programming of Xin Jiang (grant num-
ber: XJEDU2021Y042), the Doctoral Research Foundation of Yili Normal University(grant number:
2021YSBS011), the Science and Technology Plan Project of Yili State (grant number: YZ2022Y010), the
Research and Innovation Team Project of Yili Normal University (grant number: CXZK2021014), and the
High-level Nurturing Program of Yili Normal University (grant number: YSPY2022011).

Data Availability Statement: Data are contained within the article.

Acknowledgments: The author wishes to thank the reviewers for their excellent suggestions that
have been incorporated into this paper.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1. Zadeh, L.A. Fuzzy sets. Inf. Control 1965, 8, 338-353. [CrossRef]

2. Liu, W. Fuzzy invariant subgroups and fuzzy ideals. Fuzzy Sets Syst. 1982, 8, 133-139. [CrossRef]

3. Ahsan, J.; Saifullah, K.; Khan, M.E. Fuzzy semirings. Fuzzy Sets Syst. 1993, 60, 309-320. [CrossRef]

4. Kim, C.B. Isomorphism theorems and fuzzy k-ideals of k-semirings. Fuzzy Sets Syst. 2000, 112, 333-342. [CrossRef]

5. Mandal, D. Fuzzy ideals and fuzzy interior ideals in ordered semirings. Fuzzy Inf. Eng. 2014, 6, 101-114. [CrossRef]

6. Muhiuddin, G.; Abughazalah, N.; Mahboob, A.; Al-Kadi, D. A Novel study of fuzzy bi-ideals in ordered semirings. Axioms 2023,
12, 626. [CrossRef]

7. Liu, W. Operations on fuzzy ideals. Fuzzy Sets Syst. 1983, 11, 31-39.

8.  Swamy, UM.; Swamy, K.L.N. Fuzzy prime ideals of rings. |. Math. Anal. Appl. 1988, 134, 94-103. [CrossRef]

9.  Malik, A.S.; Mordeson, ].N. Fuzzy prime ideals of a ring. Fuzzy Sets Syst. 1990, 37, 93-98. [CrossRef]

10. Nanda, S. Fuzzy algebras over fuzzy fields. Fuzzy Sets Syst. 1990, 37, 99-103. [CrossRef]

11.  Nanda, S. Fuzzy linear spaces over valued fields. Fuzzy Sets Syst. 1991, 42, 351-354. [CrossRef]

12. Biswas, R. Fuzzy fields and fuzzy linear spaces redefined. Fuzzy Sets Syst. 1989, 33, 257-259. [CrossRef]

13. Kuraoka, T.; Kuroki, N. On fuzzy quotient rings induced by fuzzy ideals. Fuzzy Sets Syst. 1992, 47, 381-386. [CrossRef]

14.  Gu, W,; Lu, T. Fuzzy algebras over fuzzy fields redefined. Fuzzy Sets Syst. 1993, 53, 105-107. [CrossRef]

15. Mahboob, A.; Davvaz, B.; Khan, N.M. Fuzzy (m, n)-ideals in semigroups. Comput. Appl. Math. 2019, 38, 189. [CrossRef]

16. Mahboob, A.; Davvaz, B.; Khan, N.M. Ordered I'-semigroups and fuzzy I'-ideals. Iran. J. Math. Sci. Inform. 2021, 16, 129-146.
[CrossRef]

17.  Mahboob, A.; Al-Tahan, M.; Muhiuddin, G. Fuzzy (m, n)-filters based on fuzzy points in ordered semigroups. Comput. Appl.
Math. 2023, 42, 245. [CrossRef]

18.  Mahboob, A.; Muhiuddin, G. A new type of fuzzy prime subset in ordered semigroups. New Math. Nat. Comput. 2021, 17,
739-752. [CrossRef]

19. Zhou, X.; Chen, L; Chang, Y. L—fuzzy ideals and L—fuzzy subalgebras of Novikov algebras. Open Math. 2019, 17, 1538-1546.
[CrossRef]

20. Addis, G.M.; Kausar, N.; Munir, M. Fuzzy homomorphism theorems on rings. J. Discret. Math. Sci. Cryptogr. 2022, 25, 1757-1776.
[CrossRef]

21. Korma, S.G.; Parimi, R.K,; Kifetew, D.C. Homomorphism and isomorphism theorems on fuzzy lattices. Res. Math. 2023,
10, 2255411. [CrossRef]

22. Adak, AK; Nilkamal; Barman, N. Fermatean fuzzy semi-prime ideals of ordered semigroups. Topol. Algebra Its Appl. 2023,
11, 20230102. [CrossRef]

23. Hamidi, M.; Borumand Saeid, A. EQ-algebras based on fuzzy hyper EQ-filters. Soft Comput. 2019, 23, 5289-5305. [CrossRef]

24. Kumduang, T.; Chinram, R. Fuzzy ideals and fuzzy congruences on menger algebras with their homomorphism properties.
Discuss. Math. Gen. Algebra Appl. 2023, 43, 189-206. [CrossRef]

25. Ahmed, LS.; Al-Fayadh, A.; Ebrahim, H.H. Fuzzy c—algebra and some related concepts. AIP Conf. Proc. 2023, 1, 189-206.


http://doi.org/10.1016/S0019-9958(65)90241-X
http://dx.doi.org/10.1016/0165-0114(82)90003-3
http://dx.doi.org/10.1016/0165-0114(93)90441-J
http://dx.doi.org/10.1016/S0165-0114(98)00018-9
http://dx.doi.org/10.1016/j.fiae.2014.06.008
http://dx.doi.org/10.3390/axioms12070626
http://dx.doi.org/10.1016/0022-247X(88)90009-1
http://dx.doi.org/10.1016/0165-0114(90)90066-F
http://dx.doi.org/10.1016/0165-0114(90)90067-G
http://dx.doi.org/10.1016/0165-0114(91)90113-5
http://dx.doi.org/10.1016/0165-0114(89)90247-9
http://dx.doi.org/10.1016/0165-0114(92)90303-L
http://dx.doi.org/10.1016/0165-0114(93)90526-N
http://dx.doi.org/10.1007/s40314-019-0930-5
http://dx.doi.org/10.52547/ijmsi.16.2.129
http://dx.doi.org/10.1007/s40314-023-02381-z
http://dx.doi.org/10.1142/S1793005721500368
http://dx.doi.org/10.1515/math-2019-0126
http://dx.doi.org/10.1080/09720529.2020.1809777
http://dx.doi.org/10.1080/27684830.2023.2255411
http://dx.doi.org/10.1515/taa-2023-0102
http://dx.doi.org/10.1007/s00500-018-3456-7
http://dx.doi.org/10.7151/dmgaa.1418

Mathematics 2024, 12, 1125 14 of 14

26.

27.
28.
29.
30.

Hariharan, S.; Vijayalakshmi, S.; Mohan, J.; Akila, S.; Nithya, A.; Muthukumar, R.; Ravi, J. Modified hybrid fuzzy algebra:
ME-Algebra. Discuss. Math. Gen. Algebra Appl. 2023, 8, 34-38. [CrossRef]

Myskovéd, H.; Plavka, J. Regularity of interval fuzzy matrices. Fuzzy Sets Syst. 2023, 463, 108478. [CrossRef]

Birkhoff, G. Lattice Theory; American Mathematical Society: Providence, RI, USA, 1940.

Negoiti, C.V.,; Ralescu, D.A. Applications of Fuzzy Sets to Systems Analysis; Birkhduser: Basel, Switzerland, 1975.

Meng, D. Abstract Algebra: Associative Algebra; Science Press: Beijing, China, 2011.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.22271/maths.2023.v8.i2a.942
http://dx.doi.org/10.1016/j.fss.2023.01.013

	Introduction 
	Preliminaries
	Fuzzy Subalgebras and Fuzzy Ideals
	Quotients of Fuzzy Algebras
	Homomorphism Theorems
	Conclusions
	References

