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Abstract: By using the KAM(Kolmogorov-Arnold-Moser) theory and time reversal symmetries,
we investigate the stability of the equilibrium solutions of the system:

Xnt1 = yln Yn+1 = ﬁxnyn n=012...,
where the parameter B > 0, and initial conditions xo and yg are positive numbers. We obtain the
Birkhoff normal form for this system and prove the existence of periodic points with arbitrarily
large periods in every neighborhood of the unique positive equilibrium. We use invariants to
find a Lyapunov function and Morse’s lemma to prove closedness of invariants. We also use the
time reversal symmetry method to effectively find some feasible periods and the corresponding
periodic orbits.
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1. Introduction

The following rational system of difference equations:

Ynrl =y,
o n=20,1,... (1)
Yn+r1 = 1+}}’1n
and the corresponding equation:
yi'H»l:L 7’120,1,..., (2)
Yn-1(1+yn)

where the parameter f > 0 and initial conditions x, iy are positive numbers were considered in [1]
and [2]. The authors established the boundedness of all solutions of system (1) by using the invariant:

1
I(xn,Yn) = Bxn "’]/n"'x*"‘ﬁ"‘yl- 3)
n

Yn Xn
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Equation (2) and its invariant (3), where x, = 1/y,_1 were obtained in [3,4] and the stability of
the equilibrium by means of Lyapunov function generated by invariant (3) was derived in [5,6],
(pp. 247-250). Equation (2) is also a special case of equation:

Bynyn-1+Eyp1+F
bynYn—1+eyp1+f

Ynt1 = =01,... 4)
with all nonnegative coefficients and initial conditions. Equation (4) is a rational difference equation
with quadratic terms which is a subject of recent research, see [7-10].

In this paper, we will show that the corresponding map can be transformed into an area
preserving map for which we will find the Birkhoff Normal form, and, using it, we will apply the
KAM theorem to prove the stability of the unique positive equilibrium and the existence of periodic
points with an arbitrarily large period in every neighborhood of the unique positive equilibrium. In
addition, we prove that the corresponding map is conjugate to its inverse map through the involution
map. Then, we will use this conjugacy to find some feasible periods of this map. The KAM theory
will be enough to prove the stability of the equilibrium for  # 2, and then we use the invariant (3)
and Morse’s lemma to prove the stability in the remaining case § = 2, see [5]. In addition, Morse’s
lemma implies that all invariants are locally simple closed curves. A very recent paper [11] gives
some effective tests for difference equation to have a continuous invariant. The method of invariants
for the construction of a Lyapunov function and proving stability of the equilibrium points was used
successfully in [5,6,12], and the KAM theory was used for the same objective in [12-16]. The class of
difference equations which admit an invariant is not a large class even in the case of rational difference
equations, see [11]. In the case when a difference equation’s corresponding map is area preserving
and does not possess an invariant, the only tool left seems to be KAM theory, see [17] for such an
example. Furthermore, the corresponding Equation (4) can be embedded by iteration into a fourth
order difference equation:

_ Yn2Yn-3(1+¥n-1)(1 +yn-2)

=0,1,...,
B+yn—21+yu_1)

Yn+1

which is increasing in all its arguments and yet exhibits the chaos.
Let T be the map associated to the system (1), i.e.,

0-(4)

The map (5) has the unique fixed point (1/7,7) in the positive quadrant, where

7FO+9) =

An invertible map T : R? — R2 is area preserving if the area of T(A) equals the area of A for
all measurable subsets A [6,18,19]. As is known, a differentiable map T is area preserving if the
determinant of its Jacobian matrix is equal +1, that is det J;7 = =1 at every point of domain of T,
see [18,19]. We claim that in logarithmic coordinates (u,v) where u = In (7x), and v = In (y/7), the
map (5) is area preserving.

Lemma 1. The map (5) is an area preserving map in the logarithmic coordinates.
Proof. The Jacobian matrix of the map T is

0o -4
]T(x/y)_</5 . ‘l%x ) (6)

y+1 (y+1)2
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with P
det]r(x,y) = Zy+1)

We substitute # = In(yx), v = In(y/7) and rewrite the map in (u,v) coordinates to obtain

the map
AN —v
v Inf+u—In(e’y+1)—2Iny )"

The Jacobian matrix of this map is
0 -1
]T(H,v): ( 1 1 -1 >/ (7)
e’y+1
and so detJp(u,v) =1. O

A fixed point (X,7) is an elliptic point of an area preserving map if the eigenvalues of J1(X,7)
form a purely imaginary, complex conjugate pair A, A, see [6,18].

Lemma 2. The map T in (x,y) coordinates has an elliptic fixed point (1/1,7). In the logarithmic coordinates,
the corresponding fixed point is (0,0).

Proof. For the fixed points in (x,y) coordinates, solving 1/y = x and Bx/(1 +y) = y yields the

fixed point (1/7, ) where 7 is the unique positive solution of 72(1 + ) = B. Evaluating the Jacobian
matrix (6) of T at (1/7,7) gives

0 _1
o 7
Jr(1/9,5) = BB :
A ah

By using 8 = 7> + 7%, we obtain that the eigenvalues of J7(1/7,7) are A, A where

_ —7+iVi+2) By +2)

A 2(y+1)

®)

Since |A| = 1, we have that (1/7,7) is an elliptic fixed point.
Under the logarithmic coordinate change (x,y) — (u,v), the fixed point (1/7, 7) becomes (0,0).
Evaluating the Jacobian matrix (7) of T at (0,0) gives

0 -1
0,0) =
Jr(0,0) ( 1 y_lﬁ_l )

with eigenvalues which are given by (8). O

The rest of the paper is organized into three sections. The second section contains a derivation
of the Birkhoff normal form for map T and an application of the KAM theory, which proves stability
of the equilibrium and the existence of an infinite number of periodic solutions for § # 2. The third
section makes use of the invariant (3) in proving stability for § = 2 and the construction of a Lyapunov
function. The fourth section uses the symmetries for the map T showing that this map is conjugate to
its inverse through an involution. Then, we use time reversal symmetry method [13,20] based on the
symmetries to effectively find some feasible periods and corresponding orbits of the map T.
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2. The KAM Theory and Birkhoff Normal Form

The KAM Theorem asserts that, in any sufficiently small neighborhood of a non degenerate
elliptic fixed point of a smooth area-preserving map, there exists many invariant closed curves. We
explain this theorem in some detail. Consider a smooth, area-preserving map (x,y) — T(x,y) of the
plane that has (0, 0) as an elliptic fixed point. After a linear transformation, one can represent the map
in the form

z = Az+g(z,2),

where A is the eigenvalue of the elliptic fixed point, z = x 4 iy and Z = x — iy are complex variables,
and g vanishes with its derivative at z = 0. Assume that the eigenvalue A of the elliptic fixed point
satisfies the non-resonance condition A* #1fork =1,...,q, for some g > 4. Then, Birkhoff showed
that there exists new, canonical complex coordinates ({, () relative to which the mapping takes the
normal form

¢ — Age™C 4 (g, 0)

in a neighborhood of the elliptic fixed point, where T({{) = 7 |{|> + ... + 7;|¢|* is a real polynomial,
s = [(q¢ —2)/2] and h vanishes with its derivatives up to order g — 1. The numbers 1y, .. ., Ts are called
twist coefficients. Consider an invariant annulus € < |{| < 2¢ in a neighborhood of an elliptic fixed
point, for €, a very small positive number. Note that, if we neglect the remainder /, the normal form
approximation { — AZe'T (€0) leaves invariant all circles |C|?> = const. The motion restricted to each
of these circles is a rotation by some angle. In addition, please note that, if at least one of the twist
coefficients Tj is nonzero, the angle of rotation will vary from circle to circle. A radial line through
the fixed point will undergo twisting under the map. The KAM theorem (Moser’s twist theorem)
says that, under the addition of the remainder term, most of these invariant circles will survive as
invariant closed curves under the full map.

Theorem 3. Assume that T({{) is not identically zero and € is sufficiently small, then the map T has a
set of invariant closed curves of positive Lebesque measure close to the original invariant circles. Moreover,
the relative measure of the set of surviving invariant curves approaches full measure as € approaches 0. The
surviving invariant closed curves are filled with dense irrational orbits.

The KAM theorem requires that the elliptic fixed point be non-resonant and non degenerate.
Note that for § = 4 the non-resonance condition A # 1 requires that A # +1 or +i. The above
normal form yields the approximation

¢ — AL+ al’T+0(|gh)

with ¢; = iATy and 7y being the first twist coefficient. We will call an elliptic fixed point
non-degenerate if 7 # 0.

Consider a general map T that has a fixed point at the origin with complex eigenvalues A and A
satisfying |A| = 1 and Im(A) # 0. By putting the linear part of such a map into Jordan Normal form,
we may assume that T has the following form near the origin

7 (*) Z (Re() —Im(A)) [x n g1(x1,x2)
X2 Im(A)  Re(M) $2(x1,x2)
One can now pass to the complex coordinates z = x1 + ix, to obtain the complex form of the system

z = Az + Ep0z? + EnzZ + EnZ + Ga02 + EnzPZ + EpzZt + EsZ + O([z]4).
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The coefficient ¢; can be computed directly using the formula below derived by Wan in the
context of Hopf bifurcation theory [21]. In [22], it is shown that, when one uses area-preserving
coordinate changes, Wan’s formula yields the twist coefficient 77 that is used to verify the
non-degeneracy condition necessary to apply the KAM theorem. We use the formula:

&0l (A+240-3) | [En]* | 28
A= 2o N(=1) 1o Tai—x e

where

G20 = % {(g1>X1x1 - (gl)xzxz + 2(82)3613(2 +i [(gZ)Xlxl - <g2)xzxz - z(gl)xlxz]} ’

Ei = 7 {800 + (€ +i (82D + (@2)an])
So2 = % {(81)x1x1 - (gl)xzxz - z(gZ)Xlxz +i [(g2>xlx1 - (32)xzxz + Z(gl)xlxz]} ’

1
Go1 = 16 ((gl)x1x1x1 + (gl)x1x2x2 + (82)x1xlx2 + (82>X2x2x2) ’
i
+E ((82)9619613(1 + (gZ)xlxzxz - (gl)x1xlxz - (gl)xzxzxz)'

Theorem 4. The elliptic fixed point (0,0), in the (u,v) coordinates, is non-degenerate for p # 2 and
non-resonant for > 0.

Proof. Let F be the function defined by

r uy —0
v)] \InB+u—In(e’g+1)—2Inyg)"

Then, F has the unique elliptic fixed point (0,0). The Jacobian matrix of F at (u,v) is given by

0 -1
]F(urv)—<1 e”y'l—&-l_1>'

At (0,0), Jp(u,v) has the form

Jo=Jr(0,0) = < )

—_ O
<
3}
=
| —_
—_
N———

The eigenvalues of (9) are A and A where

I+ +2) (7 +2)

2(7+1)
One can prove that
Al =1
2o Tty +2 V({7 +2)(B7+2)y
2(7+1)2 7+1)(27+2)
BTy (F+3)+3) i(27+1)/(7+2) (37 +2)
2(7+1)° 2(7+1)° '

TP 878 2 i/ ([T+2) BT +2) (7(7+4) +2)
2(9+1)* 2(5+1)*
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from which follows that A¥ #1fork=1,2,3,4and § > 0.
Now, we have that

where

f1(0,u,v) =0,

£(6,u,0) :;fl —In(eg+1) —2InG+Inp

Then, the system (uy,41,v,+1) = F(un, vy) is equivalent to

() =

_= O
<

=
=
|-
—_

~—
R
I =
B3
~_—
+
7N
heplien
—~
<X R
SN
I
B
S— —r
~_—

Let

—_

7+2)(37+2)  +/(7+2)(37+2)

7 AV F+2)B37+2) 0
p—-L [ wmm 2(7+1) , P1=vD 2(7+1) 7
VD 1 0 -
VI
and

D= (7+2) (37 +2)
2(+1)

Thus, the system (1,11, vy+1) = F(un, v,) is transformed into its Birkhoff normal form

- 0 _ V(F+2)(39+2) . .
Upt1) _ 2512 2(7+1) Un) | p-1ig [ p (¥
B (7+2) (37+2) g On o))’
25+2 27+2
where
u fi(u, )
H = .
(0> (f2<”fv>>
Let

(o) = () ()
v 9 (u,v) v
By a straightforward calculation, we obtain that
uy _ _
u,0) =VD| —2—— —In(7evD +1) —2In7 +1In
g1(u,0) =V (\5(%1) (v ) g ﬁ)

7(VD(@+1) (~n (7676 +1) —2Ing+1np) +uy)’

g2(u,0) = G+1)/T+2) Gi+2)
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Another calculation gives

7(VI+2) (37 +2) +ip)
8vD (7+1)* /(7 +2) (37 +2)
A Ge),

4/D (7+1)°
7(Vi+2) (7 +2) +iy)
8VD (7 +1)2 /(7 +2) (37 +2)
7-17 (V+2) Gi+2) +iy)

16D (7+1)° /(7 +2) (37 +2)

G20lu=v=0 =

C11lu=v=0 = —

Go2lu=v=0 = —

61 lu=v=0 =

By using

(VT eI +ig)

32D (7+1)* (7+2) (37 +2)

7 )

D (7+1)* (3% + 87 +4)
=2

Zonloz = 2]/
16D (7 +1)” (372 + 87 + 4)

¢20811 =

&nln =

a straightforward calculation yields

_ Gofn(A+24-3)  [guf* | 2|En/?
ST ZT) T1ox Taropy o

G-DyF+1)
(37+2) V(7 +2) 37 +2) (4+7 (37~ iV +2) (37 +2) +8))

It can be proved that

-1y
2(7+2) (37 +2)°
which implies that 71 # 0 for B # 2 since 7*(1 + ) = B.

O

T = —i/_\Cl = —

The following result is a consequence of Moser’s twist map theorem [13,19,23,24].

Theorem 5. Let T be a map (5) associated to the system (1), and (%,i) be a non-degenerate elliptic fixed
point. If B # 2, then there exist periodic points with arbitrarily large periods in every neighborhood of (X, 7).
In addition, (%,7) is a stable fixed point.

3. Invariant

In this section, we use the invariant to find a Lyapunov function and prove stability of the
equilibrium for all values of parameter B > 0, see [5,6] for similar results.

Lemma 6. The unique equilibrium (%,y) of Equation (1) is a critical point of the invariant (3).



Mathematics 2016, 4, 20 8of 12

Proof. The system (1) possesses an invariant given by Equation (3). The function I(x,y) associated
with Equation (3) has partial derivatives

al 1y a

B 1
= = 1-5 4= (10)

2 22 9y 2 x

The unique equilibrium of Equation (1) satisfies that ¥ = % and 7?(1+7) = B. Hence ¥ is the
unique positive solution of the equation fx*> — x — 1 = 0. Equation (10) implies that any critical point
(x,y) of Equation (3) satisfies y = fx?> — 1 and (x + 1)y? — Bx = 0. Substitution yields

B2x® + B2t —2Bx% —2Bx® + (1 — B)x +1=0. (11)
Equation (11) can be rewritten as
(Bx® —x—1)(Bx* + px —1) =0,
which has ¥ as a solution. [

Lemma 7. The graph of the function 1(x,y) associated with Equation (3) is a simple closed curve in a
neighborhood of the equilibrium of Equation (1). The equilibrium point (X, 1) is stable.

Proof. The Hessian matrix associated with I(x,y) is

2 2y 1
Sl R
H(x,y) = |7 1% 2B
2

with determinant

For (x,y) a critical point of I(x,y),

482 1
det(H(x,y)) = ﬁ?, -5 (12)

For (X, 7) the unique equilibrium of Equation (1), we can further reduce Equation (12) to

o 427 4p2 — 30
det(H(x,7)) = 5;’ . ﬁyzy

Note that since the equation fx® — x — 1 = 0 has ¥ as its unique positive solution, the equation
2_.3
B/yP—1/y—1 = ﬂ_yy%y = 0 has 7 as its unique positive solution. Let us define f(y) = y° +

y?> — B. We observe that f(0) = — < 0 and f({/4%) = 2B+ /482 — B > 0, which guarantees

that 0 < 7 < v/4B% Now the Morse’s lemma [18] guarantees the result provided det(H(X,7)) > 0.
However, £ Zy;yé > 0 if and only if ¥ < {/4B2, which is indeed the case. In view of the Morse’s
lemma [18], the level sets of the function I(x,y) are diffeomorphic to circles in the neighborhood of

(%,¥). In addition, the function

V(x,y) =I(xy) - 1(%,7)

is a Lyapunov function, and so the equilibrium point (%, 7) is stable, see [5]. [

See Figure 1 for the family of invariant curves around the equilibrium. See Figure 2 for the
bifurcation diagrams which indicate the appearance of chaos.
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Figure 1. Some orbits of the map T for (a) @ = 0.5 and (b) a = 1.5. The plots are generated by
Dynamica 3 [6].

L L L
0.16 0.17 0.18 0.19 020

Figure 2. A bifurcation diagram in (8 — x)-plane. The plots are generated by Dynamica 3 [6].

4. Symmetries

In the study of area-preserving maps, symmetries play an important role since they yield special
dynamic behavior. A transformation R of the plane is said to be a time reversal symmetry for T if
R71oToR = T~!, meaning that applying the transformation R to the map T is equivalent to iterating
the map backwards in time, see [13,20]. If the time reversal symmetry R is an involution, i.e., R%2 =id,
then the time reversal symmetry condition is equivalent to Ro To R = T~!, and T can be written as
the composition of two involutions T = I; o Iy, with Iy = Rand I = T o R. Note thatif Iy = Ris a
reversor, then sois Iy = T o R. In addition, the jth involution, defined as I]- := T/ o R, is also a reversor.

The invariant sets of the involution maps,

Soq = {(x,y)o1(x,y) = (x,y)}

are one-dimensional sets called the symmetry lines of the map. Once the sets Sy; are known,
the search for periodic orbits can be reduced to a one-dimensional root finding problem using the
following result, see [13,20]:

Theorem 8. If (x,y) € So1 then T"(x,y) = (x,y) if and only if

T"2(x,y) € Sop, for n even;
T0ED/2(x,y) € Sy, for n odd.
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That is, according to this result, periodic orbits can be found by searching in the one-dimensional
sets Sg 1, rather than in the whole domain. Periodic orbits of different orders can then be found at

the intersection of the symmetry lines S; j = 1,2, ...

associated to the jth involution; for example, if

(x,y) € ;N Sy, then T/ ~*(x,y) = (x,y). In addition, the symmetry lines are related to each other by

the following relations: Sp;,; = Ti(S;),

52]‘_1‘ = I]'(Si), for all Z,]

14F
3
T(S) T'(S)
12 T‘H(IS ) \ '
_ ¢
1o ;'I
0EpE T2 (SD:]
o6t

al | iy ,QS%J———. b
*T“w)r{ﬁi;;i.

II x'ﬂwm}Fxx
oal” T (st}

Ti{‘gl) T 3‘-.|(31) Ti‘gl} Tm.'!l(g 1i

D 1

Figure 3. (a) The first twelve iterations of symmetry line Sy of the map T for B = 0.18; (b) the first
eleven iterations of symmetry line S; of the map T for B = 0.18; (c) the periodic orbits of period 22

(red) and 18 (blue).

The inverse of the map (5) is the map T~ !(x,y) = <

R(x,y) = (;, %) is a reversor for (3). Indeed,

(RoToR)(x,y) =(RoT) <y

11

w, %) The involution

) = (UL ) = T,

B X
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Thus, T = I o Iy where Iy(x,y) = R(x,y) and I;(x,y) = ToR = (x
The symmetry lines corresponding to Iy and I; are

B
’ y(1+l/x)>'

So={(x,y):xy=1}, 8 ={(x,y): Bx =2 (x +1)}.

Periodic orbits on the symmetry line Sy with even period n are searched for by starting with
points (xg,1/x0) € So and imposing that (x,,/2,Y,/2) € So, where (x,,/2,Y,/2) = T"/?(x0,1/x0). This
reduces to a one-dimensional root finding for the equation x,, /»v,/» = 1, where the unknown is xj.
Furthermore, periodic orbits on Sy with odd period n are obtained by solving for x( the equation
BX(111)/2 = Yinyn) 21+ X(ur1) 12), where (X, 11) /2, Y (n41)/2) = T D72(x0,1/x0).

For example, for B = 1.8, in Figure 3, we have an intersection between the symmetry lines Sy
and Sy, = TM(Sy), Sy = T?(Sp) and Sy = T'(Sp), and S; and Sp3 = T'(S;) of the map T. The
intersection points of this lines correspond to the periodic orbits of period 22, 18 and 22, respectively.

See Figure 3 for some examples of the periodic orbits of periods 18 and 22.

5. Conclusions

By using the KAM (Kolmogorov-Arnold-Moser) theory, invariants and corresponding Lyapunov
function and time reversal symmetries, we proved the stability of the equilibrium solution of

the system:

1 Bxn
X = —, = , n=0,1,...,
n+1 Yn Yn+1 1+ yn

where the parameter f > 0, and initial conditions xg and y( are positive numbers. We obtain the
Birkhoff normal form for this system and used them to prove the existence of periodic points with
arbitrarily large periods in every neighborhood of the unique positive equilibrium.

Author Contributions: All three authors have written this paper and the final form of this paper is approved
by all three authors.
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