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Abstract: Understanding the transmission and control of visceral leishmaniasis, a neglected
tropical disease that manifests in human and animals, still remains a challenging problem
globally. To study the nature of disease spread, we have developed a compartment-based
mathematical model of zoonotic visceral leishmaniasis transmission among three different
populations—human, animal and sandfly; dividing the human class into asymptomatic,
symptomatic, post-kala-azar dermal leishmaniasis and transiently infected. We analyzed this
large model for positivity, boundedness and stability around steady states in different
diseased and disease-free scenarios and derived the analytical expression for basic
reproduction number (Ro). Sensitive parameters for each infected population were identified
and varied to observe their effects on the steady state. Epidemic threshold Ro was calculated
for every parameter variation. Animal population was identified to play a protective role in
absorbing infection, thereby controlling the disease spread in human. To test the predictive
ability of the model, seasonal fluctuation was incorporated in the birth rate of the sandflies
to compare the model predictions with real data. Control scenarios on this real population
data were created to predict the degree of control that can be exerted on the sensitive
parameters so as to effectively reduce the infected populations.
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1. Introduction

Leishmaniasis is an endemic infectious disease that has a wide potential to infect large human
populations on a global scale. Visceral leishmaniasis (VL), sometimes usually referred to as “kala-azar”
is the most severe form of leishmaniasis, a systemic disease that is fatal, if left untreated. Though
important, the World Health Organization (WHO) classifies leishmaniasis as a neglected tropical
disease [1] posing a serious but important concern for researchers and epidemiologists to explore the
disease, and provide practically feasible solutions to limit its spread through populations. The overall
prevalence of leishmaniasis worldwide is between 10 and 12 million; out of which there is an estimated
incidence of 500,000 VL cases alone per year [1-3]. WHO reports suggest that around 90% of visceral
leishmaniasis cases are highly concentrated mainly, in six countries: Bangladesh, Brazil, Ethiopia, India,
South Sudan and Sudan [1]. Reports also suggest that visceral leishmaniasis alone claims around 20,000
human lives per year from India, pointing out the severity of disease and the serious threat that it poses
to several developing countries [4,5].

Epidemiologically, visceral leishmaniasis can be transmitted through either the anthroponotic
medium, where human is the sole source of infection and disease transmission is between human to
human, or the zoonotic medium, where an animal is involved in the transmission cycle and the
transmission is between animal and human [6] and is usually transmitted indirectly between hosts by
sandflies of the genera Phlebotomus and Lutzomyia [7]. Further, the disease is also seasonal, with the
infected cases fluctuating in accordance with varying vector populations [8,9]. On the other hand,
clinically, the VL infected human cases can be categorized as asymptomatic, symptomatic and
post-kala-azar dermal leishmaniasis (PKDL)-infected representing different stages of disease diagnosis.
Asymptomatic infection represents that proportion of individuals which do not display any detectable
symptoms of VL infection and clinically constitute the most crucial class of individuals responsible for
spreading infection as they remain untreated until appearance of symptoms. Symptomatic infected
individuals display symptoms within a defined period of parasite incubation within them. After
continuous treatment and subsequent recovery from a VL infection, patients start developing a less
severe complication of visceral leishmaniasis, termed as post-kala-azar-dermal leishmaniasis. It is
largely characterized by a macular, maculopapular, and nodular rash in a patient, who has recovered
from VL and who is otherwise well [6]. The PKDL-infected cases act as a constant source of VL
infection spread among human populations. Both the impact of the mentioned diagnostic complications
along with the diversity in mechanisms of disease spread among host populations impose the need of a
deliberate effort to combat visceral leishmaniasis. Several conventional control strategies have been
developed for control of leishmaniasis spread. They are broadly classified into—(a) vector-based control
methods: Methods like insecticide and residual sprays, sandfly repellents, barrier for sandfly bites
through appropriate netting and clothing provide control through either elimination of vector populations
or barrier for sandfly bites [10]; (b) parasite-based control methods: Treatment of leishmaniasis patients
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with drugs, like sodium stibogluconate, amphotericin B, miltefosine, paromomycin, efc. as a primary
line of treatment [11]. Even though the above control strategies have been largely used separately to curb
the spread of the disease, optimizing and combining different control strategies can further help in
large-scale elimination of the disease [12].

A number of experimental and theoretical approaches are available to detect the spread of VL
infection and provide solutions to control disease spread in the human population [11]. From the 19th
century onwards, mathematical and statistical models of infection transmission have provided a greater
understanding of infection persistence in a population and have played an imperative role in providing
solutions to curb the spread of infection [13]. A number of mathematical and statistical modeling studies
have been published [5,14-26] to explore the dynamics of leishmaniasis disease transmission and its
incidence in populations. Most of these models have focused on transmission of cutaneous leishmaniasis
through different populations [14,21-25]. Only a few studies that explicitly model visceral leishmaniasis
transmission exist [15,16,19,20,27,28]. These models have attempted to study zoonotic VL disease
transmission among populations. A general model for zoonotic transmission of visceral leishmaniasis
through populations was developed and analyzed by Burattini et al. [17], where the sandfly, animal and
human populations were considered as a SEIR type model. A region-specific SIR type model for
modeling visceral leishmaniasis disease spread in Sudan was developed by ELmojtaba ef al. [15], where
they included one more class for PKDL individuals in addition to the infected human class considered
by Burratini et al. [17]. Even though these models were formulated as standard SIR/SEIR type models,
they did not consider the contribution of differential clinical manifestations of the disease in the human
population to the infection spread. To address this issue, two models have been proposed to understand
the VL disease dynamics in the Indian subcontinent via an anthroponotic medium [19,20]. Both these
studies have explicitly divided the human infection class as asymptomatic, symptomatic and
PKDL-infected to detect the spread of infections in human populations. However, none of the available
studies have considered both the role of clinically distinct infected human classes and the animal
population in VL disease dynamics.

With this background, we propose a detailed compartment-based mathematical model that studies the
VL transmission process in three distinct populations—the human and the animal as hosts, and sandfly
as the vector, further considering the detailed division of the human infected population into its clinically
distinct classes—symptomatic, asymptomatic and PKDL infected. With respect to these population
groups, the model comprises a total of 14 compartments (modelled as variables) and the rate of disease
transmission as a flow from one compartment to another. The model was analyzed both analytically and
numerically for this large system to demonstrate the effect of disease transmission between the
heterogeneous populations and to estimate the possible control mechanism.

As a first step, positivity and boundedness analysis of the model was performed. The VL infection
dynamics was investigated in the presence or absence of the constituent compartments to understand
their individual contribution in disease spread. For this, the disease-free equilibrium points for different
scenarios under the presence or absence of each population in the infection was calculated analytically
and conditions of their stability were elucidated. The expression for key epidemiological parameter
determining the persistence of infection in the population, that is the basic reproduction number (Ro) [29],
was derived for this large system.
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The model was also verified numerically in these different scenarios to compare it with the analytical
results. The model dynamics not only agrees with previously published models [17], but also provides a
detailed explanation of disease transmission through the host populations. We also performed local
parameter sensitivity analysis to identify the most sensitive parameters for epidemiologically important
variables in the model. The sensitive parameters were then varied to understand the effect of these
parameters in the steady state of each variable. The epidemic thresholds were identified from the model
by calculating Ro of the system for every parameter change. With respect to these results, we discuss
important control measures that could be taken in order to the curb the disease spread. Most importantly,
from our analysis, we suggest that combinatorial control of the identified sensitive parameters in specific
ranges is the most optimal and effective way to eliminate VL disease spread. In addition, from our model
predictions, we could hypothesize that animal populations recovering from infection can be effective
absorbers of infection thereby, reducing infection spread through human populations. Finally, as an
assertive point, we consider the birth rate of sandfly (density) as a binormal distribution function of
rainfall and attempted to fit the model outcomes to the number of cases occurred in Muzaffarpur district,
Bihar, India for the year 2005 [26]. The model predictions were comparable with the behavior of real
population data, thereby substantiating the importance of our detailed model in capturing the disease
dynamics. We further extended our parameter control analysis to real population data where we observe
the effect of variation in the identified sensitive parameters on real population data substantiating their
role in control of infection.

2. Model Construction

Visceral leishmaniasis demonstrates a complex disease dynamics by infecting heterogeneous host
populations [6]. Obtaining a realistic perspective of VL infection dynamics among heterogeneous
populations is a challenging task. In order to model VL infection dynamics, we considered three different
population groups possibly required for the infection to persist—the human, the animal and the sandfly.
The model equations were derived with respect to few assumptions. The total population of each group
was assumed to be constant (each group normalized by its total population) [17]. Similarly, the total
human infected class consisted of symptomatic infected, asymptomatic infected and the PKDL-infected
individuals considering each as a separate sub-compartment [19,20]. The asymptomatic infected human
population represents the set of individuals that do not present any clinical/physiological symptoms of
leishmaniasis [19]. With respect to the immunogenic potential of individual, the asymptomatic
individuals may show some symptoms adding to the symptomatic infected population or they might get
recovered gradually. Accordingly, a transient stage between the asymptomatic infected and the
recovered human classes, was introduced as a separate compartment to capture the delay in conversion
of asymptomatic infected into the recovered human population separately. The transmission of exposed
class to infected class is absolutely assumed to be dependent on the number of infectious bites provided
by the sandfly to the human or animal and ability to induce an infection in human or animal. In addition,
the transition of the population from one compartment to another depends on the ability of the human,
animal and sandfly population to fight back the infection.

Considering the aforementioned assumptions, we constructed a compartment based model integrating
the three heterogeneous population groups. Let Nu () represent the total human population, Nr (¢)
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represent the total sandfly (vector) population and N4(7) the total animal population. To observe the
changes in the relative proportion of individuals in each stage/compartment for each population group
during transmission of disease, we considered Ny (f) = Nr (f) = Na(t) = 1. In addition, the model parameter
values have been scaled accordingly to capture changes in relative population fractions. To represent a
biologically realistic complex scenario among populations, we have further divided the total human
population into seven compartments namely, susceptible Su(?), exposed En(f), asymptomatic infected
11a(1), symptomatic infected /us(f), PKDL infected 71p(2), transient stage population 7x(¢) and recovered
populations, those who are permanently immune to the infection Rx(¢). Similarly, the vector population
is divided in to three compartments, susceptible sand-flies Sr(¢), latent sand-flies Er(¢) and infected
sand-flies /#(¢), and the animal or reservoir populations into four compartments, susceptible animal S4(?),
latent animal E4(f), infected animal /4(¢f) and recovered animal Ra(f). The Twu or the transient class
represents a fraction of asymptomatic individuals that display symptoms after a delayed period of time
and are subsequently treated to become recovered [19]. The individuals belonging to this class
demonstrate recovery solely due to the primary and secondary lines of treatment that attempt to eliminate
the parasite population within each host. The flow of infection between these compartments in the human
and animal populations have been modeled using the standard SEIR model whereas the flow of infection
through the vector has been modeled using the SEI carrier type model [30]. Figure 1 represents the model
structure encompassing various components considered in the model, each arrow between the
compartments denoting the flow of infection from one compartment to another. The arrows providing
to each susceptible population denote the birth rate of individuals o, o4, ar and arrows leaving from
each compartments denote the mortality rate pa, pa, pr of each individual compartment considered in
the model. pr and p4 denote the probabilities that any sandfly will bite a susceptible human or animal,
with respect to the availability of the corresponding host blood meal. Further, the interactions of
susceptible animals and humans with the fly populations have been modeled using standard incidence
function, considering the probability that an infected sandfly would transmit infection to susceptible
human or animal host (pui, p4i). A latent period of infection (incubation period) is considered between
the exposed and infected individuals of each population (o#s, 6Ha, OHp, 04, and or) to differentiate
between the infectious (exposed) and the infected. We also assume that a fraction of exposed individuals
become either symptomatic (bus) or asymptomatic (/-brs). As mentioned before, the asymptomatic
individuals become symptomatic and the symptomatic individuals after treatment might become
PKDL-infected. To include this, we assume that a fraction of asymptomatic individuals (bxr) remain
dormant representing the transient population and the remaining become symptomatic (/-bxr). Similarly,
a fraction of symptomatic individuals after treatment become PKDL-infected (b#p) and the remaining
recover from the infection (/-bmp). The corresponding rates of transition between the asymptomatic to
symptomatic and symptomatic to PKDL-infected are given by pus and prp respectively. Further, each
human and animal infected population is assumed to recover from the infection with a specific recovery
rate (yar, YHs, YHp, Y4). The transition rate of the infection from the asymptomatic infected to the transient
stage (yns) was also considered separately. As we consider the division of the infected human class into
its 3 constituent sub-classes (asymptomatic, symptomatic and PKDL), we also assume that the weight
of infection gained by the vector from each of these three infected subclasses (fua, fus, fip) is unequal,
assuming a higher weight of infection from the symptomatic human populations.
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Figure 1. Schematic representing the flow of infection between different population groups
considered in the model. Each directed arrow represents the flow of infection. The
corresponding parameters are given above each arrow. Arrows leaving a compartment but
not connected to any other compartment represent the mortality (death) of individuals in that
compartment. The arrows directed towards the susceptible compartments and not connected
with any other compartment represent the birth rates of that population.

With respect to the assumptions reflected, by formulating a set of coupled ordinary differential
equations (Equations (1)—(14)) that considers these compartments as variables, we attempted to
understand the transmission dynamics of VL infection through these heterogeneous populations.
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where, Nu(t) = Su(t) + En(t) + Ina(t) + Lus(t) + Lp(t) + Tu(t) + Ru(t) =1; Nr(t) = SH(t) + Er(f) + Ir(t) = 1;
Na(f) = Sa(t) + Ea(t) + La(f) + Ra(t) = 1; Nu, NF, N4 is the total population of humans, flies and animal,
respectively. The other parameters and their values curated from literature have been defined and enlisted
in Table 1. As mentioned before, the parameter values have been scaled to per individual in a population
so0 as to compute dynamic changes in relative fraction of individuals in each compartment. For simplicity
of the model, we have also assumed that ax = un, ar = pur and o4 = pa.

Table 1. Model parameters and their numeric values used for further simulations.

Parameters Symbols Values References

Natural birth/mortality rate of human oty Wi 7.95 x 107 day ! [31]
Biting rate of infected sandfly (kept constant for both -

. ) B 0.2856 day! [15]
human and animal infection spread)
Natural birth, mortality rate of animal O, Ha 0.00167 day! [18]
Natural birth, mortality rate of sandfly OF, WF 0.07 day ! [18]
Incubation period of sandfly oF 1 day! [18]
Latent period of infection through animals G4 0.005 day™! [18]

Recovery rate of the animal population Y4 0.015 day! [18]
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Table 1. Cont.
Parameters Symbols Values References
Probability of sandfly biting a human host according
o pH 0.4 Assumed
to availability of human blood meal
Probability of sandfly biting an animal host according
s . pa=I1-pu 0.6 Assumed
to availability of animal blood meal
Probability that an infected sandfly transmits
. . . PHi 1 Assumed
infection to susceptible human host
Probability that an infected fly transmits infection to
. . DAi 1 Assumed
susceptible animal host
Proportion of humans who become symptomatically
. bus 0.3 Assumed
infected
Duration between developing symptoms and -
. PHp 0.001 day ! Assumed
becoming PKDL
Duration between asymptomatic infection and onset -
P 0.01 day! Assumed
of symptoms
Duration of the latent stage in asymptomatically ~
) OHa 0.03333 day™! Assumed
infected humans
Duration of the latent stage in symptomatically ~
. Oris 0.01 day! [32]
infected humans
Proportion of asymptomatic infections which recover
. . . bm 0.001 Assumed
directly (via transient state)
Proportion of symptomatic infected who
by 0.1 [33]
develop PKDL
Duration of the infectious period in asymptomatic -
) ) . ) YHa 0.01 day! Assumed
patients leading to a delayed transition period
Recovery rate of asymptomatic patients Yar 0.01 day™! Assumed
Recovery rate of symptomatic patients Vs 0.01 day™! [34]
Recovery rate of PKDL patients Yip 0.0055 day ! [35]
Weight for infection of flies from human
) ) Sta 0.001 Assumed
asymptomatic patients
Weight for infection of flies from human
. ) Srs 0.299 Assumed
symptomatic patients
Weight for infection of flies from human
) frp 0.3 Assumed
PKDL patients '
Weight for infection of flies from animal Jiv=1—= (fria + fus + frp) 0.4 Assumed

3. Results and Discussion

The set of ordinary differential equations (ODEs) were analyzed both analytically and numerically to
interpret the biological significance of the VL infection. Primarily, positivity and boundedness
conditions of the system of equations (Equations (1)—(14)) were proven. Equilibrium points and
epidemic threshold were calculated for the set of formulated ODEs. With respect to these calculated
values the stability of the system was analyzed.
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3.1. Positivity and Boundedness

The equations of this model can be analyzed with the initial conditions defined in a fourteen

dimensional variable space.
C, ={( Sy (). Ey(0), 11,(0). 11,(6), I, (6), T, (6), Ry (6), S4(6), E(6). 1,(6). R,(0),
Sp(O). Ex(0). 1:(0)| 0 C([0, =], Ry} )},
where, S;;(0) >0, Ej;(0) 20, 1,,,(0)20, 1,,,(0)>0, 1,,(0)>0,7;,(0) 20, R,;(0)20,8,,(0) >0, E,(0) >0,
1,(0)>0, R,(0)>0, Sz(0)>0, Ez(0)>0, I,(0)=0 C[0, o]; C([0, ], Ry is the space of continuous

(15)

functions and is a mapping from @ [0, o] fo Réi Ryt =1{S;, Ey, Thas Thgs Loy Ty Rys Sys Eys 1y Ry,

14
Ses Ep, IpeR™ | Sy, Sy, Sp >0, By, Iy, Ly, Ly Ty Ry Eyy 1y, Ry, Ep, I[p 20 ).
We observe that the right hand side of Equations (1) —(14) are smooth functions of the variable Sy, £y, Ly, L yyss 11> Tpys Ry
S Eys 1y, Ry, Sp, Ep, I and parameters, these quantities are non-negatives,

hence local existence and uniqueness properties hold in R%)i.

. d (S
We also observe that if S;; > 0 then %20 for Iy, Iy, 1y, Ty, 14, Ip 20. Hence, Sy > OV,
It is also true for the other variables Ey, 1y, Ly, 1py,s Ty Ryys Sys Eyy 1ys Ry, Sp, Ep, and I in the space C,.

Therefore, the positivity condition holds. For boundedness of the solutions we propose the

following theorem:

Theorem 1. All the solutions of Equations (1)—(14) which initiate in Réi are uniformly bounded if
Oy = U 0y = [y and op 2 fp.
Proof: We define a function,

W = Su + En+ Iua+ Iust Iup+ Ta+Ru + Sa + Eat [4 + Rat+ Sk + Er + IF (16)

Differentiating Equation (16) along solutions of Equations (1)—(14) and simplifying after few

algebraic calculations we obtain,

dd_VtV <ayto.toa,-u (S, +E, +1,, +1H5+1Hp +T, + Ry)-pu (S, + E,+1, + R))
_IUF(SF + Ej +1F)
dw

F < -u(S, +E, + 1, + 1+ IHp +7, + R, + S, +E,+I1, + R+ S, +E. +1,)
(17)
Hay + o+ a,)
Now, if we consider g, = min(uy, gy, pp) andm=(ay + o, + op) 20, where oy > py, o 2, and ap 2 yg,
then the inequality (17) can be written as
—+u,W < m
d
Using the theory of differential inequality [36], above inequality is transformed into,
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0<W(S,.E, 1,1, .1, T R, S, E.I.R,S,, E.,I)<

H> “Ha® “Hs> “Hp® > tg0

S0 WS, 00, £, (0), 1, 0.1, 011, 0.7, (0).K, (0.5, (0). E, (0.1, (0). R, (0). 5, (0). E, (0., (0) ™
0

For t —> o0, we have 0 < w< ™
Ho

Hence, the theorem follows as we have all the solutions of system (Equations (1)—(14)) that initiate
in Réﬁ are confined to the Region B, where
B={(Su> Ex> Lra s Triss Trp> Tps Ryps Sys Eys 15 Ry, Sy Es Iy) € R(l)j3 W<( Y , V& >0)j,
Hy
oy >uy, a,2pu, and ap 2 jy.

3.2. Deriving the Equilibrium Points from the Model

The model equations (Equations (1)—(14)) were analyzed to calculate the equilibrium points for the
disease free scenario and the endemic scenario. Each scenario was incorporated in the model as distinct
mathematical conditions and the model was thoroughly analyzed. The equilibrium points in each
situation were calculated using substitution method [13].

3.2.1. Disease Free Equilibrium

Disease-free equilibria were calculated for three distinct conditions—first, when there was no
infection that means there were no infected sandflies; second, when animal populations were not infected
and other two populations (human and sandfly) were infected and third, when animal and sandfly
populations are infected and human populations were not infected. These conditions were created to
substantiate the usability of the model in predicting disease-free equilibria for any single host and vector
pair and eventually to compare the behavior in different conditions of specific host availability.

(a) Absence of infected sandflies: In order to create the situation during which there were no infected
sandflies, for calculations of equilibrium point (St", Ex”, Ina", Ius, Ip", Tr', Ru", Sa”, E4", 147,
R4", SF’, EF", Ir"), the infected fly population /r was set to zero. This led all infected populations
to become zero, without which the disease could not sustain in the populations considered. Hence,
total population consisted of susceptible individuals alone with respect to each group. Therefore,

S, =28 B =0,1,"=0,1, =01, =0,T, =0,R, =0,

Hy
aA

Sx=24 Fx=0,1,%=0, R,*=0,
My

s, =%, E,=0,1,"=0.

F
(b) Absence of infected animal population: In this situation, only disease transmission between
human and sandfly populations was considered but animal populations remained non-infected.
To calculate equilibrium point (Sg**, Ex**, Ina**, Ins**, Inp**, Tu**, Ru**, Sa**, E4**, [4**,
Ra**, Sp**, EF** [r*¥) in this scenario, E4**, [4** and R4** were set to zero. When animal

populations were not infected, the disease transmission was between human and sandfly
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(c)

population alone. Therefore total animal population would be equal to susceptible animal
population. The equilibriums of all other variables were found by substituting value of /**. Hence,

o
S ¥¥=TA F *%=(, ] **=0, R, **=0,

My
%% = aFZHO-FK4K5 (Mt + 1 )y +0) P ’

[K,Ksay, +1:Ppy (m) + Ky, Ko+ p1.* By (m)](ﬂy +0o;)
S, **= P Cin ,

Hi
[ﬂpH(NHpHi N, M ** + gy ]
P *kHQ Kok
E, ** =ﬂpH(NHpHi+NApAi)]F o ’
bysO s +(1-byg)oy, + 1y
]Ha *% (1 - bHS)O-HaEH o ,
Uy + by ¥y, + (L-by) pys
I, **= by oy E,**+1-b,,)pydy, ** ’
‘ My + Hyg + prpHp +(1 'pr)VHv
Iy, ** = prpHpIHq_** )
(ay + 7Hp)
T, ** = b vl v **
(e +7)
R, ** = YLy ** +(1‘pr)7Hs X1y, **+7Hp1Hp o ,
Hy
S, ** = Ap ’
Bry (NHpr?fNApAi Yt a ** 4 il **+ pr]Hp )+
o (/% LS/ PR S PO D
E, ** = NyPui + NPy ,
(tp +0p)

where

5

Phi

Bpy ()

_ " NyPu + NPy K, = [Kleso-Hs J+[ K,(1-by,)0, j and
b0y +(1-by )y, + 14y K Hyy + DY g +A=by) Py

K, = K -I?Ht)pl-[s
2

2
prprpHp
(ﬂH +7/Hp)

Absence of infected humans: In this situation, only disease transmission between animal and

+ S Ky = :uH+:uHs+prpHp+(1_pr)7/Hs’ K, = |: +st}

sandfly populations was considered but human populations remained non-infected. To calculate
the equilibrium point (Sy***, Eg™**, Ina***, Ius™**, Iy *** Ty**% Ry*** Sy*#% E 8% [*%%
R*HE Spiosk it [pxs®) Pyt [ ¥*% Ing*** Iy *** Rp*** were set to be zero. Therefore,
the total human population would be equal to susceptible human population. The equilibriums of
all other variables were found by substituting value of /***. Hence,
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S, kxR = a_H, E, *%% = 0,1, *** = 0,
Hy
1, *** =0, ]Hp*** = 0,7, *** = 0, R, *** = 0
I, %% = MM, +(1+up )M, ’
(I+ p )M+ M+ M}
S, k= 2, :
Pui
JowEsk 4
[Bp.( Nopo+ NApA[) F y]
Pui
Bp.( )] Vi
E k%% _ NyPpi + Ny
4
(4,+0,)
[ oann o E *** ,
(1y+74)
R exx = ZaliTTT
Hy
S, wk = i ,
D4
LT
[ﬂpA(NHpHi"'NAPAi)fA 4 yr
Dy
Bp.( Vol F 5% S ***
E. kkk — NyPyi + NPy 3
F ’
(0p+ up)
where
_ 0B PyPuif
1
(NHle +NApAl)(O-F +ILIF)
D4
M, =a.0 : a
2 F AﬂpA(NHpH[+NApA[) 4
3 2 2
My = (it~ T " O Tl Y A A Y AT A M)
2 P Dy
M,=p8p,( ’ Yo, B( ’ )&
) ! Nypy+N,py ! Nypy+N,p,y !
2 D D4
M. = + o
S ﬂpA(NHpHi+NApAi) Hrrkla AﬂpA(NHpHi+NApAi)
D i
M, = o : .
6 = HrY 4 AIBpA(NHpHi +NApAi)

3.2.2. Endemic Equilibrium

Endemic equilibrium is the steady state solutions of the variables (all are greater than zero), where
the disease persists in all population groups. The endemic equilibrium point (Sg****, Epg**** | [y, ****

]Hs**** ]Hp**** TH**** RH**** SA**** EA**** ]A**** RA**** SF**** EF**** IF****) for all
the model variables were found by substitution method. Expression of /r**** was substituted in other

variables to get exact expression of each variable. Therefore, solving Equations (1)—(14):

AL+ Al + A =0



Mathematics 2015, 3 925

[ (2 [
[ *E*E = N4 - 44 4) and T **%% — -4, - (Azz -44,4;)
F F =

24, 24,
For the positivity of the endemic equilibrium point, / r *ax% > 0, this is possible if and only if

(4,2 -44,4)> 0 and \|(4% -44 4) >-A,.
Therefore,
[ 42
[F**** — -4, +4 (4,7 -44,4;) (18)

24,
SH****: Oy
Pui (19)
J. EEEE 4
(Bpyu( Nopo+ NAPAi) F )
’BpH(N p_]:iN Y, HEEE G ok
E, FEEE = uPui 4P 4i (20)
by oy + (1-by )0y, + 1y
J. kEkk (-b,)0,, E, **** N
a My + by, + (1-b,) py, (21)
[ wwsk b O Ey ¥ 5% +(1-b, ) py L, ¥ 5% N
Hs -
(M + gy +by 0 +A=by) Vi) 22)
J kEEREk prpHpIHs**** o)
H
’ (ﬂH + }/Hp)
OO T P .
H
(luH + 7Ht)
R ek YTy ¥¥%% 4 (l-pr)yHS]Hs**** +7Hp1Hp**** o)
H
Hy
SA**** — a,
Pai (26)
[ kEEE
(Bp.( Nopo+ NAPAI-) r )
ﬂpA( P )]F****SA****
E kkkk Nypy+N,p., o
4
(:uA + O-A)
7 wwnn 2 GaXE T o)
4
(/uA +7/A)
y X, FEE
My
(94
S kAR F
' (X%t a1, ) (30)
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(X****)SF s sk sk ok

woAkE
E, =

31
(Up + OF) Gl

where,

D /P e I it v/ i

Nyby+N,p,; Nypy+N,p,

P Phi
Al =L4 LSaH ﬂpA (—A)+L3 aAﬂpH (—H)

NyPy+N,py Nypy+N,py

P ) ( D
Nyby+Npy " NyPy+Npy

(32)

+ 1, B2p,(

A, =4y~ 4, — Ay (33)

Phi P4i

Ay =p, L La, +Lia,pu, +u.Bp, (—NHpHi+NAPAi YU+ Moty PP, (—NHpHi+NAPAi) (34)

GFaFL4L5aHIBpA( pAiN )
A, = HPui ¥ IV 4Py (35)

(+4,) ’

Pui
La,fp,( )o,.a
Ay, = s Nypy +N,py o (36)
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" NybPu+N,py
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pA[ pAi
L I o
_sz(N +Np) pA(N +N,p Vio,

1P aPai p _ aPhi 4P
s —
Ht0Oy Hy+7y

L, = Li(1=by) Py + 1, (=04, )04,
My + My + pr Pup T (1- pr ) s My bV, (L= ) Py

L

L= Ji HprppHp + £ Hs*
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Lemma 1. The endemic equilibrium point (Su™****, Eg***% [p*#*%% [y ¥k [, 53 Tyt
Ry *AHE G Rk R Ry K Gpickak Pk [pER%RE) of the model system (Equations
(1)—(14)) exists if and only if

(A22 -44,.4,)>0 and + (/122 -44, Ay) >-A,, where 4, 4, and 4,,are defined in the Equations (32)-(37).

Proof: The proof of the Lemma 1 is obvious from the positivity conditions of the endemic equilibrium
pOint (SH****, EH****, IHa****, IHS****, IHp****, TH****, RH****, SA ****’ EA ****’ IA ****’ RA ****’
Spisks ) ppxkack [px#F) of the model (Equations (1)—(14)) and from Equations (18)-(37) along with the
positivity of Ir**** this is possible if and only if the following inequalities hold true

(A22 -44,4,)>0 and \I(Azz -44, A,) >-A4,, where 4, A, and 4, are defined in the Equations (32)-(37).

3.3. Basic Reproduction Number

The basic reproduction number (Ro) suggests the nature of the disease spread through a population [29].
The basic reproduction number (Ro) is an important parameter that gives the average number of
susceptible individuals each infected individual would infect in a population over a period of infection.
In theoretical epidemiology, Ro is calculated as a dominant eigenvalue r(K) of next-generation operator
K [29]. For our model, Ro can also be calculated as Ro = r (FV~!), where the matrices, for the new
infection terms, F, and, of the transition terms, V, are given, respectively, by

- - _
0 0 0 0 00 0 0 pp,——2—358,
Nuby+Npy
0 0 0 0 00 0 0 0
0 0 0 0 00 0 0 0
0 0 0 0 00 0 0 0
0 0 0 0 00 0 0 0
F=
pﬁ
0 0 0 0 00 0 0 pp,——4——S8
" NuputNpy
0 0 0 0 00 0 0 0
0 ﬁpu Afms.v ﬂp,, L‘/}ASF ﬂp,, LJ;I/}SI- 00 ﬁp/y ¢Sﬁfn 0 0
NuPu+N,py NP+ Ny Ny Py +Npy; Ny P+ N,y
10 0 0 0 00 0 0 0
_:ull +by03, +(1=by oy, 0 0 0 0 0 0 0 0]
~1-by)oy, Hy+by i+ P (1-By) 0 0 0 0 0 0 0
DOy —pu(=by) My +by 0, + 7, (1=by) 0 0 0 0 0 0
0 0 b, P M+ 0 0 0 0 0
V= 0 Dyt 0 0 M+ Y 0 0 0 0|
0 0 0 0 0 M, +0, 0 0 0
0 0 0 0 0 o, MYy 0 0
0 0 0 0 0 0 0 H+0o. 0
L 0 0 0 0 0 0 —Op L]

Hence for our system, the basic reproduction number (Ro) can be calculated by substituting the
expressions of the equilibrium points in the matrix F and subsequently finding the dominant eigenvalue
of FV! through symbolic evaluation of the matrix inverse, multiplication and eigenvalue determination
using MATLAB Mathworks R2012a, and performing algebraic manipulations to obtain a simplified
expression as,

Ry = Ry (Ry, _Ro3)l/2 (38)

where,
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- OF
for = \/ﬂF(?’A + 1 )Ty + Mg WO+ p N Op + pp )HLT ’
~ A* + B?
- HE(Va+ 1)V + Mg O 4+ ) OF + pp ) HL ’
C*-D*-E*-F>-G’
> eV a+ 1)V + g oy +p)(0p + up)HIJ
e SASFﬁZfAO-Apipii (brsOrs = By =D)V 1y + 10 )y + 0¥ g = Pris Brye = D)V b + Mg + Hpts = b 115 + Brp Prp)
(NyPui + NP 4i)
B SASFﬁZfAO-Apflpfli:uH Vrp + )V i + 1) My + 057 g = Pris Orie =DV g + Mg + Byt =V s + Brap Prp) )
(Ny Pri + NP 4i)
C = SFSHﬂszaO'Haplzfplzﬁ(J/A 1)V py + N0 g+ 1 )by =DV s + My + Mg = bV s + BrpPrp) ’
(N Pri + Nabai)
D= SFSHﬂ2bHsstGHsp12-Ip[2-[i(7A AU Yy ) o g+ 1))y +by Ve = Pus (b, — 1)
(NgPui + Nypai)
r_ SFSHﬁZprbHsprUHsPIZJ plz-lipHp atwu))o+pu )y +by,7na = Pus(by, —1)) ’
(NyPui * Ngpai)
Fe SFSHﬂZbvaHYGHapIZ—Ipl%IipHv (Va+ 1) Ty + o N0 4+ 1Dy —D(byy, —1)
(N Pri + NP 4i)
G- SFSHﬂZprprUHaPIZJPIZﬁPHpPHs (V4 +ua)0 4+ )by —D)(by, —1)
(N i + NP ai)
H = pty + by ¥ o = Pris (b =1)
I'= pty + by gy = O (b =1)
J=Vus + Mg + Hyg - byVus + bypPrp

From our Ro expression it is clear that the explicit relationship between the parameters

R02

Ry

E

B

b

B

and the epidemiological threshold, basic reproduction number, is difficult to obtain. Since, Ro
represents the average number of secondary cases generated when one infected case is introduced
into a completely susceptible population, hence from the expression it can be observed that
the number of sandfly infections generated by infectious human and animal (near the equilibria)
is given by the sum of the product of the infection rate of infected humans and animals

Py Pai Tl
pp (fou+ Sope ¥ Su)+Bp f, |, calculated at the equilibrium
"N +N,p e v ’ NyPpy+ NPy ’

H P 4P
value [37], where the susceptible sand flies can acquire infection through blood meal from an infectious
human (different groups) and animals. However, due to the complex expression of Ro, numerical
estimation of Ro and its variations due to different parametric conditions, which eventually can alter the
disease endemicity, is presented subsequently. It is to be noted here that while studying the stability of
the system around each of the equilibrium points (different disease-free and endemic scenarios) as well
as variations of Ro through changes of parameters to observe endemicity, the respective equilibrium
values are substituted in the Ro expression (or in the ' matrix) and the results were obtained numerically.
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3.4. Stability Analysis

The local asymptotic stability of the system around disease free and endemic equilibrium points were
analyzed. Stability analysis was performed by finding the eigenvalues of the Jacobian matrix of this large
system. Since from our model, the Jacobian matrix is of size 14 x 14, we have used the following
definition [38,39] and Theorems 2 and 3 [40,41] related to the stability of matrices of higher orders.

9= {J ; there exits a positive diagonal matrix W such that WJ +] TW is positive-deﬁnite}

— the diagonally (positive) stable matrices,

= {J ; there exits a positive diagonal matrix W such that WJ +] TW is negative-deﬁnite}

—the diagonally (negative) stable matrices,

k
® ={J; all the signed principal minors of J, i.e.,Mi1 . ’ik: (-1) det J. ..., :
for any subset 1 < i1 <...< ik < n of the integers {1,2,...,n}, are positive}

Theorem 2. Let J be a 14 x 4 matrix of this model then J will be reducible to the form
J — Jl JZ
JO J3
where blocks J1 and J3 are square matrices. Then J € 3, if i € §; J3 € $ and Jo is a null matrix.

Theorem 3. Let J be a square real matrix. Then all the eigenvalues of a matrix J have negative (positive)
real part if only if there exists a symmetric positive-definite matrix H such that, HJ + J'H is negative

(positive) definite. Such a matrix J is said to be negative (positive) stable.
3.4.1. Stability Analysis around Disease-Free Equilibrium

The model stability was analyzed for disease free situations of each population group. Under disease
free scenario, the possible situations for the model are: first when sandfly were not infected, secondly
when animal populations were non-infected and last when human populations were non-infected.
Therefore, using the matrices /i1 and /3 found from Theorem 2 and Theorem 3 on ODEs (Equations (1)—(14)),
we analyzed the stability of the system (Equations (1)—(14)).

(a) Absence of infected sandflies: The behavior of system could be understood by finding
eigenvalues of J1 and J2 matrix. The eigenvalues were found after substituting the equilibrium
points which were calculated for the sandfly uninfected case. As there was no infection in sandfly
population, implies that there would be no infection through other population group. We obtained
eigenvalues for this condition from the model as -u#, -u4, -ur, 0,0,0,0,0,0,0,0,0,0,0. When there
is no disease transmission throughout the population, the system would be stable if

R, =R, (R, —R,)"? <1,holds true.
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(b)

(©

Theorem 4. The system (Equations (1)—(14)) is locally, asymptotically stable around the disease
free equilibrium points (Su", Ex", Ina", Ius", Iy, Tu', Ru", Sa", E4", 11", R4", SF", Er", IF") if
Ry = Ry (Ryy — Ry3)"'? < 1, otherwise unstable.

Proof: From the above eigenvalue analysis using Theorems 2 and 3, the proof of Theorem 4 is
obvious if the inequality, R, = Ry;(Ryp, — Ry3 )2 <1 holds true.

Absence of infected animal populations: The previously calculated equilibrium points were
incorporated into the aforementioned matrices (/1 and J3). The following eigenvalues were obtained

(' Hy - IFﬂpH N » pfiN » )v “Hys (' Vip = /UH)a (' Ve - /uH)9
HF Hi AF 4i
70, 30,
-4y - 1—61 - lg ), (pr7Hs = Vus - prpHp' )5

(thpHs - Py - thyHa - ,LIH), “Hy, - Hp, ('/uF - GF), Oa Oa 0.

Theorem 5. The system (Equations (1)—(14)) is locally asymptotically stable around the
infected animal free equilibrium points (Su™*, En™**, Ina™*, Ins™*, Irp™*, Tu™* Ru™**, Sa** E4**,
La**, Ra*% Sp** Er** Ip**), if bupyns < yus + bHpprp + un and buprs < prs + bugna + un,
otherwise unstable.

Proof: From the above eigenvalue analysis it is clear that if bmpyyns < yus + bupprp +pu and
buprs < prs + bruna + pa holds true, only then the system is locally asymptotically stable,

otherwise, it is unstable.

Absence of infected humans: The previously calculated equilibrium point (Su***, Eg***, [, ***,
IHS***, IHp***, TH***, RH***, SA***, EA***, IA ***’ RA ***’ SF***, EF***, IF***) were then

incorporated into the aforementioned matrices (J1 and J3). The following eigenvalues were obtained

Pi
=My, 09 Oa 09 Oa 0 30 5 (_ Hy - [FﬂpA . )3 - Hp, (_ He _O-F)’
NyPpy+N,py

_,LlAﬁ (_ 7/A - ll'lA)ﬂ (_ ,LlA = O-A)7 [- /'IF - ]Aﬁ\f;lp,q( pAi )]
NP+ NPy

Since the obtained eigenvalues from matrix J1 and J3 were not all real and negative, the system

is locally unstable.

3.4.2. Stability Analysis around Endemic Equilibrium

To observe the behavior of the system when all three group populations were infected, the system

was analyzed on the basis of eigenvalues of matrix J1 and J3. The eigenvalues were determined after

substituting the critical points which were calculated for the endemic scenario. The eigenvalues

calculated were,

(- 4y - ]F:BPH

P
NyPuy+ NPy

) “Hy> (- Vip ~ /’lH)a ('7Ht - /JH),

C byl = Hy)s By = Ouy =My = by = P + 04 Pu)s
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(- My = My = Vi - bf;ppfgg+b1-¢7flg)a -Hy»

P
“Hp - Op, -Hp, (',UA - IF/BpA 4 ): (' Vi - /JA)a (' Hy - A)a

NyPy+ NPy
Phi P
- - I + 7 + 1, 1) -1 .
[- 4 ﬂ(NHpHi “Np, )P (Lo S 1 prHp w5 s) AﬁprA(NHpHi +N,p, )]

Hence we propose the following theorem.

Theorem 6. The system (Equations (1)—(14)) is locally asymptotically stable around the endemic
equlllbrlum pOl}’l[ (SH****, EH****, ]Ha****, IHs‘****, IHp****, TH****, RH****, SA****, EA****,
LFHHE R HFAE S otk ppixkk [p*E%%) provided brpns < busoHa + 0Ha + un + busons + prs and

brpyrs < un + uns + yus + brpprp, alongwith the existence conditions stated in Lemma 1.

Proof: The above theorem can be proved easily by obtaining the eigenvalues of the jacobian matrix at
the endemic equilibrium point by using the definition [37,38] and Theorems 2 and 3 [39,40] related to
the stability of matrices of higher orders. The analytical expressions of some eigenvalues are not explicit
as they contain the steady state values of the endemic equilibrium point, but if we use the positivity
conditions for the endemic equilibrium point to exist (Lemma 1), then we can easily show that the
inequality stated in Theorem 6 will hold true to obtain real and negative eigenvalues, which ensures the

stability of the endemic equilibrium point.

The conditions obtained from local stability analysis and the system around each of the equilibrium
points provides a strong biological basis to interpret the system behavior under different parametric
conditions. The dependency of the biologically important parameters on other system parameters for
obtaining the stable situation under different disease scenario can also be estimated from the above
analysis. Moreover, the estimation of Ro and its variations due to different parametric conditions, which
eventually can alter the disease endemicity, can also be tested. This further helps to get a coherent
estimation of the control of disease conditions. All the above analytical results were further verified by
numerical simulations. The existence of different equilibria (disease free or endemic) and the conditions
stated in Theorems 4, 5 and 6 for the stability of the system around different equilibria are verified
numerically using the biologically feasible parameter values in Table 1. The inequalities in Theorems 4,
5 and 6 are not satisfied and the existence conditions are violated if parameter values are not

biologically feasible.
3.5. Numerical Analysis of the Model

The model was also analyzed numerically to observe the behavior of the infection transmission in the
considered heterogeneous populations. Parameter values are given in Table 1. The numerical simulations
were performed using the 4th order Runge-Kutta method implemented as a C program. The simulated
results were plotted to visualize the behavior of model using MATLAB R2012a, Mathworks. In addition,
the most sensitive parameters for infection to occur were identified from the model by performing local
parameter sensitivity. The equations were incorporated as reaction rate laws in COPASI [42] for
performing parameter sensitivity analysis. These sensitive parameters were varied in appropriate and
wide ranges to capture the changes in the steady state behavior of some important model variables.
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Dynamics of Visceral Leishmaniasis Transmission:

To compare the numerical simulations with the analytical solutions of the model, the previously

mentioned disease free and disease-persistent scenarios were re-created and analyzed numerically. The

model was simulated for 1000 days and dynamics of disease transmission was monitored. Simulations

were performed using parameters, mostly obtained from literature and few are assumed to be biologically

feasible, and are provided in Table 1.

The following situations in the model represent the different disease-persistent and disease-free scenarios

(a)

(b)

(c)

(d)

Vector populations remain uninfected: In order to create this situation, /r was kept to be zero.
Hence, it is evident that absence of infected sandflies in the population would lead to no disease
transmission. This could be captured from the model simulations as well (vector uninfected,
Figure 2). The susceptible population stabilized around 1 and other populations stabilized around 0.
As no infection persists in the population, the equilibrium prevalence of all population fractions
remains same as the initial value justifying our analytical observation.

No infections through the animal population: When there were no infected animals, the disease
transmission was restricted to humans and sandflies alone (animal uninfected, Figure 2). In order
to create this situations, the preference of sandfly blood meal to animal (p4) and human
population (pr) was changed from their default values to 0 and 1.The infected fly population
shows a transient increase within a few days as disease load is totally dependent on a single host
population that is the human population, avoiding delay in infection spread as opposed to
distribution within two hosts where the infection would be lost by clearance of infection from
each host. Hence the corresponding infected human populations also show a transient increase.
As the susceptible human population (Sz) becomes continually infected, Sz shows a rapid
decrease until it is totally transported. In addition, with respect to immunity of individual the
recovered class shows a similar increase.

No infections through the human population: When there were no infected humans, the disease
transmission was restricted to animals and sandflies alone (human uninfected, Figure 2). Similar
to the non-infected animal scenario, the preference of sandfly blood meal to animal (p4) and
human population (pxn) was changed from their default values to 1 and 0 respectively to maintain
infection only through animals. The infected fly population shows an increase similar to the
animal uninfected case for the initial few days after which a rapid decline is observed. However,
comparing both the situations, it can be observed that steady state of /7 is around 100 fold higher
in the situation when only animals are present as compared to situation when they are absent.
This suggests that the animal population act as the major contributor for continual infection.

All populations were infected: Under the influence of both the host populations (human and
animal), the dynamics of infected sandfly population demonstrated a combinatorial effect where
the initial population rise resembled the infection under presence of only the human infected
population and the latter persistent infected population resembled the infection under presence
of only the animal infected population (all infected, Figure 2). Another observation was that the
steady state of recovered animal population decreased further in presence of both animals and
human populations as compared to situation where only animals were present suggesting an
increased flow of infection from animals to humans via the increase in proportion of infected
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sandflies. A similar behavior of each population considered in our model was also observed in a
previous study [17].

J, J 3 Human
V t 1 - - - 1 g - - - - 1 g - - - - . sH
ector - E
I 1 t { H
uninfected 0.6 0.5 0.5 1
0 al o Ha
c 0 200 400 600 800 1000 0O 200 400 600 800 1000 0 200 400 600 800 1000 Hs
o ; 1 ' ’ ) i ] 1F - . - - | 1 - i . - o
= An_lmal _) \ ] —Ty
= |uninfected 0.5 T~ 0.5/ | 0.5 { R
a > H
o 0 0
I:I? 0 200 400 GO0 8OO 1000 0 200 400 600 8OO0 1000 0 200 400 600 800 oo0 Animal
Y A
1 1 | 11—
© [Human \.\ —E,
5 |uninfected - o5 U‘SC:‘)—'C,C 0] | I
. L o { P
€ o . . ; . 0 . . . . ol - . . 1 —R,
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N
Days v 4

Figure 2. Numerical simulations of the model were performed in the vector uninfected,
animal uninfected, human uninfected and all infected scenarios for every variable (in the
human, animal and sandfly compartments) considered in the model and the temporal behavior
of the system was monitored for each population group.

An interesting observation in this context (i.e., for endemic steady state) is that for a wide range of
parameter variations (10° fold increase and decrease from the basal values mentioned in Table 1, for all
the parameters involved in the inequality stated in Theorem 6) the condition of Theorem 6 holds true,
i.e., the system is stable around the endemic steady state. Due to the largeness of the system, we have
not been able to prove explicitly the global stability of the system. However, from our numerical
simulation and biologically feasible parameter variations within a wide range of values we can expect
globally stability around the endemic equilibrium point.

3.6. Animal Populations Act as a Reservoir of VL Infection

The equilibrium prevalence of infections in each population under the above created scenarios was
compared (Figure 3). It can be observed that the equilibrium value of infected sandfly population (/r)
was high under the human non-infected scenario (Figure 3A) as compared to the animal non-infected
scenario (Figure 3B). Similarly, while considering spread of infection in all the three populations
(Figure 3C), the equilibrium value of animal infected population (14) was high as compared to every
infected human compartment as well as the total infection in human. Both these observations suggest
that the animal population contributes more to the VL infection than the human, clearly indicating that
sandfly prefers animal over human. Further, Ro values were calculated in each of the aforementioned
scenarios (Figure 3D). Ro for the non-infected animal scenario was higher than non-infected human
scenario confirming that infection spread is highly modulated by the animal population. It has been
previously reported that when a reservoir host is removed from the system, Ro increases [43]. This
confirms that indeed the animal population acts as a reservoir for VL infection.
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Figure 3. Comparison of equilibrium and Ro values in different scenarios created from the
model. (A) Comparison of equilibria of infected populations in the non-infected animal
scenario; (B) Comparison of equilibria in the non-infected human scenario; (C) Comparison
of equilibria in the default, all infected scenario; (D) Ro values in the above three scenarios.

3.7. Designing Disease Control Strategies from Model Predictions

The most important aim of our study is to model the complex disease dynamics of visceral
leishmaniasis and to understand important parameters that can control disease transmission among
different populations. By identifying the most important parameters that govern VL infection, it can be
possible to develop optimal strategies that can lead to the control of these parameters and hence, cause
reduction in spread of the infection through populations. For identification of the most important
parameters, a two-way analysis was performed where the most important parameters that are sensitive
to infected population groups in our model was identified, followed by variation of these sensitive

parameters in feasible ranges to understand the dependency of equilibrium infected populations on
these parameters.

3.7.1. Identification of Important Parameters that Control VL Infection

Local sensitivity analysis is a mathematical procedure that identifies the most sensitive parameters in
a system of ODEs for a given output [44]. Local sensitivity analysis was performed in our model using
COPASI 4.11 (Build 65) [42] to identify the most sensitive parameters that influence VL disease
dynamics. The importance of local sensitivity analysis is that it suggests the importance of parameter
that is affecting the output of the model when perturbed in a very small local range. According to the
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standard procedure, every parameter was increased or decreased up to 0.1% of its original value (keeping
the other parameters constant) and then its sensitivity in this local range to steady state of the output as
checked. The sensitivity of variables is measured by the values of the sensitivity coefficients. The scaled
sensitivities of each of the model parameters to steady state of infected human, animal and fly
populations (/xa, Ius, IHp, 14, and Ir) are plotted in Figure 4. The negative values of sensitivity coefficients
indicate negative effect of that particular parameter on steady state and positive values of sensitivity
coefficients indicate that the particular parameter has a positive effect on the steady state of all infected
population groups considered in the model.
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Figure 4. Local parameter sensitivity analysis for different model parameters and its effects
on infected population groups. (A) Local parameter sensitivity for the variable /ua; (B) Local
parameter sensitivity for the variable /us; (C) Local parameter sensitivity for the variable /xp;
(D) Local parameter sensitivity for the variable 4; (E) Local parameter sensitivity for the
variable /r. As some parameters are common for different events occurring in the model, the
variable affected during the event has been indicated in brackets along with the parameter.
For example, pr, death rate of a sandfly is a parameter that is common for susceptible,
exposed and infected flies. However, ur (Sr) indicates the death rate of susceptible flies.

There are few parameters au, or, o4, un, pa and ur, which are common for different populations in
the model, the population affected in the reaction has been indicated in brackets along with the
parameter. From Figure 4, it can be observed that the biting rate B as expected has a positive effect on
the infected individuals of each population. Similarly, the birth rates of each population (as, ar, and a.4)
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have a positive effect on the corresponding variables. In addition, the mortality rates (u#, u4) of each
population except /r have very small negative effect on their corresponding variable. In Figure 4A, we
could observe that pms has negative effect on [m. suggesting that increase in duration between
asymptomatic infection and symptoms lead to reduction in asymptomatic infection. Another trivial result
was that the increase in recovery rate of infection (yus, yHp, y4) reduces rate of infections (Figure 4A-D),
which depends on immunogenic potential of the corresponding population to the parasite infection.
Other trivial results include the highly negative effect of ur (Ir) and on Ir (Figure 4E). In addition, the
death rate of susceptible fly ur (Sr) has negative effect on /r indicating cessation in transmission of the
infection from susceptible to infected under increased death rate of susceptible flies.

A unique result was that pus (recovery rate of symptomatic individuals) had a positive effect on /up
probably suggesting the flow of infection through an alternative route, i.e., Iy (Figure 4C). Conversely,
yrs demonstrates a negative effect on /up (Figure 4C) signifying the reduction in the rate of conversion
of Ius into Imp. Further, it was further observed that the recovery rate of animal from infection (y4) had a
high negative effect on /upy and Ir (Figure 4E) further suggesting the role of the animal population in
absorbing the infection towards itself.

3.7.2. Variation of Parameters to Control VL Infection Spread

The parameters identified through sensitivity analysis were varied in appropriate ranges to study
equilibrium dependence of the infected populations on each identified parameter. By performing
extensive parameter variations, we also compare the choice of parameter values and identify ranges
where disease transmission would be considerably reduced. Further, in each case, change in Ro was also
monitored with corresponding change in the parameter value to identify epidemic thresholds for each
parameter that can lead to termination of the disease.

(a) Infected sandfly biting rate vs. fly mortality rate: As indicated by parameter sensitivity (Figure 4),
the infected sandfly biting rate (f) has a positive effect whereas the fly death rate has a negative effect
on equilibrium infected populations. Varying £ between 0—1/person/day, it can be observed that all the
equilibrium infected populations demonstrate a sigmoidal increase with variation in biting rate (Figure 5A).
When g < 0.2/person/day, there are no or low proportion of infected individuals in each population. But
for a f > 0.2/person/day, the proportion of infected individuals switches from low numbers to
considerably high numbers, representing the spontaneous spread of infection through all the populations.
Change in infection spread can also be monitored by Ro. Hence, varying the infected sandfly biting rate,
it can be observed that Ro < 1 when, £ < 0.168 suggesting no infections in the population. Similarly,
varying the fly death rate (ur) between 0-0.5/cycle, a sigmoidal decrease in proportion of all infected
humans can be observed with increase in fly death rate (/ua, Ius, Inp in Figure 5B). At the same time, an
exponential decrease can also be observed in the infected animal and fly populations (4, Ir in Figure 5B).
In addition, Ro exponentially decreases with increase in ur. An Ro <1 can be observed when ur > 0.1.
Thus, maintaining the infected fly biting rate 5 <0.168/person/day or mortality rate of flies ur > 0.1/cycle,
can lead to cessation of the disease.

Apart from varying either of the parameters, we also perform variations in the above two parameters
simultaneously to identify combinatorial ranges of parameters where the infection dies out. It can be
observed that for mortality rate of flies (ur) > 0.23, Ro is always less than 1 (Figure 5C). This suggests
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that pr is more influential as compared to f in reducing the infection. However, when ur < 0.12, S
contributes more in spreading the infection among different populations. This can be observed by the
high Ro values (orange colored regions, Figure 5C) under the presence of increasing f. This indicates
that combinatorial strategies that can control both the infected sandfly biting rate (f) and mortality rate
of flies (ur) in the predicted ranges can lead to better reduction of disease spread.
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Figure 5. Parameter variations in 3 and p=——(A) Effect of B on equilibrium infection
dynamics and Ro; (B) Effect of pr on equilibrium infection dynamics and Ro; (C) Effect of
simultaneous variations in 3 and pr on Ro.

(b) Recovery rate of animal vs. symptomatic humans: As indicated by parameter sensitivity (Figure 4),
both the recovery rate of animal and recovery rate of symptomatic humans negatively affect the infected
populations. Varying recovery rate of animal (y4) between 0-0.06/day, it can be observed that the
fraction of individuals in each infected class of humans demonstrate a delayed sigmoidal decrease (/xa,
Lus, Inp in Figure 6A). Whereas, infected animals and flies demonstrate a rapid exponential decay with
increase in y4 (14, Ir in Figure 6A). Varying y4 further leads to an exponential decrease in Ro. However,
in the given parameter ranges of y4, the infection did not die out i.e., Ro was never less than 1. This
suggested that the animal recovery rate does reduce the occurrence of VL disease among populations
but does not lead to cessation of disease. Further, the infection that persists in the population is because
of the infected human populations acting as a sole source of infection. Similarly, varying the recovery
rate of symptomatic individuals (yxs), it can be observed that there is an exponential decrease in relative
proportions of all the infected populations considered in the model (Figure 6B). In addition, it can be
observed that the rate of decrease in the steady state asymptomatic and PKDL-infected populations is
slower than the rate of decrease in symptomatic populations. A similar behavior can be observed for the
transient class (7#) also. This suggests the role of /#a, /Hp and Tx in acting as important sources for VL
infection for a certain period of time, even after increasing the recovery rate of symptomatic individuals.
Further, Ro also demonstrates an exponential decrease with increase in yxs. However, in the given
parameter ranges of yus, the infection did not die out i.e., Ro was never less than 1. As increasing the
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recovery rate of animals and humans individually did not lead to cessation of disease spread, it is
necessary to vary both the parameters and observe its effect on persistence of infection.

Apart from varying either of the parameters, we also perform variations in the above two parameters
simultaneously to identify combinatorial ranges of parameters where the infection dies out (Figure 6C).
We monitor Ro while varying the recovery rates y4 and ymws. It can be observed that for
y4 > 0.05 and yus > 0.04, Ro is less than 1. Thus, for optimal disease control, it is required to develop
strategies that can maintain high rates of recovery within both animal and host. This also indicates that
healthy and rapidly recovering animals contribute towards reduction of VL infection by absorbing the
infection towards itself and thereby reducing the load towards the recovering human population.
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Figure 6. Parameter variations in y4 and yus—i(A) Effect of y4 on equilibrium infection
dynamics and Ro; (B) Effect of yu on equilibrium infection dynamics and Ro; (C) Effect of
simultaneous variations y4 and y#s on Ro.

3.8. Testing the Model with Real Data

The monsoon season with moderate temperature and relative humidity, is the most conducive
environment for the breeding of sandflies. A significant positive correlation between sandfly density and
rainfall is known for the sandfly species Phlebotomus papatasi [45]. Further, sandfly abundance is
known to the highest in monsoon and post-monsoon seasons [46]. With respect to this information, it is
palpable that seasonal fluctuations like rainfall affect the existence of effective sandfly population. To
reinforce our model predictions with real data, we intended to include this seasonal effect on sandfly density.

Thus, in order to test the predictive capability of the model with real population data, we replaced the
birth rate of sandfly as a binormal distribution function F(?) in the model, which was fitted for the bimodal
nature of the rainfall distribution in the Muzaffarpur district, Bihar, India for the year 2005 [24].

SCC IR PR
F@t) =ae 9 +ae 2 (39)
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Here, ¢ denotes the time of the year (in days); a1, a2 gives the peak value of mosquito density in that
year; c1 and c2 gives the width of the two normal distributions; and b1, b2 denotes the position of the
peaks. As a case study, the values of a1, a2, b1, b2, c1, and c2 were adjusted so as to appropriately predict
sandfly density from reported rainfall data [26]. This function was then introduced as sandfly birth-rate
in the model. To perform this simulation, the default parameter values were retained. For the purpose of
validation, the behavior of this modified model was scaled and fitted with the number of VL infected
symptomatic human cases reported for Muzzafarpur district, Bihar, India in the year 2005 [26]. While
performing simulations, the initial values of the human compartments were varied in proportion so as to
relatively match the predicted symptomatic cases with the monthly average of January 2005. Using these
initial values for the human compartments, the model was simulated for the whole year. The average
number of predicted symptomatic VL cases for each month were then calculated from the model
simulations, scaled with respect to total number of observed VL infected cases in that year and compared
with the average number of known cases in each month (for the year 2005). A recent study has reported
the evidence of zoonotic transmission of visceral leishmaniasis in the state of Bihar, India [47]. Hence,
to create the actual scenario, we retained the effect of animal populations in the transmission of the
disease while performing the model simulations. Data in Figure 7B was the average number of
symptomatically infected humans recorded in that region for each month in the year 2005. The goodness
of fit of model prediction with real observed data was reasonable (R? = 0.69) substantiating the strength
of model to predict the dynamics of VL disease transmission. Since most of the environmental,
epidemiological and entomological parameters for this specific region were not available, hence we
restricted ourselves to predict for only one year using the global parameter values for our general model.
It is worthy to note that even if the model is general in nature it is still able to capture the trend of the
disease for a specific region and the predictions are also reasonable. This confers the model with wide
applicability to different epidemiological situations and ability to predict disease incidence if all the
realistic parameter values are available along with the information of rainfall for a specific region.

Further, to exhibit the strength of the model (in which sandfly density was fitted for rainfall
distribution) to predict control scenarios, the sensitive parameter values (f, ur, y4 and yus) identified in
the previous analysis were fixed to regimes where Ro was predicted to be less than 1 in the previous
analysis, and the simulations were performed for 12 months (Figure 7C). The population proportions
were then scaled according to the VL infected cases in the year 2005 to understand the control effects
on real population. It can be observed that the given combination of § and ur parameter values imposed
the greatest degree of control in VL infected cases (two-fold reduction in the peak number of cases as
compared to the default situation) as compared to their singular controls. Similarly, the given
combination of y4 and yus parameters reduced the VL infected cases to relatively low values as compared
to their singular controls (around 1.7-fold reduction in the peak number of cases as compared to the
default situation). This extended analysis further demonstrates the usage of the model in predicting the
control measures for yearly VL infection.
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Figure 7. Testing model with real data—(A) Monthly average sandfly density versus
monthly average rainfall in 2005; (B) Observed (actual) VL-infected cases in the Muzzafarpur
district, Bihar, India (2005) vs. predicted VL infected cases from the model. R? indicates the
goodness of fit of the predicted cases to the actual population data; (C) Control situations for
previously considered parameters in the model (modified to accommodate the sandfly
density function) and their effects on VL-infected populations.

4. Conclusions

In this study, we propose a compartment-based mathematical model that explains the visceral
leishmaniasis transmission process in three distinct populations—the human, sandfly and the animal
considering the detailed division of the human infected population into the symptomatic, asymptomatic
and PKDL-infected classes. Our model is unique as compared to other models of visceral leishmaniasis
as it integrates the detailed classification of the human infected population along with other
heterogeneous populations (vector and animal) to study their combined effect on disease transmission.
Further, the proposed model is generic for VL disease transmission and can be applied to any
region/conditions by introduction of region-specific parameter values and conditions. However, the
model of this scale posed a challenging task for analytical study and estimation of different epidemic
thresholds, including basic reproduction number. We could analyze the model both analytically and
numerically in different diseased and disease-free scenarios, to understand the equilibrium prevalence
of infection in different populations of the model under various situations. In addition, performing
parameter sensitivity, biting rate of the sandfly, birth rate of sandflies, recovery rates of symptomatic
humans and animals were identified to be the most sensitive parameters. One of the interesting outcomes
of this analysis was to establish the fact that rapidly recovering animal populations may act as absorbers
of VL infection. In addition, through our model parameter variation analyses, we demonstrate the
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potency of the model in enumerating equilibrium thresholds for different model parameters and hence,
suggest solutions for curbing disease spread among populations. The predictions from the model
suggests that measures should be taken to either control infected sandfly populations by eradicating their
populace through external perturbations, like insecticide sprays or by avoiding contact of human or
animal populations with the infected sandflies. Further, the drain of the infected human or animal
populations into the recovered state can be accelerated by discovery of vaccines or drugs that can
increase the rate of their transition from infected to recovered class. Through our parameter variation
analysis, the role of asymptomatic, PKDL and transiently infected classes as constant sources for
infection has been established and further suggest the requirement of a mass-identification programme
to identify the total number of individuals belonging to these classes and thereby design control strategies
to target each of these individual classes. Through our analysis, we prominently stress on the control of
a combination of parameters (in ranges where Ro is less than 1), as the most optimal method to control
VL disease spread. As an important measure to effectively reduce the VL disease spread, a combinatorial
control strategy that can reduce biting rate of sandflies and increase mortality rate of sandflies needs to
be implemented. In contrast to zoonotic disease control for visceral leishmaniasis, like culling of
animals [48,49], we observed that VL spread among human population decreases in the presence of
animal population. Thus, a combinatorial strategy to target both animal and human recovery rates can
highly contribute to the disease elimination programme. Model predictions were also comparable to real
infected population data demonstrating the applicability of our model to predict the region-specific
nature of the VL infection. This also emphasizes the importance of our model in predicting the expected
number of asymptomatic, PKDL, transient and recovery classes of human hosts while comparing the
predicted number of asymptomatic cases with actual reported VL symptomatically infected cases.
Through our generic model analysis and predictions, we conjecture that our generic model can be used
to understand the disease dynamics and spread as well as may be useful to provide practical solutions to
effectively control visceral leishmaniasis in the human population.
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