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Abstract

:

Letting f be a transcendental meromorphic function, we consider the value distribution of the differential polynomials   φ  f l    (  f  ( k )   )  n  − a  , where   φ ( ≢ 0 )   is a small function of f,   l ( ≥ 2 )  ,   n ( ≥ 1 )  ,   k ( ≥ 1 )   are integers and a is a non-zero constant, and obtain an important inequality concerning the reduced counting function of   φ  f l    (  f  ( k )   )  n  − a  . Our results improve and generalize the results obtained by Xu and Ye, Karmakar and Sahoo, Chakraborty et.al, and Chen and Huang.
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1. Introduction and Results


In this paper, we assumed that the reader is familiar with the notations of the Nevanlinna theory (see, e.g., [1,2]). Let   f ( z )   and   α ( z )   be two meromorphic functions in the complex plane. If   T ( r , α ) = S ( r , f )  , then   α ( z )   is called a small function of   f ( z )  .



In 1959, W.K. Hayman first considered the value distribution of differential polynomials in his seminal paper, and proved that if f is a transcendental meromorphic function and   l ( ≥ 3 )   is an integer, then   Ψ =  f l   f ′  − a   has infinitely many zeros for a finite non-zero complex value a (see [3]). Moreover, Hayman conjectured that the conclusion remains valid for the cases   l = 1 , 2   ([4]). In 1979, Mues [5] confirmed the case   l = 2  , and Bergweiler and Eremenko [6], Chen and Fang [7] proved the case   l = 1   in 1995. Since then, there was a lot of research on the value distribution of differential polynomials. Sons [8] and Hennekemper [9] generalized Hayman’s result, and obtained the value distribution of   Ψ =  f n    (  f ′  )   n 1   ⋯  (  f  ( k )   )  − a   for   n ≥ 2 ,   k ≥ 1   and     (  f  n + k   )   ( k )   − a   for   n > 2 ,   k ≥ 1  , respectively. Zhang [10] also investigated the simple differential polynomial    f 2   f ′  − 1   and give a precise inequality   T  ( r , f )  ≤ 6 N  ( r , 1 ;  f 2   f ′  )  + S  ( r , f )   . Huang and Gu [11] generalized the result by using   f  ( k )    instead of   f ′  .



From the above, we know that the results on the zeros of differential polynomials have three forms. The first is purely qualitative: for example,  Ψ  has infinitely many zeros. The second is the “semi”-quantitative: for example,   lim sup  N ¯   ( r , 0 ; Ψ )  / T  ( r , f )  > 0   (see [12]). The third is quantitative; that is, the characteristic function estimated by a counting function (or reduced counting function).



It is natural to consider the characteristic function estimated by a reduced counting function for the results of Zhang [10], and Huang and Gu [11]. In 2011, J. F. Xu et al. [13] proved the inequality   T  ( r , f )  ≤ M  N ¯   ( r , 1 ;  f 2   f  ( k )   )  + S  ( r , f )   , where   M = 6   except for   k = 2  ,   M = 10  . Later, Karmakar and Sahoo [14] found the coefficient is also 6 when   k = 2   for the inequality. Moreover, they improved the result of Xu et al., and obtained a unified inequality for   l ( ≥ 2 ) , k ( ≥ 1 )  . That is, if f is a transcendental meromorphic function, and   l ( ≥ 2 ) , k ( ≥ 1 )   are any integers, then   T  ( r , f )  ≤  6  2 l − 3    N ¯   ( r , 1 ;  f l   f  ( k )   )  + S  ( r , f )   .



Another question is whether or not the differential polynomial takes the small function infinite times. This is a difficult question. Xu and Yi [15] gave a precise inequality for   φ  f 2   f ′  − 1  , and proved   T  ( r , f )  < 6  N ¯   ( r , 1 ;  f 2   f ′  )  + S  ( r , f )   , which also generalized a result of Q.D. Zhang [16] that proved the inequality by the counting function. Recently, Xu and Ye [17] obtained an inequality that   T  ( r , f )  < 6  N ¯   ( r , 1 ; φ  f 2   f  ′ 2   )  + S  ( r , f )   . Also, Chakraborty, Saha and Pal [18] extended the inequality by replacing   f  ( k )    by    (  f  ( k )   )  n  , but there is the restriction on f with no simple pole, where   l ( ≥ 2 ) , n ( ≥ 1 ) , k ( ≥ 1 )   are integers and obtained   T  ( r , f )  ≤  6  2 l − 3    N ¯   ( r , 1 ;  f l    (  f  ( k )   )  n  )  + S  ( r , f )   . Later, Chen and Huang refined the coefficient of the result of Chakraborty, Saha and Pal, but there is another restriction of f with finite order.



Theorem 1 

([19]). Let f be a transcendental meromorphic function with finite order in the complex plane,   l ( ≥ 2 ) , n ( ≥ 1 ) , k ( ≥ 1 )   be integers and a be a non-zero constant. Then,


  T  ( r , f )  < M  N ¯   ( r , a :  f l    (  f  ( k )   )  n  )  + S  ( r , f )  ,  








where   M = min {   1  l − 2    , 6 }  .





A natural question is raised as to whether the above inequality still holds if one gets rid of some restrictions on f. Moreover, the constant a is replaced by a small function of f. Now, we consider the characteristic function estimate of more general forms   φ  f l    (  f  ( k )   )  n  − a   for a non-zero constant a, integers   l ≥ 2 , n ≥ 1  , and   k ≥ 1  , and obtain its quantitative result as follows:



Theorem 2. 

Let f be a transcendental meromorphic function and   φ ( ≢ 0 )   be a small function of f,   l ( ≥ 2 ) , n ( ≥ 1 ) , k ( ≥ 1 )   be integers, and a be a non-zero constant. Then,


   T  ( r , f )  ≤ M  N ¯   ( r , a ; φ  f l    (  f  ( k )   )  n  )  + S  ( r , f )  ,   








where   M = 5   if   l = 2   and   M =   1  l − 2      if   l ≥ 3  .





Remark 1. 

Obviously, Theorem 2 improves the results of Xu et al. [13], Karmakar and Sahoo [14], Xu and Ye [17], Chakraborty, Saha and Pal [18], and Chen and Huang [19]. The coefficient reduced to 5 when   l = 2  , or   1  l − 2    when   l ≥ 3  .





The deficient function is an important definition in the value distribution theory. It is a generalization of the deficiency. It is natural to estimate the deficient small function   a ( z )   with respect to    f l    (  f  ( k )   )  n   ( z )   . We obtain the following result, which improves Corollary 1.1 in [19].



Corollary 1. 

Let f be a transcendental meromorphic function and   α ( ≢ 0 )   be a small function of f.   l ( ≥ 2 ) , n ( ≥ 1 ) , k ( ≥ 1 )   are integers. Then,


   Θ  ( α ,  f l    (  f  ( k )   )  n  )  ≤ 1 −   1  M ( n k + n + l )    ,   








for   M = min {   1  l − 2    , 5 }  .





Remark 2. 

Let   α ( ≢ 0 )   be a small function of f, then we have   δ ( α ,  f l    (  f  ( k )   )  n  ) < 1  . From this, we can obtain a Picard-type theorem. If   f ( z )   is a transcendental meromorphic function and   α ( ≢ 0 )   is a small function of f, then    f l    (  f  ( k )   )  n  − α = 0   has infinite solutions. In 1939, Titchmarsh [20] considered the differential equation   f  f ′  = − sin z   and obtained the solution   f = ± sin z  . Many authors consider the nonlinear differential equation including the differential polynomial    f n   f  ( k )    . For example, Zhang and Yi [21] studied the differential equation   f  ( z )   f ′   ( z )  =  1 2  sin 2 z  , and obtained the solutions of the equation as   f ( z ) = ± sin z ,   ± i cos z  . They also consider the corresponding perturbed equation   f  ( z )   f ′   ( z )  =  1 2  sin 2 z + p  ( z )   , where   p ( z ) ≢ 0   is a polynomial, and proved that the equation does not possess an entire solution. In fact, the two differential equation include the differential polynomial   f  f ′   . Many differential equation can be considered by using the differential polynomial to instead of the derivative (see [22,23,24,25,26]).





This paper is organized as follows. The lemmas will be used for the proofs of Theorems 2 and 3 in Section 2. The proof of Theorem 2 is placed in Section 3, and an application to the sum of deficiency function is in Section 4. At last, we give a conclusion in Section 5.




2. Lemmas


In order to prove our results, we need the following lemmas.



Lemma 1 

([27]). Let f be a non-constant meromorphic function, and let    M 1   [ f ]  ,  M 2   [ f ]    be two quasi-differential polynomials in f, satisfying    f n    M 1   [ f ]  =  M 2   [ f ]    . If the total degree of    M 2   [ f ]    is inferior or equal to n, then


  m  ( r ,   M 1   [ f ]   )  = S  ( r , f )  .  













Lemma 2 

([19]). Let f be a transcendental meromorphic function and   φ ( ≢ 0 )   be a small function of f. Then,   φ  f l    (  f  ( k )   )  n    is not equivalent to a constant, where   l ( ≥ 2 ) , n ( ≥ 1 ) , k ( ≥ 1 )   are integers.





Lemma 3 

([19]). Let f be a transcendental meromorphic function, and let   φ ( z ) ( ≢ 0 )   be a small function of f, and a be a non-zero constant. Suppose that   H = φ  f l    (  f  ( k )   )  n  − a  , where   l ( ≥ 2 )  ,   n ( ≥ 1 )  ,   k ( ≥ 1 )   are integers. Then,


      ( n + l ) T ( r , f )       ≤  N ¯   ( r , f )  +  N ¯   ( r ,  1 f  )  + n  N  k )    ( r ,  1 f  )  + n k   N ¯   ( k + 1    ( r ,  1 f  )             +  N ¯   ( r ,  1 H  )  −  N 0   ( r ,  1  H ′   )  + S  ( r , f )  ,      



(1)




where    N 0   ( r ,   1  H ′    )    denotes the counting function of the zeros of   H ′  , which are not zeros of f or H.





Remark 3. 

When   l = 2  , the above lemmas have been proved by Chen and Huang in [19]. When   l ≥ 3  , we can obtain the results in the similar way (see also [13,15,17,28,29]).





Lemma 4 

([2]). Let f be a transcendental meromorphic function and    b i  , i = 0  ,   1 , … , n   be small functions of f. If


   b n   f n  +  b  n − 1    f  n − 1   + ⋯ +  b 0  ≡ 0 ,  








then    b i  ≡ 0 ,   i = 0 , 1 , … n  .





In the following, we will give some notations for the next lemmas.



Suppose that   H  ( z )  = φ  f 2    (  f  ( k )   )  n  − a   and


  h  ( z )  =    H ′   ( z )    f ( z )   =  φ ′  f   (  f  ( k )   )  n  + 2 φ  f ′    (  f  ( k )   )  n  + n φ f   (  f  ( k )   )   n − 1    f  ( k + 1 )   ,  ϕ  ( z )  =   h ( z )   H ( z )   ,  








where   n ( ≥ 1 ) ,   k ( ≥ 1 )   are integers. Also, let


     G ( z )     =  a 1    (     H ′   ( z )    H ( z )    )  2  +  a 2    (     H ′   ( z )    H ( z )    )  ′  +  a 3    (     h ′   ( z )    h ( z )    )  2  +  a 4    (     h ′   ( z )    h ( z )    )  ′  +  a 5   (     H ′   ( z )    H ( z )        h ′   ( z )    h ( z )    )           +  a 6    (     φ ′   ( z )    φ ( z )    )  2  +  a 7    (     φ ′   ( z )    φ ( z )    )  ′  +  a 8   (     H ′   ( z )    H ( z )        φ ′   ( z )    φ ( z )    )  +  a 9   (     h ′   ( z )    h ( z )        φ ′   ( z )    φ ( z )    )  ,     








where    a i ′  s   are defined by


       a 1  = − 2  n 5  − 4  n 4  + 5  n 3  + 10  n 2  + 8 n ;        a 2  = − 2  ( n + 1 )   ( 15  n 4  + 72  n 3  + 100  n 2  + 48 n )  ;        a 3  = − 2   ( n + 1 )  2   (  n 3  + 8  n 2  + 14 n − 4 )  ;        a 4  = 2  ( n + 1 )   ( 15  n 4  + 73  n 3  + 94  n 2  + 28 n − 8 )  ;        a 5  = 4  ( n + 1 )   (  n 4  + 5  n 3  + 9  n 2  + 6 n )  ;        a 6  = −  ( 36  n 4  + 3  n 3  − 96  n 2  + 101 n − 42 )  ;        a 7  = 4  ( n + 1 )   ( − 2  n 4  +  n 3  + 27  n 2  + 20 n − 4 )  ;        a 8  = − 2  ( n + 1 )   ( 7  n 3  + 16  n 2  + 10 n + 4 )  ;        a 9  = 2  ( n + 1 )   ( 9  n 3  + 13  n 2  − 14 n + 8 )  ,      








when   k = 1  , and are defined by


       a 1  = 3  b 5  −  b 4  − 58  b 3  + 12  b 2  − 40 b − 32 ;        a 2  = −  b 6  + 15  b 5  − 42  b 4  − 436  b 3  − 40  b 2  − 32 b ;        a 3  = 4 b  ( b − 2 )   (  b 2  + 2 b )  ;        a 4  = 2  b 2   ( b − 2 )   (  b 3  − 5  b 2  − 4 )  ;        a 5  = 4 b  (  b 4  +  b 3  − 20  b 2  − 12 b − 16 )  ;        a 6  =  ( b − 2 )   ( 6  b 5  − 19  b 4  − 61  b 3  + 58  b 2  − 48 b + 64 )  ;        a 7  = b  ( b − 2 )   ( −  b 4  +  b 3  + 20 b )  ;        a 8  = − 2 b  ( 5  b 4  − 37  b 3  + 88  b 2  − 36 b + 32 )  ;        a 9  = 4 b  ( b − 2 )   ( 3  b 3  − 13  b 2  + 8 b − 4 )  ,      








when   k ≥ 2  , where   b = n k + n + 2  .



We define   ω  ( f ,  z 0  )  = l ,   ω ¯   ( f ,  z 0  )  = 1   if   z 0   is a pole of   f ( z )   with multiplicity l. Otherwise,   ω  ( f ,  z 0  )  = 0 ,   ω ¯   ( f ,  z 0  )  = 0  .



Lemma 5 

([17], Lemma 4). Under the hypothesis of Theorem 2 and supposing that   h  ( z )  =    H ′  f    , for any    z 0  ∈ C  , we have


     ω  (   1 f   ,  z 0  )  + ω  (   1 h   ,  z 0  )  ≤ ω  (   1  f h    ,  z 0  )  + ω  ( φ ,  z 0  )  + ω  (   1 φ   ,  z 0  )  .     



(2)









Lemma 6 

([17], Lemma 5). Under the hypotheses of Theorem 2, if    z 0  ∈ C   and   G (  z 0  ) = 0  , then


  ω  ( ϕ ,  z 0  )  ≤ 2 ω  ( φ ,  z 0  )  + ω  (  1 φ  ,  z 0  )  ,  



(3)






  ω  (  1 H  ,  z 0  )  ≤ ω  (  1 h  ,  z 0  )  + 2 ω  ( φ ,  z 0  )  + ω  (  1 φ  ,  z 0  )  .  



(4)









Lemma 7. 

Let f be a transcendental meromorphic function, and let   φ ( z ) ( ≢ 0 )   be a small function of f, where a is a non-zero constant. Then,   G ( z ) ≢ 0  .





Proof. 

Suppose that   G ( z ) ≡ 0  ; then, from Lemma 6, we have


     N ( r , ∞ ; ϕ ) ≤ 2 N ( r , ∞ ; φ ) + N ( r , 0 ; φ ) = S ( r , f ) ,     



(5)




and


     N ( r , 0 ; H )     ≤ 2 N ( r , ∞ ; φ ) + N ( r , 0 ; φ ) + N ( r , 0 ; h )          = N ( r , 0 ; h ) + S ( r , f ) .     



(6)







It follows from Lemma 2 that H is not identically constant. Let


   a  f  n + 2    ≡ φ   (   f  ( k )   f  )  n  −   H ′   f  n + 2     H  H ′   .  











By the lemma of the logarithmic derivative, we have


      ( n + 2 )  m  ( r ,   1 f   )     ≤     m  ( r , φ )  + m  ( r ,   (   f  ( k )   f  )  n  )  + m  ( r ,   H ′   f  n + 2    )  + m  ( r ,  H  H ′   )           =     N  ( r , ∞ ;   H ′  H  )  − N  ( r , ∞ ;  H  H ′   )  + S  ( r , f )           =      N ¯   ( r , ∞ ; f )  + N  ( r , 0 ; H )  − N  ( r , 0 ;  H ′  )  + S  ( r , f )  .      



(7)







From (7), we have


      ( n + 2 )  m  ( r ,   1 f   )  ≤  N ¯   ( r , ∞ ; f )  + N  ( r , 0 ; H )  − N  ( r , 0 ; h f )  + S  ( r , f )  .     



(8)







From Lemma 5, we have


     N ( r , 0 ; f ) + N ( r , 0 ; h ) ≤ N ( r , 0 ; h f ) + N ( r , ∞ ; φ ) + N ( r , 0 ; φ ) .     



(9)







From (8) and (9), we have


      ( n + 2 )  m  ( r ,   1 f   )  + N  ( r , 0 ; f )  ≤  N ¯   ( r , ∞ ; f )  + N  ( r , 0 ; H )  − N  ( r , 0 ; h )  + S  ( r , f )  .     



(10)







From (6) and (10), we have


      ( n + 1 )  m  ( r ,   1 f   )  ≤ N  ( r , 0 ; H )  − N  ( r , 0 ; h )  + S  ( r , f )  = S  ( r , f )  .     



(11)







From (5) and (11), we have


     T ( r , ϕ )     = m  ( r , ϕ )  + N  ( r , ∞ ; ϕ )  = m  ( r ,   1 f      H ′  H   )  + N  ( r , ∞ ; ϕ )           ≤ m  ( r ,   1 f   )  + m  ( r ,    H ′  H   )  + S  ( r , f )  = S  ( r , f )  .     



(12)







Note that


     H ′  H   = f ϕ  








and


     h ′  h   =    H ′  H   +    ϕ ′  ϕ   = f ϕ +    ϕ ′  ϕ   .  











Substituting the above two equalities into   G ( z )   yields


         (  a 1  +  a 3  +  a 5  )   f 2   ϕ 2  +  (  a 2  +  a 4  )   f ′  ϕ +  [  (  a 2  + 2  a 3  +  a 4  +  a 5  )     ϕ ′  ϕ   +  (  a 8  +  a 9  )     φ ′  φ   ]  f ϕ          + (  a 3    (    ϕ ′  ϕ   )  2  +  a 4    (    ϕ ′  ϕ   )  ′  +  a 6    (    φ ′  φ   )  2  +  a 7    (    φ ′  φ   )  ′  +  a 9   (    ϕ ′  ϕ      φ ′  φ   )  ≡ 0 .     



(13)







If   k = 1  , we have    a 2  +  a 4  = 2  n 4  − 10  n 3  − 52  n 2  − 56 n − 16  . If


  2  n 4  − 10  n 3  − 52  n 2  − 56 n − 16 = 0 ,  








then   n = − 2 ,   − 1 ,   4 ±  5   . Note that   n ≥ 2   is a positive integer. Therefore,    a 2  +  a 4  ≠ 0  .



If   k ≥ 2  , we have    a 2  +  a 4  =  b 5  + 10  b 4  + 36  b 3  + 56  b 2  + 32 b  . Noting that   b = n k + n + 2 ≥ 6  , we immediately obtain    a 2  +  a 4  ≠ 0  .



Obviously,   ϕ ≢ 0  , otherwise      H ′  H   = f ϕ ≡ 0  ; that is,   H ≡ C  . This contradicts Lemma 2.



Hence, we can obtain the following relation from (13):


      f ′  =   1 ϕ    c 11   ( z )  + f  c 12   ( z )  +  f 2  ϕ  c 13   ( z )  ,     



(14)




where    c  1 i      ( i = 1 ,   2 ,   3 )    are small functions of f. Differentiating both sides of (14) gives


   f  ″   =   1 ϕ    c 21   ( z )  + f  c 22   ( z )  +  f 2  ϕ  c 23   ( z )  +  f 3   ϕ 2   c 24   ( z )  ,  








where    c  2 i      ( i = 1 ,   2 ,   3 ,   4 )    are small functions of f. Continuing the above process, we obtain


      f  ( k )   =   1 ϕ    c  k 1    ( z )  + f  c  k 2    ( z )  +  f 2  ϕ  c  k 3    ( z )  + ⋯ +  f  k + 1    ϕ k   c  k k + 2    ( z )  ,     



(15)




where    c  k i      ( i = 1 ,   2 , ⋯ , k + 2 )    are small functions of f.



From (15), we have


  H  ( z )  = φ  f 2    (  f  ( k )   )  n  − a = φ  ϕ  n k    c  k k + 2  n   f  n k + n + 2   + ⋯ + φ  f 2   1  ϕ n    c  k 1  n  − a .  











Let us take the derivative of above equality; from the equation    H ′  = f ϕ F  , the coefficient of f in    H ′  − f ϕ H   is   a ϕ  . By Lemma 4, we have   a ϕ ≡ 0  . Notice that   a ≠ 0   and   ϕ ≢ 0  , which is a contradiction. Hence,   G ( z ) ≢ 0  .



This completes the proof of Lemma 7. □





Lemma 8. 

Let   f ( z ) ,   H ( z ) ,   h ( z )   and   G ( z )   be stated as the above. Then, all simple poles of   f ( z )   are the zeros of   G ( z )  .





Proof. 

Suppose that   z 0   is a simple pole of   f ( z )  , then


        φ  ( z )  = B { 1 + x  ( z −  z 0  )  + y   ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )  } ,          f  ( z )  =   A  z −  z 0      { 1 +  c 0   ( z −  z 0  )  +  c 1    ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )  }  ,     








where   A B ≠ 0 ,   x ,   y ,    c 0  ,    c 1    are constants. Next, we consider two cases.



Case 1. 

  k = 1  . We have


     H ( z )     = φ  f 2    (  f ′  )  n  − a =      ( − 1 )  n   A  n + 2   B    ( z −  z 0  )   2 n + 2      { 1 +   ( 2  c 0  + x )   ( z −  z 0  )               +  [  c 0 2  + y + 2  c 0  x +  ( 2 − n )   c 1  ]    ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )   } ,        h ( z )     =     F ′   ( z )    f ( z )    =      ( − A )   n + 1   B    ( z −  z 0  )   2 n + 2      { 2 n + 2 +   [ 2 n  c 0  +  ( 2 n − 1 )  x ]   ( z −  z 0  )               +  [ 2 n y +  ( 2 n − 1 )   c 0  x − 2 n  ( n − 2 )   c 1  ]    ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )   } .      











Therefore, we have


        H ′   ( z )    H ( z )       =    − 1   z −  z 0      { 2 n + 2 −   ( 2  c 0  + x )   ( z −  z 0  )           +  [ 2  c 0 2  +  x 2  − 2 y +  ( 2 n − 4 )   c 1  ]    ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )   } ,      










        h ′   ( z )    h ( z )       =    − 1   z −  z 0      { 2 n + 2 −     2 n  c 0  +  ( 2 n − 1 )  x   2 n + 2     ( z −  z 0  )           +   1  2 n + 2     [    4  c 0  x + 4  n 2   c 0 2  +  ( 2 n − 1 )   x 2    2 n + 2    + 4 n  ( n − 2 )   c 1  − 4 n y ]    ( z −  z 0  )  2         + O (   ( z −  z 0  )  3  ) } ,     










         φ ′   ( z )    φ ( z )    = x +  ( 2 y −  x 2  )   ( z −  z 0  )  + O  (   ( z −  z 0  )  2  )  ,              










          H ′   ( z )    H ( z )     2     =   1   ( z −  z 0  )  2      {  ( 2 n + 2 )   2  −  ( 4 n + 4 )   ( 2  c 0  + x )   ( z −  z 0  )         + [  ( 8 n + 12 )   c 0 2  +  ( 4 n + 5 )   x 2  + 4  c 0  x +  ( 4 n + 4 )   ( 2 n − 4 )   c 1            −  ( 8 n + 8 )  y ]    ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )   } ,      










          H ′   ( z )    H ( z )     ′     =   1   ( z −  z 0  )  2     { 2 n + 2 +   [ 2  c 0 2  +  x 2  +  ( 2 n − 4 )   c 1  − 2 y ]    ( z −  z 0  )  2           + O (   ( z −  z 0  )  3  ) } ,     










          h ′   ( z )    h ( z )     2     =   1   ( z −  z 0  )  2      {  ( 2 n + 2 )   2  −  [ 4 n  c 0  +  ( 4 n − 2 )  x ]   ( z −  z 0  )           + [    4  n 2   ( 4 n + 5 )   c 0 2  +  ( 4 n + 5 )    ( 2 n − 1 )  2   x 2  +  ( 8  n 2  + 12 n + 16 )   c 0  x    ( 2 n + 2 )  2             + 8 n  ( n − 2 )   c 1  − 8 n y  ]   ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )  }  ,     










          h ′   ( z )    h ( z )     ′     =   1   ( z −  z 0  )  2     { 2 n + 2 +   1  2 n + 2    [     4  n 2   c 0 2  +   ( 2 n − 1 )  2   x 2  + 4  c 0  x   2 n + 2             + 4 n  ( n − 2 )   c 1  − 4 n y  ]   ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )  }  ,     










         H ′   ( z )    H ( z )        h ′   ( z )    h ( z )        =   1   ( z −  z 0  )  2      {  ( 2 n + 2 )   2  −  [  ( 6 n − 4 )   c 0  +  ( 4 n − 1 )  x ]   ( z −  z 0  )           + [  ( 6 n + 4 )   c 0 2  +     ( 8  n 2  + 6 n + 4 )   x 2  +  ( 6 n + 2 )   c 0  x   2 n + 2    +  ( 2 n − 4 )   ( 4 n + 2 )   c 1            −  ( 8 n + 4 )  y ]    ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )   } ,      










           φ ′   ( z )    φ ( z )     2  =  x 2  + 2 x  ( 2 y −  x 2  )   ( z −  z 0  )  + O  (   ( z −  z 0  )  2  )  ,            











         φ ′   ( z )    φ ( z )     ′  = 2 y −  x 2  + O  ( z −  z 0  )  ,   


          H ′   ( z )    H ( z )        φ ′   ( z )    φ ( z )        =    − 1   z −  z 0      {  ( 2 n + 2 )  x +   [  ( 4 n + 4 )  y − 2  c 0  x −  ( 2 n + 1 )   x 2  ]   ( z −  z 0  )           + O (   ( z −  z 0  )  2  ) } ,      










          h ′   ( z )    h ( z )        φ ′   ( z )    φ ( z )        =    − 1   z −  z 0      {  ( 2 n + 2 )  x + [   ( 4 n + 4 )  y −    2 n   2 n + 2     c 0  x          −    4  n 2  + 10 n − 3   2 n + 2     x 2   ]  ( z −  z 0  )  + O  (   ( z −  z 0  )  2  )  }  ,      













Putting the above equalities into   G ( z )   and making some easy calculations, we have   G  ( z )  = O  ( z −  z 0  )   , and   z 0   is a zero of   G ( z )  .



Case 2. 

  k ≥ 2  . We have


     H ( z )     = φ  f 2    (  f  ( k )   )  n  − a =      ( − 1 )   n k     ( k ! )  n   A  n + 2   B    ( z −  z 0  )   n k + n + 2      { 1 +   ( 2  c 0  + x )   ( z −  z 0  )           +  (  c 0 2  + 2  c 0  x + 2  c 1  + y )    ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )   } ,      










     h ( z )     =      ( − 1 )   n k + 1     ( k ! )  n   A  n + 1   B    ( z −  z 0  )   n k + n + 2      { n k + n + 2 +   [ n  ( k + 1 )   c 0  +  ( n k + n + 1 )  x ]   ( z −  z 0  )           +  [  ( n k + n − 1 )   c 0  x +  ( n k + n − 2 )   c 1  +  ( n k + n )  y ]    ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )   } .      











Using the two above equalities, we obtain


        H ′   ( z )    H ( z )       =    − 1   z −  z 0      { n k + n + 2 −   ( 2  c 0  + x )   ( z −  z 0  )           +  [ 2  c 0 2  +  x 2  − 4  c 1  − 2 y ]    ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )   } ,      










        h ′   ( z )    h ( z )       =    − 1   z −  z 0      { n k + n + 2 −      ( n k + n )   c 0  +  ( n k + n + 1 )  x   n k + n + 2     ( z −  z 0  )           + [      ( n k + n )  2   c 0 2  +  ( n k + n + 1 )  x + 4  c 0  x    ( n k + n + 2 )  2    −    2 ( n k + n − 2 )   n k + n + 2     c 1           −    2 ( n k + n )   n k + n + 2    y  ]   ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )  }  ,     










      (     H ′   ( z )    H ( z )    )  2     =   1   ( z −  z 0  )  2      {  ( n k + n + 2 )   2  − 2  ( n k + n + 2 )   ( 2  c 0  + x )   ( z −  z 0  )           + [ 4  ( n k + n + 3 )   c 0 2  +  ( 2 n k + 2 n + 5 )   x 2  + 4  c 0  x          − 4  ( n k + n + 2 )   ( y + 2  c 1  )   ]   ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )  }  ,     










       (     H ′   ( z )    H ( z )    )  ′  =   1   ( z −  z 0  )  2     { n k + n + 2 −  [ 2  c 0 2  +  x 2  − 4  c 1  − 2 y ]    ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )  }  ,      










      (     h ′   ( z )    h ( z )    )  2     =   1   ( z −  z 0  )  2      {  ( n k + n + 2 )   2  −  [ 2  ( n k + n )   c 0  +  ( n k + n + 1 )  x ]   ( z −  z 0  )           + [     ( 2 n k + 2 n + 5 )    ( n k + n )  2   c 0 2  + 2  ( n k + n )   ( n k + n + 1 )   x 2     ( n k + n + 2 )  2             +   (    n k + n + 1   n k + n + 2    )  2   c 0  x +     ( n k + n + 1 )   x 2  + 4  c 0  x   n k + n + 2    − 4  ( n k + n − 2 )   c 1            − 2  ( n k + n )  y ]    ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )   } ,      










      (     h ′   ( z )    h ( z )    )  ′     =   1   ( z −  z 0  )  2     { n k + n + 2 − [       ( n k + n )  2   c 0 2  +   ( n k + n + 1 )  2   x 2  + 4  c 0  x    ( n k + n + 2 )  2             −    2  ( n k + n − 2 )   c 1  + 2  ( n k + n )  y   n k + n + 2     ]   ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )  }  ,     










         H ′   ( z )    H ( z )        h ′   ( z )    h ( z )        =   1   ( z −  z 0  )  2      {  ( n k + n + 2 )   2  −  [  ( 3 n k + 3 n + 4 )   c 0  +  ( 2 n k + 2 n + 3 )  x ]   ( z −  z 0  )           + [  ( 3 n k + 3 n + 4 )   c 0 2  +  ( n k + n + 2 +    2 ( n k + n + 1 )   n k + n + 2    )   x 2  + 3  c 0  x          − 2  ( 3 n k + 3 n + 2 )   c 1  − 4  ( n k + n + 1 )  y  ]   ( z −  z 0  )  2  + O  (   ( z −  z 0  )  3  )  }  ,     










       (     φ ′   ( z )    φ ( z )    )  2  =  x 2  + 2 x  ( 2 y −  x 2  )   ( z −  z 0  )  + O  (   ( z −  z 0  )  2  )  ,            











     (     φ ′   ( z )    φ ( z )    )  ′  = 2 y −  x 2  + O  ( z −  z 0  )  ,   


          H ′   ( z )    H ( z )        φ ′   ( z )    φ ( z )        =    − 1   z −  z 0      {  ( n k + n + 2 )  x           +  [  ( 2 n k + 2 n + 4 )  y − 2  c 0  x −  ( n k + n + 3 )   x 2  ]   ( z −  z 0  )  + O  (   ( z −  z 0  )  2  )   } ,       










          h ′   ( z )    h ( z )        φ ′   ( z )    φ ( z )        =    − 1   z −  z 0      {  ( n k + n + 2 )  x + [   ( 2 n k + 2 n + 4 )  y −    n k + n   n k + n + 2     c 0  x          −      ( n k + n + 2 )  2  + n k + n + 1   n k + n + 2     x 2   ]  ( z −  z 0  )  + O  (   ( z −  z 0  )  2  )  }  .      













Putting the above equalities into   G ( z )  , and making some easy calculations, we again obtain   G  ( z )  = O  ( z −  z 0  )   . Hence, the simple pole is the zero of   G ( z )  . □






3. The Proof of Theorem 2



Proof of Theorem 2. 

When   l = 2 , n ≥ 1 , k ≥ 1  , we consider two cases.



Case 1. 

First, we suppose that   k ≥ 2  . From Lemmas 7 and 8, we have   G ≢ 0   and the simple pole of   f ( z )   is the zero of   G ( z )  . Set


  β =  φ ′  f   (  f  ( k )   )  n  + 2 φ  f ′    (  f  ( k )   )  n  + n φ f   (  f  ( k )   )   n − 1    f  ( k + 1 )   − φ f   (  f  ( k )   )  n    H ′  H  .  











Then,   f β = − a   H ′  H    and   h = −  1 a  β H  . For   G ( z )  , we notice that the poles of   G ( z )   with multiplicities are two at most, which come from the multiple poles of   f ( z )  , or from the zeros of   H ( z )  , or from the zeros of   h ( z )  , or from the zeros of   φ ( z )  . Since   φ ( z )   is a small function of   f ( z )  , we ignore its zeros and poles here.



Now, we consider the poles of   β G  . The zeros of h are either the zeros of H or the zeros of  β . From the above discussion, we can find that the multiple poles of f with multiplicity   q ( ≥ 2 )   are the zeros of  β  with multiplicity of   q − 1  . Hence, the poles of   β G   only come from the zeros of F and the multiplicity is at most 3. Thus,


  N  ( r , ∞ ; β G )  ≤ 3  N ¯   ( r , 0 ; H )  .  











Noting   m ( r , G ) = S ( r , f )   and   m ( r , β ) = S ( r , f )   from Lemma 1, we have


  m ( r , β G ) = S ( r , f ) .  











Therefore,


  T  ( r , β G )  ≤ 3  N ¯   ( r , 0 ; H )  + S  ( r , f )  .  











Since the simple poles of f are the zeros of   β G  , we obtain


   N 1   ( r , ∞ ; f )  ≤ N  ( r , 0 ; β G )  ≤ T  ( r , β G )  ≤ 3  N ¯   ( r , 0 ; H )  .  











It follows from the above equality and double (1) that


     2  ( n + 2 )  T  ( r , f )  +  N 1   ( r , ∞ ; f )  +     ≤ 2  N ¯   ( r , ∞ ; f )  + 2  N ¯   ( r , 0 ; f )  + 5  N ¯   ( r , 0 ; H )  + 2 n  N  k )    ( r , 0 ; f )         + 2 n k   N ¯   ( k + 1    ( r , 0 ; f )  − 2  N 0   ( r , 0 ;  H ′  )  + S  ( r , f )  ,     








which leads to


     T  ( r , f )  + 2  ( n + 1 )  m  ( r ,   1 f   )  + m  ( r , f )  +  [ N  ( r , ∞ ; f )  +  N 1   ( r , ∞ ; f )  − 2  N ¯   ( r , ∞ ; f )  ]         + 2  N  ( r , 0 ; f )  −  N ¯   ( r , 0 ; f )   + 2 n  N  ( r , 0 ; f )  −  N  k )    ( r , 0 ; f )  − k   N ¯   ( k + 1    ( r , 0 ; f )          ≤ 5  N ¯   ( r , 0 ; H )  −  N 0   ( r , 0 ;  H ′  )  + S  ( r , f )  .     



(16)







Note that


  N  ( r , ∞ ; f )  +  N 1   ( r , ∞ ; f )  − 2  N ¯   ( r , ∞ ; f )  ≥ 0 ,  N  ( r , 0 ; f )  −  N ¯   ( r , 0 ; f )  ≥ 0 ,  








and


  N  ( r , 0 ; f )  −  N  k )    ( r , 0 ; f )  − k   N ¯   ( k + 1    ( r , 0 ; f )  =  N  ( k + 1    ( r , 0 ; f )  − k   N ¯   ( k + 1    ( r , 0 ; f )  ≥ 0 ,  








so we immediately obtain


  T  ( r , f )  ≤ 5  N ¯   ( r , 0 ; H )  + S  ( r , f )  .  













Case 2. 

Suppose that   k = 1  . Set


  β =  φ ′  f   (  f ′  )  n  + 2 φ   (  f ′  )   n + 1   + n φ f   (  f ′  )   n − 1    f  ″   − φ f   (  f ′  )  n    H ′  H  .  











Similarly to Case 1, we obtain the same conclusion.



When   l ≥ 3  , from Lemma 3, we have


      ( l − 2 )  T  ( r , f )  +  ( n + 1 )  m  ( r ,   1 f   )  + m  ( r , f )  +  [ N  ( r , ∞ ; f )  −  N ¯   ( r , ∞ ; f )  ]         +  N  ( r , 0 ; f )  −  N ¯   ( r , 0 ; f )   + n  N  ( r , 0 ; f )  −  N  k )    ( r , 0 ; f )  − k   N ¯   ( k + 1    ( r , 0 ; f )          ≤  N ¯   ( r , 0 ; H )  −  N 0   ( r , 0 ;  H ′  )  + S  ( r , f )  .     











Note that


  N  ( r , ∞ ; f )  −  N ¯   ( r , ∞ ; f )  ≥ 0 ,  N  ( r , 0 ; f )  −  N ¯   ( r , 0 ; f )  ≥ 0 ,  








and


  N  ( r , 0 ; f )  −  N  k )    ( r , 0 ; f )  − k   N ¯   ( k + 1    ( r , 0 ; f )  =  N  ( k + 1    ( r , 0 ; f )  − k   N ¯   ( k + 1    ( r , 0 ; f )  ≥ 0 ,  








so we immediately obtain


  T  ( r , f )  ≤   1  l − 2     N ¯   ( r , 0 ; H )  + S  ( r , f )  .  













This completes the proof of Theorem 2. □








4. An Application


It is well-known that, for the nonconstant meromorphic function f,    ∑  a ∈ C   δ  ( a , f )  ≤ 2   at most countable many deficient values of f. For the function   f  ( k )   , Mues [5] posed the conjecture:    ∑  a ∈ C   δ  ( a , f )  ≤ 1   ( k ≥ 1 )   . Yamanoi [30] confirmed Mues conjecture for   k = 1  . Fang and Wang [31] considered for any   k ≥ 1  , and obtained the result


   ∑  a ∈ C   δ  a ,  f  ( k )    +  ∑  j = k + 1  ∞   ∑  b ∈ C / { 0 }   δ  b ,  f  ( j )    ≤ 1 .  











For the differential polynomial, it is natural to consider the deficiency relations of the differential polynomial. Jiang and Huang [32] gave a result for    f l     f  ( k )    n  − a  , where   l ( ≥ 2 ) ,   n ( ≥ 2 ) ,   k ( ≥ 2 )   and   a ∈ C  . In this paper, we improve the result where   l ( ≥ 2 ) ,   n ( ≥ 1 ) ,   k ( ≥ 1 )   and a is a small function of f.



Theorem 3. 

Let f be a transcendental meromorphic function in  C ,   l ( ≥ 2 ) ,   n ( ≥ 1 ) ,   k ( ≥ 1 )   be positive integers and   a i   be small functions of f,   i = 1 ,   2 , … , q  . Then,


    ∑  i = 1  q  δ   a i  ,  f l     f  ( k )    n   ≤ 1 +  1  n k + n + l   .   













Proof. 

Let   ϕ = φ  f l     f  ( k )    n   . By Lemma 1.7 in [2], we have


      ∑  i = 1  q  m  r ,  1  ϕ −  b i         = m  r ,  ∑  i = 1  q   1  ϕ −  b i     + O  ( 1 )         ≤ m  r ,  ∑  i = 1  q    ϕ  ″    ϕ −  b i     + m  r ,  1  ϕ  ″     + S  ( r , f )         ≤ T  r ,  ϕ  ″    − N  r , 0 ;  ϕ  ″    + S  ( r , f )         ≤ N  r , ∞ ;  ϕ  ″    + m  r ,  ϕ  ″    − N  r , 0 ;  ϕ  ″    + S  ( r , f )         ≤ N  ( r , ∞ ; ϕ )  + 2  N ¯   ( r , ∞ ; ϕ )  + m  ( r , ϕ )  − N  r , 0 ;  ϕ  ″    + S  ( r , f )  .     











By Lemma 1 in [31], we see that


      ∑  i = 1  q  m  r ,  1  ϕ −  b i         ≤ T  ( r , ϕ )  + 2  N ¯   ( r , ∞ ; ϕ )  −  N ¯   ( r , ∞ ; ϕ )  + S  ( r , f )         ≤ T  ( r , ϕ )  +  N ¯   ( r , ∞ ; f )  + S  ( r , f )         ≤ T ( r , ϕ ) + T ( r , f ) + S ( r , f ) .     











Let    a i  =  b i  / φ  ( i = 1 , … , q )   . Note that


  N  r ,  b i  ; ϕ  = N  r ,  a i  ;  f l     f  ( k )    n   + S  ( r , f )  .  











By Theorem 2 and Corollary 1, it follows from inequality (22) that


      ∑  i = 1  q  δ   a i  ,  f l     f  ( k )    n       =  lim inf  r → ∞    ∑  i = 1  q    m  r ,  1  ϕ −  b i       T ( r , ϕ )          ≤ 1 +  lim inf  r → ∞     T ( r , f )   T ( r , ϕ )   + S  ( r , f )         ≤ 1 −  1  l − 2    1 −  lim sup  r → ∞      N ¯   r , a ; ϕ    T ( r , ϕ )   − 1         = 1 −  1  l − 2    ( δ  ( a , ϕ )  − 1 )         ≤ 1 −  1  l − 2    1 −   l − 1   n k + n + l   − 1         = 1 +  1  n k + n + l       











This completes the proof of Theorem 3. □






5. Conclusions


In this paper, we mainly consider the estimation of the characteristic function by the reduced counting function. In the Nevanlinna theory, the second main theorem is the most important theorem, where the characteristic function   T ( r , f )   is bounded by three reduced counting functions. Also, we know that the characteristic function   T ( r , f )   is bounded by two counting functions, considering the derivative of f in Hayman’s inequality, but the coefficients of the two counting functions seems too large, not as excepted as those ones which equal 1 in Nevanlinna’s second function main theorem. For this sake, Hayman [1] asked whether or not the coefficients of   N ( r , 0 ; f )   and   N ( r , 1 ;  f  ( k )   )   in the inequality are best. L. Yang [2] answered this question, and gave a small coefficient   1 +  1 k   . Recently, Fang and Wang [31] obtained a more precise coefficient   1  1 − ε   , and one counting function   N ( r , 0 ; f )   is replaced by the reduced function    N ¯   ( r , 0 ; f )    using the result of Yamanoi [30]. In this direction, it is natural to study the characteristic function   T ( r , f )  , which is bounded by one counting function, considering the product of a meromorphic function f and its derivative (differential monomials or differential polynomials). Yi [33] give a quantitative estimation for the differential polynomial    f l    (  f  ( k )   )  n  − a  ( l ≥ 3 , n , k ≥ 1 )    using the reduced counting function; the coefficients is   1  n − 2   . Lahiri and Dewan [34] also obtained a similar result using the counting function. For the case   l = 2  , Zhang [10] and Huang and Gu [11] determined that a quantitative result   T  ( r , f )  < 6 N  ( r , 1 ;  f 2   f  ( k )   )  + S  ( r , f )    holds for   k = 1   and   k ≥ 2  , respectively. Jiang and Huang [32] also obtained an estimate for    f l    (  f  ( k )   )  n  − a  ( l , n , k ≥ 2 )    by counting function using the result of Yamanoi [30]; the coefficients is   1  n − 1   . That is,   T  ( r , f )  ≤  1  n − 1   N  ( r , a ;  f l    (  f  ( k )   )  n  )  + S  ( r , f )   . However, the key of their proof is the result of Yamanoi, which is that the counting function cannot be replaced by the reduced counting function. Our results mainly consider the quantitative estimation for the differential polynomial using the reduced counting function. They improve and generalize the existing literature ([14,19,28,35,36,37,38,39,40]).







Author Contributions


Writing Original Draft Preparation, J.L. and J.X.; Writing Review and Editing, J.X. All authors have read and agreed to the published version of the manuscript.




Funding


This research was supported by the National Natural Science Foundation of China (no. 11871379), Natural Science Foundation of Guangdong (no. 2021A1515010062).




Data Availability Statement


No new data were created or analyzed in this study. Data sharing is not applicable to this article.




Conflicts of Interest


The authors declare no conflicts of interest.




References


	



Hayman, W. Meromorphic Functions; Clarendon Press: Oxford, UK, 1964. [Google Scholar]

	



Yang, C.C.; Yi, H.X. Uniqueness Theory of Meromorphic Functions; Kluwer Academic Publishers Group: Dordrecht, The Netherlands, 2003. [Google Scholar]

	



Hayman, W. Picard values of meromorphic functions and their derivatives. Ann. Math. 1959, 70, 9–42. [Google Scholar] [CrossRef]

	



Hayman, W. Researcher Problems in Function Theory; The Athlone Press University of London: London, UK, 1967. [Google Scholar]

	



Mues, E. Über ein Problem von Hayman. Math. Z. 1979, 164, 239–259. [Google Scholar] [CrossRef]

	



Bergweiler, W.; Eremenko, A. On the singularities of the inverse to a meromorphic function of finite order. Rev. Mat. Iberoam. 1995, 11, 355–373. [Google Scholar] [CrossRef]

	



Chen, H.H.; Fang, M.L. The value distribution of   f  f ′   . Sci. China Math. 1995, 38, 789–798. [Google Scholar]

	



Sons, L. Deficiencies of monomials. Math. Z. 1969, 111, 53–68. [Google Scholar] [CrossRef]

	



Hennekemper, G.; Hennekemper, W. Picardsche Ausnahmewerte von Ableitungen gewisser meromorpher Funktionen. Complex Var. Theory Appl. 1985, 5, 87–93. [Google Scholar] [CrossRef]

	



Zhang, Q.D. A growth theorem for meromorphic functions. J. Chengdu Inst. Meteor. 1992, 20, 12–20. [Google Scholar]

	



Huang, X.J.; Gu, Y.X. On the value distribution of    f 2   f  ( k )    . J. Aust. Math. Soc. 2005, 78, 17–26. [Google Scholar] [CrossRef]

	



Doeringer, W. Exceptional values of differential polynomials. Pac. J. Math. 1982, 98, 55–62. [Google Scholar] [CrossRef]

	



Xu, J.F.; Yi, H.X.; Zhang, Z.L. Some inequalities of differential polynomials II. Math. Inequal. Appl. 2011, 14, 93–100. [Google Scholar] [CrossRef]

	



Karmakar, H.; Sahoo, P. On the value distribution of    f n   f  ( k )   − 1  . Results Math. 2018, 73, 98. [Google Scholar] [CrossRef]

	



Xu, J.F.; Yi, H.X. A precise inequality of differential polynomials related to small functions. J. Math. Inequal. 2016, 10, 971–976. [Google Scholar] [CrossRef]

	



Zhang, Q.D. The value distribution of   φ ( z )  f ( z )   f ′  ( z )  . Acta Math. Sin. 1994, 37, 91–98. [Google Scholar]

	



Xu, J.F.; Ye, S.C. On the zeros of the differential polynomial   φ   f ( z )  2   f ′    ( z )  2  − 1  . Mathematics 2019, 7, 87. [Google Scholar] [CrossRef]

	



Chakraborty, B.; Saha, S.; Pal, A.K.; Kamila, J. Value distribution of some differential monomials. Filomat 2020, 34, 4287–4295. [Google Scholar] [CrossRef]

	



Chen, M.F.; Huang, Z.B. Characteristic estimation of differential polynomials. J. Inequal. Appl. 2021, 2021, 181. [Google Scholar] [CrossRef]

	



Titchmarsh, E.C. The Theory of Functions, 2nd ed.; Oxford University Press: Oxford, UK, 1939. [Google Scholar]

	



Zhang, X.B.; Yi, H.X. Entire solutions of a certain type of functional-differential equations. Appl. Math. J. Chin. Univ. 2013, 28, 138–146. [Google Scholar] [CrossRef]

	



Gundersen, G.G.; Lü, W.R.; Ng, T.W.; Yang, C.C. Entire solutions of differential equations that are related to trigonometric identities. J. Math. Anal. Appl. 2022, 507, 125788. [Google Scholar] [CrossRef]

	



Gundersen, G.G.; Yang, C.C. Entire solutions of binomial differential equations. Comput. Methods Funct. Theory 2021, 21, 605–617. [Google Scholar] [CrossRef]

	



Li, C.J.; Zhang, H.X.; Yang, X.H. A new α-robust nonlinear numerical algorithm for the time fractional nonlinear KdV equation. Commun. Anal. Mech. 2024, 16, 147–168. [Google Scholar] [CrossRef]

	



Shi, Y.; Yang, X.H. Pointwise error estimate of conservative difference scheme for supergeneralized viscous Burgers’ equation. Electron. Res. Arch. 2024, 32, 1471–1497. [Google Scholar] [CrossRef]

	



Zhou, Z.Y.; Zhang, H.X.; Yang, X.H. CN ADI fast algorithm on non-uniform meshes for the three-dimensional nonlocal evolution equation with multi-memory kernels in viscoelastic dynamics. Appl. Math. Comput. 2024, 474, 128680. [Google Scholar] [CrossRef]

	



Clunie, J. On integral and meromorphic functions. J. Lond. Math. Soc. 1962, 37, 17–27. [Google Scholar] [CrossRef]

	



Xu, J.F.; Yi, H.X.; Zhang, Z.L. Some inequalities of differential polynomials. Math. Inequal. Appl. 2009, 12, 99–113. [Google Scholar] [CrossRef]

	



Xu, J.F.; Ye, S.C. A unified inequality of differential polynomials related to small functions. Ital. J. Pure Appl. Math. 2022, 47, 664–676. [Google Scholar]

	



Yamanoi, K. Zeros of higher derivatives of meromorphic functions in the complex plane. Proc. Lond. Math. Soc. 2013, 106, 703–780. [Google Scholar] [CrossRef]

	



Fang, M.L.; Wang, Y.F. A note on the conjectures of hayman, mues and gol’dberg. Comput. Methods Funct. Theory 2013, 13, 533–543. [Google Scholar] [CrossRef]

	



Jiang, Y.; Huang, B. A note on the value distribution of    f l    (  f  ( k )   )  n   . Hiroshima Math. J. 2016, 46, 135–147. [Google Scholar] [CrossRef]

	



Yi, H.X. On some results of differential polynomials. Acta Math. Sin. 1990, 33, 302–308. [Google Scholar]

	



Lahiri, I.; Dewan, S. Inequalities arising out of the value distribution of a differential monomial. J. Inequal. Pure Appl. Math. 2003, 4, 27. [Google Scholar]

	



Biswas, G.; Sahoo, P. A note on the value distribution of   φ  f 2   f  ( k )   − 1  . Mat. Stud. 2021, 55, 64–75. [Google Scholar]

	



Bhoosnurmath, S.S.; Chakraborty, B.; Srivastava, H.M. A note on the value distribution of differential polynomials. Commun. Korean Math. Soc. 2019, 34, 1145–1155. [Google Scholar]

	



Chakraborty, B.; Lü, W. On the value distribution of a differential monomial and some normality criteria. Mat. Stud. 2021, 56, 55–60. [Google Scholar]

	



Lü, W.R.; Liu, N.; Yang, C.; Zhuo, C. Notes on the value distribution of   f  f  ( k )   − b  . Kodai Math. J. 2016, 39, 500–509. [Google Scholar] [CrossRef]

	



Jiang, Y. A note on the value distribution of    f 2    (  f ′  )  n    for n ≥ 2. Bull. Korean Math. Soc. 2016, 53, 365–371. [Google Scholar] [CrossRef]

	



Saha, S.; Chakraborty, B. A Note on the value distribution of a differential monomial and some normality criteria. Rend. Circ. Mat. Palermo II Ser. 2022, 71, 65–72. [Google Scholar] [CrossRef]












	
	
Disclaimer/Publisher’s Note: