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Abstract: We examine the qualitative properties of ionic flows through ion channels via a quasi-one-
dimensional Poisson-Nernst-Planck model under relaxed neutral boundary conditions. Bikerman'’s
local hard-sphere potential is included in the model to account for finite ion size effects. Our main
interest is to examine the boundary layer effects (due to the relaxation of electroneutrality boundary
conditions) on both individual fluxes and current-voltage relations systematically. Critical values of
potentials are identified that play significant roles in studying internal dynamics of ionic flows. It
turns out that the finite ion size can either enhance or reduce the ionic flow under different nonlinear
interplays between the physical parameters in the system, particularly, boundary concentrations,
boundary potentials, boundary layers, and finite ion sizes. Much more rich dynamics of ionic flows
through membrane channels is observed.
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1. Introduction

One of the most extraordinary physical problems that is performed by living cells is the
migration of ions through open ion channels. Cells are enveloped by lipid membranes that
are almost impermeable to physiological ions (mostly Na*, K, Ca?*, C1~, etc.). One mech-
anism for ions to move across the membrane is via ion channels, which are large proteins
with a hole down the middle regulating the electrodiffusion of the ions [1]. Two related
major topics of ion channels, structure of ion channels and the properties of ionic flows, are
the main concerns in the study of ion channel problems. Once the structure is provided, for
an open ion channel, the main interest is to analyze its electrodiffusion property.

Ionic flows follow fundamental physical laws of electrodiffusion. The macroscopic
properties of ionic flow through membrane channels depend on external driving forces,
mainly boundary potentials and ion concentrations [2,3], and specific structural characteris-
tics. These structural features [1,4,5] encompass factors such as the shape of the pore and the
distribution of permanent charges along the inner surface of the channel. These attributes
are crucial for ensuring the proper functioning of the channel. Permeation and selectivity
are two significant biological properties of ion channels, and they can be characterized
through experimental measurements of the current—voltage (I-V) relations under different
ionic conditions [6,7].

1.1. One-Dimensional Poisson—Nernst—Planck System

Focusing on the structural characteristics, the basic continuum model for ionic flows is
the Poisson-Nernst—Planck (PNP) system that regards the aqueous medium as a dielectric
continuum (see [4,5,8-14] for example).
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In this work, we consider the following quasi-one-dimensional steady-state PNP
model [15,16]

1 d dd 1
(XA 52 ) - —e(g 2,6(X) +Q()), N
i _o, —g = Lpxiaxcx) i, i1, n,

ax T kgT ax’
where X € [0,1] is the coordinate along the axis of the channel that is normalized to
[0,1], A(X) is the area of the cross-section of the channel over the point X, Q(X) is the
distribution of the permanent charge along the interior wall of the channel, ¢,(X) is the
relative dielectric coefficient, g is the vacuum permittivity, e is the elementary charge, kg is
the Boltzmann constant, T is the absolute temperature, ® is the electric potential for the
ith ion species, C; is the concentration, z; is the valence, J; is the flux density, D;(X) is the
diffusion coefficient, and ;(X) is the electrochemical potential.

Equipped with system (1), we impose the following boundary conditions [17], for
k=1,2,...n,

D(0) =V, C(0) =Ly >0; @(1)=0, Ce(1) =Ry > 0. )

For a solution of the boundary value problem (1) and (2), the total flow rate of charge
or the total current, Z, through a cross-section is defined by

=Y zJ. ®)
s=1

For fixed Lys and Rys, Js depend on V only, and formula (3) defines the so-called
current—voltage (I-V) relation.

1.2. Excess Chemical Potentials and Bikerman's Model

For the ith ion species, the electrochemical potential, y;(X), includes two components:
the ideal component, #/?(X), and the excess component, 1:¢*(X), defined by

ui(X) = i (X) + s (X),
where

i (X) = zje®(X) + kpTIn —Cléx) , (4)
0

with some characteristic number density, Cy. The ideal component, yfd (X), reflects the colli-
sion between water molecules and charged particles. The PNP system that includes just the
ideal component is called the classical PNP (cPNP), and has been studied
extensively ([2,3,7,8,11,13,15-47] and the reference therein). But, a substantial weakness
of the cPNP is that it treats ions as point-charges, and does not consider the interaction
between ions. On the other hand, many critical properties of ion channels, such as selectiv-
ity, depend on ion sizes critically [48]. To study the effects on ionic flows from ion sizes,
ion-specific components of the electrochemical potential in the PNP models should be
considered. Including hard-sphere potential models of the excess electrochemical potential
is a natural choice. The PNP-type models considering finite ion sizes have been analyzed
to some extent and have shown great success ([11,48-55], etc.). In this work, to account
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for the effects from finite ion sizes, Bikerman’s local hard-sphere potential [56] is included,
which is defined as, fori =1,2,...,n,

;f%x):—@Tm<1—f)¢%X0, (5)
j=1

where v; is the volume of the j-th ion species.

1.3. Electroneutrality Conditions and Boundary Layers

In the study of ion channel problems, electroneutrality boundary concentration con-
ditions are often enforced at both ends of the channel (see, e.g., [6,48,57-60]), which are
defined as

n

n
Y zls =) zRs =0. (6)
s=1 s

=1

Applying these conditions simplifies the qualitative analysis of ionic flows by elimi-
nating boundary layers. On the other hand, if these boundary layers extend into the region
of the device that has atomic control, they can significantly impact its behavior. Such charge
boundary layers may cause artifacts over long distances due to the spreading of the electric
field [17]. Therefore, it is crucial for one to understand the influence of these boundary
layers on ionic flows properties (see [17] for the discussion of boundary layers). A natural
step is to study the case that is not neutral but close to a more realistic biological setting.
Based on this consideration, in [44], the author studied the cPNP system for two ion species,
one positively charged and one negatively charged, without permanent charges focusing
on the dynamics of ionic flows. To be specific, the author supposes

—2zpLp = 0(z1L1) and — 2Ry = p(z1Ry1), (7)

where (0, p) — (1,1) are some constants but not equal to 1 simultaneously (¢ =1 = p in
(7) implies electroneutrality conditions). Richer dynamics of ionic flows was obtained com-
pared with that under electroneutrality boundary concentration conditions. Later, under
various setups, the authors in [43,61-64] also analyzed the PNP system with boundary lay-
ers to further study the rich qualitative properties of ionic flows through ion channels. All
the works indicate the importance of the role played by the boundary layer in the analysis
of ionic flow properties of interest. This is the main motivation for our current work.

2. Problem Setup and Previous Results

In this section, we set up our problem and briefly recall some results obtained from [48],
which will be the starting point of the current work.

2.1. Assumptions and a Dimensionless PNP-Type System

For consistency, we make essentially the same assumptions as those in [48] except
that we do not assume electroneutrality boundary conditions (6). More precisely, we
assume (A1)-(A4).

(A1) Two ion species (n = 2), one positively charged (z; > 0) and one negatively charged

(zo < 0).

(A2) We assume the permanent charge Q(x) = 0.

(A3) Both the ideal component, yiﬁd, and the Bikerman’s excess potential, ‘ulBik
ered in the electrochemical potential, ;.

(A4) We assume the relative dielectric coefficient ¢,(x) = ¢, to be a constant, and the
diffusion coefficients D;(x) = D; to be some constants.

, are consid-
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We further make the following dimensionless rescaling
> &rgokpT X _ A(x) B )
€ = EZZZC() 7 X = T/ h(x) - T/ Di - ZCODi/
e Gi(X) Ji
= — . = = — 8
¢(x) kBT(D(X)/ Cl(x) Co ;i Di, ( )
e L; Ri
=V, Li==, R==t
V kBT 7 1 CO/ 1 CO
Substituting (5) and (8) into system (1), the boundary value problem becomes
e d d dliy _d]>
P h R — — — _— — =
h(x) dx ( (x)dx(l)) aaTR g T X 0,
dc d 1
chl =-fi (61,02;1/1,1/2)£ - @gl (c1,¢2, 1, J2sv1,v2), )
dc d 1
T; = f2(01/02?V1/V2)£ - ng(cerZ/ J1,J2;v1,v2)
with the boundary conditions
p0) =V, (0)=L >0 ¢(1)=0, c(1)=R;>0. (10)
Here
filer, cv1,12) = (21 — z1v1e1 — Z212€2)c1,
fa(cr,co;v1,10) = —(22 — z1v101 — 221202 Ca, a1
gi(cr, Ji, v, v2) = 1 — (v +v22)er,
g2(c2, J1,J2;v1,v2) = J2 — (111 +v2]2)co.

We point out that, in our analysis, we assume h(x) = 1 over the entire interval [0, 1]
(see [43] for a detailed explanation).

2.2. Some Previous Results

The authors in [48] employed geometric singular perturbation theory to study the
PNP system with Bikerman’s model for finite ion size effects. The analysis is conducted
under the assumption of electroneutrality conditions (6), and treats the system as a regular
perturbation of the case where v; = v, = 0. Upon introducing v = vy and v, = Av, the
authors derived the approximations of the I-V relation of the following form, which is the
starting point of our study.

I(V,‘ )\,1/) = ZlDlh + ZzDz]z = I()(V) + Il(V,' )\)1/ + 0(1/), (12)

where Io(V) = z1D1]19 +22D2J20 and I (V; A) = z1D1]11 + 22D )z with Ji = Jio + ] +
o(v). From [48], one has

L R

‘10 — %10 L .R L <
= o 1 _1 ,
e H(1)(Incfp — Incfp) (z1(¢0 = ¢0) +Ineg — Iney)
z2 H(1)(Incfy — Incf)) 0 Yo 10 10)/ 13
e
]11 == 0(10([411 LZ/ Rl/ RZ/ )\) + all(L]/LZ/ Rl/RZr /\)7‘/,

kpT

e
]21 = ‘B]O(Ll, LZI Rl/RZr /\) + ‘B]] (L], L2, R], Rz, /\)mv,
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where

11
H(1)=/0 e
_ In(L1Ry) —In(LyRy)

10 Fi+Fz, an=H(1)F,
Z1 — 22

In(L1R2) — In(LaR z
Pro=~— CL) <21>]'—1—*1]:2/ pi1 = —a1,

Z1 — 22 Z7

with F7 and F, being defined by
1 z1(chy — R (R — Li + A(Rp — L
fl:ﬁ ot 1(cp 10)(2 1R(2 2)),
ncp, — Incj Incyy —Incy,

Z1A — z
Fo = ch(Ly + ALy) — cf)(Ry + ARp) + 1T22(C%0 — cih) (o + cfy),

where
e 1 —22L2 1 —22R2
(P(%:kTV_ In L’ (Ib(]}:_ In R’
B 21 — 22 Z1L1 21 — 22 211k
—Z ¥4
z1cky = —zacky = (21L1) T2 (—2pL) T2
1610 — 260 = 211 2L2 ’
—Z 21
R R e e
21019 = —2265 = (21R1) 172 (—2zpRp) 1722

Remark 1. We point out that, under the electroneutrality condition (6), one has ¢} = kBLTV,

o& =0, cky = Ly, and ¢, = Ry, where ¢§, p§, cky, and cf, are defined through the two landing
points (see Proposition 3.2 in [48] for the definition of landing points). The two boundary layers B
and BR (see Equation (3) in [48]) defined by the corresponding boundary conditions disappear. To
study the effects on ionic flows, one needs to relax the neutral conditions, as discussed in Section 1.2
in current work.

3. Qualitative Properties of Ionic Flows under Relaxed Neutral Conditions

In this section, our focus is on the finite ion size effects on ionic flows under relaxed
boundary neutral conditions (7). Of particular interest are the leading terms Ji; (V;A) and
I (V; A) that contain ion size effects.

To start, we rewrite [y and [ in (13) under relaxed neutral condition (7). For conve-
nience, we introduce go = go(L1,Ry;0,p) and g1 = g1(L1, Ry;0,p) as

21 21

L10’21722 _ Rlpzl—zz

z1(Inoc —1In
2= 1( o)

and¢y =InL;—-InRy + ——MM =~
¢1(L1,Ry;0,p) 81 ! ! z1— 2

Lemma 1. Under condition (7), one has

_ &l Ryorp) (e |, zi(Ine —Inp) .

ho=""Hm) kT o TsilluRuee) ),
Z .
—280(L1, Ry;0,p) ( z€ zy(Ino —Inp)

== v - 2P 4 gi(Ly, Ryso, )

J20 H(T) kaT p—— 81(L1,Ry;0,p) 19)
e

Ju = a10(Ly, Ry;0,0,A) + “11(L1,R1;U,p;A)]q3—TV,

e
Ja1 = Bio(L1, Ri;0,p;A) + ,311(L1,R1;(7,p;)\)kB—TV,
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where
Inp—1Inc Inc—Inp Z1
wog=————F1+F, an=H)F, po=——""—->o1— —F2 fu1 = —an
21 — 22 21 — 22 Z2
with Fy and F;, given by

1 z
F1=_- {}—2 +2z180(L1, R1; 0, 0) (Rl —Li— —MRip - thf))}/
81 2

Z1A Z1A — 2

A A A 2 22
5 :L%O—Z]—zz (1 _ %U) _ R%pzl—zz (1 _ (L%pq—zz — R%pzl_U),

Zy 222
where
L € 1 R
= —V- no = — In
4)0 kBT Z1 — 2p ! (PO Z1 — 2y Pr
A A
zichy = —zacky = z1Lio 2, zcR) = —zpck) = 2 RipT 2.

In particular,

z1(z1D1 —z2D5)g0 /e Inc—1Inp z1(D1 — D32)g0g1
(V) = oy n )
o(V) H(1) (kBT 21— 2 ) H(1) (15)

I;(V;A) = ziDyayg + 22D2B10 + (21D1 — z2D2)aq1 V.

Recall that our main focus is on the qualitative properties of ionic flows under relaxed
neutral conditions (7), with (o, p) — (1,1), a more realistic setup. For this purpose, we
expand Jio and Ji; along (0, p) = (1,1) up to the first order and neglect higher order terms,
from which the effects from boundary layers (due to the relaxation of neutral boundary
conditions) on ionic flows can be characterized in detail. To be specific, we have

ho(V;o,0) =ho(v;1,1) + 0L (o gy OholViLD) () gy

9o dp
J0(V;0,0) =J20(V;1,1) + W(U -+ 8]20(;;;1'1)(10 -1,
Ju(Vie,p) =ma(1, 1) + 21902 —1) - 219D o 1)
+ (an(1,1) + a‘"”aig’l)(a— 1)+ a““a;l’l)(p 1) £V, 1
Ia(Vio,p) =pro(1,1) + 90D g - 1) 4 Pl
+(pny+ Pl g +aﬁlla(;’1)<p—1>),<;w
where
ho(Vi1,1) :Jw (kZ;;V—HnLl —1nR1>,
e i e Sy (oY + Il — k).
) s (v + L~k ).

z1fo(L1,Ry) [ z2e
1,1) = — AOVL M) (228 gy R
]ZO(Vrlrl) ZZH(].) kBT nLq 1),
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(V;1,1) -z z1(L1 = fo(L1, R1)) (227V +InLy — InRy)
oo :ZzH(l) [fO(Lerl) + (z1—2)(InL; —IRy) 1,
dJ0(V;1,1) z1 z1(fo(L1, R1) = Ry) (27V +InLy —InRy)
dp  zH(Q) [fO(Ll’Rl) - (z1 — 22)(In L —In Ry) ]
and
a1p(L,1) = (e - Zl);)z(zL% —~ R%), an(L,1) = 2L (L, Ry) fi(Ly, Ry),
B1o(1,1) = Al - le/\Z)Z(L% —~ R%), B11(1,1) = —a11(1,1),
2
ag;o (1,1) = a1fo(2LZl2/(12)(L212;L Ri) %L% s (L Ry),
agplo(l 1) = alfO(zLlel(Z?ELzlz;— Ri) + > R +a2a3fg(L1,R1),
ag%(l'l) - _alfO(;;;(Izi)ﬁng;r o + 221Q4L + aza3f§ (L1, Ry),
%0 1,1) — PG AR SR (1, ),
af#(l,l) a;‘;l (1,1), ag; (1,1) = ag; (1,1),
2
%( 1) = M((ﬂl +az)Ly — %(h +R1)) - Z(IrUijlllqu)’
ag;l(lr ) = —m«h +a2)Ry — %(Ll +R1)) + m,
where
fo(L1,Ry) :ﬁ/ fi(L1,Ry) = fo(L1, Ry) — #
W S S 13

We identify six critical potentials in the following definition, which play critical roles in
our examination of finite ion size effects on ionic flows and characterization of the nonlinear
interplays among system parameters.

Definition 1. We define the critical potentials V1, Ve Voo, V2, V,, and V° by

. _ 82 1c. _ . _ az 2c. _
]11(V1C/ )\) - 0/ a/\av(v )\) - 0/ ]21(V2C/ )‘) - Or BABV(V )\) 0/
L(V5A) =0 @l (V1) =0
Wre =% xov ' 77—

The significance of these six critical potential values, Vi, Vo, V,, Vvic V2 and V°,
is clear from their definitions. The values V., V,., and V; are the potentials that balance
finite ion size effects on the individual fluxes [J1, J», and the total current Z, respectively,
while the potential values V1¢, V2¢, and V¢ are the potentials related to the relative finite
ion size effects.

3.1. Studies of the Individual Fluxes

For fixed boundary concentrations, the leading term Ji; that contains ion size effects
exhibits a linear relationship with the boundary potential. Thus, the sign of dy Ji1, for
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k = 1,2, plays a crucial role in characterizing the effects on individual fluxes from finite

ion size.
From Lemma 1, one has dy J11 = —dy Jp1. Our primary focus will be the sign of dy J11.
From (16), one has
i .y oy © o (L1) gy, 9en(LY)
oV (V/U'/P) - kBT 0611(1,1) + o0 (U 1) + ap (P 1) .
With x = L; /R, we rewrite %]%(V; o,p) as
8]11 . o e R% .
T 50p) = pop I F(xip), a7

where
F(x;0,0) = A1(x) + Az (x50, 0),

with A; (x) corresponding to the term a11(1,1), and A, (x; o, p) corresponding to the term
2l (g — 1) 4 2L (p — 1), defined by

Ai(x) :%(x —1)(2(x—1) = (x+1)Inx),

Ay (x;0,0) = (a3(x —1)(—ay(x +1) +2x(a; +a2)) — agx*In x) (c—1) (18)
+(az(x —1)(a1(x +1) —2(a; + a2)) +agInx)(p — 1).
For the function A1 (x), the following result can be established.

Lemma 2. For x > 1, one has A;(x) > 0.

Proof. Direct calculation yields

1 1
Al(x) = al<3x—2x1nx+ - —4), Al (x) = al(l —2lnx — 2),
Z X Z9 X (19)
" _ 2m .2
A =5 (1 x )

Note that A/ (1) = A7(1) = A{’(1) = 0. Note also that, for x > 1, we have A}’ (x) > 0.
It then follows that Af (x) is an increasing function for x € (1, 4o0), from which we have
AY(x) > 0 for x > 1. Similar discussion leads to our statement that A} (x) is also an
increasing function, and A;(x) > 0 for x € (1, 4+00). This completes the proof. [J

We now consider the function A;(x; o, p). For convenience, we first obtain the deriva-
tives of .4, with respect to x up to the fourth order.

Ab(x;0,0) =(2a3(x(2a2 +a1) — (a1 +a2)) — ag(2xInx + x)) (e — 1)
+ (asx(xay = (ay +a2)) + ag) (o~ 1),

(2a31* — aq)(p — 1)
2

A (x;0,0) =(2a5(2ap + a1) — ag(3+2Inx))(c — 1) +

A (x;0,p) =2ay4 (p —1—x%(c - 1)) %,

2a
Ag’“) (x;0,p) =— x—; (sz(tr —1)+3(p— 1))

. (0)
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Atx =1, one has

o 221()\ — 1)
N Z1 — 2p

Ay(1) = A (1) =0, Aj(1) (C+p—2), A(1)=2a4(p—0),
where A/ (1) has the same sign as that of (A —1)(¢ + p — 2), and A}’(1) has the opposite
sign to that of p — ¢. Note that, as x — oo, Ap(x) — o0, A} (x) — co, and AJ(x) — co for
o > 1, while Ay (x) = —o0, A, (x) — —o0, and A (x) — —o0 for o < 1.

For convenience, we introduce the function C(x), defined by

_ 2z1(c—1) (a1 —arInx + aqx Y
oz 21 — 2 '

C(x)
For the function C(x), we have the following result.

Lemma 3. For the function C(x), there exists a unique zero, x,. Furthermore,

(i) Foro>1,C(x)>0if1<x < xy whileC(x) <0ifx > x,
(i) Foro<1,C(x)<0forl<x<ux,andC(x)>0ifx > x..

Proof. Direct calculation gives

. 221(0'— 1)
B z2(z1 — 22)

_ 2ayz1(0—1)

/ e
C(x)  zo(z1 — z0)x2’

_ % "
<a1 x) and C"(x)
where a; = (z1 —z2)A > 0. For ¢ > 1, clearly, C"(x) < 0 for x > 1. This indicates that
C'(x) is a decreasing function for x > 1. Note that

_ 2zi(c—1)my

_2zle=D)A=1) and lim C'(x) = —————= <.
Z1— 22 x—+o0 z2(z1 — 22)

c'(1)

e IfA—1>0,0onehas(C’(1) > 0. It follows that there is a unique zero, x1, of C'(x) = 0.
Consequently, C(x) is increasing for 1 < x < xj and decreasing for x > x7.
e IfA—1<0,then(C’(1) < 0, which implies that C(x) is decreasing on (1, +c0).

— % > 0. It is not difficult to conclude

Note that lim C(x) = —coand C(1) =
X—>+00

that there exists a unique x, > 1, such that C(x,) = 0, C(x) > 0for 1 < x < x,, and
C(x) < 0for x > x,. Similar discussion can be applied to the case witho < 1. O

Lemma 4. Assume x > 1and (c,p) — (1,1). For Ay(x), one has
(i) Foro > max{1,p},
(1) f(A—=1)(c+p—2) >0, then Ay(x) > 0;
(i2) If (A —=1)(c+p —2) <0, then there exists a unique x1, > 1, such that Ay(x) < 0 for
1< x < x1.and Ax(x) > 0 for x > xq,.
(ii) Forl<o<p,
@{l) IfA—1>0and (c —1)/(p — 1) < x4, then Ay(x) > 0, where x, is identified in
Lemma 3;
(ii2) If (A = 1) (0 4+ p —2) < 0O, then there exists a unique xp, > 1, such that Ay(x) < 0 for
1 < x < x4 and Ap(x) > 0 for x > xps.
(iii) Forp<o <1,
(iil) If A —=1)(c +p —2) < 0, then Ap(x) < 0;
(iii2) If (A = 1)(c + p — 2) > O, then there exists a unique x3. > 1, such that Ay(x) > 0
for1l < x < x3, and Ap(x) < 0 for x > x3,.
(iv) Foro < min{l,p},



Mathematics 2024, 12, 1182

10 of 23

(iv) IfA =1 > 0and (c —1)/(p — 1) < x., where x, is identified in Lemma 3, then
Az (x) <0;

(iv2) If (A = 1)(c + p —2) > O, then there exists a unique x4, > 1, such that Ay(x) > 0
forl < x < xg5 and Ap(x) < 0 for x > xys.

Proof. We will provide a detailed proof for the first statement. The other statements can be
argued similarly. Note that ¢ > 1 in our following discussion.

For ¢ > p, from (20), one has .Agl) (x) > 0. Together with A)"(1) = 2a4(p — o) > 0, we

conclude that A}’(x) > 0 for x > 1. It follows that A} (x) increases in x for x > 1.

(i1)

(i2)

O

If (A—1)(c+p—2) > 0, one has AJ(1) > 0, and, hence, A} (x) is increasing in x
for x > 1. Taking into account that A} (1) = A»(1) = 0, one has A}(x) > 0 and
Az(x) > 0forx > 1.

If (0 +p—2)(A—1) <0, we have AJ (1) < 0. Therefore, the function A% (x) has a
unique zero xg € (1,4c0). Furthermore, AJ(x) < 0 on (1,x) while AJ(x) > 0 on
(xp, +00). Together with A} (1) = 0, there exists a unique zero, x1, of A} (x) = 0 with
x1 > xp, and A5 (x) < 0for1 < x < xq1, while A (x) > 0 for x > x. Correspondingly,
Aj(x) decreases for 1 < x < x7 and increases for x > x;. Recall that Ay(1) = 0 and
XEIEOO Aj(x) = 400 for o > 1. There exists a unique root, x1, > x1, of Az(x) = 0, such

that Ax(x) < 0for1 < x < x1, and Ay (x) > 0 for x > x1,.

We are now ready to discuss the sign of F(x; 0, p).

Lemma 5. Assume x > 1and (0,p) — (1,1). One has

)

(i)

Foro > p,

(1) f(A=1)(c+p—2) >0, then F(x;0,p) > 0 for x > 1.

(2) If A=1)(c+p—2) < 0, then F(x;0,p) = 0 has a unique root, x*, such that
F(x;0,0) <0forl < x < x*and F(x;0,p) > 0 for x > x*.

Foro < p,
(1) f(A=1)(c+p—-2)>0,0 > land f;%i < x4 (where C(x,) = 0), one has F(x) >0
forx > 1.

({2) If A —=1)(c+p—2) <O, then F(x;0,0) = 0 has a unique root, X, such that
F(x;0,0) <0forl < x < Xy and F(x;0,p) > 0 for x > Xy

Proof. We will just provide a proof for the cases with p < ¢. The cases with p > ¢ can be
argued in a similar way. From (17), direct calculation gives

F"(x) :Zz% [(zy\(Zp —1) —z) =2 (z1A(20 — 1) — zz)},

F® (x) = — Zz% (532211 (20~ 1)~ 22) ~3(z1A (20— 1) ~22).

Note that (¢, p) — (1,1). One has
z21A(2p —1) —zp > 0 and z1A(20 — 1) — zp > 0. Clearly, F”/(x) = 0 has a unique

positive root, say X given by
o z21A(2p —1) — 2o
VzAQ2o—1) — 2z

It is easy to check that, for p < 0, onehas 0 < ¥ < 1.
F®(x) > 0 for x > 1, which implies that F”(x) is increasing in x for x > 1.




Mathematics 2024, 12, 1182

11 of 23

It follows that F”/(x) > 0 for x > 1, which implies that F”(x) is increasing on (1, +c0).

Note that
2z1(A—1
F'(1) = AJ(1) = 22— 1) >(0+p—2).
21— 22
(il) For (A —1)(¢c +p —2) > 0, one has F’(1) > 0. Therefore, F”'(x) > 0 forall x > 1

(i2)

with (A —1)(c + p —2) > 0. Together with F/(1) = F(1) = 0, one has F/(x) > 0 and
F(x) > 0forx > 1.

For (A —1)(c + p — 2) < 0, then there exists a unique root, %1, of F’(x) = 0, such
that F’(x) < 0for1 < x < %7 and F”(x) > 0 for x > %;. This implies that F/(x) is
decreasing for 1 < x < %; and increasing for x > ;. Note that F/(1) = 0. There is a
unique root, ¥z, of F/(x) = 0, such that F/(x) < 0for 1 < x < & and F/(x) > 0 for
x > %. Note also that F(1) = 0. Similar argument leads to the conclusion that there
exists a unique root, x*, of F(x) = 0, such that F(x) < 0for1 < x < x* and F(x) >0
for x > x*.

This completes the proof. [

It follows directly from Definition 1 and Lemma 5 that

Theorem 1. Assume (o,p) — (1,1) and Ly > Ry. For v > 0 small, one has

(i)

(ii)

(i)

(iv)

If(A=1)(c+p—2)>0andp < o, then 3817‘1/1 > 0, while aa]% < 0. Furthermore,

(i1) The ion size reduces the individual flux Ji for V < Vi, and enhances it for V. > V..
Equivalently, J1(V;0,p0;A,v) < J1(V;0,p;0,0) for V. < Vi, while 71 (V;0,0; A, v) >
J1(V;0,p;0,0) for V> Vi,

(i2) The ion size enhances (resp. reduces) the individual flux Jp if V. < Vy, (resp. V > Va,),
that is, Jo(V;0,0;A,v) > Jo(V;0,0;0,0) if V < Voo (resp. Jo(V;0,0,A,v) <
J2(V;0,0;0,0) if V> Vye).

For(A—1)(c+0—-2)>0,0>0 > 1,and@ < x*,onehas% > O,whilea]i < 0.

Furt(hermogé b ) f o v v

(ii1) The ion size reduces the individual flux Jp for V. < V. and enhances it for V. > V..
Equivalently, J1(V;0,0;A,v) < J1(V;0,p;0,0) for V. < Vi, while T, (V;0,p0; A, v) >
J1(V;0,0;0,0) for V> Vy.;

(ii2) The ion size enhances the individual flux J, for V. < Vy. and reduces it for V. > V..
Equivalently, Jo(V;0,0;A,v) > J2(V;0,p;0,0) for V. < Voo, while Tr(V;0,p0; A, v) <
T2 (V;0,0;0,0) for V> Vy.

For(A—=1)(c+p—2) <0and1 < x < x*, one has aaji < 0, while aaji > 0. Furthermore,
v \4

(iiil) The ion size enhances the individual flux Ji for V- < Vi and reduces it for V. > V..
Equivalently, J1(V;o,0;A,v) > J1(V;0,p,0,0) for V< Vi, while J1(V;0,p; A, v) <
J1(V;0,0,0,0) for V> Vy.;

(iii2) The ion size reduces the individual flux J, for V. < V. and enhances it for V. > V..
Equivalently, Jo(V;0,0;A,v) < J2(V;0,p,0,0) for V. < Vo, while r(V; 0, p0; A, v) >
T (V;0,p,0,0) for V> Vy.

For (A—=1)(c+p —2) < 0and x > x*, one has %]4 > 0, while %]i < 0. Furthermore,
v v

(ivl) The ion size reduces the individual flux Jy for V. < Vi and enhances it for V. > V..
Equivalently, J1(V;o,0;A,v) < J1(V;0,p,0,0) for V < Vi, while J1(V;0,p; A, v) >
J1(V;0,0,0,0) for V> Vy.;

(iv2) The ion size enhances the individual flux [, for V- < Vy and reduces it for V. > Vp.).
Equivalently, Jo(V;0,0;A,v) > J2(V;0,p,0,0) for V. < Vo, while Tr(V; 0, p0; A, v) <
T (V;0,p,0,0) for V> Vy.
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Remark 2. It is clear from (17) that the sign of %I—‘l} is determined by the one of F(x; o, p). From
Lemmas 3-5, one can see that the boundary layer parameters o and p play critical roles in the study
of the sign of F(x; 0, p). The interplays between (o, p), the boundary concentrations (L1, Ry) in the
form of x = L1/ Ry, and the parameter A, representing the relative ion size effect, are non-intuitive.
The detailed characterization in this work provides better understanding of the ionic flow properties,
particularly, the effects from the finite ion sizes under the more general setups of boundary conditions.
Compared with some previous works performed under electroneutrality boundary conditions, much
more rich dynamics of ionic flows is observed. For example, in the work [48], under electroneutrality

boundary conditions, the sign of aal# is always positive except for some very degenerate cases, while,

under our relaxed setups, the sign of aa]%can be either positive or negative, which depends on o and

p sensitively.

Next, we examine the effects from relative ion sizes, represented by A = 1,/v, on
individual fluxes. Here, recall that v = v is the volume of the cation, and 15 is the volume
2
of the anion. More precisely, we consider the sign of g Aél‘l,.

With x = L1/R;, direct calculation gives

9*J11 e R}
AoV = mmf(x;arp)r (21)

where

f(x;0,p) = %(x— 1)(2(x—1) — (x+1)Inx)

+ <a3(x —1)(—z1(x+1) +2x(2z1 — 2p)) — 2%x2 lnx> (c—1)
+ <a3(x —1)(z1(x +1) —2(2z1 — 22)) +2% lnx> (p—1).

Lemma 6. Assume (c,p) — (1,1),x = L1/Ry > 1.

(i) Ifo+p>2andp < c,onehas f(x) > 0forx > 1.
(i) Ifo+p < 2, thereexists a unique root, x**, of f(x) = 0, such that f(x) < 0 (resp. f(x) > 0)
as1 < x < x** (resp. x > x**).

Proof. The proof is similar to that of Lemma 5, and we omit it here. [J

Our other main result follows.

Theorem 2. Assume x = L1/Ry > 1and (0,p0) — (1,1). For v > 0 small, one has

(@) Ifo+p>2andp <o, then gf,%}\ > 0, and 3‘2/]5/1\ < 0. Furthermore,

(i1) The individual flux J is decreasing (resp. increasing) in A for V.< V¢ (resp. V > V1¢),
(i2) The individual flux 7, is increasing (resp. decreasing) in A for V< V' (resp. V. > V%),

2 2
(i) Ifo+p<2andl <x < x**,then gvlg/l\ <0, and gng}\ > 0. Furthermore,

(iil) The individual flux Jy is increasing (resp. decreasing) in A for V< V1€ (resp. V > V1),
(ii2) The individual flux J, is decreasing (resp. increasing) in A for V.< V2 (resp. V > V?°),

(iii) Ifc+p <2and x > x**, then 3‘2,%}\ > 0, and aayazlA < 0. Furthermore,
(iiil) The individual flux [y is decreasing (resp. increasing) in A for V. < V1€ (resp. V > V1),
(iii2) The individual flux [J, is increasing (resp. decreasing) in A for V< V¢ (resp. V > V%),

Remark 3. The effects on ionic flows from the relative ion sizes are analyzed in Theorem 2 under

2
relaxed neutral conditions. The sign of g Ag“l, again can be either positive or negative sensitively

depending on the interplay between boundary concentrations and boundary layers, while the
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sign is generally positive for 5 A{;{, and negative for 5 A]az‘l, under electroneutrality conditions. The

dynamics of ionic flows through membrane channels is much more rich under these more general
and realistic setups.

3.2. Finite Ion Size Effects on the I-V Relations under Relaxed Neutral Conditions

The analysis on the total current Z follows from Equation (12) and the Lemmas 5 and 6
directly.

Theorem 3. Assume x = L1/Ry > 1and v > 0 small.

(i) For (A—=1)(c+p—2) > 0and o > p, one has all > 0. Furthermore, the ion size reduces
(resp. enhances) the current T if V< V¢ (resp. V > V). Equivalently, TZ(V;0,p;A,v) <
Z(V;0,p;0,0) (resp. Z(V;0,0;A,v) > Z(V;0, p,O 0))if V < Ve (resp. V. > V,);

(i) For(A=1)(c+p—2)>0,1<0 < pand L= < x,, one has g{} > 0. Furthermore,
the ion size reduces (resp. enhances) the current I 1f V < V¢ (resp. V > V). Equivalently,
Z(V;o,0Mv) <Z(V;0,0;0,0) (resp. Z(V;0,p;A,v) >Z(V;0,0;0,0)) if V < Ve (resp.
V>V)

(iii) For (A —=1)(c+p—2) < 0and1 < x < x*, one has 311 < 0. Furthermore, the ion
size enhances (resp. reduces) the current Z(V;0,p0,A,v) if V. < V. (resp. V. > V¢), that is,
Z(V;o,0,A,v) >Z(V;0,0,0,0) (resp. Z(V;0,p;A,v) < Z(V;0,p,0,0))if V < Ve (resp.
V> V),

(iv) For (A—1)(c+p—2) < 0and x > x*, one has all > 0. Furthermore, the ion size
reduces (resp. enhances) the current Z(V;0,p,A,v) if V. < V. (resp. V > V), that is,
Z(V;0,0;Av) <Z(V;0,p,0,0) (resp. Z(V;0,0;A,v) > Z(V;0,0,0,0)) if V < Vi, (resp.
V> Vi)

Theorem 4. Assume x = L1/Ry > land (o,p) — (1,1). One has

(i) Ifo+p>2andp < o,onehas % > 0. Furthermore, the current 1L is decreasing (resp.
increasing) in A if V.< V¢ (resp. V > V°).
(i) Ifo+p <2, onehas

2
(ii1) For 1 < x < x**, one has aa‘/% < 0. Furthermore, the current I is increasing (resp.
decreasing) in A if V < V¢ (resp. V. > V°);
2
(ii2) For x > x**, one has % > 0. Furthermore, the current 1L is decreasing (resp.
increasing) in A if V. < V€ (resp. V > V°).

3.3. Effects Due to the Relaxation of Electroneutrality Boundary Conditions: Further Discussion

In this section, we further focus on the effects on ionic flows from boundary layers
due to the relaxation of electroneutrality boundary concentrations. For convenience, we
use, for example, JEN to denote the individual flux derived under the electroneutrality
conditions (6), and use J; to denote the case with relaxed neutral conditions.

3.3.1. Partial Orders of Some Critical Potentials

Recall from Definition 1 that there exists three critical potentials, Vi, Va., and V., such
that J11 (Vi A) =0, Jo1(Vai; A) =0, [;(Ve) = 0. Particularly, under our setup,

IR R T UA0 G 1)+a§%(1/1)(P*1)k37
T )+ B 1)+ B (L)1) ¢
VZC_ﬁ10<1,1>+z§;°<L1><a D+ LD~ 1) kT )
Br(1,1) + FE(, ) (e —1) + B, 1)(p—1)
2D = Da)(ao(1,1) + FE(L 1) (0 — 1) + G2 (1,1) (0~ 1))
© (@D~ zDy)(an(1,1) + % (1L 1) (0~ 1) + % (1L,1)(p - 1)
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Correspondingly, under the electroneutrality boundary conditions, there also exists
three critical potentials, denoted by VEN, VEN and VEV, respectively, given by

1c
yeN — 20 ) kT ey Pro(L 1) ksT JVEN Z z1(D1 = DaJan(L1) sy
o an(L1) e pui(1,1) e (z1D1 — z2D2)a11(1,1)

To further demonstrate the boundary layer effects, we provide partial orders of the
above six critical potentials. More precisely, we consider

(Vie = Vi) g = Mielop), - (Vae = VEN) o = (),
(Vc VEN> e _ z1(D1—Dy) @

A
¢ kBT 21D1 —ZzDz 1C(0"p)’

where
(1) %L+ FEAY (-1 + FEA (e - 1)
Mclorp) = an (L) wyy(1,1) 4+ %8 (L 1) (0 — 1) + %81, 1) (e = 1)
e )_ﬁmuﬂ)_5wﬂﬂ)+%%UJXW—U+%%UJﬂP—U
P B T a1+ B, e 1) 1 Lu(1,1)(p— 1)

It is clear that the partial orders of the critical potentials are determined by the signs of
A1c, Aye, and Dy — D;. For convenience, we assume D1 > D, in our following analysis.
The case with D1 < D; can be argued similarly.

To start, we introduce x = 1%, and have

Zp — 1A

0(10(1,1) = 222

R3(x* —1),
TR 1) (0= 1)+ B - 1) = KRG,

where

( m(x?-1) a (x —1)?
G(x) _(222(121 —zp)Inx fxz T e )(U_ 1
n ( ap(x* —1)

225(z1 — z2) Inx +

1 x —1)2
§a4+a2a3( ) )(p—l).
In“ x

It is easy to check that a19(1,1) > 0 for x > 1. For the function G(x) defined above,
we have the following result, which is critical for our discussion.

Lemma 7. For the function G(x) with x > 1, one has

() IfA> —F—2——~ando+p >2with (o,p) — (17,17), then G(x) > 0.
Z1 <173(21722))
i) f—2——— <A< ——2 _agndo+p>2with (o, 17,17), then there
( ) le (1—4(21—22)) 21(1 3(z1— zl)) e ( P) ( )
exists an xq > 1, such that G(x) < 0 for 1 < x < x1 and G(x) > 0 for x > x3.
(i) IfA > ——2——~and o+ p < 2with (o,p) — (17,17), then G(x) <0
Z1 (1—3(21—22))

Proof. Direct calculation leads to G'(x) = (l;an(J;)’ where

a1 (2x?Inx — (x> — 1)) Inx Inx — (x—1)
22z — 7)1 —agx — 2aza3(x — 1)f (c—1)

Gi(x) :<
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a1 (2% Inx — (x> — 1)) Inx Inx — (x — 1)
( 225(z1 — z2)x +2”2”3(x_1)x)([>—1).

Clearly, G'(x) and G;(x) have the same sign for x > 1.
It follows that
a1 (2% Inx(Inx +2) +1—x2 — (14 x2) Inx)
2zp(z1 — z2)x2
Inx+1—x (1) + a1 (2% Inx(Inx +2) +1—x2 — (1+x2)Inx)
x2 275(z1 — z9)x2

— 3ay In? x

Gitx) =(

- 2(126[3

2
x*Inx+1—x
+2ﬂ2ﬂ3T> (p—1),

fofn =2 L)
aq (2(2x2 +1)Inx+ 3(x2 _ 1))
+
222(21 - Zz)

— 6a4x* Inx — 2apa3(x* + x — 2)) (c—1)

+ 2aya3(x% + x — 2)) (o—1).

For simplicity, we define Gy(x) = x3G/'(x). It follows that

Zz(Zl 722).7(
m (¥*(Inx +5) +1) +2ma3(2x +1) | (p— 1),
22(21 _22)x

2(41n _
= (!

Gh(x) = (al (*(nx +5) +1) —6a4(2xInx + x) — 2apa3(2x + 1)) (c—1)

—6a4(2Inx +3) — 4a2a3> (c—1)

<a1 (x?(4Inx+9) —1)

z3(z1 — 22)x? " 4a2a3) P

2a1 (2x%2 +1) 1 2a1 (2% +1)
" _ _ = _ _
Gy'(x) = (22(21 ) 12a4x (c—1)+ PN E—— (p—1).

Again, for convenience, we define G3 = xG)’(x) and have

2a1(2x%2 +1 2a1(2x% +1
Ga(x) = (ngz(l - 12a4> -+ B )

Direct calculation leads to

8{11
G4 = — —2).
3(0) (222(21 —Zz)x3) (+p=2)
Note that, with x > 1, —%% > 0. Therefore, one has G4(x) > 0if o+ p > 2.
Note also that
212\*22 *421}\(21 *Zz) Zl/\*Zz
Gz(1) =12 c—1)+6——(p—1).
3( ) 222(21 — ZZ) ( ) ZZ(Zl — 22) (P )

Clearly, for zjA — zp — 4z1A(z1 — z2) < 0 and (0,p) — (17,17), we have G3(1) > 0.
Together with G(x) > 0, one has Gz(x) > 0 for x > 1. Since, for x > 1, G3(x) has the same
sign as that of G’ (x), we have G}’(x) > 0 for x > 1. Evaluating G} (x) at x = 1 gives

Gy (1) =4 P Utk S U S0 (c—1)
Zz(Zl —Zz) Z2 Z3

+4(27~M—Zz+m>(p_1),

2(z1—22) 2
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We deduce that G (1) > 0if z1A — zp — 5A (25 — z122) < 0. It follows that G} (x) > 0
for x > 1 and z1A — zp — 5A(z2 — z12p) < 0. This implies that G}(x) is increasing in x.
Note that

A—2z Z1A zZ1A
/ 1 — Zl 2 _217_17 _
&) 6(22(21 —12) 2 (c=1)

1A — 2 zl/\>
+6 ——mmM+ — —1).
(22(21 —Zz) Z3 (p )

One has G5(1) > 0if z;A — zp — 3A (22 — z122) < 0. It follows that G}(x) > 0 for x > 1
if Z9A —zp — SA(Z% —2123) < 0. Note also that

Go(1) = Gy (1) = G;(1) = G(1) = 0and A(zF — z12) > 0.

We have G(x) > 0 for z1A — zp — 3/\(2% — 2z1z3) < 0. Similar argument shows that if
214 — 25 — 3A(22 — z125) < 0, together with o +p —2 < 0and (o, p) — (17,17), one has
G(x) < 0 for x > 1. This proves statements (i) and (iii).

For o +p —2 > 0 with (¢, 0) — (17,17) and 21\ — zo — 4A(2% — z12) < O, if further
z1A — 25 — 3A(25 — z123) > 0, then GJ(x) > 0 x > 1, but G}(1) < 0. Consequently, there
exists a unique root, x1, of G(x) = 0, such that G(x) < 0 for x < x; and G(x) > 0 for
x > x1. This complete the proof of the statement (ii). [

For convenience, we introduce ¥; = min{x*, x1, } and ¥, = min{x.«, X4, }, where x*
and x,, are defined in Lemma 5, and x1, and x4, are defined in Lemma 4. Together with
Lemmas 4, 5, and 7, the following results can be established.

Proposition 1. Assume D1 > Dy, one has

() Vie > VEN and V, > VEN ifm <A< (o,0) = AT, 1) witho+p > 2
and 1 < x < 4.

() Vie<VENand V. < VENifA > 1, (0,p) = (17,17 ) witho +p < 2and 1 < x < %,.

Proof. We just provide a detailed proof for statement (i). Statement (ii) can be discussed
similarly. Recall that

D, — Dy)
V_VENL:A _ENizzl(l 2 .
( le le )kBT le and (VC VC >kBT Z1D1—22D2 le

It is critical to study the sign of A;., where

mo(L1) (B2 (L)@ =D+ 52 (LD -1) —an (LD (B2 A1) -1 + 5211 - 1)
an(1,1) (a0 (1,1) + %2-(1,1) (0 = 1) + %2 (1,1)(p — 1) ) '

N =

From Lemma 2, a11(1, 1) has the same as that of A; (x), which is positive for x > 1.
®10(1,1) > 0 for x > 1 from its definition. Note that the sign of

TR 1)@ -1+ G011

is determined by the function A;(x) (see the definition in (17)). It follows from Lemma 4
that, for (o,p) — (17,17) withc+p—2 > 0and A < 1, there exists a x1,, such
that Ay(x) <0 for1 < x < x1,. Together with Lemma 7, one has %(1,1)(0 -1)+
ag‘%(l,l)(p —1) >0forl >A > —%2——and (0,p) — (17,17). Hence, the nu-

21-3(22—212)
merator of Aj. is negative for 1 < x < x1,. From Lemma 5, one has F(x) < 0 for
1 < x < x*. Therefore, one has Aj.(0,p) > 0 for 1 < x < ¥ under the assumption
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1>A>—2— and (0,p) = (17,17) with ¢ + p > 2. This indicates that V3. > VEN

71-3(z2—2122)"
and V; > VEN under the assumptions. This completes the proof. [

Proposition 2. For the critical V), and Vf;N , one has
() Vo> VENifA <1, (0,0) = (11,17 ) witho +p >2and 1 < x < %;.
(i) Vi < VEN ifA>1,(c,0) = (17,1 withc+p <2and 1 < x < %,.

We demonstrate that the partial order of the critical potentials allows us to further
characterize the effects on ionic flows from the boundary layers due to the relaxation of
electroneutrality boundary concentration conditions. This is stated in the next result.

Theorem 5. Assume D1 > Dy, 0 > p, (A — 1)(0’+p —2)<0,and1 < x < X.
(i)  For the individual flux J; with Vi, > VEN

Ic ~
(1) IfV < VEN then JEN(V;1,1) < 0, while J11(V;0,p) > 0. Equivalently, the finite ion
size reduces JEN(V;1,1), while it enhances ], (V; 0, p);
(2) IFVEN < v <V, then JEN(V;1,1) > 0and J11(V;0,p) > 0. Equivalently, the
finite ion size enhances both J[EN(V;1,1) and J1(V;0,p);
@(i3) IfV > Vi, then JEN(V;1,1) > 0, while J11(V;0,p) < 0. Equivalently, the finite ion
size enhances JEN(V;1,1), while it reduces J,(V; 0, p).
(if) For the individual flux [, with Vo, > VZI:;N , one has
(iil) If V < VEN, then JEN(V;1,1) > 0, while 1 (V; 0, p)
size enhances ]fN(V; 1,1), while it reduces J,(V; o, p);
(ii2) If VEN <V < Vy, then JEN(V;1,1) < 0and J»(V;0,p) < 0. Equivalently, the
finite ion size reduces both JFN(V;1,1) and J,(V; 0, p);
(ii3) If V > Vi, then JEN(V;1,1) < 0, while ] (V;0,p) > 0. Equivalently, the finite ion
size reduces JEN(V;1,1), while it enhances J>(V; o, p).
(iii) For the current I with V. > VEN, one has

(ilil) If V < VEN, then IEN(V;1,1) < 0, while I (V; o, p) > 0. Equivalently, the finite ion
size reduces IEN(V; 1,1), while it enhances [(V; 0, p);

(iti2) If VEN < V <V, then IEN(V;1,1) > 0 and I, (V; 0, p) > 0. Equivalently, the finite
ion size enhances both IEN(V; 1,1)and I1(V;0,p);

(iti3) If V > V,, then IfN(V; 1,1) > 0, while I;(V;0,p) < 0. Equivalently, the finite ion
size enhances I¥N (V;1,1), while it reduces 1(V; 0, o).

one has

< 0. Equivalently, the finite ion

8]]1 (V Ly _

Proof. Note that, from (17), kBT 21n2
implies that JEN(V;1,1) is mcreasmg in the potential V for x > 1. Note also that, from

9Ju VU £) _ e R% . o | : . :
(17), = BT es F(x;0,p) and the sign is determined by that of F(x; 0, p), which

is dlscussed in Lemma 5. Together with Proposition 1 and 2, our result follows. [

Aj(x), which is positive for x > 1. This

Remark 4. We would like to point out that the boundary layers have very sensitive effects on ionic
flow properties of interest. Take the discussion on the leading term J11, containing ion size effects of
the individual flux ], for example. Under the condition stated in Theorem 5,

»  With electroneutrality conditions, one always has w > 0 forall x = R > 1, that

is, JEN (V) is increasing in the membrane potential V and JEN < 0 (resp. JEN > 0) for
V < VEN (resp. V > VEN );

*  However, with boundary layers, can be either positive or negative, as discussed in
Theorem 1, which further depends on the nonlinear interplays among other system parameters.
With Vi > VEN, the dynamics of the leading terms J11 and JEN is quite different over the
subregions (—oo, VENY) and (V;, 00) (see statement (i) in Theorem 5).

9J11(V;o.0)
oV
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To provide more intuitive illustration of our analytical results, particularly, the in-
terplays between the finite ion sizes and the boundary layers, the following numerical
simulations are performed on the PNP system with dimensions. More precisely, we view
the cation to be Na™ and the anion to be C1~, and A is the ratio of the volume of Na™ to
Cl~. The diffusion coefficients for Nat and Cl~ were set as Dy, = 1.334 x 1072 m?/s
and D¢; = 2.032 x 1079 m?/s, respectively. We take the value of the Boltzmann constant
(kp) to be 1.381 x 10~2? J /K. The temperature (T) was fixed at 273.16 K, the elementary
charge (e) at 1.602 x 1071 C, and the valence of Na™ and Cl~ ions (z; and z;) was set to
+1 and —1, respectively.

(1) Numerically identify x.., the root of F(x) = 0 introduced in statement (ii) of the
Lemma 5, which helps better understand the analytical result, in particular, the proof
(see Figure 1);

(2) Identify the critical potentials Vi, and VLN defined in Definition 1 for different setups
in boundary conditions, and observe the monotonicity of J; and JEV, respectively,
viewed as functions of the potential V, which also indicates the effects on the individ-
ual flux J; from the boundary layers (see Figure 2);

(3) Identify the critical potentials V, and VFN defined in Definition 1 for different setups
in boundary conditions, and observe the monotonicity of I; and IV, respectively,
viewed as functions of the potential V, which also indicates the effects on the I-V
relations from the boundary layers (see Figure 3).

s 2,1,2,=1,\=1.8,0=1.001,p=1.002 el 2,=1,2,=1,120.7,0=1.001,p=1.002
5 i —
5
2 4
3
15 -
= X2
frig e x, =1.04149
1 - 1
0
05 1
-2
1 1.005 1.01 1.015 1.02 1.025 1.03 1.035 1 1.005 1.01 1.015 1.02 1.025 1.03 1.035 1.04 1.045 1.05
X X

Figure 1. Graph of function F(x). The left graph corresponds to statement (iil) of Lemma 5, while the
right one corresponds to statement (ii2).

1o 2,21,2,=-1,A=0.7,L =0.2,R =0.08 § 210 2,=1,2,=-1,A=0.5.L,=0.2,R;=0.08 :
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) N | "

3: 2k - 2 ‘\
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A Vi=151081|
. . . . . . 2 . .
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v \'
Figure 2. The left figure is a graph of J11(V) with ¢ = 1.001 and p = 1.002 (dashed line), and JEN (V')
with o = p = 1 (solid line) for x > x4, while the right one is 1 < x < x4+. The left figure shows that
both J1; and ]le have the same monotonicity, while the right one shows opposite monotonicity.
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Figure 3. The left figure is a graph of I;1 (V) with o = 1.001 and p = 1.002 (dashed line), and IEN (V')
with ¢ = p = 1 (solid line) for x > x., while the right oneis 1 < x < x.+. The left figure shows that
both I} and IfN have the same monotonicity, while the right one shows opposite monotonicity.
3.3.2. Direct Description of Boundary Layer Effects on Ionic Flows
To better understand the boundary layer effects on ionic flows, we consider the

difference between | ,le and Ji1, and the difference between IlEN and I;. More precisely,
we define

T8 =TEViAe,0) = Ja(ViA, o) — TN (V,A,1,1), k=1,2,

IP =7, (V; M\, 0,0) = L(V; A, 0,0) — IEN(V;A,1,1).

From (14), together with 17 = —ay;, one has

e
kpT "’
e
Ix =B1(A,a,0) — Bo(A,1,1) — (a11(A, 0, p) — “11()\/1/1))sz

IP =21D1 (a10(A, 0, p) — a10(A,1,1)) + 22D2 (B1o(A, 0, p) — Bro(A, 1,1))
+ (z1D1 — 22D5) (a11(A, 0, p) — 11 (A, 1,1))LV-

JH =a10(A,0,0) —a10(A, 1,1) + (a11(A, 0, 0) — a11(A, 1,1))

kgT
It follows that (up to the first order in ¢ and p)
0TE(V; A0, TR (V;A 0, eR?
1 ( p) _ 21 ( ) _ 1 —As(x,0,0),
GIP(V;A,U,p) 73R%(21D1 —zzDz)/4 (x,0, )
v T 2kpTIn’x 25 0:0),

where Ay (x; 0, p) is given in (18).

Obviously, with A, (x;0,p) # 0, the equation J (V; A, 0, p) = 0 has a unique zero,
say V1% the equation jg (V;A,0,p) = 0 has a unique zero, say V2* and the equation
IP (V;A,0,p) = 0 has a unique zero, say V*. Furthermore, one has

Vl* — _ 0‘10(/\/0'47 - “10(/\/ 1/ 1) X kBl
(

x11 /\,U,p% —ap(A,1,1) e’
v2e _ _ Pohop) = puA11) kT
Bu(r, o) = pu(A1,1) e’
_zb (210(A, 0, p) —a10(A, 1,1)) +22D2(B1o(A, 0, p) — B10(A, 1,1))
(z1D1 — 22D5) (w11 (A, 0, p) — @11 (A, 1,1)) '

V* =

It is not difficult to see that the critical potentials V1* (resp. V* and V*) balance the
effects from the boundary layers on the leading term J1; (resp. Jp1 and I;) that contains
finite ion size effects.
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Note that, from (25), the monotonicity of jl[l) (V;A,0,0), *-72[1) (V;A,0,p),and IP (V;A,0,p)
is determined by the sign of A, (x; 0, p), which is discussed in Lemma 4 in detail. For simplicity,
here, we assume A (x) > 0, and establish the following result.

TR (Vid,o,p)
IV

Theorem 6. Assuming L1 > Ry and (o,p) — (1,1). For v > 0 small, one has >0,

TR (ViA,o,p) 91 (V;A,0,0)
25— < 0, and a5y > 0. Moreover,

Q) 1(V;A0,0) < JEN(V,A,1,1) (resp. T1(V; A, 0,0) > JEN(V,A,1,1)) for V < V* (resp.
V > V1*). In other words, the boundary layers reduce (resp. enhance) the effect on the
individual flux ]| from the finite ion size for V.< V1* (resp. V. > V1*).

() Ja(V;A00) > JEN(V, A, 1,1) (resp. [o(V; A, 0,p) < JEN(V,A,1,1)) for V. < V* (resp.
V > V). In other words, the boundary layers enhance (resp. reduce) the effect on the
individual flux ], from the finite ion size for V< V** (resp. V. > V?*).

(i) L(V;A,0,p0) < IEN(V,A,1,1) (resp. [(V;A,0,p0) > IEN(V,A,1,1)) for V. < V* (resp.
V > V*). In other words, the boundary layers reduce (resp. enhance) the effect on the current
I from the finite ion size for V.< V* (resp. V. > V*).

To end this section, we demonstrate that the boundary layers play crucial roles in the
study of ionic flow properties (see Theorems 5 and 6). Particularly, the characterization
of the nonlinear interactions between the boundary layer parameters ¢ and p and other
system parameters (Lemma 4 provides an example) should be considered carefully in the
future studies of ion channel problems.

4. Conclusions

In this work, we analyze a quasi-one-dimensional PNP system with finite ion sizes
modeled through Bikerman’s local hard-sphere potential. We mainly focus on the effects
from boundary layers on ionic flows due to the relaxation of electroneutrality boundary
conditions. The detailed analysis provides better understanding of the mechanism of ionic
flows through membrane channels. The study is critical because boundary layers of charge
are particularly likely to produce artifacts over long distance, which could dramatically
affect the behavior of ionic flows. Of particular interest are the leading terms Jj; of the
individual fluxes and I; of the I-V relations that contain finite ion size effects. To be specific,

e Westudy the signs of Ji; and I; with boundary layers, from which one can tell whether
the finite ion size enhances or reduces the individual fluxes, J;, and the I-V relation, I.
¢ We characterize the monotonicity of Ji; and I; with boundary layers about the potential
V, from which one can efficiently adjust/control the boundary conditions to enhance
or reduce the finite ion size effects.
¢  We examine the boundary layer effects on ionic flows by considering
- thedifference Ji1 (V;0,p) — JEN(V;1,1) and [(V;0,p) — IEN(V;1,1), where Jiy
and I; are with boundary layers, and JEN and IFN
boundary conditions;
-  the partial orders of the critical potentials Vi, V,, th;N , and VCEN described
in (22) and (23).
With boundary layers, many nonintuitive phenomena of ionic flows are observed.
Among others, we find

are under electroneutrality

*  Aslinear functions of the potential V (fixing other system parameters)

- dyJi1 and 9y (resp. dyJp1) can be negative (resp. positive), while they are
always positive (resp. negative) under the electroneutrality boundary conditions
(see Theorems 1 and 3);

- dypJi1 and 9yl (resp. 0y, Ja1) can be negative (resp. positive), while they are
always positive (negative) under the electroneutrality boundary conditions (see
Theorems 2 and 4).
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e C(ritical potentials that either balance the ion size effects (such as V., V,., and V;) or
separate the relative ion size effects (such as vie, v2¢ and V¢) on individual fluxes,
I-V relations, and the total flow rate of matter, respectively, are identified (Definition 1),
which play critical roles in studying ionic flow properties of interest and characterizing
the effects from boundary layers (discussed in Section 3).

Finally, we demonstrate that the setting of the PNP problem in this work is relatively
simple, but our analysis is rigorous. It is an extension of the work performed in [48], and the
study provides additional information of the dynamics of ionic flows. This work, together
with the work performed in [43,62], could provide some deep insights for future studies of
ion channel problems.
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