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Abstract: In this paper, we consider the following two-dimensional chemotaxis system of attraction—
repulsion with indirect signal production

o =Au—-V- (Xlqul) + V- (xouVoy), xeRZ >0,

0=Avj—Apj+w, xeR?,t>0, (j=1,2),
o + dw = u, xeRZ t>0,
u(0,x) = ugp(x), w(0,x) = wp(x), x €R?,

where the parameters x; > 0,4; > 0 (i = 1,2) and non-negative initial data (up(x), wp(x)) €

LY(R?) N L®(R?). We prove the global bounded solution exists when the attraction is more dominant

than the repulsion in the case of 1 > x,. At the same time, we propose that when the radial solution
271

r2) Hlwoll1 g2,

found that adding indirect signals can constrict the blow-up of the global solution.

satisfies y1 — x2 < Taallr, , the global solution is bounded. During the proof process, we

Keywords: Keller-Segel; attraction-repulsion model; indirect signal production; radial solution;
boundedness

MSC: 35B65; 35Q35; 35Q92; 92C17

1. Introduction

The chemotactic model was proposed by Keller and Segel in [1] to describe the
movement mechanism of organisms, cells or bacteria under the action of chemicals.
Classified based on the direction of movement, we have chemotactic attraction and
chemotactic repulsion. These forces play a crucial role in many development systems. In
recent years, the issue of chemotaxis has been extensively studied. For example, global
solvability has been studied in [2-24], large time behavior in [6,25-29], finite time blow-up
in [6,30-36], nontrivial stationary solutions in [18,37-40], nonlinear diffusion in [41,42],
indirect signaling in [43—47], etc. These studies provide important assistance for us to gain
a deeper understanding of chemotactic phenomena.

A classical chemotaxis model is described as follows:

xeO),t>0,

{ diu—Au=-V- (Xqu),
xeO),t>0,

10— Av—u+ Av =0,

whereu = u(x,t) and v = v(x, t) denote cell density and chemical concentration, respectively.
) € R" is a domain and 7 € {0,1}. When Q) is bounded, we propose the homogeneous
Neumann initial boundary value conditions:
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W =9 =0  xed,t>0,
u(x,0) = up(x), xeQ

When () = R”", we give the initial data
u(x,0) = up(x), xeR™

These equations are used to describe the phenomenon of chemotactic aggregation. However,
many biological processes also involve chemotactic repulsion. In [48], Luca proposed a
more general model to describe attraction and repulsion phenomena as follows:

o — Au = —x1V- (qul) + x2V- (quz), xeO),t>0,
11 — Avy —u + A =0, xeQ,t>0, 1)
00y — AUy — u + Apvp =0, xeQ, t>0.

If the chemicals diffuse much more rapidly than the movement of cells, the case where
7 = 0 can be considered as an approximate version of the case where 7 = 1. Rigorous
proof of this limiting process can be found in [49]. For 7 = 1, Jiu and Liu in [50] considered
a balanced case. For 7 = 0, Shi and Wang in [6] found that the system (1) has unique
non-negative solutions locally in time for initial data ug satisfying

up =0 on R?, uy 0, ug € L'(R?) N L™(R?).

The non-negative solutions exist globally in time and are bounded in the repulsion-dominant
X1 < x2. Nagai and Yamada investigated the case x1 > x» in [5].

Based on the motivation of indirect signal influence, we hope to see that the addition
of an indirect signal does not damage the solution of the original system. In the real world,
systems can be influenced by other signals at any time. Therefore, we consider the following
indirect signal model:

o =Au-V- (XluVUl) + V- (xouVvp), x€eR? t>0,

0= Avj—Ajj+w, xeR%t>0, (j=1,2), )
dhw—+ow =1u, xeR2 t>0,
u(0,x) = up(x), w(0,x) =wp(x), x € R2.
We suppose that the initial data satisfy
(up,wp) =0 on R?, ug %0, (ug,wp) € L (R?) N L (R?). 3)

Our main result is stated as follows:

8md 5. Then, we have

Theorem 1. Let x1 > xp and assume that ||up|; 1 ®?) < -

2

lall ) + Y Ioillwzo ey + Il eey < C, i =1,2
i=1

forall1 <p < oco.
Theorem 2. Let My := %HMO”LI ®2) + ||w0||L1(R2) and assume that non-negative initial data ug, wy
are radial and (x1 — x2)Mp < 2m. Then, we have

2

”u”LP(]RZ) + Z ||Ui||w2,p(R2) + ||w||Lp(R2) <C i=12
i=1



Mathematics 2024, 12, 1143 30f15

foralll <p < oco.

Remark 1. Because 4 + (x1 — x2)* = 4(x1 — x2), we have

8md < 2n
4+ (1-x2)?  x—xe

Thus, the constriction of initial data for ||uol|p1 g2y becomes weaker.

Remark 2. Using the Duhamel’s principle in (2), we denote the solution as
t
u(x,t) = G(-, 1) *ug —|—f VG(t—1,-)* (uV)(t)dr,
0

2
where G(x,t) = (4nt)‘1e_% is the heat kernel, and
V = x1Vor — x2Vor = [11V (4 = A) ' = 12V (A2 = A) 7 Ju.

Here, (A; = A)™' (i = 1,2) denotes the inverse pseudo-differential operator of A; — A, and we
represent it using Fourier and inverse Fourier transformations. That is,

(A=) lu: = T‘l[(A | V=1E) T F ) (cS)]
= F (A +1EP) ! +u

:K/\X-u,

where K (x) = fooo e~MG(x, t)dt is the Bessel kernel. We also denote the fractional-order differential

operator A¥ = (—A)g (k>0) by
Nu = FlekF ) (£)].

For more detailed related information, please refer to [51,52].
Applying the following Young's inequality of convolution

+

< |

_ 1
(A —-A) 1f||Ui(]R2) = |IK, *f”LP(RZ) < ||KA||U(R2)||f||Lq(R2) forall 1+ ;; =

= | =

and the estimates
||K/\||U’(]R2) <oo, 1< p <oo and ||axK}\”Lp(R2) <oo, 1< p< 2,
we can obtain the Lemma 2 below.

2. Preliminaries

Before giving an energy estimate, we need to utilize the following important mass
conservation properties.

Lemma 1. Let (u,v;,w) (i = 1,2) be the non-negative solution to the Cauchy problem (2) with
non-negative initial data ug, wy satisfying (3). Then, we have

”u”Ll(RZ) = ||u0||L1(R2) 4)

and

1
Ilollpr 2y < llwollpr (m2) + Sliuollor () ®)
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as well as
ol (r2y = Aillvillpr ey 1= 1,2 (6)

Proof. We integrate the first equation of (2) to obtain (4). Integrating the third equation
of (2) and using (4), we see that

i wdx—i—éf wdx:f updx.
dt R2 R2 R2

For t > 0, we solve the above ODE to obtain

lluoll 1 (r2)
—ot
||w||L1(Rz) = ||w0||L1(Rz)e + — 1

_e—ét)
1
< lwollpr gy + 5||”0||L1(R2)'

Integrating the second equation of (2), we complete the proof. O

Lemma 2. For A > 0, we have

||Uj(t)||Lp(R2) < C(P/q>||w(t)||Lq(R2), 1<g<p<oo, 7)
||Uj(t)||L°°(R2) < C(q)llw(t)lqu(Rz), 1< q < oo, (8)
IV (D)l (r2) < Clq)llw(E)llpagre), 2 < g < oo. )

In particular, the following holds
”U]‘(t)”Lp(RZ) < C(p)HZU(t)HLl(RZ), 1 < p < 00, (10)
According to Lemma 2.3 in [5], we have

Lemma 3. If the non-negative function ¢ € L' (R?) 0 WV2(R2), it holds that

1+e Vgl 2
< = for all .
fRngdX_ i (fRzgdx)(fRzl_i_gdx +€jl;2gdx orall e>0

According to Lemma 2.1 of [53], we have the following lemma.

Lemma 4. If the non-negative function ¢ € L'(R?) n WV2(R?), it holds that

- gdx < e( 11;2(1 + ¢)log(1 +g)dx)( fRz IVglzdx) +C(e) 11;2 gdx,

where ¢ is any positive number and C(¢&) tends to infinity as € — 0.

3. A Prior Estimate

8md
Lemma 5. Let x1 > x2 and assume that ||upll;1 ®2) < T -2 T Then,

K:= sup ||(1 + u(t))log (1 + u(t))||1 <oo forall T>0.
0<t<T

Proof. Multiplying the first equation of (2) with log(1 + u) and noting f]R2 diu = 0,
log(1+u) < u, we have
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4 (1+u)log(l+u)dx = f log(1 + u) drudx
dt R2 R2

= f Aulog(1 + u)dx —f V- (uV()(lvl - szz))log(l + u)dx
R2 R2

Vu? f u
=- d Vu - V(x1v1 — x202)d
fRzlJru e Tra (01 = oo ix
e f f 1
= - d Vu - V(101 — xo02)dx — Vau - V(x101 -
L{Z Tra™xT . u ()(101 szz) x e 1ru u (lel szz)

_ Vul?
= ,[Rz T udx " e M(XlAvl - Xzsz)dx + - log(1+ u)()(lAvl - Xzsz)dx

(11)

Vul?
:_f |1 l dx-i-()(l—)(z)f uwdx—f u(x1A101 — x2A2v7)dx
R> LU R2 R2

—(x1-x2) fRZ wlog(1+ u)dx + fR()(l/\ﬂJl — X2A202) log(1 + u)dx

2
|Vul? f f 2 f 2422
< - d - d d 2C “Acved
fR21+M x4+ (x1—Xx2) Rzuw X+ &1 Rzu x + (el)i_El R2X1 futdx

Vul* o 2 (x1-1x2)? ) 2 ST
s- 5 —F  — T¢ dx+2 202024
- fRzlJruderszzwde“[ % +él]fR2u x+ C(El);‘ﬁéle)\lvl X,

where 0 < €1 < 1is small enough to be determined.
On the other hand, we multiply the third equation of (2) with 2w and use the Young's
inequality to obtain

i wzdx—l—Zéf wzdx:2f uwdx
dt RZ RZ RZ

(12)

Adding the Equations (11) and (12), we have

d Vil f 2
— 1+u)log(1 2
dt(jl;{z( + u) log( +u)dx+jl%2w dx)Jrjl;{z 1+udx+6 sz dx
— )2 2
S[M fuzderZC(el)Zf )(f/\%@?dx.
R2 = Jr2

4 +
25 o1
Let 64 := min {51,5}. Thus, we add the two sides of the Equation (13) with 64 - fRZ(l +

(13)

u)log(1 + u)dx and apply the inequality (1 + u)log(1 + u) < u + u? to obtain

d ) [Vul? f ’ f
dt(fﬂ{z(l—l—u)log(l—t—u)dx—i—‘fww dx)—i—fR2 1+udx+6* sz dx + Rz(l—b—u)log(l—b—u)dx

2
(x1—x2)*+ f 2 f 2422
< |2 227 0 - d 2 “Acved .
_[ Rzu X+ C(el)i_gl RZ)(Z/\lvl x + etlluollp (r2)

14
- (14)
25 +2&1

Applying Lemmas 2 and 3 as g = u(t) to (14) yields the following:
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d 2 (x1—x2)* +4 1+ & IVul?
dt(f (1+u)log(l+ u)dx + Lz w dx) + {1 - [T +2¢e1 |- ym lluollp1 (2 f]RZ 1 +ualx

+6*-(jl;2w2dx+jéz(1+u) 1og(1+u)dx) (15)

2 2,22 (X1—x2)* +4
<2C(¢&1) Z - XiATvidx + BT + 4|lluollpr w2y < Cllluollr (r2), €1, Xis Ais 0)-
i=1

8m0__, we can take a small enough value of &1 such that

Thanks to ”1/[0||Ll (RZ) < m

+&
i 1 ||u()||L1(R2) > 0.

[ -xe)?+4
26

1
+ 2¢ 1] .
Using Gronwall’s inequality, we have
(L -+ u()) 1og (1 +u(5))l < (1 + o) log (1 + o)l + llwollFa g Je >+ + Cllluolls z2), xis Ais6), i =1,2.

Therefore, we complete the proof of Lemma 5. O

Next, we will give the gradient estimates of v;.

Lemma 6. Let 0 < T < co and assume x1 = x» holds. We have the following estimate

2
M:= Z( sup ||v]( )||Lm Rr2) + sup ||Vv]( )||Loo R2 )< 0.
i—1 0<t<T 0<t<T

Proof. Multiplying the first equation of (2) with u?~! (p > 1) and integrating by parts, we
can deduce that

14y 4D
pdt LP(R?) 2

f uP~(Vu - Voy + uhvy) — le uP~Y(Vu - Voy + uivy)
R2

4
L2
IVuz1l;

)fup X2Avy = x1Avy)dx

IA

= X2
( )f W[ xaApoa = x1daor + (X1 - x2)wldx

1
)Xz/\zf uPv, + (1 - —)(Xl - X2) f uPwdx
p R2

6 P (p-1)P(x1-x2)f p 1 +1
= p+1 p+1 - o a
f w dx+[ + fzu dx + 1fzv§ dx. (16)

pror p+1
We multiply the third equation of (2) by w” and apply the Young’s inequality yielding

Lif wp+ldx+6f wp“dx:f wwPdx
p+1dt R2 R2 R2

(17)
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Combining (16) and (17), we have

d p p+1 4(p-1) pt1
dt( 1P gz, + —|| W ey |+ I gy Slelt) »
18
4Fp-1 1—)(2p+4pp 1 1 1
< [Hem DRI Pl ol
pPop +1|" ey T p 1 A (R
Next, we take p = 2 in (18) to obtain
d 4(x1-x2)* +16 1
(G gy + 1000 g )+ IV )+ S gy < (2 Bl ) + 5ol gy (19
Applying the estimate (10), we have
1
Toallagez) < VCrlko(lagea) < VCa{lkeoll gy + ol ) ) (20)
where C; is a positive constant.
For the term IIuIILs(Rz), we use the Lemma 4 to obtain
||u||L3(R2 < ell(1+u)log(1+u)ll (R2) ||Vu||L2 R2) + C(82)||M||L1(R2) o
< 52K||Vu||L2 R?) + C(£2)||uo||L1(R2) forall0 < ey < 1.
Thus, substituting (20) and (21) into (19) yields
24(x1 - x2)* +96
(B2 ) + 2l ) + [6 ~eK(4+ K ) IV g, + 30001 g )
24(x1 = x2)* + 96
<(4+ ( 5 i Jetea) ol ) + Callolfs o, + sl o)
We can use the Gagliardo-Nirenberg inequality and Young’s inequality to obtain
2
122 g < ConlIVatlga gy oll ey < IV o) + = ol - (23)
: : 8-+ _
Taking a suitable value of €; such that 6 — e2K|4 + —— )= mm{ 0,6 — } > 0, then
substituting (23) into (22), we have
3,5
o (BRa g + 2 ) + mm{ 25,2 —}(3||u||L2 gy + 200l ) ) < Clea 6,1, 202, Con oll gy ol ) (24)
forall 3 < & <6.
Applymg Gronwall’s inequality in (24), we show that
||u||L2(R2) + ”w“LS(RZ) <C,
where C > 0is a constant depending on ¢, 5, x1, X2, Can, lluoll 1 (R2)NL2(R2)/ ||w0||L1(R2)mL3(R2)-
Taking p = 4 in (18), we can obtain
81(x1 — x2)* + 256 4
(G gy + 105 g )+ SV g+ S0l gy < = S A Y A )
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To control |[ull 52y, we use the Gagliardo-Nirenberg inequality and Young's inequality to
deduce 5
2”75

1l5 gy = Il

2 2
L5(R2) 2) < ConllVu ||L2 R2) [ ||L1(R2)

(26)
< &3llVi o) + Clea, Con)lullfs o).

where 0 < €3 < 1 has yet to be determined. Using the estimate (10) again, there exist a
constant C, > 0 such that

1
ll02llp5(R2) < N, C2(||w0||L1(R2) + 5||M0||L1(R2))- (27)
4
Taking the appropriate €3 such that i - [81(“);# + %]83 = min{%, % - eg} >0, we
can obtain
d 50 3
IR g+ gl g )+ 4min{ 2,2 s SIVRIE, oy + S0l e ) < G5 28)

forall 0 < & < %, where C3 > 0 depends on IIuOIILl(Rz)mLz(Rz),||w0||L1(Rz)ﬂL3(Rz) and Cy.
Similarly to (23), there is a constant C4 > 0 such that

10212 gy < VIR ) + Callitollty (29)
Combining (28) with (29) and applying Gronwall’s inequality yields
||14||L4(]R2) + ||w||L5(]R2) <C, (30)

where C > 0 depends on €3, 6, x1, X2, Con, luollp1 2y 2 (m2)nrs (r2)- 1WollL 1 (m2)r3 (R2) L5 (R2) -
Using (8) and (9) in Lemma 2 and (30), we complete the proof of Lemma 6. O

In what follows, we will give the boundedness of u, v; and w.

Lemma 7. Assume x1 > x2 holds. Then, for any p € [1, 00|, we have

2
||u||UJ(]R2) + Z ||Ui||w2,p(R2) + ”w”UJ(RZ) <C, i=12
i=1

where the constant C depends on x;, A;, |[ugl| L (R2)nL! (R2) and ||w0||Loo(Rz>.

Proof. To obtain the L™ estimate of u, we first employ an energy inequality and Moser’s
iteration technique. Next, we utilize the ODE comparison principle and classical elliptic
theory to derive the estimates of w and v;.

Recalling (16) and (2), we integrate by parts for the right-hand side and use Young’s
inequality to obtain



Mathematics 2024, 12, 1143 9o0f 15

4(p—-1 P
T Rl Y,

= f up_l[ -V. (XlMVUl) +V. ()(quvz)]dx
R2
=(p- 1)f up_l()(lvvl = x2Vuo) - Vudx
R2
< (p-1D 0 +x2)M fR W Vuldx (31)
-1)M
=2(x1 +X2)(p—)f ugIVugldx
p R2
-1)M
<2001+ P iV

2(p—1 4
< (ppz )||vuz||§+2(p—1)(m+Xz>2M2“”“§p<R2

That is,

2(p-1)
p

p
—|| ) gy + P = Dl o + IVUEI2 < p(p = 1)[200 + 22 2M2 + 1]l o (32)

On the other hand, we can use the Gagliardo-Nirenberg inequality to deduce

4 4
01 g = 12122 o) < ConlViu2 iz 2 s gy

12(R?)
5 b o PP200 + x2)?M2 + 1] (33)
< — ———IVuzlz + 5 21 ga -
P20 + x2)2M2 + 1]

Substituting (33) into (32) gives

P(p- D200 + x2)?M? + 1|2

||u|| zy + PP = Dl o) < 5 Il
Using Gronwall’s inequality, we have
2 212 2
P20 + x2)?M? +1]C2,
I <l o+ : e O

Let B(p) = max {lluO“Ll(RZ),”MO“Lm(RZ)/ sup ”u(t)”Lp(RZ)}. This yields

0<t<oo

(p)<C”pPB( ) forallp>2,

NI

[2(X1+X2)2M2+1]C2

where Cs =1+ ‘ is a constant.
Takingp =2/ (j =1,2,---) and applying the above iterative inequality, we see that

B(2/) < cZ'2/? B2/ 1)

<c¥ Toj2!7i Yo ()2 g(pj-2y ..

Q427 4272427 01 (j=1) 227 e 2x27 T 1x20 (34)
<C X2 B(1)

<4CsB(1).
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By virtue of (34) and the boundedness of B(1), we have
“u”L""(RZ) = ]EinooB(Zf) < 4C5B(1) < 4C5 max {||u0||L1(Rz), ||”0||L°°(R2)}- (35)

u(t,s)

Recalling (17) and applying interpolation inequality and Young’s inequality, we further have

T U [
L ) R2

pridr e o (B2
< Slolt e+ —||u||’;:jl .
< D1l )+ el el
This means that
—|| e, 2t )n P < DeC) (36)
L/ (R2) L+ (R2) oF

where Cg is a constant independent of p. Applying Gronwall’s inequality and the Lemma 2.1
in [29], we obtain

1
op+1 CP 1 9
p+1 ] < lwollppsr g2y + chﬂ, (37)

ol ey < | olf] 3 oy + o7

Letting p — +00, we can obtain the boundedness of ||w|| Lo (R2)- Finally, we use the classical
elliptic estimate to obtain
”Dzvi”LP(RZ) < C7||w||Lp(R2)-

Applying the boundedness of w in (37), the proof is complete. O

Proof of Theorem 1. By virtue of Lemma 6 and Lemma 7 being complete, we complete the
proof of the Theorem 1. O

4. Boundedness of Radial Solutions
In this section, we focus on the case of radial solutions. We assume that the non-
negative initial data 1, wy are radially symmetric with respect to the spatial variable x and
satisfy (3). We redefine the function #i(t,s),9;(t,s) (j = 1,2) and @(t,s) as
u(t,x) = ii(t,s), vj(t,x) =70(ts), w(tx)=w(ts), s= nlx?

and the initial data as uy(x) = ii(s), wo(x) = @(s). We denote the following:
S S S
f i(t,o)do, Vi(ts) = f i(t,0)do, W(ts)= f w(t,o)do (j=1,2) (38)
0 0 0

and U() J(; Mo dO, W() J(; Mo
Slrmlarly to Lemma 1, we have

U(t, ) :f ii(t,s)ds :27zf ﬂ(t,nrz)rdr:f u(t, x)dx = |luoll1 g2 (39)
0 0 R2

and
< 1
W(t, 0) = ‘fo‘ w(t,s)ds = Lz w(t, x)dx < ||ZUQ||L1(R2> + 5||u0||L1(R2) (40)

as well as
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Vi(t,00) = fow i(t,s)ds = jﬂ; v;(t, x)dx < AljllwollLl(Rz) + /\LjélluollLl(Rz) (j=1,2). (41)
Lemma 8. If the spatial variable x is a radial region and U is defined by (38), it holds that
U < 47U + (x242V2 + (11— x2) Mo o5 U 2)
Proof. By straightforward calculations, we have
8xju = Jsil 8xjs = anjasﬁ

and
Pou= x; (2mx;dsil) = 27mb;;0sil + 4n2xixj(9§ﬁ.

x,-x]-

Therefore, we obtain

2
Au =Y R u = 4ndii + 4rPxPo%i = Amdsii + dresdRil = 4mds (s9si) (43)
j=1
and
2 2 2
\E (quj) = Z a,‘(uaﬂ)]‘) = Z 8iu8ivj +u Z 812271
i=1 i=1 i=1

= 4?|x[20s1idsB; + 4miids (s9sD;) (44)

= 47sdsildsD; + 4milds (s&sﬁj)
as well as

i = dpu = Au—V - (xuVoy) + V- (x2uVoy)
= 47195 (s05i1) — 41 X105 (8010571 ) + 41 X205 (5110577 ) (45)
= 4mds(sdsil) — 47185(51285 (x101 — )(252)).
Integrating both sides of (2) from 0 to s and combining (43)—(45) yields
iU = 4m(sosii) —47'((55185()(151 - )(252))
= 41159%U — 4ntsdsUds (X101 — x202) (46)
= 47158511 — s U<4n X180s01 — 4n )(2585172).
Applying the second equations of (2) and (43), we can deduce
Av; = 4nds(sds0;) = Apwj—w (j=1,2). (47)
Similarly to (46), integrating both sides of (47), we see that
4715&577]- = A]V] -W. (48)
Substituting (48) into (46), we have
9l = 4nsd?U — asu[;(l()\lvl - W) = x2(A2V; — W)]

(49)
= 4nsd; U+ (x1 — x2)WasU = (x1A1 V1 — x2A2V2)ds UL
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Using the third equation of (2) again, we can solve the ODE to obtain
t c
w(t,x) = wo(x)e™® —|—f Ty (1, x)dx. (50)
0
So, we can integrate the both sides of (50) to obtain

S £ S
W(t,s) :e_bt~f zbo(a)do—i—f eb(T_t)f ii(t,0)dodt
0 0 0

t
= e Wy(s) +f T DU(1,5)dr.
0

(51)

Combining (49) and (51) and using the first mean-value theorem and d;U > 0, we have
U = 4msd?U + (x1 — x2)WosU — (x1A1V1 — x242V2)dsU

t
= 4nsdiU + (x1 - Xz)(e_&wo(s) + f eé(T_t)U(T,S)dT)asU - (1M V1 = x2A2V2)dsU
0

1
= 4nsdiU + (x1 - Xz)(e_&wo(s) + 5(1 - e_ét)U(Qt,s))gsu = (1M V1 = x2A2V2)dsU

= 47ZS&§U + )%(1 - e“"t)u(ﬁt,s)8sll - ()(1)\11/1 — X2A V) — ()(1 - Xz)e_étWO(S))&su

||u0||L1 (R2)

< 47‘(59311 + ()(1 - Xz)(T + ”w0||L1(R2)) + Xz/\sz]é’sU.

It means that
Ol < 4nsd>U + (XzAsz + (x1-— XZ)M0)85LI. (52)
Therefore, we complete the proof of Lemma 8. O
Recalling (31), regarding the construction of iterative techniques, we need to sup [|Vo;||L~

t>0
< oo (j=1,2). By virtue of (48) and s = mt|x|*>, we have

ds - 1 )
19;0(t, x)| = |£ -8svj(t,x)| = 27|x(|dsB(t, )| = Z—%I/\jvj(t,s) -W(ts)| (j=1,2). (53)
Lemma 9. Suppose that the spatial variable is a radial region and My < X12—n)(z holds. Then, we have

2
Y sup Vol < co.

i=1 >0

Proof. First, for the term V;(t,s), applying the Holder’s inequality, the estimate of (10)
and (41), we deduce that

1
s co 2
0< Vi(t,s) = f 0;(t,0)do < s%(f v?(t,a)do)
0 0

1 , 1
< s3C(2) 0 (D)ll1z2) < C(z)s%(nwouLl(RZ) + 5||u0||L1(R2))
=C(2Q)MpvVs (j=1,2).

(54)
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For convenience, taking the operator Ng := 4msd?g + [(C (2)Vs+x1 - XZ)MO] dsg, we can

obtain the equivalent form

U < NU, t>0,5>0,
U(t, 0) =0, U(t, —l-OO) = ||u0||L1(R2), t>0, (55)
u(o,s) = Up(s), s> 0.
. . . 1-amMy e C(2)My
Next, we define a comparison function G(s) as G(s) = Rs e V¥, wherea 1= —5-
and R are two positive constants. Let § :=1 — % > % That is,
G(s) =Rsfe™*V5 for a>0,p> % (56)
We can take a R > 0 value that is suitably large such that
1 r1=2)Mo
Up(s) < ”uO“Ll(RZ) <Rs, VR for 0 < s < 8. (57)
Through a direct calculation, we can obtain
d*G(s dG(s
NG(s) = drs dsg ) 4 [(C(Z) N XZ)MO] di ) _o. (58)
Therefore, we have the following gradient flow
U < NU, NG=0, 0<t<o0,0<s<s,
U(t,O) = G(O) =0, U(t,So) < ||uo||L1(R2) < G(So) 0<t<oo, (59)
u(o,s) = Up(s) < G(s), 0<s<s.
Applying the comparison principle, we have
U(t,s) < G(s) < RsPe@ V5.
Thus, applying (51), we see that
S t
Wi(t,s) = e‘étf wo(o)do + f e tU(z,s)dt
0 0
< Jlwo ()2 (2) Voe ™ + RsPe= Vo (60)

1 1
< o0 (N}, g R0 (Dl o) V6 + RPe .

Noticing (53) and applying (54) and (60), we complete the proof of Lemma 9. O

Proof of Theorem 2. Thanks to the results obtained from Lemmas 8 and 9, and by employ-
ing the iterative technique described in Lemma 7, we complete the proof of Theorem 2. 0O
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