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Abstract: Let my, - - - , m, be nonnegative integers, and set:
M, =mqy+ -+ m,.

In this paper, first we establish an explicit linear decomposition of:

1 B, ('x)

-1 MM

in terms of Bernoulli polynomials By (x) with 0 < k < M,. Second, for any integer g > 2, we study
the mean values of the Dirichlet L-functions at negative integers:

Y rlL(_mi/Xi)

X1+ xr(modg); x1-+xr=11=

where the summation is over Dirichlet characters )x; modulo g. Incidentally, a part of our work
recovers Nielsen’s theorem, Norlund’s formula, and its generalization by Hu, Kim, and Kim.
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1. Notations and Introduction

As usual, we define the Bernoulli polynomials By, (x) through the generating function:

t Xt "
e¥t = Bu(x) —, (1)
et —1 n&) n!

and the Bernoulli numbers are given by B,, = B, (0). Moreover, from (1), we have:
Byki1 =0 forall k>1, and B = —1/2. 2)

Let g be a positive integer, we denote by x a Dirichlet character modulo g, and L(s, x) a Dirichlet
L-series is given by:

e x(n)
L(S/X)—n21 e
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for Re(s) > 0 if x is non-principal and Re(s) > 1if yx is the principal character modulo 4.

For a Dirichlet character y modulo g, the generalized Bernoulli numbers:

Bn,X € Q(X(l)/X(Z)/ o ‘/X(q - 1))

are given through the generating function:

q et o i
L@ = L By ®
Therefore, we have:
g1
Buy=q"" a; x(a)Bu(a/q). 4)

The main interest of the numbers B, , is that they give the value at non-positive integers of
Dirichlet L-series. In fact, there is a well-known formula proven by Hecke in [1]:

L= np) = = (12 1) ®

We are motivated by the arithmetic properties satisfied by the finite product of several generalized
Bernoulli numbers By, , and also the product of Bernoulli polynomials.

Nielsen gave the following important result for the product of two Bernoulli polynomials.
Theorem 1 ([2], p. 75). For my,my > 1, we have the formula:

B, (x) Bmz(x) _ (_1)m271 By +m,

mq! my! (ml +m2)! 6
[(m1+mzzfl)/2] my+my —1—2k N my+my—1—2k @ Bm1+m2—2k(x) (6)
=0 mp —1 my —1 2k! (H’I1+H12—2k)!.

At the same time, Norlund [3] gave formulas for the integral of the product of two Bernoulli
polynomials.

Theorem 2 ([3], p. 31). For my,my > 1, we have the formula:

'l Bml(x) Bmz(x) _ my—1 By +m,
/0 ol myr 0¥ = (1) (1 + m)!” )

Note that Theorem 2 can be obtained directly from Theorem 1. However, the proofs of Norlund
and Nielsen are different.

We should mentioned that later, Mordell [4] and Mikolas [5] provided two other different
proofs of (7).

Recently, D. Zagier ([6], pp. 250-252) revisited the results of Nielsen (Theorem 1) and Nérlund
(Theorem 2) and gave another proof.

Carlitz [7] studied the integrals of the product of three and four Bernoulli polynomials.
Furthermore, the results by Carlitz-Mikolas—-Mordell-No6rlund were generalized by Hu, Kim, and Kim
in [8] as follows.
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Theorem 3 ([8]). Let my,...,my > 1,d > 2 be integer, we have the formula:

d
/01 H Bmi(X) dy — (8)

1
=1 i

My 1 L 2
2 (=1) Z (k ek )C(ml_klf"' Mg —kg 1, mg+k+1),
k=0 ki4--4ki_1=k 1, sy Kd—1

where:
1
Clky, - kg) = W (Bkl(l) T Bkd(l) — By, - Bkd)

and My_1 =my+---+my_q,and (k1 ‘--kkd,l) is the multinomial coefficients.

Similar integral evaluations have also been studied by Espinosa and Moll [9-11]. The purpose
of this paper is to prove a generalization of Nielsen’s Theorem 1 and to study the mean values of
L-functions at negative integers and their connections to Bernoulli-Dedekind sums.

We consider:

_ B (x)  Bumy(x)
' my! my!

By(x)

¢my,..,my(x) is a polynomial in x with degree My = my + - - - 4 my, since 4~ is a polynomial of degree

kin x. Then, {1, By(x), 322—(!"), s BA]/\I/?;!X) } is a basis of the polynomial space Ry, [x] over R. There exist
real numbers ay(my, ...,my;), 0 < k < My, such that:

£ By (x
Py .imy (X) 1= k;)ﬂk(mp..., mg) kk<! ).

As the first goal of this paper, we prove explicit formulas for the coefficients ay(my, ..., m;) with
0 <k < M. In the second part of this paper, we establish relationships between these coefficients and
mean values of Dirichlet L-series at negative integers.

2. Statement of the Main Results

Now, we state our main results.

Theorem 4. Let my,...,my > 1 be positive integers. We have the explicit formula:

i=1
Koy k a1 p B
-1 My+1 _ 1 -1 kg ( d ) m;—k; mg+kz+1
(=1 ) de::o( : Kyt gy =k KL K ,11 (mi — ki)t | (mg+kyg+1)!

+ Z aMdflJrl(ml/'-'rmd) (
1<I odd <My
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where:

1 My —1 By,
ﬂMrlH(ml/---,md) = Z k-1 Z (mj—l, m]-k]-> (Hk' )
i!

0<k odd <d |I|=k icl) (iel icl
0<k; even <m; Gen) GeD
Tierki=i—k

with My = my+---+mgand Myg_1 = my +---+my_q. Here, I C {1,2,---,d}, INI = @, and
[ul={1,2---,d}.

We have our second main result.

Theorem 5. Let q > 2, my,...,my > 0 be nonnegative integers and d > 2. We have the mean values:

2 HL —my, Xi) = (—1)qudm1! . ~md!go(q)d_18(m1,..., mg;q)

X1 Xg (modq) i=1
X1 xg=1

with:
Md+d

. B;
S(my, ... mg;q) = Z (=1aj(my +1,..,mg + 1)],—']]1,]«(11) ,
j=0 ’

where g is the Jordan totient function, Ji(q) = g~ I (1 - p_k) is the k™ Jordan function, the summation

p primelq
is over all Dirichlet characters x1, - - -, xq modulo q, and the coefficients a; are given by Formula (9).

Theorem 5 can be viewed as a complement to the recent work of Bayad-Raouj [12] on the Mean
values of L-functions at positive integers.

We can restate Theorem 5 in terms of the generalized Bernoulli numbers B;, , as follows.

Theorem 6. Let g > 2, my,...,my > 0 be non-negative integers and d > 2. We have the mean values:

d
L lg. WL Mg (q) S (m, . misg).

X1rXg (mod q) i=1 m +1
x1xg=1

Let us state some special cases of Theorem 5.

Corollary 1 (d = 2). Let q > 2, m, n be nonnegative integers. We have the mean values:

L L= mrX)L(—n,x)=q’"+”<p(q)2(—1)n(3m+n+2

X (ot ) m+n+2)!
et V2 r o +1— 2k m—+n—+1—2k
O R D [ e F G|
k=0

BokBint-nt2—2k
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Corollary 2 (d = 3). Let q > 2, my, myp, m3 be nonnegative integers. We have the mean values:

L(—my, x1)L(—ma, x2) L(—m3, X1X2) =
X1, x2 (mod q)
my+mp+2 k k B B
—1)M3 gmtmatmg 3 114 115 111! {( ) + ( )} ma+k+2 mytmp+1-k +
(=)™ q 9(q)” mytmalms ,?;0 m my) | (ms+k+2)! (my +mz +1—k)!
Y o By, Biy Bity £y t-ims 12— ki —ko ] _—
Ky oy even V2 fetkol(my +my +mz +2 — kg —ko)! 7T Rtk
| 1 (my +mg +m3 By +my+mz+1
gyt 2 mytmp!ms! ( ) 1+mp+mg
(9) +4 o) my,my,mz ) (my+my+mz+1

2
qml+mZ+m3(P(q) m1!m2!m3!

)! ]—7"1—"12—”13 (4)/

where:

c _ (H11+ﬂ12+11’l3+27k17k2) (M1+ﬂ12+1’ﬂ3+27k17k2) (M1+M2+M3+27k17k2)
kl/kZ - ml,m2+1—k1,m3+1—k2 m1+1—k1,m2,1n3+1—k2 m1+1—k1,m2+1—k2,m3 :

3. Proof of Theorem 4

We start this section with some useful lemmas.

3.1. Three Lemmas

Let my, ..., my be non-negative integers and:
My:=m+---+my > 1L
From Equation (1), we obtain the following results.

Lemma 1. For n > 1, we have:
Bu(x+1)  Ba(x) x"1

n! . (n—1)V (19
Bu(x+y) _ & Bly) «"F
n! o kZ::o ki (n—k)!’ (1)
Let:
o By x"F  By(x) 1 x"!
Julx) = i MRl EACEE
Write:
Ap(x) == ¢(x +1) — ¢(x).
We have
My B.(x M,y xk=1
Ay, mg(x) = Y ap(my, ..., mg) A( kk(' )) =Y ap(my, ..., my) P
k=0 k=1 ( )
Then, we get:
My—1 k
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and:
d d 1
5 Bu(x) 1 x™
Pmy,...my (x) = H ml g (fmr(x) 2(,1111)1> :
Now, we recall the general polynomial multiplication formulas.
Lemma 2. Let Q;(x 2 a. x . Then, we have:

U

My

(y) — (1) (d) ey +- kg _ (1) @ | .,k
HQZ(X) - Z akl o akd x - Z Z akl akd X
i=1 O<k1<m1 k=0 ngigmi

i=1,..,4d
0<ky<rmg k... 4k =k

Lemma 3. Let d be a positive integer. Then, we have:

[T0x+a) - I (H) (H)

i=1 IC{l,..., icl i€l

3.2. Proof of Theorem 4

By Lemmas 1, 2, and 3, we have:

Py, (%) = H(fmz( )_1(95;"’_11)!> :Ic{lz }(_;>#IHM; 1] Hfm,

~~~~~ ! i€l
i€l
where M =Y “mjand T = {1,---,d}\I. Then, we get:
i€l
1 xMI_|I|
Apumy,...mg (%) = i (x).
b IC{;,d}, 2T (mi = 1)t 7
#1 odd icl

On the other hand, we consider:

d d i—1 d i—k;
Bm.(X) 1 x™ > By, x™Mi—ri
AX) = ! —I— — e - .
illfml( ) g ( mi! 2 (mi a 1)! H 0<k; ege:n <m; ki! (mi - ki)!

Therefore, we obtain:

Mrw- £ (11

| V) a4
i1 Oékii:e;(.e'r-\/dﬁm» i=1 H(mz _ kl)'

By Lemma 2, we have:

NICEDS

fn () = (

i1 k=0 | 0<k; even <m; N1 ke — kg
i=1,..

k1+ +kd k

60f 11
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Hence,
1
M= L 5 ¥ T
0<k odd <d |I|= kH - icl
and:
My M. —k B Myt
k; X1
f i(x) = ( I ) LA
11} " t;() Eigzr kZ/l S I H k' (MT_ t)'
0<k; even <m;
Thus, we get:
1 My —k— My—k—t
A¢m1,...,md (x) = Z 2k—1 Z Z (mil, m— k:) H k ' M - i’)
0<k odd <d |1|=k Lierki=t (iel) (iel) 7 iel d

0<teven <My 0<k; even <m;

Using this identity, we get the following.

Proposition 1. Let d be a positive integer. Then, we obtain:

1 M, —1 By My—1
Dpmy,.mg(X) =) P I— H‘Zk (mfltfmf—ki)l—[(;ﬁ) m

0<lodd <M, | 0<kodd <d 2

(iel) (iel) 7 iel
0<k; even <m;
icl, Yictki=l-k
Using these results, we have:
Theorem 7. Let my,...,my > 1, we set
My B
k(x)
P,y (%) = Y ai(ma, ey mg) = =
k=0 :
(@) Foroddl, 1 <1< My, we have:
1 My —1 Bki
141 (my, e mg) = ) k-1 )y (m,-l, mj—kj I )
0<kodd <d |1|=k (jen) (jel) 7 iel N
0<k; even <m;
iel, Yy pki=l—k

(b) Forevenl, 1 <1< My, we have ayy,_j41(my, ..., mg) = 0.
(c) We have also:

ag(my, ..., my) =

M k kq
Z (_1) d Z ks <k1, - kd]) A‘Pml—kl,...,md,l —kg_1,mg+ks+1 (0)

ks=0 ki+.. kg 1=

with:

-1 B B
_ mi—ki mg+ki+1 My+1
A(PTI’H*kln.‘,mtifl*kdfl,md‘s’kd%’l (0) - (H (mi — kz')!> (md _:kdd_i_ 1)! ((_1) T — 1) .
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We finish the proof of Theorem 4 by using Proposition 1 and Theorem 7.

4. Further Examples and Consequences of Theorem 4
We restate Theorem 4 explicitly in the cases d = 2,3, 4, and we get some new recurrence formulas
for Bernoulli numbers.

Example 1. For d = 2, we have:

Py my () :(_1)m11(3ml+mz+ 5 Km1+m2—k_1)

mq + le)! k eoon m; —k

+ m1+m2_k_1 ﬁ Bm]ersz(x)
my —k k! (ml—i—mz—k)"

We thus recover Nielsen’s theorem. We give its generalized formulation in the cases d = 3,4

Example 2. For d = 3, with M3 = mq + my + mg, we obtain:

my+myp a a B B o
Py g ms (X) = (_1)m3_1 2 [(7711 — 1) - (7712 — 1” ( vy e
a=0

mzy+a+1) (mg+my—a—1)!
1 Mz -3 By, —2(x Mz —ki—ky—1

+( 3 > M—2( )|_|_ y [( 3—ki—ko )
4 ml—l,mz—l,mg,—l (M3—2). Ky ky even ml—l,n’Iz—kl,mg,—kz

Mz —ki —ky—1 My —ki —ky—1
n 3—ki—ko n 3—ki—ky
my —ky,my —1,m3 —ky

By B Buyti(¥)

ml—kl,mz—k2,l’}’I3—1 kl' kz' (M3—k1—k2)!'

Example 3. For d = 4 and My = mq + my + mz + my, we have:

1 My—k-3 My—k-3
Py s ms () = 1k§n K"ll —kmy—1,m3—1,myg— 1) * (ml —1Lmy—kmz—1,my—1
. My—k—3 N My —k—3 Bm,—k-2(x) By
ml—l,mz—l,m3—k,m4—1 1711—1,11’[2—1,1’}13—1,1114—1( (M4—k—2)! k!
My—k—kK —-k"-1
)

i~ k=K =K -1
KK K even my — 1/ my — k/ m3 — k/r my — K’ * mp — kr my — 1/ mgz — k,r my — k"
+ M47k7k, —K" =1 M47k7k, —K" =1 BkBk'Bk” BM4,k,2(x)
my —k,my —k',mz —1,my — k" my —k,my —k',m3 — k', my — 1 KUK (Mg — k —2)!
+ao(my, mz, m3, my),

where:

M — k Bmi—ki B k
ag(my, my, m3,my) = (1+ (—1)M4) Ekjo(—l)k ! Yok +ky+hs=k (k1,kz,k3) (H?:l W) %-

From Example 1 and Example 2, with m; = my = m3 = m, we have the recurrence formulas:

Corollary 3. For m a positive integer greater than one, we have:

{2(271’1’1__12) + (1)’”—1] (5;331)1 _ (Bm>22[ni2] <2m—2k—1> (sz

(m)! = m — 2k

~ Boyok
26)! " (2m — 2k)!
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and:

3( 3m—1 >B3m 1 (3m—3)! By
m—1,m,m) (3m)!  4{(m—1)!}3 (3m —2)!

+2(_1)m ZZm a Bm+a+1 Bzm—a—l
gt \m—=1) (m+a+1)!(2m—a—1)!

3m —ky —ky—1 ) B3k, —k
43 1=k
ngl,kgen <m (m - 1/ m— klfm - k2 (377’1 - kl - kZ)'

(kq k) #(0,0)

5. Proof of Theorem 5

It is known that:

= q‘saéx(a)é' (s; Z) ,

where {(s;x) = ¥,>0(x 4+ n)~* is the Hurwitz zeta function.
Then, for my, ..., m; positive integers, with my + ... + m; > 2, we have:

m; d ki qmi d ki
L(=mj, xi) = q" Y x(ki)T (mi?q> BT Y xi(ki)Bu,+1 (q)

ki=1 ki=1

and:

d .
Y HL —mj, Xi) = H<m1+1 ZX By 41( k ))

X, X g(mod q) i= X1 xa=1li q
X1 Xg=1
M
g k IR
= (—1)d7 41( ( +1( ) Xi(ki)xi(ka)-
1§k1§kd§q T, (mi+1) B [TBn q ; e

By use of the orthogonality relations of Dirichlet characters, we have:

Y ()] = {gb(q), ifu=v (modyg), (uv,q) =1, (12)

x mod g 0, otherwise.

By (12), we obtain:

¢(g)" 1gMi(=1)4 d L
L(—m;, xi _ -
X Xxi 111—I —Mmi, Xi) (my+1)---(mg+1) (k;“ll Iﬂ(q)
1<k<q
_ 4’(‘1)‘1715/1\4"(—1)‘1 q m d k
- H?zl("li'i‘l) mz‘qy(m)kzzlgBmﬁ-l(m)-

Therefore, we have the following.

Theorem 8. If d is a positive integer, then:

Y HL i, xi) = (= 1) qMigp() Tt mgt Y (L i P41 my+1 (:;)

Xixa=1li= mlq

Now, we can conclude the proof of Theorem 5 as follows.
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We write:

d m;+1 k/m)

L rG) Lo (5] = Tl RIT e

mlg ==

By the relation:

k My+d (k/m)
Gmy+1,..my+1 <m> = ;) aj(my+1,..,mg+ 1)]7!,
]:
we have:
k Mitd gi(my 41,..,mg + 1) m
Lr(D L tmmen () = & Y L) 3 By k/m).
mlq j=0 J: mlq k=1

By the multiplication formula:

we obtain:

214 Z¢m1+l md+l<k> =) f Zml ]y (1)

mlq =0 "
Mg+d B;j(1)
_ (1 + 1,y g + 1) 2= Y (Lt
My+d . B]
_ Z (,1)]g]~(m1+1,...,md+1)]7]lfj(q)'
=0 '

Therefore, by Theorem 8 and the above result, we obtain:

My+d

B.
)3 HL —mi, xi) = (=1)*qMip(q) Tmyt - omgt Y aj(ml+1,...,md+1)].—!]h_]-(q).

X1 xg=1i= j=0

This completes the proof of Theorem 5.

6. Conclusions

10 of 11

Studies of Bernoulli numbers and polynomials have been performed in many areas. In particular,
their study is used in theoretical physics, combinatorics, number theory, analytic geometry, and applied
mathematics. In Theorem 7, the problem of computing Bernoulli polynomials is seen as a meaningful
result of generalizing the result of Nielsen’s theorem and Norlund’s formula. In summary, in Theorem 8,
we can see that the value of the L-function can be regarded as a meaningful result of linking Jordan

functions and Dirichlet character functions using the above results.
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