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Abstract: Using torus gauge fixing, Hahn in 2008 wrote down an expression for
a Chern-Simons path integral to compute the Wilson Loop observable, using the
Chern-Simons action Sgg, ~ is some parameter. Instead of making sense of the path
integral over the space of g-valued smooth 1-forms on S? x S*, we use the Segal Bargmann
transform to define the path integral over B;, the space of g-valued holomorphic functions
over C? x C*"!. This approach was first used by us in 2011. The main tool used is
Abstract Wiener measure and applying analytic continuation to the Wiener integral. Using
the above approach, we will show that the Chern-Simons path integral can be written as a
linear functional defined on C' (le4 X B;Q, C) and this linear functional is similar to the
Chern-Simons linear functional defined by us in 2011, for the Chern-Simons path integral
in the case of R3. We will define the Wilson Loop observable using this linear functional
and explicitly compute it, and the expression is dependent on the parameter ~. The second
half of the article concentrates on taking x goes to infinity for the Wilson Loop observable,
to obtain link invariants. As an application, we will compute the Wilson Loop observable in
the case of SU (V) and SO(N). In these cases, the Wilson Loop observable reduces to a state
model. We will show that the state models satisfy a Jones type skein relation in the case of
SU(N) and a Conway type skein relation in the case of SO(NN). By imposing quantization
condition on the charge of the link L, we will show that the state models are invariant under
the Reidemeister Moves and hence the Wilson Loop observables indeed define a framed
link invariant. This approach follows that used in an article written by us in 2012, for the
case of R3.

Keywords: Chern-Simons; path integral; non-abelian gauge; framed link invariants; Jones

polynomial; state models

MSC classifications: 2010: 81T08, 81T13, 60H99




Mathematics 2015, 3 844

1. Introduction

This is an unplanned sequel to [1,2]. Let M be a 3-manifold and G be a compact connected
semisimple Lie group. Without loss of generality we will assume that G is a Lie subgroup of U(N),
N € N. We will identify the Lie algebra g of G with a Lie subalgebra of the Lie algebra u(N) of
U(N) throughout this article. Suppose we write Tr = Tryrae(v,c)- Then we can define a positive,
non-degenerate bilinear form by (A, B) = —Trypn,c)[AB] for A, B € g.

Let v C g be a subspace. The vector space of all smooth v-valued 1-forms on a manifold > (need not
be a 3-manifold) will be denoted by Ay, ,. We will identify the space of connection 1-forms on the trivial
principal fiber bundle P(M, G) with group G and base manifold M with A, = A.

Denote the group of all smooth G-valued mappings on M by G, called the gauge group. The gauge

group induces a gauge transformation on A, A x § — A given by
A-Qi=A"=07dQ+ QTAQ

for A € A, Q € G. The orbit of an element A € A under this operation will be denoted by [A] and the
set of all orbits by A/G.
For A € A, the Chern-Simons action is given by

2
SgS(A):i/ Tryae(v,0) [A/\dAjL—A/\A/\A , k# 0. (1)
47 M ’ 3
Note that k € Z so that exp(iSg.g([A])) is invariant under gauge transformation even though S¢. ¢ ([A])
is not.
The interest in Chern-Simons path integrals is the evaluation of Wilson Loop observables, that is we

want to compute

n

Z(M, 5, ;1 py) = —— TT W (t%; g) ([A])e554D DA, @)
Zcs Jiajeass i

where
[AleA/S

is a normalising constant.
Here, L = {I*}?_, is a link in M with non-intersecting (closed) curves [* and

W (l*; q)(A) := Tr, T exp [q/ A] 3)
1k

is the Wilson loop associated to [*. And, D[A] is some heuristic Lebesgue measure on A/S, Tr,, is the
matrix trace for some representation py : g — u(Ny), Ny € N, and T is the time ordering operator.
Note that W (I*; q)(A) is the holonomy operator of A, computed along the loop [*. The integral in
Equation (2) will be known as the Wilson Loop observable associated to the link L and ¢ will be called
the charge of the link. When L consists of only one curve, the link is termed as a knot.
It was argued in [3] that if one can make sense of the RHS of Equation (2), then one can define a

suitable generalization of the Jones polynomial of the link L in M. The objective of this article is to
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compute the right hand side of Equation (2) for the case of M = S? x S! in the non-abelian case.
The case when the manifold is S? x S! is also singled out in [3] and is the next simple case to consider
after M = R3.

The main purpose of this article is to define a Chern-Simons path integral in S? x S! using torus
gauge fixing and non-abelian gauge group. We will further show how link invariants appear from these
path integrals in the second half of this article.

The case M = R?® was worked out by [1,2] for the abelian and non-abelian gauge group
G respectively. Using axial gauge fixing, it suffices to only consider connections which are zero in
the z-direction.

Unfortunately, in the case of S? x S, it is not possible to make the connection disappear in the S*
direction. On our compact Lie group, fix a maximal torus 7" and let t be the Lie algebra of 7. Under
torus gauge fixing, we can choose the connection such that it takes values in t in the S* direction. This
was accomplished by Hahn in [4] and he wrote down an expression for the Chern-Simons path integral
in Expression 6. We will try to make sense of this expression instead.

Using local coordinates, we will work on R? x [0,1), which we will call it the classical space.
The link L is mapped inside R? x [0, 1), called a truncated link. Now, consider C3, whereby C? is a
complexification of R?. We will refer C3 as a quantum space. After ‘scaling’ the truncated link and
embed it inside C?, the Wilson Loop observable will then be defined on this quantum space. Details to
be given later.

Over this quantum space, we will explain how to construct two Wiener spaces. The first Wiener space
will be the space of analytic 2-tuple g-valued functions over the quantum space. The second Wiener
space will be space of analytic 4-tuple g-valued functions over the quantum space. The Chern-Simons
path integral is defined as an integral over the product space of these 2 Wiener spaces. For the Wilson
Loop observable, we will explicitly work out this integral for the truncated link embedded inside the
quantum space.

The link invariants that we are interested in will only appear when we take the limit of the Wilson
Loop observable as « goes to infinity. This limit can be computed easily from a truncated link diagram,
by projecting L on R?. By assigning 41 to crossings on this link diagram, we can write down a formula
for the Wilson Loop observable directly from this link diagram. Furthermore, we will show that the
Wilson Loop observable is equal to a state model for links when the representation is the same for all
curves in L.

Two diagrams represent the same link up to ambient isotopy if the 2 diagrams can be obtained from
each other by applying Reidemeister moves. It is not true that the state model defines a link invariant.
The state model for links has to satisfy certain algebraic equations to be a link invariant, including the
Yang Baxter Equation (34). This will impose quantization conditions on the charge ¢ of the link.

As an application, we will work out explicitly for the gauge groups SU(N) and SO(N). We will
show that using gauge group SU(N), the Wilson Loop observable will satisfy a Homfly skein relation
Equation (38), with [ = e ™4¢°/N and m = 2isin(mq?). For gauge group SO(N), the Wilson Loop
observable will satisfy a Conway-type skein relation, with z = 2isin(w¢?/2). For both cases, ¢° is
quantized to take only a discrete number of values.
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This article is organized as follows. In Section 2, we will explain Hahn’s heuristic expression for
the Chern-Simons path integral using torus gauge fixing. This section will contain mainly definitions.
In Section 3, we will give a heuristic but equivalent definition, whereby the path integral will be defined
on. In Section 4, we will compute some simple functional integrals, which motivates the definition of
the Chern-Simons path integral. This is an extension to the path integral considered in [1]. In Section 5,
we need to introduce some important linear operators which are necessary in defining the Chern-Simons
path integral. In Section 6, we will give our definition of the Chern-Simons path integral. As an
application, we will define the Wilson Loop observable given in Equation (2) and compute it.

The second half of this article concentrates on taking the limit as x goes to infinity of the Wilson
Loop observable. In Section 7, we will define a link diagram for a framed link L. In Section 8, we will
compute the limit of the Wilson Loop observable. In Section 9, we will obtain framed link invariants in
the case of gauge group SU(N) and SO(N). We will make some ending remarks in Section 10.

We end this section by stating some notations which will be assumed throughout this article.

Notation 1. Suppose we have two Hilbert spaces, H, and H,. We consider the tensor product Hy @ Ho.
The inner product on the tensor product Hy ® H, is given by

(U1 ® ug,v1 @ V) yom, = (U1, V1) i, (U, Vo), -

This definition of the inner product on the tensor product of Hilbert spaces will be assumed throughout
this article.
Now consider the direct product Hy x Hy. The inner product on H, X H, is defined by

2

<(u17u2)7 (U17U2)>H1><H2 = Z<uzvvz>H1

i=1
This definition of the inner product on the direct product of Hilbert spaces will also be assumed
throughout this article.
If Hi = Hy = H, we abbreviate by writing H x H = H*.

Finally, we always use (-, -) to denote an inner product.

2. Some Definitions and Notations

From this point onwards, we only consider the 3-manifold S? x S*. On S?, fix a north pole n and
let the south pole s sit on the origin of R%. We use the stereographic projection X : S? — R? as local
coordinates. Let x = (x,, z_) be local coordinates on R

On S, let ig1 denote the mapping u € [0, 1] — exp(2miu) € {z € C| |z| = 1} = S! and we set
to := i51(0) € S*. The restriction of i5: onto [0, 1), which is a bijective mapping [0,1) — S*, will also
be denoted by 751 and its inverse will be denoted by igll. The tangent vector of S! at the point g1 (u),

0
induced by the curve ig1, will be denoted by 7', (u), for u € [0, 1]. Finally, 5% will denote the vector

0 0
field on S* given by a(isl (t)) =i (t) for t € [0,1] and dt, the real-valued 1-form on S* is dual to %
For the rest of this article, instead of working in S? x S!, we work in local coordinates (X, 2511)
All the formulas in the sequel will be written using these local coordinates.
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2.1. Quasi-Axial and Torus Gauge Fixing

Let A be the vector space of (smooth) g-valued 1-forms on R? x [0,1). We further impose the

condition that it vanishes at infinity. Now, we write A = At @ All, where
0
At = {AEA ) A(§> :o}, Al:={B®dt| Be C®(R?>x [0,1),9)}.

For every A € A, A+ and Al will denote the unique elements of A+, respectively Al such that

A = At + Al holds. For a given A € A, we set Ay := A (2> € C®(R? x [0,1),g), i.e., Ay is the

ot
element of C®(R? x [0, 1), g) given by All = Ay ® dt.

Let 7" be a maximal torus of G' and denote the Lie algebra of 7" by t. An element A € A will be called
“quasi-axial” (respectively “in the T-torus gauge”) if the functions Ay((o,)), o € R? are constant
(respectively constant and t-valued). We will denote the set of all quasi-axial elements (respectively all
elements in the T-torus gauge) of A by A9 (respectively A%*(T")). Thus, we have

A = A+ o {B@dt| B e C®(R? g)}, A(T) =A@ {Bodt| B c C®(R? )}

The following proposition is Proposition 5.2 taken from [4], the proof is omitted. We present the
proposition using local coordinates X .

Proposition 1. Let A € A% and let A+ € AL and B € C*(R?,g) be given by A = A+ + B ® dt.

Then we have

Seg(A) ::S'gs(AL + B ®dt)

— 4’; dt {/R? Tr {AL(t) A (% +ad(B)> -Al(t)} —2/R2 Tr [A*(t) A dB]

Definition 1. (Regular elements) Let Gy denote the set of regular elements of G, i.e., the set of all
g € G which are contained in a unique maximal torus of G. Similarly, let g,., denote the set of regular

elements of g, i.e., the set of all B € g which are contained in a unique maximal Abelian Lie subalgebra
of g. We set g, := exp™ " (Greg)-

It is not difficult to see that g € G, (resp. B € gy,) if and only if the set of fixed points of Ad(g)
(resp. the kernel of ad(B)) is a maximal Abelian Lie subalgebra of g. Thus, g;eg C Greg-

Hahn in [4] was able to write 2 expressions for Expression 2 on the subspace A%* and A%*(T"). Let
L = {i*}?_, be a link. Using quasi-axial gauge fixing, we have the following expression taken from

Equation (6.3) in [4], (~ means up to a constant.)
Z(M, K, q;1', pi) /HW —eXP(ZSCS(A))DA

/ / H W (I*; q)(A+ + B @ dt) exp(iStg(A+ + B ® dt)) DALA[B|DB
C>®(R%,g7.4) JAL -

1
[IW(*9)(A* + B®dt)dugp(AY)| AlBIDB, 4)

COC(R2 g'reg) [/“Al k=1
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where DA™ is the informal “Lebesgue measure” on A+ and

- — (ad(B))"
DB =det | (ad(B))" DB,
—~ (n+1)!
DB is the informal Lebesgue measure on C*°(R?, g). For B € C*(R?, g,.,).
dup(A") == exp (iSgg(AT + B®dt)) DA,

and from Proposition 1, we will write

Ses(A) = Sgg(At + B®dt), A€ A

1
1
0

0
(40, (5 ) 40) (B,
with (-, '>R2’g denotes the bilinear form on the vector space of smooth g-valued 1-forms on R?, Apz g,

R2g

given by
(A, AVga,y 1= 2i Tr(A A A)

™ JR2
for A, A" € Apz g C Az Mat(v,c)- Similar definition for (-, -)g2 ¢, with A, A" € Age (. Here, Agz viae(v 0)
is the vector space of Mat(N, C)-valued 1-forms on R, Finally, for A = AL + B® dt € A%, we have

det (% - ad(B)) ‘ = A[B].

0
Here, prs ad(B) is viewed as an operator on C*(R? x S! g).

Definition 2. (Maximal Torus)

1. Let T be a fixed maximal torus of G. The Lie algebra of T will be denoted by t. Moreover, we set
Treg := T N Greg and t},, := t N g,,,. Note that exp™'(T,.¢y) C t.

2. Let (-,-), denote the scalar product (A, B) € g x g — —Tr(AB) € R on g and let t be the Lie
algebra of T'. Let g, be the (-, -)4 orthogonal complement of t in g.

Suppose we write AL = AL @ AL, whereby

At ={Ar € AT |74, (A)(0) = 0},
AL ={At € At | AL (t) = AN(0) € Apey, VE€[0,1)} =2 Ape .

Here, 74,  is the projection operator onto the second term in the direct sum Agz g = Ag2 5, & A2
And, Age ¢ (respectively Ag: 5 )denotes the vector space of t-valued (go-valued) smooth 1-forms on R2.

Let AL ¢ AL, AL € AL Note that ad(B) - AL = 0. For A+ + AL + B®dt € A¥<(T), we have the
following torus gauge analogue of Equation (4), taken from Equation (6.6) in [4],

. 1 n . .
Z(M, 5, g5 T, ) = — / / / [T W q)(A* + AL + B® diydub(AY)
A Co(R24.,.) AL AL el

reg

x exp (i{AL,dB)gz4) DAL | A[B]DB, (6)
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where
Z = / / { / d@(ﬁﬁ)} exp (i{AF,dB)g: ) A[B]DA-DB (7)
C>(R24,,,) JAL LJA
and L = {I*}7_, is a link. In this case, do note that
A _ — (ad(B))"
DB =det (7; e det (—ad(B)|,,) DB

— det (idy, — exp (ad(B)|y,)) DB := Y (B)DB,

with D B denoting the “Lebesgue measure” on C*°(R?, t). Now, 7., is dense in 7" and since exp : t — T

/
reg

space, t. Thus, we will in the rest of the article, replace C*(R?t;,.,) with C*°(R?, t) in Equations (6)
and (7).
And with ~ denoting equality up to a multiplicative constant independent of B,

det (% + ad(B))

0
where the operator 5 + ad(B) in the numerator is defined on C*°(R? x [0,1), g). For B € C™(R?, 1),

is a local homeomorphism, we can conclude immediately that ¢t/ = exp_l(TTeg) is dense in the vector

A[B] =

)

A (AL) = exp (z'sgs(Ai +B® dt)> DA, 8)
whereby a direct calculation using Equation (5) gives

SEg(A) = SEL(AT + B® dt)

- %/01 » <Al(t), (% +ad(B)> 'AL(t)>Rz,g'

We refer the reader to [4] for the derivation of these expressions as our main focus in this article is to
make sense of Expression 6. For ease of notations, we omit x on the RHS of Expression Equation (6),
but the reader should note its dependence on k.

2.2. Infinite Dimensional Determinant

Let us first digress a little and discuss the function Y, which is defined as

Y (B) =det <Z %) det (—ad(B)|,,) DB

=det (idg, — exp (ad(B)]g,)) -

Note that ad(B) is skew symmetric and thus the operator exp[ad(B)] is unitary on C°°(R?) ® g,
thus it is not a compact operator and hence exp[ad(B)] is not trace class. Therefore we cannot define
det[I — exp[ad(B)]] as a Fredholm determinant.

Alternatively, we can interpret DBasa product form, i.e.,

C(R? R)

DB = ® Mt
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where i is a suitable measure on t. More precisely, we should have ju(v) = det[/],, — exp[ad(v)]|g],
where v € {. This suggests the following heuristic formula

DB = [ det [1ly, ~ explad(b)] o] DB
k=1
whereby {b;}72, is some orthonormal basis in L*(R?) ® t and DBy, is Lebesgue measure on the
subspace spanned by b,. However, the term det [|;, — exp[ad(by)]|g,] is still ill-defined and we need to
resolve this.

Note that ad(B) is a skew symmetric operator, i.e., (ad(B)X,Y) = —(X,ad(B)Y). Let N be the
dimension of g and {F;}%, be an orthonormal basis in t, and ad(E;) : go ~ go is simultaneously
diagonalizable. Suppose that X!, ... Xy _ are the complex eigenvalues of ad(E;)|,, and let {b;}7>, be
an orthonormal basis in L*(R?). Then we write for B € L*(R?) ® t,

det[I]g, — ex |go
oo N—-R
=11 ll—exp ZA{Bbk@aE)@E : ©))
k=1 1=1 g0
where (B, b, ® E;) = —4=Tr [o, bi(z E;ldx, dx is Lebesgue measure. That is, we interpret the

determinant as an infinite product.

Unfortunately, the infinite product given in Equation (9) converges to 0. Furthermore, if we use
Definition 8, we observe that the normalizing constant in Equation (6) can be shown to be 0. See
Remark 4.

As such, we will drop the term Y (B) in future for reasons cited above. Another reason for dropping
this term is that we really do not need this term to define the link invariants in the second half of
this article.

3. Heuristic Argument

Notation 2. Throughout the rest of this article, we adopt the following notation. For x € R?, we let
b (x) = K2e P12 )or which is a Gaussian measure with variance 1/k%. And let ¢ = (r/2m) "1/,
We let p, denote the 2-tuple (my,ms), my,my > 0 are integers with 25:1 m; = r. And we write

Pl = mylmsl. For z = (21, 29) € C%, 2P := 2" 23", Let P, denote the set of all such 2-tuples, i.e.,

P. = {(ml,mg)‘ ZQ:mj :r}.

Let? =J2, P,

Consider the Schwartz space S,.(R?), with the Gaussian function ¢,., /¢, () = ke " 1#°/4 /(27)1/2,
The inner product (-, -) is given by (f, g) = £ [5, f - g d)\/2m, X is Lebesgue measure on R%. Let 8, (R?)
be the smallest Hilbert space containing 8, (IR?), using this inner product.

The Hermite polynomials {/;};>o form an orthogonal set on L*(R, dp) with the Gaussian measure
du(zo) = e %/2dxy/v/2m. Let H, () = hi(x,)hj(z_), p. = (i,7) with i + j = 7, be a product of
Hermite polynomials and H = H,, (k-).
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We have the normalized Hermite polynomials H, //p.! with respect to the Gaussian measure
e~ (4P +z=1")/2¢) /(27). Then

oo

U {§HpT(/<;x+,/<a:c,)\/a/ Dl :p, € fyr}

r=0
is an orthonormal basis for 8, (R?).

1 1 1
Definition 3. Define a transformation n(t) = 3 (ﬁ — ;), t € (0,1) and n. = &

1 1
Thus n'(t) = 3 (m + —) and nl. = kn'. Observe that n.(1/2) = 0 for any k and that
n'(1/2) = 1.

For each Hermite polynomial &, we will define a function iLn’H on [0, 1). Define

~ KR — k20, ()2 ; ~ L
P (6) = o (1 (0)) | e O 8), i (0) 1= 0

Note that PfVLnﬁ approaches O ast — 0T ort — 1°.
Now define a real subspace V,, C L?([0, 1)), spanned by {%; . }i>o. We make V,, into an inner product

space by defining an inner product,

K _k2n2 K _Kk2n2
<f(m7n),/ﬁe Nl g (K Nors ”“/4\/77;>

- / £ (ks (1)) g (e (1)) V’;_ﬂe_mt%;(t) it = /_°° f(mg(,ﬁw%e_ﬂztm "

whereby f and g are polynomials. Complete the inner product space V,; into a Hilbert space, denoted by
8,.([0,1)). Clearly, {h,./v/n!}n>0 is an orthonormal basis.

Remark 1. We remark that the constant function 1 is not inside S,([0,1)). Furthermore, it is not
necessary to consider all the L* functions on [0,1). To obtain the link invariants later, ([0, 1)) is

good enough for our consideration.

Definition 4. Let 8. (R? x [0, 1)) be the smallest Hilbert space containing 8,.(R?) ®8,([0,1)). We define
ot :{121L =a;y ®@dry +ar @dr_: ai € §,(R* x [0,1))@9},
A ={Ar =b, @dr; +b_@dr_: by €8, (R*)®g},

and
= {Bodt: be S, (R ®g}.
We will write o7+ = o+ & o/ and of = o/* & /. Observe that 7+ = o7l x o,

With this definitions, we are going replace Equation (6) with

) 1 i . .
Z(M,k,q;l', pi) = Z/%I /ML [/QﬂHW(Z":;Q)(AL+Ai+Bdt)dMé(AL)
c ‘ k=1

x exp (i(Ay, dB)r2g) DA, | A[B]Y (B)DB. (10)

Henceforth, we will try to make sense of the RHS of Equation (10).
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Remark 2. Note that we replace </ and o7\ to be g-valued forms instead of t-valued forms.

Let AY(T*IR?) be the ¢ exterior power of the cotangent bundle over R?. Let I'’(R?) denote the space of
C™ sections in AY(T*R?). We use local coordinates X = (x,,z_). To define an L? space on the space
of g-forms, we have to introduce a metric g on TR?. We pick the standard metric ds*> = da? + da?.
This metric defines an inner product on A?(7*R?) which we denote by (-, -}, and we can define a volume
form w = dx, N dx_. (See [5] for details.) Therefore, we can define a Hodge star operator * acting on
k-forms, * : A*(T*R?) — A%~*(T*R?), such that for u, v € A*(T*R?),

u A xv = (U, v),w.

Note that because dim R? = 2, we have that x xv = —v if v € AY(T*R?); xxv = vifv € A°(T*R?).
We define an L? inner product on sections of real-valued q-forms, I'7(R?) by

(u,v)g: u A *v, u,v € DY(R?).

T 27 e
By the choice of the metric, note that 8,.(R?) is a sub Hilbert space inside I'°(R?). Let
Q'R?) = {uy @dry +u_@dr_ : us € §,(R?)}.

Then, Q'(R?) = §,.(R?)*” is a Hilbert space.
We will also write

(U, V) = — o [ Tr[u A ], u,v € S,(RY) @ g @ Q(R2) @ g. (11)

21 R2

Now, there are 2 Hilbert spaces H; and H; that we need to consider for the Chern-Simons integral,
which we will each make H; into a direct product Hix2, fori =1, 2.

The first Hilbert space H; is S,(R2) ® 8,.([0,1)) ® g. Take the direct product H* 2 o7+, This is
similar to the construction used in [1].

The second Hilbert space H, that we need to consider is Hy = <7, = Q'(R?) @ g = (S,.(R?) @ g)*".
Now we need to take the direct product H. <* which is isomorphic to the direct product of 4 copies
of 8,.(R?) ® g.

3.1. Heuristic Argument

Lemma 1. Now write A+ = fli ® dry + At @ de_ € AL. Then,

/O 1 <AL(t), (% + ad(B)) - Al(t)>R27g dt

- g/ol /R Tr [Aj(t) : (% + ad(B)) Al(t)] da dx_ dt.
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Proof. Because m(B) := 0, + ad(B) is an anti-symmetric operator, we have

/0 1 </1L(t)),m(B) : Ai(t)> dt

R2,g

1
= i/ / Tr [Ai -m(B)Atdz, Adr_ + AL m(B)Ardz_ A dm% (t) dt
21 Jo Jre

1
= iTr/ / [Ai . m(B)/Alf] dey Ndr_ + [/Ali : m(B)flf] (t) dey A dx_ dt
271— 0 R2

1
:E/ / Tr [Ai. <2+ad(3)> Ai} (1) doy Adodi.
m™Jo JRr2 ot

Thus, from Equation (8), we can write
d,uﬁ(flL) _ 6_%fol<A¢,m(B)A£>g,g(t)dtDAiDA£ — ei(Ai,m(B)Af)DAiDAf.
Here and what follows, (-, -) will always denote an inner product in a Hilbert space.

Definition 5. (Orthonormal basis {E;}Y )

853

(12)

The orthonormal basis in g, {E;}N., will be fixed throughout this article. Let Y v @ E; € H ® g,
Zf;l 0; @ E; € H® gand Zfil u; @ E; € H® g. Welet (-, ), denote a g-valued inner product, i.e.,

N

N N
<Z v ® E;, Z 0; ® Ej> = ZW@', 8;) E;.
i=1 j=1

b i=1

Refer to Definition 4. We will now give a heuristic argument for Expression 10. Let § denote the

Dirac delta function and for F, F' € g, we write

(0(z)@E, f@F) = f(x)Tr[-EF], (§(x)®@0(t) @ E,g® F) = g(z,t)Tr[-EF].

Letz; € R%, ¢; € [0,1) and ¢, , d', d}) € R, with &' = (d',, d"). Define
N N N
Qi = Z 0z, ® 0y, @ By, Bix = Z d’ 0z, @ Ej, Bio = Z 0z, ® Ej.
P =1

j=1
We will also write 3; = 3; + ® dry + 3;— ® dx_. Denote

R
Wi(A) =exp | 3 [(Ad i) + <Aaai,>}) ,
=1

R .
Wa(AL B) =exp | Y (A, Bis @das) + (AL Bi_ @dr_) + (B, dgﬁi,@)

=1

R
=exp Z<Aiaﬂi> + <B7dé/3i,0>) :

=1

For simplicity, we want to make sense of

1

Z )

| i, s e 142 ajsey) | DA
gL LSt

(13)
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with Z is a normalizing constant. Note that duB(fll) is defined by Equation (12). As discussed in
Subsection 2.2, we drop the term Y in Equation (10).

Write m(B) = % + ad(B). Then [m(B)A*](z,-) = m(B(z))A(z, ), so

<A£7 5581 ® 6751’ ® Ej> :<m(B(xZ))_1m(B)/Alf, 5% ® 5%‘ ® Ej>
(m(B)AL, =m(B(w:)) " 62, @ 6] © ).

Note that we make use of the fact that m(B) is a skew symmetric operator, so
(m(B)-,) = (-, —m(B).. - ~

Now we make the following substitution m(B)AL + A*. The Jacobian factor is A[B]™! =
det[m(B)]™!, thus Expression 13 becomes,

/A é { /A exp [i (At i)+ </1L,—m(B(xi))lozi,_>]]

=1

1

Z Jan

y 6i<Ai,AJ‘>DAiDA£:| Waexp (i(A;,dB)) DA, | DB,

where

Z::/ ei<AiAL>DA¢DAL./ / exp (i(Ay,dB)gey) DA, DB
AL All JAL

2221 . ZQ.
Now, B € 8(R?) and A} € Q!(R?). With this new notation, we can write
(AF,dB)geg = — (As, % % dB)pe g = (Ay, *dB),,

(€,B)gg = — ;Tr/ BAdd ™ x¢
R2

™

LN / ABAA " %€= —(d ' €, +dB),q, (14)
27T R2

using Stokes’ Theorem and Equation (11). So if we make the substitution fli = xdDB, then

N N
B(x;) =Y (B,bs, @ E)E; =Y (AL, —d ™' %6, @ Ei)E; = (AL, —d ™" % Bj0)s,

i=1 i=1

and

N
exp (Z <B,Zém ® Ej> dg) exp (i(A;,dB)g24) DA, DB

i=1 j=1
R
~ exp <_ S (AL did ™+ gi,0>> exp (¢<Ag,;1g>g,g) DALDAL,
i=1

up to some constant.
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Thus, the path integral, up to a constant, can written in the form

1 R R .
Vi i exp (Z(Ai,ﬁﬁ) exp (— Z <Acl, dy d 1 x Bi70>>

i=1 =1

S Al Al Al ~1 !
/A exp ; [<A+,Oéi,+> + <A7 -m (<Ac ,—d ™ % Bi,0>b> Oéi,—>:|
X exp [l(ﬁi,flf)} D/AlinAlf} exp (z(Acl,flcl)) DAXDAL. (15)
We wish to point out that this integral in Expression 15 is of the form

/ | elor)elv- o) / el S T e gitura) Dy, Dy_e®+-) Dy, Du_,  (16)
H Hy'

where T'((v_, 3 0),) is a linear operator that maps Hy — Hj,
Qy = Z it, Py = Zﬁi,ﬁa Bo = Z déﬁi,m Bo = Zdéﬁi,o,

and Bi,O =—d'x B0, =0+ Qdry +0_@dz_.
Thus, our goal is to give a sensible definition for Expression 16. From Expression 15, we also need
to define

O -1
(@ +ad (/\)) 6y @6, @ Ej, d' % 8,, X € g.

Unfortunately, the Dirac delta function 4 is not inside 8, (R? x [0, 1)). Therefore, the term (AL, 3,) is

a 71
ill defined. Furthermore, the operators (a + )\) and d~1x will be shown later, to be only defined on

a dense subspace of 8,.(R? x [0,1)) ® g and §,(IR?) respectively. Hence these operators do not operate
on the Dirac delta function.

We would like to end this section by saying that to define the path integral, we will need the following
inputs, namely a;+ € Hi, By @ dvy + B ® dv_ € Hy and By € 8.(R?) ® g. And Bi,O in
Expression refe.x.1 is given by —d ! x 3,5 € Q'(R?) ® g, which will be defined later.

The reader should think of o = (ay,a_) € H <* and similarly,

Iof _ 6+®dl‘++ﬂf®dl’, 1 /132 x2 o2
(B[)):( e gy >€(Q(R)®g) = Hy .

The path integral is simply an integral over the product space H 1XQ X HQXQ, which we will define in
the next section.

4. Functional Integral

Consider the real Hilbert space spanned by {z" : z € C}5°,, integrable with respect to the Gaussian

measure, equipped with a sesquilinear complex inner product, given by
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/ 1 —
(zM2") = — / 2 e 1l gy dp, z = x + v/ —1p. (17)
C

™

Note that z; means complex conjugate. Denote this Hilbert space over R, by H?(C). An orthonormal

Z?’L
:n>0p.
{ Vol T }
Let H?(C?) be the smallest Hilbert space containing H?*(C) @ H?*(C) @ H?(C).
It is well-known that there is no sensible notion of Lebesgue measure on an infinite dimensional space.

basis is given by

Our next strategy will be to define a Gaussian type of measure on H?(C3?). Unfortunately, this space is

too small to support a Gaussian measure.
i1 42 13

2252z
2(C3Y). 4 — I :
Letx € H*(C?), 2 = 3, 4, ia50 Cirinis VAT Introduce a norm by setting
lzl= sup > |enmller =g (18)
2€B(0,1/2);, £

Here, B(0, 1/2) is the ball with radius 1/2, center 0 in C3. Note this norm is weaker than the L? norm
in H?(C?).

Using this weaker norm, complete H{?(C3) into a Banach space B. In [1], it was shown that one can
equip B with a Gauss measure fi,,, with variance 1/x. Identify y € B* C H?*(C?) C B and denote the
pairing (2, ); = y(z).

The space B can be described explicitly. Let H?*(C?)¢ = H?*(C?) ®g C and B = B* @ C. In [1],
it was shown that

Proposition 2. 1. The support of ji, in the Banach space B is the space of holomorphic C-valued
functions on C3.

2. Let w € C? and define an evaluation map, x,, : © € B — z(w). Then x,, is in B.

Remark 3. Note that x will play the role of the Dirac delta function discussed earlier. The advantage of
this is that now x € B* C H?*(C?).

Notation 3. We denote the Abstract Wiener space containing H by B, with Gauss measure [iy, variance
1/6. IfHX2 C (B x B, ) is an Abstract Wiener space, then vy = [ig X [iy.

Definition 6. Recall in Section 3, we said that there are 2 Hilbert spaces that need to be considered
for the path integral. Instead of considering the space of Schwartz functions, we will replace it by
considering the Hilbert space H?(C3) and complete it into an Abstract Wiener space, denoted by B(R? x
[0,1)), with Wiener measure [i5. Consider the Hilbert space H*(C?), which is the smallest Hilbert space
containing H*(C) @ H?(C). In a similar way, we can construct an Abstract Wiener space containing it,
denoted by B(R?), with Wiener measure 0. There are two Abstract Wiener spaces that we will consider

in this article, necessary for the definition of the path integral;

1. Consider the tensor product H*(C3) @ g and complete it into an Abstract Wiener space, denoted
by B(R? x [0,1)) ® g. The Abstract Wiener measure will be the product measure jig X - -+ X [ip,

N copies in total, N is the dimension of g.



Mathematics 2015, 3 857

2. Consider the direct product (H?*(C?) @ g)XQ, and complete it into an Abstract Wiener space,
denoted by (B(R?)®g)*". The Abstract Wiener measure will be the product measure g X - - - X g,
2N copies in total.

Let H be any Hilbert space and v = (u,u_), a = (a4, a_) € H* . The following expression,

1

Zl ueHx?

e<“’“>ei<“+’“‘>Du+Du,, (19)
with
7 = / e"u+=) Dy, Du_
ueH*?
is the basis whereby the Chern-Simons path integral is build upon. We define Expression 19 as
lim L / 100) il il /2012 Dy

with
Ty = / ei<“+’“—>e”“'z/Ze’e'“'z/zDquDu,.
uEH><2

Suppose B is an Abstract Wiener space containing H. Now, one can show that there exists a complex
measure vy on B** = B x B, such that |vg| is a probability measure on B ** and we can define for
ae B c HY

/ e(u,a)€i<u+,u,)ei\u|2/26—0|u|2/2Du+DU_ — / G(U’Q)udVg(u).
ueH*? ueB*?

Furthermore, it can be shown directly that

. 2 2 2
/ et (1) = exp (Z(|Of+’ + |a1—| é?/(;;ha—»/?@ ) o3 (lors 2o [2).
ueBx? — (4

Thus, using analytic continuation, we will define

. . Lo o2
lim elwa) pilut u—) ilul*/2 o —0u| /QDu+Du_
0—i wcHx*?

:= lim exp ilag]® + o + 2{ay, a-)) /267 e 2ol P+Ha-]?)
0—i 1-— (22/9)

— 6’i(()!+,o¢7> .

The reader may refer to [1] for details.
We can now give a definition to the heuristic Expression 19.

Definition 7. Let o = (ay,a_) € B*** ¢ H* € B*" and v = (uy,u_) € H*. Then we define

1

A e et Wet=) Dy Dy = E g2 [e("a)ﬂ = ellara-),
1JEx?
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We remark that [E ;> is not taking expectation, but rather it should be viewed as a linear functional
acting on functions of the form exp|(-, a™)y].
Let 8, a; € B*. One can show that for any polynomials py, . .., p,, we have

A A CCCHCRTINER

:hm/BX2 Hpi(d/dsz) e (B,2200 sici))y dl/e Hp]

Sz—

Thus, we can extend Definition 7 to include polynomials.
However, given a general (continuous and bounded) function F' on one variable, then it is not clear that

| Bl acyets s (w)
Bx?

admits an analytic continuation. However, from the above calculations, it is possible to extend
Definition 7 to include F'.

Definition 8. Let 5 = (5,,0), o/ = (0,0 with B, o’ € B* for j = 1,...,m. Let F; be continuous
functions on R and Y be continuous on B** ® C, with Y (u) = Y (u_) for any u € B*®, such that
Y (0) # 0. Then we define

1 LI ) )
—/ H F7({u, oz]))e<"’ﬁ>ez<u+’“*>Y(u_) Du,Du_
HX? 5

HFJ ey | = LU ogags., o))

BX2

A ::/ ey (u_) Dut Du”.
Hx?

Remark 4. Recall that Y in Subsection 2.2 is defined as an infinite dimensional determinant. If we use
Definition 8, notice that Y (0) := 0. Hence the normalizing constant is 0. As such, we have to remove

the term Y in order to obtain non trivial results for the path integral.

Notation 4. Let B be an Abstract Wiener space containing the Hilbert space H, equipped with inner

product (-, -). We will also write

N N
(ZU2®E“Z(SJ®E]) = Z(uzaéz)ﬁEﬂ
=1 j=1 b i

foru; € B,d; € B* and {E;}., is an orthonormal basis in g.

Let H,, H, be 2 Hilbert spaces and B;, B be Abstract Wiener spaces containing them respectively.
For any A € g, let T'(\) be a linear operator that maps B} ® g to B ® g. Recall the path integral we
want to make sense of is given by Expression 16.
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Proposition 3. Refer to Notation 4. Let oy, c; — € (B ® g)%, 5,6}70 € (B, ® g)***. For any
Aeg letT(N\): (B ®g)* — (B ®g)* be a bounded linear operator. Using Definition 8, we define

Expression 16 as

{é&(ﬁﬁo))uE

E [6<-,<a+,zi T[(*,(O,Bi,w)b]ai?_))n}} —_iBoBo) it 5 TS Broh)ei-)  (20)

(B2@g)*? (B1®g)*”

with BO = Zz 565@0, 56 € R
Proof. By Definition 8,

E [6<-,(a+7zj T((*,mﬁj,o)).,)aj,f))ﬁ} — oilan X, T(((0,850)))e,—)

(B1®g)**

Using the definition again, we have

E 00" [6<*,<ﬁ,ﬁo>>uei<a+,zj T((*,<o,/§j,o>>b>aj,7>} —i(BB0) ik X2, T(i(B.Bj 0} )atj—)
O
The 2 Abstract Wiener spaces, B; and B, we have in mind, are defined as follows:
H, =3*(C*) C B, = B(R* x [0, 1)),
Hy, =H*(C*)** € B, = B(R?)*".
5. Linear Operators
Refer back to Expression 15. If we wish to apply Proposition 3, then we have to

define linear operators m(\)~' and d~'x, A € g. But m(\)~" does not map 8, (R? x [0,1)) ® g into
8«(R? x [0,1)) ® g. And for any v € 8,(R?) C T°(R?), d"! x v ¢ 8.(R?). Thus it seems that we are
not able to apply Proposition 3.

However, as long as we can make sense of the RHS of Equation (20), we can define the Chern-Simons
path integral. If one goes back to Expression 15 and compare with Expression 16, what we really need

to define are the terms
(ay, Zm()\j)_laj,—>7 Aj = (B,d™" % Bj0), and (B,d™" x fo).
J

Once we can define these terms, we can proceed to define our Chern-Simons path integral.

Now, we define the path integral as a linear functional, on the direct product of 2 Abstract Wiener

. 0 -
spaces, (B(R? x [0,1)) ® g)** x (B(R?) ® g)*". The operators (a - )\) and d~'x act on a dense

subspace in 8, (R? x [0,1)) ® g and 8, (R?) respectively. We need to transfer these operators to act on
H?(C?) ® g and H?*(C?). To do this, we need to construct an isometry between these Hilbert spaces.
Fortunately, there is a natural map, the Segal Bargmann transform W, that sends

VE e Lon

1
hy(ks) @ (27?)1/46 mz :

Vil

In the sequel, we will extend this definition W, to tensor products or direct products of

v, :

hermite polynomials.
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For example, on the tensor product space S,.(R?) @ 8,.([0, 1)), we have ¥, : 8,(R?) @ 8,([0,1)) —
H*(C?), by

~1/2 /o 1 - pr n
U, : <£) Hpr(n-)—¢ ® —=hp . — B (z,w) € C.

o ol & N}

Similarly,
SR\ VOu 9
m(%) Hy () Y \/_',ZE(C.

Recall Q' (R?) = 8,.(R?)**, so we have U1 (5, 8_) = U1 (B,) @dry + V' (6_)@dz_ € Q' (R?)
for By € H*(C?).
Definition9. 1. Let A € g. We define an operator m(\)™! = 0,' = (gt + ad()\)) acting on
8.(R* x [0,1)) ® g by

(05 h) (2, u) = = [/ /] (s=wadMNp (g, ) ds, u € [0,1), z € R%

We leave to the reader to check that

B _
(a_u + ad()\)> 05 h = h.

—_—

2. For a € B(R? x [0,1)) ® g, we define an operator m(\)~! by
m(A\)~la = m(\) " a.

3. Recall we have the exterior derivative d and the Hodge star operator acting on T°(R?) T} (R?) @
['?(R?). We define a linear operator d~'x : §,.(R?) — T''(R?) by

( *BO x-‘r:

K/ /)50”“ pir| e~ 3 [( [ = [7) totosiie] 0 o,

=0, Bo) (s, v_) @ du_ — (9, Bo)(x,2-) @ da..

4. For By € B(R?)*, we define an operator d='x by

(d=1%)By = d~ ' % U1 Bp.

Remark 5.
0

When X\ = 0, then ;' = | =
en en 0, ( T
in [1] differs by a factor 2, i.e., 0, = 20; .

By their definitions, it is clear that m(\)~'a; — ¢ 8, (R? x [0,1)) ® g and (d~'%)5;0 ¢ Q'(R?*) @ g.
However, to define the path integral in Proposition 3, what we really need to define is

—1
) = 0;'. The operator 9y ' and the operator O, which appeared

P

(ar,m(N)"ta;_) and (B, (d='%)B;0),
where § = (3, 4.).
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Definition 10. We define for a. € H*(C3) ® g and B+, € H*(C*) @ g,

P I%

(ay,m(AN)la) = — dt/ Tr (U ay) - 05 (Vo) doyda
R2

(B, 5), (dT5)Bo) 1= — o= / OB @ e+ W) @ de ] Asd T UGy,

Remark 6. It is possible that the integrals might not be defined. However, as we will show later, for our

choice of o and [, the integrals are well-defined.

Recall we define the evaluation map x,, in Proposition 2. The linear functionals oy = > a1,
By =Y Bs+and By =D, Fs0As0, we have in mind are of the form

Qg = Z Xa, @ Xt AL ® B,
65,:& - ZXasAg,j: X Ej7 ﬂs,O - ZXaS X Ejv
J J

where Agﬁi, Aio, Aso € R,a; € R* C C*and ¢, € R € C. Next, we need to know how to compute
\Pf;l(Xa X Xt)-

Proposition 4. For each (t,s) € R* x R C C?,

k2 (42 KR —r2(n.—s)2 K252
U, io/On(- — t)e )/8®(2;/)_1/46 ()2 /42528 Jr

n K'tPr R"s™ 9 .
r—>ZZZZP or . ym = Xk(t,s)/2 € B(R* x [0,1))".

n=0 r=0 p,

Proof. We will leave to the reader to check that

ZPr

(kt/2)Pr (ks/2 9
Xr(t,s)/2(2, W) = ZZZ \//— \//_) \/_\/_ zeC* weC.

n=0 r

Now W' maps xt,s)/2 tO

Jon(x ZZHT’W I{t/Q) ®i(ﬁs/2)nﬁn,n(t)

n!
r=0 p, n=0
K
\/@( ) 2(2x-t—[t]?)/4 liz\t| /8 ® e K2(28m (1) —s2) /4 \/_ efn27],1(t)2/4e/-1232/8 77;@))

(2m)1/4

for t, s real, which upon simplification gives

K21t]2 \/E —k2(n,(t)—s)2 k252
/Bn(- — )Mt /8®W€ (0= /%528 | [ Y.

Here, x - t is the usual scalar product in R?. O]
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Notation 5. Define for s € [0, 1),

q,@(t) (27T—\/)E1/46 K2 (e (t)—s)? /4 /nl,{(t). 1)

Note that 1,,(0) = —oo and lim,_,;- 1,,(s) = 0, so we define ¢°(t) = 0 = lim,_,;- ¢(t). We will

also write

_ SF -R-alPra -1/2
P = ——e , 6= (k/2m)~ /"=,
V2

Finally, for x € R?, y € R, define

~

b(x) = e P2 giy) = e V2,
Corollary 1. Under the isometry V,,,
len : p;c & (jfsf — w(HX/Q)anm ® &(58/2)9013/2;

and
\Ijn : p),: L ¢(KX/2)XHX/27
whereby x € R* and s € [0, 1).

Lemma 2. Suppose

by = anai/W(Hai/?) ® Xnty 20 (Kt /2) AL ® E; € (BR® x [0,1)) @ 9)",

whereby ay € R?* C C% t € [0,1) C Cand Al € R. For \ € g, we have
—_ — N .
(atm)1a) = 37 (e p2) (@ © B 05l @ By ALAL (22)
ij=1

Proof. Using Definition 10 and Corollary 1,
<a¢,m(A)—1@£>
1 1
-y
1’7J

([ asrtr o B0y 0 g ()2 @ 5

1
_ </ ds p2* ® (],?(S)Ai ® Ei,e(S_T)ad(A)pi’q,i ( )A{ ® Ej> dr
1 N 1 T ‘
=—5Tr ) (k) / / G (s) @ By - NG (1) @ B dsdr - ALAY
ij*l 0 0

1 o
+§Tr (o, pa) / / gt (s) ® By - NG (1) @ B dsdr - ALA
1

i,j=

N
Z (P2, p2 ) (@ @ B, 0y @ Ej) ALA.
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Lemma 3. Suppose forr = +,0,

- Z XnaT/2w('%ar/2)Ai QFE; € (B<R2) ® g)*’

whereby a. € R?> C C* and A! € R. Then, we have for 3 = (8., 3_),

<5 > Z (P AL @ day + R AL @ dr_,d7 % pOAL) (23)
Remark 7. We also have

<ﬁ, (d=1x) Zx,ﬁaoﬂw(mao/Q) ® Ez> = Z (P A, @day 4+ pi- A" @da_, d7" xp2°) E;.

b

Proof. Using Definition 10 and Corollary 1,

<Bv (d_l*)60>
= 3 (om0 2L X bl [200) © ® B, (4715 Xomos 216 (20/2) © E; A}

Z a+AZ ®dx++pfi A’L ®d$_,d *pHOA6>

Z / (P2 AL @doy +p2- AL @du ] Axd™ x pRP A

6. Definition of the Chern-Simons Path Integral
Consider
Wi (AL) = exp [(Ai, Tla,) + (AL, xp;la_>] ,
Wa(A;, B) =exp [(A;, U'5) + (B, 0 Bo)] -
Here, we have ooy = > s v, B = > Bs v, Bo = D, Bs0ls 0, Where

Qg+ = Z Xﬂas i/2¢("ias :t/2) ® Xkt i/ﬂ/J(/‘fts :l:/2) s+ ® E2>

Bs:l: —ZXf@a i/2¢ Rag :t/2) s,% ® Eza ﬁsO - ZXH&S 0/2¢(f<éas 0/2)

for a; +,a50 € R2?, ts+ € [0,1). We want to give a definition for Expression 13, with W, and W,
defined above. In Subsection 3.1, we also showed that Expression 13 can be written heuristically as
Expression 15. By replacing the Dirac delta function d, by x(kz/2)1(xz/2) in Expression 15 and
applying Proposition 3, we have the following definition.
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Definition 11. (Chern-Simons Path Integral)
Refer to Definition 10. Write = (5.,5-). Applying Proposition 3 to Expression 15, we define
Expression 13, with Wy and W5, defined as above, as

EZ‘S [exp [(7 Oé)ﬁ + ('7 ﬁ)ﬁ + ('7 BO)ﬁH

= |- (oo (5 -@T050),) )+ () )

T

Using Lemmas 2 and 3, the exponent can be explicitly computed as

N
DD R ) (B @ B0 @ B ALLA

s,r i,l=1

- ZZZ (2 Al L ®@duy +p2 AL @dr_,d *pRoA),

s,r 1=1

with
A =i{5 —w—ﬁfs)@,o%

:—ZZZ S*AZ+®dx+ + ple Af,’_®dx_,d_1*p?*°>Ei.

Definition 12. (Time ordering operator)

For any permutation o € S,
T(A(s0(1)) - - A(Se@r))) = A(s1) - A(sy), 851> 83> ... > 8.

Suppose now our matrices A*(s) are indexed by the curves k and time s. Extend the definition of the

time ordering operator, first ordering in decreasing values of k, followed by the time s.

Definition 13. (Tr)

Define a linear functional Tr as follows. Suppose a matrix A is index by time s and representation p(i),
i=1,...,7. In other words, A = A(p(i),s). Let {A(m1,51),...,A(mn, sn)} be a finite set of matrices.
Let S; ={j € {1,...,n} : m; = p(i)} and write m; := |S;|. For any n > 1, define a linear operator,

Tr :A(m, 51) @ - - @ AT, 5)
=T [A(p(L), 55,1)) - - @ Alp(L), 5, 6n0)] - - T [A(p (1), 55,0)) - - - A(p(7), 55.(mp))]s
such that for eachi = 1,...,7, Sg,1) > Sg,2) > .. > Sg,(m,) and B;(j) € S; forj =1,.
Let us apply Definition 11 to the Wilson Loop observable, given by Equation (2).

Notation 6. Suppose L = {I*}7_, is a link in S* x S* such that the projected link on S? does not pass
through n. Using local coordinates Yy = (X, i ), we map L into R? x [0,1). Let y* : [0,1] — R*x[0,1)
be a parametrization for (X, ig Yol¥ = I¥, such that |y?'| # 0, hence giving an orientation to each curve.

In components with respect to the local coordinates (z,,x_,t), we have y* = (y+, y*uk) = (yR o).
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We will also write y¥ = (y% ., v" . ub,) = (WE(s), yE (), y§(s)). Without loss of generality, we also
assume that y(s) = 0 for only finite number of points s in [0, 1].
Next, we map R? x [0, 1) inside C3, by

(x,8) —> g (x,8) € R* C C°.

As a result of this scaling, we represent our original link L. C S? x S as a set of (possibly open
ended) curves.

For each curve I¥, let p;, be a representation for g.
Remark 8. The scaling of the curves by h := /2 was carried out in [1].

We will now define the Wilson Loop observable on the set of curves {[k}};:l, in C3. We will scale the
integrand by 1 /(87)'/4, which was also carried out in the case of R? and hence interpret the line integral
in Equation (3) as (See also Subsection 10.1.)

n

/ (87:§1/4 [mﬁfli ®dvy + kAT @dv_ + AL, ®@dr. + AL ®di_ +B® dt}
an/Q

1/4 Z / ds 1/} h’ys h'y[] s) [Al<h’ysv hyo s)y+ s + AJ_(hyfa hyg,s)@/?;]

k=1

+ ¢ (hy?) [Ai L(hySh + AL (hy®)yM + B (ﬁY'ﬁ)y'S,’é}

FL 1
— [ At 1 1
= < 877 TRi/4 Z/ ds & S> (Ac ' (8m)1/4 Z/ ds ﬂk#)
k=10 b
+ <B7 W Z/ ds /Bk,s,oyg:;> )
k=10 b

Whereby OAék (aé_s 4+ ak ,S, 7) Bk ,S (Bli_,sﬂr’ ﬁli_,s,f% and

ak s, — Z Xﬁykw hys) ® thk ?/J(hyo s)yft’,ls ® pk(EzS)7

Bkszl: _ZthM’D hys)yis ®sz( ) 61650 - ZXﬁykw hys) ®pk’(ES)

Note that k tracks the representation used and s tracks the ordering of py(EY).

Corollary 2. Refer to Notation 6. Consider the 3 manifold M = S*x S'. Let I,, = {1,2,...,n} x 0, 1],
= ({1,2,...,n} x [0,1))* and denote

Jo= 2

n

Also denote

vl =y (s), vdl = v (s).
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Apply Definition 11, the Wilson Loop observable, with a charge q, is defined as

Z(M7 R, q; lia pz)
oo | b
(871')1/4 .
iq

p( 4\/§/I%ll<pq )\kq ly+yt p]( ) pk(l)

—E, " [m/}fii ©dry + kAt @dr_ + AL, ®dr, + AL ®dr_+ B® dt}

=Tr

.9 9 N ) )
19" K < v g J g —1 k ks s t
exp | — > VYL @doy +pryr @ duo,d x pY >dsdt® (E7) @ pi(E;
’ ( 4\/% i=1 /I,% bt G e o pj( yemt ))
(24)

where

N n

Akt = —ZZ Z/ 2(37) 1/4 pZSy;',S ® dx, +p,fyi"fs @dr_,d! *p,{tk> ds ® E;. (25)

=1 j5=1

Note that )\, ; is dependent on r, but we omit k to ease the notation.

Proof. Observe that we can commute Ef.¢ and Tr because the time ordering only acts on the matrices
p;(E?) and p;(F?). Note that the time ordering operator T arranges the matrices according to j, followed
by s. Now apply Definition 11, by replacing the finite sum in the definition by an integral, using a
Riemannian sum type of argument. See [1] for such an argument. To obtain the RHS of Equation (24),
we apply Lemmas 2 and 3. For more details, we refer the reader to [2]. [

Equation (24) will not give us the link invariants we desire, as the path integral depends on the
parametrization used. And the path integral depends on the parameter x as we used the parameter x
in constructing the isometry V..

To obtain the link invariants, the rest of this article will focus on computing the limit as x goes to
infinity, of the RHS of Equation (24). It is only by taking the limit as x goes to infinity that we will
obtain the desired link invariants, independent of the parametrization used.

7. Planar Diagrams

Definition 14. (Framed link)

Let L = {I*}7_, be a link in S* x S'. Define a continuous normal vector v* along each closed curve I*
such that v* is nowhere tangent to . Let I* be a new closed curve obtained by shifting I* in the direction
ev®, € > 0 is some small number. Now, I¥ U [k forms a closed thin band or ribbon, whereby a finite

number of twists can be added. We will write (L,v) to denote a framed link, v = {v7}7_,

The Wilson Loop observable can be computed from a link diagram in R2. Up to isotopy, we insist
that the truncated link, Y(L) is embedded “nicely” inside R? x [0,1) and thus projected “nicely” onto
R2, so that we get a nice planar diagram . The following definition makes this ‘nice’ embedding and

projection more precise.
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Definition 15. (Planar Diagrams)
Assume that a link L = {I',1?,...1"} € S? x S* is made up of individual closed curves that do not
intersect one another, i.e., I’ N I*¥ = () for any j, k and when projected onto S?, the curve does not
pass through the north pole n. Using local coordinates Yy = (X, i), we map the link into R? x [0, 1),
denoted by Y(L). We will refer it as a truncated link. Project the truncated link Y(L) onto the R? plane
using the projection map Py : R* x [0,1) — R2

Parametrise each curve Y(I') by 7 = (yv.,y",43) : [0,1] — R? x [0, 1) such that |y?'| # 0, hence
giving an orientation to each curve. Without loss of generality, we also assume that yg(s) = 0 for only
finite number of points s in [0, 1].

Note that in the following definitions, it applies if L is just a knot, i.e., n = 1. We define a truncated
link diagram for {3’ ii_1 on the plane R? if the following conditions are met.

1. Define a standard projection of the truncated link Y(L) onto R? if the following conditions

are satisfied:

a foranyp € R?, Py L(p) intersects at most 2 distinct arcs in L. We say p is called a crossing

if P Y(p) intersects exactly 2 distinct arcs in Y(L),.

b at each crossing p = Py(y'(so)) = Po(y*(to)), there exists an ¢ > 0 such that for all
|s — so| < eand |t — ty| < ¢ the tangent vectors (Py(y?)) (s) and Py(y*) (t) are linearly
independent at p. Furthermore, we also assume that 0 < y}(s) < 1and 0 < yk(t) < lina

small neighborhood containing sy and t, respectively.

Denote the set of crossings between curves y’ and y* by DP(y?, y*). And DP(y?) = DP(y’, %)
will denote the set of crossings in y’. We will write DP(L) to denote the set of crossings of the
standard projection of the truncated link Y(L) onto R>.

2. For each curve y’, write the interval [0,1) as a union of intervals U:L:(ylj) A(y?)!, where
in each interval A(y’), s € A(y) — (y.(s),y (s)) is a bijection. Write C(y/)" :=
(. (A", v (A(y7))) € R? be the image of the interval A(y?)" under 7. Without loss of
generality, further assume the image C(y’)" contains at most one crossing which is an interior
point in C(y7)".

3. Given 2 arcs C(y?)!, C(y*)! which intersect at p, define sgn(J(C(y?)t, C(y*)')) 1o be the sign of
the determinant of the Jacobian J(C(y7)", C(y*)") = o (s)y"' (t) — v (s)y” (t) at the crossing
p= (. (s),y(s)) = (y%(t),y" (t)). Otherwise, define it to be zero if the 2 arcs do not intersect
at all. We will also write sgn(p; v’ : y*) = sgn(J(C(y):, C(y*)), p = C(y7)' N C(y*)' and call
this the orientation of p.

4. Using the same notation as the previous item, for each crossing p € C(y’)' N C(y* )1 define
. . 1 yj > yk
sen(C(y) : C(y*)?) = ’ 0 v
gn(C(y’) : C (")) {_17 W <o

If the 2 arcs do not intersect, set it to be 0. We will also write sgn(p; yg Yy = sen(C(y?) -
C(y*)') and call this the height of p.
5. For each crossing p € DP(y’, y*), the algebraic crossing number is defined by

e(p) =sgn(J(C(y7)', C(y"))) - sen(C(y7) - C(y*)) € {£1}.
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This is actually well defined on an oriented truncated link diagram, independent of the

parametrization used.

Remark 9. The sets DP(L) and QP(L) only make sense for a truncated link diagram in R?. Different

link diagrams on R? will give different sets of crossings.

We can also represent a truncated link diagram with a graph, which would be more convenient to use
in computing the Wilson Loop observables in the next section. The vertices will represent crossings on
a link diagram.

Definition 16. (Edges.)
Let L = {I*}}_, be alink in S*> x S*. Let {y*}}_, be a parametrization for (X,ig) o I¥ C R? x [0,1)
and project it down onto R?, forming a planar graph. Refer to Definition 15.

1. The vertex set V(L) will be the set of crossings in DP(L). The terms vertices and crossings are
used interchangeably. The set of edges E(L) is simply the set of lines in the planar diagram of L
joining each vertex. Each edge ¢ : [e1, €3] — R% 0 < ¢ < €3 < 1. The end points e(e), e(e3) will
be a vertex or crossing in DP(L). Each vertex has 4 edges incident onto it.

2. Fixa j. For each crossing p in DP(y7, y"), k # j, let V;(y*) be the set of all such points p.

3. Suppose p € DP(I9). Let V;(y’) be the set of all such p’s on a planar diagram of y’.

4. Define V(y?) = U, V;(y*), which defines the vertex set of the graph y’. The set of edges E(y?),
is a subset of E(Y(L)), joining only vertices in V (y?). Note that E(Y(L)) = |, E(y*).

5. Suppose e and é belong to E(y’). We say that an edge ¢ : [e1, €3] — R? precedes another edge
€ [e1,6] = R%ifey < éy.

6. Each crossing p € DP(Y(L)) is denoted by 4 edges, labeled by (et (p),e (p),e"(p),e (p)),
whereby e and e~ are edges belonging to E(C7) with the bigger index j and e~ (€™) is the edge
that precedes et (") at the vertex p. When all 4 edges belong to the same curve, then € and &~
are the edges that precede e* and e~ .

7. Now suppose we define a frame on Y(L) and project the framed oriented truncated link onto
R2. The crossings in the planar diagram will define the set of vertices as in the case of an
oriented link. A half twist q will be represented by a vertex with only 2 edges incident onto it,
labeled (et (q),e~(q)). Thus, a full twist, given by 2 consecutive half twists, twisted in the same
direction, will be represented in the planar graph of the curve y’ by 2 vertices, joined together by

a common edge.

Remark 10. For a half twist q, we can define an algebraic number £(q) associated to it. A positive half
twist is given an algebraic number +1; a negative half twist is given an algebraic number —1. We refer
the reader to [2], whereby there is a discussion on how to define the algebraic number of a half twist in

a framed link.

In the next section, we will show how to calculate the Wilson Loop observable using the graph of a

framed truncated link diagram.
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8. Wilson Loop Observables

Let L be a link in S? x S! and using local coordinates, we represent each component of the link L by
v = (y',y)) 1 [0,1] = R x [0,1).
Recall from Corollary 2, we have the double sum in the exponent,

N

N
> <p§3 1 @ By pd Fot gl ®Ez> =Y <pf‘,p%f> < T ® B, 0, i ®Ez>

il=1 i,=1

where \;, ; was defined in Equation (25).
Lemma 4. We have A\, — 0 as k — oo. Furthermore,

N
R2Z< ©® E;, 0, q“®E>—/~; Z<qts®E )l ® By — 0.

il=1

Proof. Using Item 2 from Lemma 5,

=[S e i et Yase B
=1 j=1

ey S [ ot B (ot ol e B
i=1 j=1

— 0

as kK — 0o. From Definition 9,

N
Z<~tS®Eu8o @ E) =) (@ © B0, © Ei).

i,l=1

By Item 1 of Lemma 5, we have

; Z (3 @ B, (05 ) © Bi— (05'0) © )

0

N . 1
1
= K2 Z 5 <q~’t: ® Ei,/ (u— )Fk(r)q ( ) ® Eydu — / e(U7.)Fk(T)th€T<u> ® Eydu — 2 ((90 16],?( )) ® El>

N . 1

0
as k — oo and this completes the proof. [

As aresult of Lemma 4, the limit of the RHS of Equation (24) is equivalent to compute the limit of

Tr

. N
q ~Y0.s y t s
exp (— by =4 Z <p§bqn0 YOyt >y+ Ydsdt @ pi(E;) @ Pk(Ef)) ®

iq*K? v s t
exp | — ,j ' ®dry + ,j s®d$_,d * pY >dsdt® E?) @ pp(L]
p( 4\/875 /p Yy o AT pi(E7) @ p( ))
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Notation 7. For x = (v4,2_,70),y = (y+,Yy_, %) € R3, let x denote the cross product x x y and let
[z X yl, denote the a-th component of [x X y|, a = %+, 0.
Using the fact that 9 *, 8;@1 are skew symmetric operators, it is straightforward to show that

252

K i ok R k,
Z\/g_ﬂ'/l (p” ot - <qu Ny qfi“ >y+/3y “dsdt
k .
4 \/8_ Z/ 20 WAt o 8 o] x o], dst, (26)
0,1

T ji>k

and

T / 2 (W, doy + oy @dud s plt ) dsdt
In

=23 = /[ AR [yﬂ < ub| dsat @7
0,1 a

a==+ >k

whereby 0% = 6] :=1—0;,/2, 6, is the Kronecker delta function.
Our next task is to compute the limit of Equations (26) and (27), as x goes to infinity. We break up
the computations into 2 simple lemmas.

Lemma 5. We have

1.
1, s>t
-1, s<t.

2. Lets = (sy,s-), t = (ti,t )€R2 Then,

/€2 KV 21 2 2 K 2 K 2 2
no s’a—l ty e " |sF—tx| /8< e |- —s4|? /4,8_ e [-—t4] /4>
4 <p/$ xipl'{> 4 \/ﬁ T+ 27T

and
lim <L —r2[—sx[? N e—ﬁ2|~—ti|2/4> — L, sy >ty
K—00 \ \/ 27T T4 /_27'(' _1’ sy < ti_

s~ 7/$2 s—t)?
(@, Ly = e o078,

z —r2|y—z|?
() = e,

Proof. We will prove (1) first. Make a substitution

y=ne(r) —s = r=1;"(y+5) = G(y),
z=n.(r) —t = r=n(z+1t) = 0.(2).

Note that for any y € R,
M (y) = 1/2
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as Kk — 0o. By definition of ¢ in Equation (21),

1
KR \/E 2 K242 1

e ((r / d _ k4y? /4 d

1/4/0 (2701/4 1y, (r) dr = /—/ Y

2n) 7))
V2
— sV

And by definition of 0, ! in Definition 9,

2

K
\/_<qm a0 qli)
— g o2 G ,Kz(,m(f),w /n(7) dr dr
K K */f n
—5/ _’_7r P/l (r / X N (r) dr dr

1 y+s—t 1
K e " 2224 - dz dy

- _efny/ﬁl—.
/ \/% VIGw) ) Vor 7(0:(2))

1
e 2224 - dz dy

/ 292/4; ) / R
Var VTG Jyeae VIR 1'(0x(2))
, s >t
—
{ -1, s<t.
The last step requires the following explanation. Note that 1/+/7/ is bounded and there exists a small
neighborhood |z| < d, 6 small enough, such that for all x > 1,

<€

1
' 5
| O

for any given e.

Using Notation 5, we have p;, = §\/L2—We‘”2"‘s|2/ 4. 'We will only prove (2) for +, the other case is
similar. Note that
2
K, o ol

I<62 K 2 2 2 2 K 2 2

_K” K2z —s i [2/4 —K2|z_—s_|2/4 o—Elo——t_[2/a [8 1 —r2|—ty] /4} de.d

—c e — rodr_

4 z€R2 V 271‘ \V 27T "

/€2< 2 2 2 2 < 2 2 2
B /4> A —r2—t4 | /4>
e , € ,0, ——e .
4 \/27r V2

A direct computation will give

2
"R Py 2T s~/
4 ’ 4
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and

< R p-ril=silP/a g1 1 n?-t+2/4>
Vo t2r

1 K 2 - / + K 2 2 /OO K .2 2
— w2 |og—s4?/4 R+ =t+ /4 g, — ~Ely+—t+ /4 g d
& (& (& X
2 /R V2m [ 0o V2T e e V2T il *

1, s>t
N + > Ut
—17 S+ < t+.

To prove (3) and (4), a direct computation gives

(G, q.) /

— _ Ry R y-1)? /4
= e e Y
/oo V2T

:e—HQ (5—15)2/87

—H (11 (1) —5)? [4p=r 2(ne(r)—t)2/4 77;( )d

and

2

K 2 2 2 2 2 2
Y 2 —k4|le—yl*/4 —Kr°|lx—2|°/4 —k°|ly—2|*/8
27[ RQ

]

The following lemma is is similar to Lemma 4.5 found in [1]. Note that there should not be a negative
sign in Lemma 4.5.

Lemma 6. Refer to Definition 15. For j # k,

ds/ p,’{'s zos, y Lo 1qy°t [ A yk"} dsdt
K—00 \/ 87T 4 A(y])z A(y 0 > y t 0

=7 -sgn(J(C(y7)', C(y")) - sgn(C () : C(y*)Y).

The proof is similar to the proof for Lemma 4.5 in [2], so the proof is omitted.
When j = k, we have a problem with the following expression, i.e.,
lim (g gy, [y2 x yi'] dsdt (28)
K—00 [071]2
do not exist.
The solution as explained in [3], would be to consider a framing v/ whereby v?(-) € R? is a normal
vector field along the curve 3’ that is nowhere tangent to 3/. Define z/¢ = y’ + ev’, € is some

small number, i.e., 2/ is a parametrization of the shifted curve 3’ in the direction v’/. The limit in
Expression 28 is now defined as

2 2
K K yo‘5

no 27 ~Zg:§ g VRN
lim i = Wm G P2 G e [yl < 2] disdt, (29)
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The framing on the curve y’ will give rise to half twists. Using Lemma 6, one can show that the limit
of Expression 29 can be written as a sum of the algebraic numbers of crossings and half twists, which
form on the curve y/. We refer the reader to [2] for the details.

We now focus on Expression 27. Unfortunately, the limit

<ng vl @ doy + phy? @ do,d 7w Yyl t> dsdt

2
48w J12

is not well-defined as x goes to infinity. The limit, if it exists, will depend on the ambient isotopy of the
link. This is similar to the self-linking problem.

Definition 17. We define

lim

i 4\/5 /2 <p%§yi’fs ® day + Ly, @ de_ d™ xpY y0t> dsdt
K oo I

= lim Ys 0, pY [Sxk/] dsdt
mzzwg/w W 0w [l

a=+ >k
= hm / pl@ 7 p%f> |:yg,/ X yk,/] . <quo 57 q’zo t) det
“*“;;4\/% 0.2 o

Using Lemma 5, it is straightforward to show that this limit is equal to 0. Thus, the Expression 27 is
defined as 0.

Definition 18. Given L = {I*}"_,, an oriented framed link in S* x S*, map it into R?* x [0, 1) using Y.
Let y* : [0,1] — R? x [0, 1) be any parametrization of Y(I*), whose image is then projected down onto
the plane R? to define a graph as in Definition 16. And let n;, be the dimension of each representation py,

and 1 be the maximum of all the n;,’s.

1. Let N, N be any positive integers. Define F,, € Mn(C) with [Fyclij = 0ia0jc [ € M (C) with
[Eoelij = 0ia0je. For A € My(C) @ Mg(C), the components are given by [A]% with respect to
the basis {Fye ® FyqYapea of My(C) @ Mg(C).

2. Denote amap g : E(L) — {1,2,...,n} such that for each k,

g|E(yk) : E<yk) - {17 2,... 7nk}'
Let S(L) denote all such mappings.

We are now ready to state our formula for the Wilson Loop observable in Equation (24), in the limit
as K goes to infinity.

Theorem 1. Let L = {I*}?_, be an oriented link in S* x S* which when projected down on S does
not pass through n. Choose a framing for L. Map it into R? x [0, 1) using Y = (X, lgi ') and project it
onto R,

Suppose for each curve I/, we assign a representation p; : ¢ — End(V7) to it. Refer to Definitions 5,
15,16 and 18. For A, B € M,,(C), u(A® B) = A - B, the usual matrix multiplication.
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Given any gauge group G with its complex Lie algebra g, the Wilson Loop observable in Equation (2),

as K goes to infinity, is given by
lim Z(S% x S', K, q; I, pi)

Z H R(p g(e (p H T(p (e” ; (30)

g€S(L) peDP(L pETDP(L

Ifp=(et,e et &), with{et, e } C E(y’) and {eT,e"} C E(y*), then

R(p) :=exp [—6 p)mTiq ij ) ® pe(Ey)| € End(V?) @ End(VF).

=1

Ifp € TDP(L), withp = (e",e™) C E(y’), then

T(p) :=exp[ W-’ Zum ) ® pi(E)))| € End(V7).

Note that ¢ is the algebraic crossing number and was defined in Definition 15. See also Remark 10.

Notation 8. Suppose for all l, p; = p for some representation. Denote

R* = R;t = exp | Frig? Z p(E
i=1

B . N
Fiq®
T =T =exp | = ) ulp(E;) @ p(Ey)

When the representation is clear, we will drop the subscript p.

Proof. Because of Lemma 4 and because Expression 27 is defined as 0, it suffices to compute the limit of

_ar R o a1l dsdt B B 3]
exp( 4 \/g 1721 qfﬁ » Py >y+sy ts ®pj< z)®pk( z) . ( )

To compute Expression 31, we note that it suffices to consider a framed truncated link diagram which
is projected on R? plane. Using Lemma 6, the exponent will be given by a sum of terms, each involving
a crossing or half-twists. We also note that we will have a problem when j = k, whereby we have to
consider Expressions 29 instead.

The rest of the proof now follows similarly to the argument used in Section 2.1 in [2]. [

9. >-Model

Equation (30) defines a C-valued map on a framed link diagram I'(L). From the definition of R(p),
it is clear that it is invariant under ambient isotopies.

Notation 9. Let A = ¢*> > 0. Fix a N. Recall that given A @ B € My(C) ® My(C), the components
[A® B]% = A* ® BY = A, ® Byg. The upper indices a and b refer to the rows, the lower indices ¢ and
d refer to the columns.
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Definition 19. (State model for framed truncated links.)

Fix a natural number N. A state model of type (N, C) is given by R = (R*, T*), with R* € ®> My/(C),
T+ € My(C). For every state model (R*, T*) of type (N, C), there is a unique C-valued mapping Y
on the set of framed truncated link diagrams {T'(L)} in R* x [0, 1) for every framed link L in S* x S,
such that

Yx(C(L))
( & (1) (p)19(et @)
=> I w=»y A [ [ A
g€S(L) peDP(L) peTDP(L)

holds.

When p; = p for some representation p, Theorem 1 says that the Wilson Loop observable defines a
state model on the set of framed link diagrams.

Two framed truncated link diagrams in R? are equivalent if they can be obtained from the other by
the Reidemeister Moves. Fortunately, there are algebraic conditions on R* and 7* which tells us when
Y 1s invariant under the 3 Reidemeister moves.

Proposition 5. (Reidemeister Move I’.)

Yx is invariant under Reidemeister Move I’ if
D [THRIT =) [T R{IT = o (32)
b b

forall a, c.

Proposition 6. (Reidemeister Move I1.)

Y. is invariant under Reidemeister Move I if
Y [RYIR1G = 6e), (33)
2%

for all a, b, ¢, d. There are 2 Reidemeister Moves II, the other obtained by reversing the orientation

of one strand, keeping the orientation of the other fixed. In this case, the equation becomes

S IROIFIRG = 600,

Proposition 7. (Reidemeister Move IlI.)

Y. is invariant under Reidemeister Move III if

Y ARIBLLIC = Y [ALLBIE[CliY. A.B,C = R* (34)

1j pk qy Pq
P9,y P9,y

foralls, j, k, [, m, n.
Finally, ¥4 satisfies the skein relation with parameters «,  and 7,
aXx(I'(Ly)) + BER(I(L-)) = vEx(I'(Lo)) (35)

forall L, L_ and Ly as in [6] if
a[RT)85 + B[R] = vo50, (36)
for all a, b, c, d. Note that this is a correction to Equation 14 in [2].
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Definition 20. (Special elements in R’ My (C).) Define I, J, K in ®° My(C),
Iid = 020q, Jid = 940¢, Kl = 6305 (37)

K commutes with J. Note that if | is the identity matrix in My(C), then [ = 1 ® 1. Furthermore,
J-J=1I, K- K=NKand K -J=K =J- K.

We will now present the corrected version of 2 examples taken from [2].

Example 1 (SU(N))
Suppose our Lie group is G = SU(N). Considering its standard representation, one shows that
YL EQE = %I — J. Hence,

R* =exp (Fmig®/N) (cos(¢*m)I £ isin(q*m)J) , T+ = exp (Fmi(l — N*)¢*/2N) .

Let A = ¢? thus R* satisfy the Reidemeister Equations (33) and 7T'* satisfy Reidemeister
Equation (32) for any values of A. It will satisfy Equation (34) if A is an integer or half integer.
If we solve Equation (36), we get

B = —aexp(—2miA/N), 2iacexp(—miA/N)sin(m) =~
and hence
Yr(T(Ly)) — exp(—2miA/N)Ex(T(L-)) = 2iexp(—miA/N) sin(mA) Xx(I'(Ly)).
Therefore, >4 satisfy a Homfly polynomial skein relation
7' 8(D(Ly)) — 1Zx(T(L-)) — mEx(T(Lo)) = 0, (38)

with parameters | = exp(—miA/N) and m = 2isin(r\) = (I — V). Compare with the Jones

polynomial skein relation, given by
[ Sa(D(Ly)) — [Ea(D(L2)) — (172 = 17/2)S4(T(Ly)) = 0.
Let us summarize the result as a theorem.

Theorem 2. Consider the standard representation of SU(N) and let q be the charge of the link. Then
the Wilson Loop observable in Equation (30) can be written as a state model Y5 of a framed link. If ¢*
is an integer or half integer, then Y.¢ defines a framed link invariant. Furthermore, Y. satisfy a skein
relation Equation (38).

Example 2 (SO(N))
Now consider G = SO(N). Considering its standard representation, then ) . F; ® E; = (K — J)/2.
Hence,

exp(Fmig?N/2) — 1
N

R* = exp(£mig*(J — K)/2) = cos(mq?/2)] £ isin(rq?/2)J + exp(£mq?i/2) K,

T* = exp(£mig’(N — 1)/4).
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Write A = ¢°. Note that R* satisfy the Reidemeister Equation (33) and T'* satisfy Reidemeister
Equation (32) for any values of A\ . Equation (34) will be satisfied in any of the following 3 cases:

A =0 (mod4), N isodd;
A =0 (mod 2), N/2is odd;
A e NU{0}, N/2iseven.

Now, solve Equation (36), we get
g = —a, 2iasin(r\/2) = 7.

Then,
Yr(T(Ly)) — 2x(I'(L-)) = 2isin(mA/2)Ex(I'(Lo)).

Compare this with the skein relation for the Conway polynomial,
Sa(D(Ly)) = Sa(T(Lo)) = 25(T(Ly)). (39)

The only interesting case would be when N is a multiple of 4 and ¢ is an odd integer. Then the state
model > would satisfy the skein relation Equation (39) for the Conway polynomial, with z = 2.

10. Final Comments

We would like to end this article with a few comments.

10.1. Normalizing Constants

In the definition of the line integral in the Wilson Loop observable, we scale Ai by /{@D@Z /(8m)1/* and
Ac%i, B with ¢/ (87)'/4. The factor v is required to obtain non trivial results when we take the limit as
K goes to infinity and this scaling was also done in [1]. But in that article, we notice that the constant
was \/r/(32m)/4,

Now, the factor x is put there for technical reasons. The thing we want to address is the discrepancy
in the constants 87 and 327. In fact, there is no discrepancy as the operator 0, ' used in [1] is actually
twice of the operator J, ! defined in this article. If we had used the operator d; ' instead in this article,
then we would use the normalizing constant «/(327)'/4, instead of /(87)"/%.

Finally, we would like to point out that the normalizing constants were specially chosen so that the

R-matrices obtained in Theorem 1 will be consistent with the R-matrices obtained in [2].

10.2. The Solid Torus

Consider the solid torus T = D, x S, where D, is the open disc of radius 1 in R% Given any
link embedded inside 7" or on the surface of a torus, we may as well assume that it is embedded inside
Dy x S*. Now the open disc is homeomorphic to R?, so we can map the link into R? x [0, 1).

However, we wish to point out that quasi axial gauge or torus gauge fixing may not apply to Dy x S*.
We will not address this issue here. Instead we will use the RHS of Equation (10) as the heuristic
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expression for the Wilson Loop observable, for a manifold of the form ¥ x S!, where ¥ is any simply
connected Riemann surface.

Hence we can apply the results in this article, define and compute the Wilson Loop observable and
obtain link invariants for a link embedded inside ¥ x S!. In particular, we can define the link invariants
for a link embedded inside the solid torus 7.

10.3. The W Polynomial

The Wilson Loop observable in the case of SU(N), was meant to give us the Jones Polynomial
of a link. However, the Wilson Loop observable gives us a number. So how does one even obtain a
polynomial invariant out of it?

Firstly, we have shown that the Wilson Loop observable is an invariant for a framed link. Secondly,
the Wilson Loop observable yields N™ for the unlink with 7 number of components.

Let us go back to our SU (V) example. Now, when g% is an integer,
R* = 77/N cos(¢*m)
and thus the state model just yield us
Sx(D(L)) = [(=1)TNONHD2D N || = (1)@ ™" /N,

Here, ¢(L) is the sum of the algebraic numbers of all the crossings, and ¢(L) is the sum of the algebraic
numbers of all the half twists in L.

The more interesting case is when ¢? is a half integer. In this case,
R* = +ie™™° /N gin(¢m) J,
and the state model will yield a polynomial Wy 1. (I,1™!), whereby
Sa(D(L)) = W (L1Y), 1= (—=1)7 2™/,

Thus, the Wilson Loop observable defines a polynomial Wy 1,(I,17") for a framed link L.
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