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1. Introduction

Let V and W be real vector spaces, X a real normed space, Y a real Banach space, n € N (the set of
natural numbers), and f : V — W a given mapping. Consider the functional equation

Y oG flix +y) ~nif() = )

forall x,y € V, where ,,C; : The functional Equation (1) is called an n-monomial functional

Tl [
equation and every solution ofl tﬁe Ifunctlonal Equation (1) is said to be a monomial mapping of degree
n. The function f : R — R given by f(x) := ax" is a particular solution of the functional Equation (1).
In particular, the functional Equation (1) is called an additive (quadratic, cubic, quartic, and quintic,
respectively) functional equation for the casen =1 (n = 2, n = 3, n = 4, and n = 5, respectively) and
every solution of the functional Equation (1) is said to be an additive (quadratic, cubic, quartic, and
quintic, respectively) mapping for the casen =1 (n =2, n = 3, n = 4, and n = 5, respectively).

A mapping A : V — W is said to be additive if A(x +y) = A(x) + A(y) forall x,y € V. Itis
easy to see that A(rx) = rA(x) for all x € V and all r € Q (the set of rational numbers). A mapping
Ay @ V" — W is called n-additive if it is additive in each of its variables. A mapping A, is called
symmetric if A, (xq,X2,...,%,) = An(xn(l),xn(2),. . .,xn(n)) for every permutation 77 : {1,2,...,n} —
{1,2,...,n}. If Ay(xq,x2,...,%,) is an n-additive symmetric mapping, then A" (x) will denote the
diagonal A, (x,x,...,x) for x € V and note that A" (rx) = r" A" (x) whenever x € Vand r € Q. Such a
mapping A" (x) will be called a monomial mapping of degree n (assuming A" # 0). Furthermore,
the resulting mapping after substitution x; = x; = ... = xy =xand x; ;1 = x4 = ... =X, =y
in Ay(x1,x2,...,x,) will be denoted by A¥"~!(x,y). A mapping p : V — W is called a generalized
polynomial (GP) mapping of degree n € N provided that there exist A°(x) = A? € W and i-additive
symmetric mappings A’ : Vi — W (for 1 < i < n) such that p(x) = Y1, Ai(x), forall x € V and

A" #0. For f : V — W, let Aj, be the difference operator defined as follows:

Apf(x) = flx+h) = f(x)
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for h € V. Furthermore, let AVf(x) = f(x), Alf(x) = Apf(x) and Ay 0 Al'f(x) = AZHf(x) for all
n € Nandallh € V. For any given n € N, the functional equation AZ“ f(x) =0forallx,h € Vis
well studied. In explicit form we can have

n .
Apf(x) = ) nCi(=1)" " f (x + ih).
i=0
The following theorem was proved by Mazur and Orlicz [1,2] and in greater generality by
Djokovi¢ (see [3]).

Theorem 1. Let V and W be real vector spaces, n € Nand f : V. — W, then the following are equivalent:

1) A f(x) =0forallx,h € V.

(2) Ay oAy, 0...0Ay,  f(x0) =0forall xo,x1,%2,..., %41 € V.

(B) f(x) = A"(x) + A" 1 (x) + -+ A%(x) + Al(x) + A(x) for all x € V, where A%(x) = A® is an
arbitrary element of W and A'(x)(i = 1,2,...,n) is the diagonal of an i-additive symmetric mapping
A VP W

In 2007, L. Céddariu and V. Radu [4] proved a stability of the monomial functional Equation (1)
(see also [5-7]), in particular, the following result is given by the author in [6].

Theorem 2. Let p be a non-negative real number with p # n, let 0 > 0, and let f : X — Y be a mapping
such that

n

Y nCi(=1)" f(ix +y) — nlf(x)

i=0

< O([lx[1” + [lyl]") 2

for all x,y € X. Then there exist a positive real number K and a unique monomial function of degree n
F : X — Y such that

[1f(x) = F(x)[| < K]|x[|” ®)

holds for all x € X. The mapping F : X — Y is given by

F(x) := lim f(Zx)

s—oo  2NS

forallx € X.

The concept of stability for the functional Equation (1) arises when we replace the functional
Equation (1) by an inequality (2), which is regarded as a perturbation of the equation. Thus, the stability
question of functional Equation (1) is whether there is an exact solution of (1) near each solution of
inequality (2). If the answer is affirmative with inequality (3), we would say that the Equation (1)
is stable.

The direct method of Hyers means that, in Theorem 2, F(x) satisfying inequality (3) is constructed
by the limit of the sequence {%}%N ass — oo.

Historically, in 1940, Ulam [8] proposed the problem concerning the stability of group
homomorphisms. In 1941, Hyers [9] gave an affirmative answer to this problem for additive mappings
between Banach spaces, using the direct method. Subsequently, many mathematicians came to deal
with this problem (cf. [10-17]).

In 1998, A. Gilanyi dealt with the stability of monomial functional equation for the case p = 0
(see [18,19]) and he proved for the case when p is a real constant (see [20]). Thereafter, C.-K. Choi
proved stability theorems for many kinds of restricted domains, but his theorems are mainly connected
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with the case of p = 0. If p < 0in (2), then the inequality (2) cannot hold for all x € X, so we have to
restrict the domain by excluding 0 from X.

The main purpose of this paper is to generalize our previous result (Theorem 2) by replacing the
real normed space X with a restricted domain S of a real vector space V and by replacing the control
function 6(||x||? + ||y||") with a more general function ¢ : S — [0, c0).

2. Stability of the Functional Equation (1) on a Restricted Domain

In this section, for a given mapping f : V — W, we use the following abbreviation

Duf(x,y): Z Ci(=1)"'f(ix +y) — n!f(x)
forallx,y € V.

Lemma 1. The equalities

nCi= Y uCi aCr(=1)* (i=0,---,n) 4)
j+k=2i
0<jk<n
and
nCi= Y. G- aC(=1)"* (i=1,--,n) 5)
jk=2i—1
0<jk<n
hold.

Proof. From the equalities

nC,’(—l)nﬂ‘xzi — (xz _ 1)71,

M-

0
-1 = (x+1)"(x—1)",

(x +1)"(x—1)" (Z C; x1> (i an(—l)”_kxk> i Z nCi nCr(—1)" K2tk
k=0 =0

~~ =

we get the equality

n

chi( 1 n—i 21 — ZZ C] an n kxj+k (6)

i=0 j=0k=0

for all x € R. Since the coefficient of the term x* of the left-hand side in (6) is ,C;(—1)"~' and the
coefficient of the term x% of the right-hand side in (6) is Z nC; - 2Ce(—=1)"K we get the Equality (4).

j+k=2i
0<jk<n

We easily know that the coefficient of the term x*~! of the left-hand side in (6) is 0 and the coefficient
of the term x%~1 of the right-hand side in (6) is Z nC;j - 2Ce(—=1)" 7% So we get the Equality (5). O

jAk=2i—1
0<jk<n

We rewrite a refinement of the result given in [6].

Lemma 2. (Lemma 1 in [6]) The equality

Y nCiDuf(x, x4+ y) — Duf (25,9) = ni(f(2%) — 2" f(x)) %

j=0
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holds for all x,y € V. In particular, if D, f (x,y) = 0 forall x,y € V, then

f(2x) =2"f(x) ®)

Proof. By (4), (5), and the equality Z _onCj = 2", we get the equalities

L 1CDuf s+ = Daf 25
)y

n
—chjz D"k Cf (G +K)x+vy) — chf

k=0
- i_ionc,-(l)”—if(Zix +y) +n!f(2x)
—IZWZZ 1)k, Cf (2ix +y)
+ ; ,-+kg_1 nCi(=1)" . Crf((2i = 1)x +y)
—]i;) Cin'f(x Iio Ci(—1)""'f(2ix +y) + n!f (2x)
= f];)ncjn!f(x) +n!f(2x)
forall x,y € V. O

Lemma 3. If f satisfies the functional equation D, f(x,y) = 0 for all x,y € V\{0} with f(0) = 0, then f
satisfies the functional equation D, f(x,y) = 0 forall x,y € V.

Proof. Since D, f(0,0) =0, D,,f(0,y) =0 forally € V\{0}, and

Dnf(x,0) = (=1)"Dnf(=x,nx) = (=1)"Duf(=x, (n +1)x) + Dnf(x, x)

for all x € V\{0}, we conclude that f satisfies the functional equation D, f(x,y) = 0forall x,y € V. O

We rewrite a refinement of the result given in [7].

Theorem 3. (Corollary 4 in [7]) A mapping f : V — W is a solution of the functional Equation (1) if and
only if f is of the form f(x) = A"(x) for all x € V, where A" is the diagonal of the n-additive symmetric
mapping A, : V' — W.

Proof. Assume that f satisfies the functional Equation (1). We get the equation A? ! f(y) = Dy, f(x, x +
y) — Duf(x,y) =0forall x,y € V. By Theorem 1, f is a generalized polynomial mapping of degree
at most 1, that is, f is of the form f(x) = A"(x) + A" 1(x) + - - + A%(x) + Al (x) + A%(x) for all
x € V, where A%(x) = AC is an arbitrary element of W and A’(x)(i = 1,2,...,n) is the diagonal of an
i-additive symmetric mapping A; : V! — W. On the other hand, f(2x) = 2" f(x) holds for all x € V
by Lemma 2, and so f(x) = A" (x).

Conversely, assume that f(x) = A"(x) for all x € V, where A"(x) is the diagonal of the
n-additive symmetric mapping A, : V" — W. From A"(x +y) = A"(x) + Z” nCi AV (x,y),
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A (rx) = A" (x), A" (x,ry) = A" ¥ (x,y) (x,y € V,r € Q), we see that f satisfies (1), which
completes the proof of this theorem. O

Theorem 4. Let S be a subset of a real vector space V and Y a real Banach space. Suppose that for each
x € V\{0} there exists a real number ry > 0 such that rx € S forall r > ry. Let ¢ : S?> — [0, 0) be a function
such that

Y 27 (2 x, 2ky) < oo 9
k=0

forall x,y € S. If the mapping f : S — Y satisfies the inequality

IDnf (2, y)|| < ¢(x,y) (10)

forall x,y € S, then there exists a unique monomial mapping of degreen F : V. — Y such that

o) k
170 - Pl < 3 PR an

forall x € S, where
Z i9(x, jx + x) + ¢(2x, x).

In particular, F is represented by
m
F(x) = lim 227%)

m—yoo QMM

forallx € V.

Proof. Let x € V\{0} and m be an integer such that 2" > r,. It follows from (7) in Lemma 2
and (10) that

nt [t — 21 (2mx) | = énchn F(275,27 (jx + %)) — Dy f(277,27)
=

n
< Y |[wCiDaf(2"x, 27 (j+ 1)x) || + | Duf (27" 1x, 2"x))|
j=0
n
< ZnC]go (2™x,2™(j 4+ 1)x) + @(2" T 1x,2Mx)
i=0

= ®(2"x).

.

From the above inequality, we get the following inequalities

f@mx)  f("x)
2mn 2(m+l)n

d(2Mx)
= pt.on(m+1)

and

famy  f(2mx)

onm 2n(m+m’) (12)

=, nt on(k+1)

‘ _ m+m’—1 CI)(ka)
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for all m" € N. So the sequence {%}m@\] is a Cauchy sequence for all x € V\{0}. Since

limy; 00 % = 0 and Y is a real Banach space, we can define a mapping F: V — Y by

F(x) = tim 227%)

m—yoco QMM

for all x € V. By putting m = 0 and letting m’ — oo in the inequality (12), we obtain the inequality (11)
ifx eS.
From the inequality (10), we get

H Duf(2"x,2"y) H < 92" 2")

271111 - znm

for all x,y € V\{0}, where 2" > r,,r,. Since the right-hand side in the above equality tends to zero as
m — oo, we obtain that F satisfies the inequality (1) for all x,y € V\{0}. By Lemma 3 and F(0) =0,
F satisfies the Equality (1) for all x,y € V. To prove the uniqueness of F, assume that F’ is another
monomial mapping of degree 1 satisfying the inequality (11) for all x € S. The equality F'(x) = F/g:;x)
follows from the Equality (8) in Lemma 2 for all x € V\{0} and m € N. Thus we can obtain the

inequalities

, f@™)| ||F (") f(2"x) & @2y = o(2kx)
’F(x)_ gnm || || gnm  pnm S,{gn!.zn(umm—k;n!.znw

for all x € V\{0}, where 2" > r,. Since } ;2 , % — 0asm — o and F/(0) = 0, F/(x) =

limy 500 27" f(2"x) for all x € V, ice.,, F(x) = F/(x) for all x € V. This completes the proof of
the theorem. 0O

We can give a generalization of Theorems 2 and 5 in [6] as the following corollary.

Corollary 1. Let p and r be real numbers with p < nandr > 0, let X be a normed space, € > 0,and f : X =Y
be a mapping such that

1D f Ce, )| < eCllx[| + [lyl[7) (13)
forall x,y € Xwith ||x||, ||y|| > r. Then there exists a unique monomial mapping of degree n F : X — Y satisfying

e(2P 42" +14+Y 1 o nCi(j+1)P)
e P (for x| > ),
If(x) = F(x)] < W DDA | (kp 4 T W Cilik + i — k)P + i (k +1)P)

n
e(2P+2"+1+11  uCj(j+1

)7)
(2" —27) [x[|P (for [|kx[| > 7).

In particular, if p < 0, then f is a monomial mapping of degree n itself.

Proof. If we set ¢(x,y) := e(||x||” + ||y]|”) and S = {x € X]||x|| > r}, then there exists a unique

monomial mapping of degree n F : X — Y satisfying

62 +2" +14+ 1 uCG(j+1)P)
n!(2" —2p)

1f(x) = F(x)]| < [x? (14)
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for all x € X with ||x|| > r by Theorem 4. Notice that if F is a monomial mapping of degree n,
then D, F((k+1)x, —kx) = 0 for all x € X and k € R. Hence the equality

(=1)"-n(f(x) — F(x)) =Dnf((k+1)x, —kx) + (=1)"(F — f)(—kx)
+ inq(—l)"i(F — )ik +1)x — kx)
—n!(F— f)((k+1)x)

holds forall x € X and k € R. Soif F : X — Y is the monomial mapping of degree n satisfying (14),
then F : X — Y satisfies the inequality with a real number k

170~ Bl < DRIy o 37 it i = 099+ mige 1)
i=2
s(2P+2”+1+2}1=0ncj(j+1)P)
X n!n(2” _2p) ||x||P (15)

for all ||kx]|| > r.
Moreover, if p < 0, then limy_, o, (kP + Yi_, C(ik +i — k)P +n!(k+1)P) = 0 and limy_, (k¥ +
(k+1)P) = 0. Hence we get
f(x) = F(x)

for all x € X\{0} by (15). Since limy_,,, k¥ = 0 and the inequality

1£(0) = F(O)[| < %HDn(f — F)(kx, =kx) + (=1)"(F = f)(—kx)

+ gnCi(—l)”’i(F — )i = Dkx) = n!(F — f) (kx)||
n n—1
g% 2+ Tl!%;f_zm<1+ ‘71,1Ci+1i”+n!) kPel|x||?

1

holds for any fixed x € X\{0} with ||x|| > r and all natural numbers k, we get

f(0) = F(0).

O

Theorem 5. Let S be a subset of a real vector space V and Y a real Banach space. Suppose that for each x € V
there exists a real number ry > 0 such that rx € S forall r < ry. Let ¢ : V2 — [0, 00) be a function such that

[eo)

Y 2" (27Fx,27Fy) < oo (16)
k=0

forall x,y € S. Suppose that a mapping f : V. — Y satisfies the inequality (10) for all x,y € S, where
ix+y € Sforalli =0,1,...,n. Then there exists a unique monomial mapping of degreen F : V. — Y

such that
[eS) znk

X
£ = F@ < 12 S0 (557) a7)
or all x with nx € S, where ®(x) is defined as in Theorem 4. In particular, F is represented b
p P Y

F(x) = lim 2" f(27™"x)

m—00
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forallx € V.

Proof. Let x € V and m be an integer such that 2= (n + 1) < r,. It follows from (7) in Lemma 2
and (10) that

ol )2 () | s (g ) s o )|
< 32061 [ous (g S5t ) | s ()|

! x  (j+1)x XX
< ;}”Cj(p (2m+l’ om+1 Te (27’ 2m+1)
]:

o ()

for all x € V. From the above inequality, we get the inequality

x , x m-+m’—1 onk x
’Wf () — 200 (2M+m’)H< py @ () (18)

forallx € Vand m’ € N. So the sequence {2"" f (57 ) }men is a Cauchy sequence by the inequality (16).
From the completeness of Y, we can define a mapping F : V — Y by

F(x) = lim 2"f (i)

m—soo 2m

for all x € V. Moreover, by putting m = 0 and letting m’ — co in (18), we get the inequality (17) for all
x € Swith (n +1)x € S. From the inequality (10), if m is a positive integer such that 1x+y € Sforall

i=0,1,...,n then we get
|2 Dt (g )| <20 (s )

for all x,y € V. Since the right-hand side in this inequality tends to zero as m — co, we obtain that F is
a monomial mapping of degree 1. To prove the uniqueness of F assume that F/ is another monomial
mapping of degree 1 satisfying the inequality (17) for all x € S with (n+1)x € S. So the equality
F'(x) = 2"F’ (57 ) holds for all x € V by (8) in Lemma 2. Thus, we can infer that

-2 (50) | = e () -2 (5]

X
S kgozn(ﬂH*k)q) (W)

< Z 27k <2k+1)

for all positive integers m, where ( 2,,,) < ry. Since Zk m 27k (2k+1) — 0 as m — oo, we know that
F'(x) = limy—00 2" f (55 ) for all x € V. This completes the proof of the theorem. O

We can give a generalization of Theorem 3 in [6] as the following corollary.
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Corollary 2. Let p and r be real numbers with p > nand r > 0, and X a normed space. Let f : X — Y be
a mapping satisfying the inequality (13) for all x,y with ||x||, ||y|| < r. Then there exists a unique monomial
mapping of degree n F : X — Y satisfying

(2p+2n+1+2n 0nCi(j+1)F)
I£() ~ P < s 17

forall x € X with [|x|| < 7.

The following example shows that the assumption p # n cannot be omitted in Corollarys 1 and 2.
This example is an extension of the example of Gajda [21] for the monomial functional inequality (13)
(see also [22]).

Example 1. Let ¢ : R — R be defined by
X", for x| <1,
p(x) = (19)
1,  for|x|>1.

Consider that the function f : R — R is defined by
fl) =} (n+1)7"p((n+1)"x) (20)

forall x € R. Then f satisfies the functional inequality

n

Yo nCil=1) flix +y) — nif (x)| < 4~ (n+1)n + 1) (|x]" + |y|"). (21)
i=0

forall x,y € R, but there do not exist a monomial mapping of degree n F : R — R and a constant d > 0 such
that |f(x) — F(x)| < d|x|" forall x € R.

Proof. It is clear that f is bounded by 2 on R. If |x|" 4 |y|* = 0, then f satisfies (21). And if
[x[" + lyI" > {5y, then
IDuf(x,y)| <2-2-(n+ 1) <4- (n+1)!(n +1)"(|x|" + [y["),

which means that f satisfies (21). Now suppose that 0 < |x|" + |[y|" < Then there exists

a nonnegative integer k such that

n+l)

n n
5 STyl < (22)

1 1
(7’1 4 1>n(k+ ) (I’l 4 1)n(k+1)'

Hence (14 1)"*|x|" < (n+l)n,(n+1)"k\y|" njl)n,|(n—|—1)m(x+iy)| <land|(n+1)"y| <1
forallm =0,1,...,k—1. Hence, form = 0,1,. k—l

i P((n+1)"(ix+y)) —nlyp((n+1)"x) =0. (23)
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From the definition of f, the inequality (22), and the inequality (23), we obtain that

Do) = | X (1) (LGl 1) G )~ (1))
< 300 1) 0G0+ 1) )~ (4 1))
< 300 1) 3G (4 1) x4 ) (1)

(m+1)7"2. (n+1)! <4-(n+1)"" (n+1)!

IA
agk

3
\»I_

IN
i~

c(n 1)+ D)X+ [y)™). (24)

Therefore, f satisfies (21) for all x,¥ € R. Now, we claim that the functional Equation (1) is not
stable for p = n in Corollarys 1 and 2. Suppose on the contrary that there exists a monomial mapping
of degree n F : R — R and constant d > 0 such that |f(x) — F(x)| < d|x|" for all x € R. Notice that
F(x) = x"F(1) for all rational numbers x. So we obtain that

[f()] < (d+[F)])|«[" (25)

forall x € Q. Letk € N with k+1 > d + |[F(1)|. If x is a rational number in (0, (1 + 1)~%), then
(n+1)"x € (0,1) forallm =0,1,...,k, and for this x we get

) k
f(x) = ZO(”+1)_W¢((”+ 1)"x) > ZO(” +1)7"((n +1)"x)"

=(k+1)x" > (d + [F(1)])x"

which contradicts (25). O

3. Conclusions

The advantage of this paper is that we do not need to prove the stability of additive quadratic,
cubic, and quartic functional equations separately. Instead we can apply our main theorem to prove
the stability of those functional equations simultaneously.
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