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Abstract: Let m1, · · · , mr be nonnegative integers, and set:

Mr = m1 + · · ·+ mr.

In this paper, first we establish an explicit linear decomposition of:

r

∏
i=1

Bmi (x)
mi!

in terms of Bernoulli polynomials Bk(x) with 0 ≤ k ≤ Mr. Second, for any integer q ≥ 2, we study
the mean values of the Dirichlet L-functions at negative integers:

∑
χ1,··· ,χr(modq); χ1···χr=1

r

∏
i=1

L(−mi, χi)

where the summation is over Dirichlet characters χi modulo q. Incidentally, a part of our work
recovers Nielsen’s theorem, Nörlund’s formula, and its generalization by Hu, Kim, and Kim.
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1. Notations and Introduction

As usual, we define the Bernoulli polynomials Bn(x) through the generating function:

t
et − 1

ext = ∑
n≥0

Bn(x)
tn

n!
, (1)

and the Bernoulli numbers are given by Bn = Bn(0). Moreover, from (1), we have:

B2k+1 = 0 for all k > 1, and B1 = −1/2. (2)

Let q be a positive integer, we denote by χ a Dirichlet character modulo q, and L(s, χ) a Dirichlet
L-series is given by:

L(s, χ) = ∑
n≥1

χ(n)
ns
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for Re(s) > 0 if χ is non-principal and Re(s) > 1 if χ is the principal character modulo q.

For a Dirichlet character χ modulo q, the generalized Bernoulli numbers:

Bn,χ ∈ Q(χ(1), χ(2), . . . , χ(q− 1))

are given through the generating function:

q

∑
a=1

χ(a)
teat

eqt − 1
=

∞

∑
n=0

Bn,χ
tn

n!
. (3)

Therefore, we have:

Bn,χ = qn−1
q−1

∑
a=1

χ(a)Bn(a/q). (4)

The main interest of the numbers Bn,χ is that they give the value at non-positive integers of
Dirichlet L-series. In fact, there is a well-known formula proven by Hecke in [1]:

L(1− n, χ) = −
Bn,χ

n
(n ≥ 1). (5)

We are motivated by the arithmetic properties satisfied by the finite product of several generalized
Bernoulli numbers Bn,χ and also the product of Bernoulli polynomials.

Nielsen gave the following important result for the product of two Bernoulli polynomials.

Theorem 1 ([2], p. 75). For m1, m2 ≥ 1, we have the formula:

Bm1(x)
m1!

Bm2(x)
m2!

= (−1)m2−1 Bm1+m2

(m1 + m2)!
+

[(m1+m2−1)/2]

∑
k=0

[(
m1 + m2 − 1− 2k

m1 − 1

)
+

(
m1 + m2 − 1− 2k

m2 − 1

)]
B2k
2k!

Bm1+m2−2k(x)
(m1 + m2 − 2k)!

.
(6)

At the same time, Nörlund [3] gave formulas for the integral of the product of two Bernoulli
polynomials.

Theorem 2 ([3], p. 31). For m1, m2 ≥ 1, we have the formula:

∫ 1

0

Bm1(x)
m1!

Bm2(x)
m2!

dx = (−1)m2−1 Bm1+m2

(m1 + m2)!
. (7)

Note that Theorem 2 can be obtained directly from Theorem 1. However, the proofs of Nörlund
and Nielsen are different.

We should mentioned that later, Mordell [4] and Mikolás [5] provided two other different
proofs of (7).

Recently, D. Zagier ([6], pp. 250–252) revisited the results of Nielsen (Theorem 1) and Nörlund
(Theorem 2) and gave another proof.

Carlitz [7] studied the integrals of the product of three and four Bernoulli polynomials.
Furthermore, the results by Carlitz–Mikolas–Mordell–Nörlund were generalized by Hu, Kim, and Kim
in [8] as follows.
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Theorem 3 ([8]). Let m1, . . . , md ≥ 1, d ≥ 2 be integer, we have the formula:

∫ 1

0

d

∏
i=1

Bmi (x)
mi!

dx = (8)

Md−1

∑
k=0

(−1)k ∑
k1+···+kd−1=k

(
k

k1, · · · , kd−1

)
C(m1 − k1, · · · , md−1 − kd−1, md + k + 1),

where:

C(k1, · · · , kd) =
1

k1! · · · kd!
(

Bk1(1) · · · Bkd
(1)− Bk1 · · · Bkd

)
and Md−1 = m1 + · · ·+ md−1, and ( k

k1,··· ,kd−1
) is the multinomial coefficients.

Similar integral evaluations have also been studied by Espinosa and Moll [9–11]. The purpose
of this paper is to prove a generalization of Nielsen’s Theorem 1 and to study the mean values of
L-functions at negative integers and their connections to Bernoulli–Dedekind sums.

We consider:

φm1,...,md(x) :=
Bm1(x)

m1!
· · ·

Bmd(x)
md!

;

φm1,...,md(x) is a polynomial in x with degree Md = m1 + · · ·+ md, since Bk(x)
k! is a polynomial of degree

k in x. Then, {1, B1(x), B2(x)
2! , ...,

BMd
(x)

Md ! } is a basis of the polynomial space RMd [x] over R. There exist
real numbers ak(m1, ..., md), 0 ≤ k ≤ Md, such that:

φm1,...,md(x) :=
Md

∑
k=0

ak(m1, ..., md)
Bk(x)

k!
.

As the first goal of this paper, we prove explicit formulas for the coefficients ak(m1, ..., md) with
0 ≤ k ≤ Md. In the second part of this paper, we establish relationships between these coefficients and
mean values of Dirichlet L-series at negative integers.

2. Statement of the Main Results

Now, we state our main results.

Theorem 4. Let m1, . . . , md > 1 be positive integers. We have the explicit formula:

d

∏
i=1

Bmi (x)
mi!

=

(
(−1)Md+1 − 1

) Md−1

∑
kd=0

(−1)kd ∑
k1+···+kd−1=kd

(
kd

k1, ..., kd−1

)(d−1

∏
i=1

Bmi−ki

(mi − ki)!

)
Bmd+kd+1

(md + kd + 1)!

+ ∑
1≤l odd ≤Md

aMd−l+1(m1, ..., md)
BMd−l+1(x)
(Md − l + 1)!

,
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where:

aMd−l+1(m1, ..., md) = ∑
0≤k odd ≤d

1
2k−1 ∑

|I|=k
0≤ki even ≤mi
∑i∈I ki=l−k

( Md − l
mj−1,
(j∈I)

mj−kj
(j∈ Ī)

)(
∏
i∈ Ī

Bki

ki!

)
(9)

with Md = m1 + · · · + md and Md−1 = m1 + · · · + md−1. Here, I ⊂ {1, 2, · · · , d}, I ∩ Ī = ∅, and
I ∪ Ī = {1, 2, · · · , d}.

We have our second main result.

Theorem 5. Let q ≥ 2, m1, . . . , md > 0 be nonnegative integers and d ≥ 2. We have the mean values:

∑
χ1,··· ,χd (mod q)

χ1 ···χd=1

d

∏
i=1

L(−mi, χi) = (−1)dqMd m1! · · ·md!ϕ(q)d−1S(m1, ..., md; q)

with:

S(m1, ..., md; q) =
Md+d

∑
j=0

(−1)jaj(m1 + 1, ..., md + 1)
Bj

j!
J1−j(q) ,

where ϕ is the Jordan totient function, Jk(q) = qk ∏
p prime|q

(
1− p−k

)
is the kth Jordan function, the summation

is over all Dirichlet characters χ1, · · · , χd modulo q, and the coefficients aj are given by Formula (9).

Theorem 5 can be viewed as a complement to the recent work of Bayad-Raouj [12] on the Mean
values of L-functions at positive integers.

We can restate Theorem 5 in terms of the generalized Bernoulli numbers Bn,χ as follows.

Theorem 6. Let q ≥ 2, m1, . . . , md > 0 be non-negative integers and d ≥ 2. We have the mean values:

∑
χ1,··· ,χd (mod q)

χ1 ···χd=1

d

∏
i=1

Bmi+1,χi

(mi + 1)!
= qMd ϕ(q)d−1S(m1, ..., md; q).

Let us state some special cases of Theorem 5.

Corollary 1 (d = 2). Let q ≥ 2, m, n be nonnegative integers. We have the mean values:

∑
χ (mod q)

L(−m, χ)L(−n, χ) = qm+n ϕ(q)2(−1)n Bm+n+2

(m + n + 2)!

+(−1)m+n qm+n ϕ(q)
[m+n+1/2]

∑
k=0

[(
m + n + 1− 2k

m

)
+

(
m + n + 1− 2k

n

)]
× B2kBm+n+2−2k
(2k)!(m + n + 2− 2k)!

J2k−m−n−1(q).
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Corollary 2 (d = 3). Let q ≥ 2, m1, m2, m3 be nonnegative integers. We have the mean values:

∑
χ1, χ2 (mod q)

L(−m1, χ1)L(−m2, χ2)L(−m3, χ1χ2) =

(−1)m3 qm1+m2+m3 ϕ(q)3 m1!m2!m3!
m1+m2+2

∑
k=0

{(
k

m1

)
+

(
k

m2

)}
Bm3+k+2

(m3 + k + 2)!
Bm1+m2+1−k

(m1 + m2 + 1− k)!
+

qm1+m2+m3 ϕ(q)2m1!m2!m3! ∑
k1,k2 even

ck1,k2

Bk1 Bk2 Bm1+m2+m3+2−k1−k2

k1!k2!(m1 + m2 + m3 + 2− k1 − k2)!
J−m1−m2−m3−1+k1+k2

(q) + qm1+m2+m3 ϕ(q)2 m1!m2!m3!
4

(
m1 + m2 + m3

m1, m2, m3

)
Bm1+m2+m3+1

(m1 + m2 + m3 + 1)!
J−m1−m2−m3(q),

where:

ck1,k2 = (m1+m2+m3+2−k1−k2
m1,m2+1−k1,m3+1−k2

) + (m1+m2+m3+2−k1−k2
m1+1−k1,m2,m3+1−k2

) + (m1+m2+m3+2−k1−k2
m1+1−k1,m2+1−k2,m3

).

3. Proof of Theorem 4

We start this section with some useful lemmas.

3.1. Three Lemmas

Let m1, ..., md be non-negative integers and:

Md := m1 + · · ·+ md > 1.

From Equation (1), we obtain the following results.

Lemma 1. For n ≥ 1, we have:
Bn(x + 1)

n!
− Bn(x)

n!
=

xn−1

(n− 1)!
, (10)

Bn(x + y)
n!

=
n

∑
k=0

Bk(y)
k!

xn−k

(n− k)!
. (11)

Let:

fn(x) := ∑
0≤k even≤n

Bk
k!

xn−k

(n− k)!
=

Bn(x)
n!

+
1
2

xn−1

(n− 1)!
.

Write:

∆φ(x) := φ(x + 1)− φ(x).

We have:

∆φm1,...,md(x) =
Md

∑
k=0

ak(m1, ..., md)∆(
Bk(x)

k!
) =

Md

∑
k=1

ak(m1, ..., md)
xk−1

(k− 1)!
.

Then, we get:

∆φm1,...,md(x) =
Md−1

∑
k=0

ak+1(m1, ..., md)
xk

k!
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and:

φm1,...,md(x) =
d

∏
i=1

Bmi (x)
mi!

=
d

∏
i=1

(
fmi (x)− 1

2
xmi−1

(mi − 1)!

)
.

Now, we recall the general polynomial multiplication formulas.

Lemma 2. Let Qi(x) =
mi

∑
ki=0

a(i)ki
xki . Then, we have:

d

∏
i=1

Qi(x) = ∑
0≤k1≤m1···
0≤kd≤md

a(1)k1
· · · a(d)kd

xk1+···+kd =
Md

∑
k=0

 ∑
0≤ki≤mi ,
i=1,...,d

k1+...+kd=k

a(1)k1
· · · a(d)kd

 xk.

Lemma 3. Let d be a positive integer. Then, we have:

d

∏
i=1

(xi + ai) = ∑
I⊂{1,...,d}

(
∏
i∈I

ai

)(
∏
i∈I

xi

)
.

3.2. Proof of Theorem 4

By Lemmas 1, 2, and 3, we have:

φm1,...,md(x) =
d

∏
i=1

(
fmi (x)− 1

2
xmi−1

(mi − 1)!

)
= ∑

I⊂{1,...,d}

(
−1

2

)#I xMI−|I|

∏
i∈I

(mi − 1)! ∏
i∈I

fmi (x),

where MI = ∑
i∈I

mi and I = {1, · · · , d}\I. Then, we get:

∆φm1,...,md(x) = ∑
I⊂{1,...,d},

#I odd

1
2#I−1

xMI−|I|

∏
i∈I

(mi − 1)! ∏
i∈I

fmi (x).

On the other hand, we consider:

d

∏
i=1

fmi (x) =
d

∏
i=1

(
Bmi (x)

mi!
+

1
2

xmi−1

(mi − 1)!

)
=

d

∏
i=1

(
∑

0≤ki even ≤mi

Bki

ki!
xmi−ki

(mi − ki)!

)
.

Therefore, we obtain:

d

∏
i=1

fmi (x) = ∑
0≤ki even ≤mi

i=1,...,d

(
d

∏
i=1

Bki

ki!

)
xMd−∑d

i=1 ki

d

∏
i=1

(mi − ki)!

.

By Lemma 2, we have:

d

∏
i=1

fmi (x) =
Md

∑
k=0

 ∑
0≤ki even ≤mi

i=1,...,d
k1+...+kd=k

(
Md − k

m1 − k1, ..., md − kd

) d

∏
i=1

Bki

ki!

 xMd−k

(Md − k)!
.
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Hence,

∆φm1,...,md(x) = ∑
0≤k odd ≤d

1
2k−1 ∑

|I|=k

xMI−k

∏
i∈I

(mi − 1)! ∏
i∈I

fmi (x)

and:

∏
i∈I

fmi (x) =
MI

∑
t=0

 ∑
∑i∈I ki=t

0≤ki even ≤mi

(
MI − k

mi − ki, i ∈ I

)
∏
i∈I

Bki

ki!

 xMI−t

(MI − t)!
.

Thus, we get:

∆φm1,...,md(x) = ∑
0≤k odd ≤d

1
2k−1 ∑

|I|=k
0≤t even ≤MI

∑
∑i∈I ki=t

0≤ki even ≤mi

(
Md − k− t
mi−1,
(i∈I)

mi−ki
(i∈ Ī)

)
∏
i∈I

Bki

ki!
xMd−k−t

(Md − k− t)!
.

Using this identity, we get the following.

Proposition 1. Let d be a positive integer. Then, we obtain:

∆φm1,...,md(x) = ∑
0≤l odd ≤Md

 ∑
0≤k odd ≤d

1
2k−1 ∑

|I|=k
0≤ki even ≤mi

i∈I, ∑i∈I ki=l−k

(
Md − l

mi−1,
(i∈I)

mi−ki
(i∈ Ī)

)
∏
i∈I

(
Bki

ki!

)


xMd−l

(Md − l)!
.

Using these results, we have:

Theorem 7. Let m1, ..., md ≥ 1, we set

φm1,...,md(x) =
Md

∑
k=0

ak(m1, ..., md)
Bk(x)

k!
·

(a) For odd l, 1 ≤ l ≤ Md, we have:

aMd−l+1(m1, ..., md) = ∑
0≤k odd ≤d

1
2k−1 ∑

|I|=k
0≤ki even ≤mi

i∈I, ∑i∈I ki=l−k

( Md − l
mj−1,
(j∈I)

mj−kj
(j∈ Ī)

)
∏
i∈I

(
Bki

ki!

)
.

(b) For even l, 1 ≤ l ≤ Md, we have aMd−l+1(m1, ..., md) = 0.
(c) We have also:

a0(m1, ..., md) =
Md−1

∑
kd=0

(−1)kd ∑
k1+...+kd−1=kd

(
kd

k1, ..., kd−1

)
∆φm1−k1,...,md−1−kd−1,md+kd+1(0)

with:

∆φm1−k1,...,md−1−kd−1,md+kd+1(0) =

(
d−1

∏
i=1

Bmi−ki

(mi − ki)!

)
Bmd+kd+1

(md + kd + 1)!

(
(−1)Md+1 − 1

)
.
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We finish the proof of Theorem 4 by using Proposition 1 and Theorem 7.

4. Further Examples and Consequences of Theorem 4

We restate Theorem 4 explicitly in the cases d = 2, 3, 4, and we get some new recurrence formulas
for Bernoulli numbers.

Example 1. For d = 2, we have:

φm1,m2(x) = (−1)m1−1 Bm1+m2

(m1 + m2)!
+ ∑

k even

[(
m1 + m2 − k− 1

m1 − k

)
+

(
m1 + m2 − k− 1

m2 − k

)]
Bk
k!

Bm1+m2−k(x)
(m1 + m2 − k)!

.

We thus recover Nielsen’s theorem. We give its generalized formulation in the cases d = 3, 4.

Example 2. For d = 3, with M3 = m1 + m2 + m3, we obtain:

φm1,m2,m3(x) = (−1)m3−1
m1+m2

∑
a=0

[(
a

m1 − 1

)
+

(
a

m2 − 1

)]
Bm3+a+1

(m3 + a + 1)!
·

Bm1+m2−a−1

(m1 + m2 − a− 1)!

+
1
4

(
M3 − 3

m1 − 1, m2 − 1, m3 − 1

)
BM3−2(x)
(M3 − 2)!

+ ∑
k1,k2 even

[(
M3 − k1 − k2 − 1

m1 − 1, m2 − k1, m3 − k2

)

+

(
M3 − k1 − k2 − 1

m1 − k1, m2 − 1, m3 − k2

)
+

(
M3 − k1 − k2 − 1

m1 − k1, m2 − k2, m3 − 1

)]
Bk1

k1!
·

Bk2

k2!
·

BM3−k1−k2(x)
(M3 − k1 − k2)!

.

Example 3. For d = 4 and M4 = m1 + m2 + m3 + m4, we have:

φm1,m2,m3,m4(x) =
1
4 ∑

k even

[(
M4 − k− 3

m1 − k, m2 − 1, m3 − 1, m4 − 1

)
+

(
M4 − k− 3

m1 − 1, m2 − k, m3 − 1, m4 − 1

)
+

(
M4 − k− 3

m1 − 1, m2 − 1, m3 − k, m4 − 1

)
+

(
M4 − k− 3

m1 − 1, m2 − 1, m3 − 1, m4 − k

)]
BM4−k−2(x)
(M4 − k− 2)!

· Bk
k!

+ ∑
k,k′ ,k′′ even

[(
M4 − k− k′ − k′′ − 1

m1 − 1, m2 − k, m3 − k′, m4 − k′′

)
+

(
M4 − k− k′ − k′′ − 1

m1 − k, m2 − 1, m3 − k′, m4 − k′′

)
+

(
M4 − k− k′ − k′′ − 1

m1 − k, m2 − k′, m3 − 1, m4 − k′′

)
+

(
M4 − k− k′ − k′′ − 1

m1 − k, m2 − k′, m3 − k′′, m4 − 1

)]
BkBk′Bk′′

k!k′!k′′!
BM4−k−2(x)
(M4 − k− 2)!

+a0(m1, m2, m3, m4),

where:

a0(m1, m2, m3, m4) = (1 + (−1)M4)∑M3
k=0(−1)k−1 ∑k1+k2+k3=k (

k
k1,k2,k3

)
(

∏3
i=1

Bmi−ki
(mi−ki)!

) BM4+k+1

(M4+k+1)! .

From Example 1 and Example 2, with m1 = m2 = m3 = m, we have the recurrence formulas:

Corollary 3. For m a positive integer greater than one, we have:

[
2
(

2m− 2
m− 1

)
+ (−1)m−1

]
B2m

(2m)!
=

(
Bm

(m)!

)2
− 2

[m/2]

∑
k=1

(
2m− 2k− 1

m− 2k

)
B2k
(2k)!

· B2m−2k
(2m− 2k)!
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and:

3
(

3m− 1
m− 1, m, m

)
B3m

(3m)!
=

1
4

(3m− 3)!
{(m− 1)!}3

B3m−2

(3m− 2)!

+2(−1)m
2m

∑
a=m−1

(
a

m− 1

)
Bm+a+1

(m + a + 1)!
B2m−a−1

(2m− a− 1)!

+3 ∑
0≤k1,k2 even ≤m
(k1,k2) 6=(0,0)

(
3m− k1 − k2 − 1

m− 1, m− k1, m− k2

)
B3m−k1−k2

(3m− k1 − k2)!
.

5. Proof of Theorem 5

It is known that:

L(s, χ) = q−s
q

∑
a=1

χ(a)ζ
(

s;
a
q

)
,

where ζ(s; x) = ∑n≥0(x + n)−s is the Hurwitz zeta function.
Then, for m1, ..., md positive integers, with m1 + ... + md ≥ 2, we have:

L(−mi, χi) = qmi

q

∑
ki=1

χ(ki)ζ

(
−mi;

ki
q

)
=

qmi

mi + 1

q

∑
ki=1

χi(ki)Bmi+1

(
ki
q

)

and:

∑
χ, ...,χd(mod q)

χ1 ···χd=1

d

∏
i=1

L(−mi, χi) = ∑
χ1···χd=1

d

∏
i=1

(
−qmi

mi + 1

q

∑
ki=1

χ(ki)Bmi+1(
ki
q
)

)

= ∑
1≤k1,...,kd≤q

(−1)d qMd

∏d
i=1(mi + 1)

Bmd+1(
kd
q
)

(
d−1

∏
i=1

Bmi+1(
ki
q
)

)
∑
χi

χi(ki)χi(kd).

By use of the orthogonality relations of Dirichlet characters, we have:

∑
χ mod q

χ(u)χ(v) =

{
φ(q), if u ≡ v (mod q), (uv, q) = 1,

0, otherwise.
(12)

By (12), we obtain:

∑
χ1···χd=1

d

∏
i=1

L(−mi, χi) =
φ(q)d−1qMd(−1)d

(m1 + 1) · · · (md + 1) ∑
(k,q)=1
1≤k≤q

d

∏
i=1

Bmi+1(
k
q
)

=
φ(q)d−1qMd(−1)d

∏d
i=1(mi + 1)

∑
m|q

µ(
q
m
)

m

∑
k=1

d

∏
i=1

Bmi+1(
k
m
).

Therefore, we have the following.

Theorem 8. If d is a positive integer, then:

∑
χ1···χd=1

d

∏
i=1

L(−mi, χi) = (−1)dqMd φ(q)d−1m1! · · ·md! ∑
m|q

µ(
q
m
)

m

∑
k=1

φm1+1,...,md+1

(
k
m

)
.

Now, we can conclude the proof of Theorem 5 as follows.
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We write:

∑
m|q

µ(
q
m
)

m

∑
k=1

φm1+1,...,md+1

(
k
m

)
= ∑

m|q
µ(

q
m
)

m

∑
k=1

d

∏
i=1

Bmi+1(k/m)

(mi + 1)!
.

By the relation:

φm1+1,...,md+1

(
k
m

)
=

Md+d

∑
j=0

aj(m1 + 1, ..., md + 1)
Bj(k/m)

j!
,

we have:

∑
m|q

µ(
q
m
)

m

∑
k=1

φm1+1,...,md+1

(
k
m

)
=

Md+d

∑
j=0

aj(m1 + 1, ..., md + 1)
j! ∑

m|q
µ(

q
m
)

m

∑
k=1

Bj(k/m).

By the multiplication formula:

m−1

∑
k′=0

Bj

(
x +

k′

m

)
= m1−jBj(mx),

we obtain:

∑
m|q

µ(
q
m
)

m

∑
k=1

φm1+1,...,md+1

(
k
m

)
=

Md+d

∑
j=0

aj(m1 + 1, ..., md + 1)
j! ∑

m|q
m1−jµ(

q
m
)Bj(1)

=
Md+d

∑
j=0

aj(m1 + 1, ..., md + 1)
Bj(1)

j! ∑
m|q

µ(
q
m
)m1−j

=
Md+d

∑
j=0

(−1)jaj(m1 + 1, ..., md + 1)
Bj

j!
J1−j(q).

Therefore, by Theorem 8 and the above result, we obtain:

∑
χ1···χd=1

d

∏
i=1

L(−mi, χi) = (−1)dqMd φ(q)d−1m1! · · ·md!
Md+d

∑
j=0

aj(m1 + 1, ..., md + 1)
Bj

j!
J1−j(q).

This completes the proof of Theorem 5.

6. Conclusions

Studies of Bernoulli numbers and polynomials have been performed in many areas. In particular,
their study is used in theoretical physics, combinatorics, number theory, analytic geometry, and applied
mathematics. In Theorem 7, the problem of computing Bernoulli polynomials is seen as a meaningful
result of generalizing the result of Nielsen’s theorem and Nörlund’s formula. In summary, in Theorem 8,
we can see that the value of the L-function can be regarded as a meaningful result of linking Jordan
functions and Dirichlet character functions using the above results.
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