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Abstract: It is not unusual that X, ﬁ VZ where X,, V, Z are real random variables, V is
independent of Z and Z ~ N (0,1). An intriguing feature is that P(VZ € A) = E{N (0,V?) (A)} for
each Borel set A C R, namely, the probability distribution of the limit VZ is a mixture of centered
Gaussian laws with (random) variance V2. In this paper, conditions for dry (X, VZ) — 0 are given,
where dry (X, VZ) is the total variation distance between the probability distributions of X, and VZ.
To estimate the rate of convergence, a few upper bounds for dry (X, VZ) are given as well. Special
attention is paid to the following two cases: (i) X is a linear combination of the squares of Gaussian
random variables; and (ii) X, is related to the weighted quadratic variations of two independent
Brownian motions.

Keywords: mixture of Gaussian laws; rate of convergence; total variation distance; Wasserstein
distance; weighted quadratic variation
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1. Introduction

All random elements involved in the sequel are defined on a common probability space (Q,F,P).
We let B denote the Borel o-field on R and A (4, b) the Gaussian law on B with mean 4 and variance b,
wherea € R, b > 0, and N (a,0) = J,. Moreover, Z always denotes a real random variable such that:

Z ~N(0,1).

In plenty of frameworks, it happens that:

X, vz 1)
where X;; and V are real random variables and V is independent of Z. Condition (1) actually occurs
in the CLT, both in its classical form (with V = 1) and in its exchangeable and martingale versions
(Examples 3 and 4). In addition, condition (1) arises in several recent papers with various distributions
for V. See, e.g., [1-8].

An intriguing feature of condition (1) is that the probability distribution of the limit:

P(VZ e A) = /N(o, V2)(A)dP, A€ B,

is a mixture of centered Gaussian laws with (random) variance V2. Moreover, condition (1) can be
often strengthened into:
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dw(X,, VZ) =0, ()

where dy (X, VZ) is the Wasserstein distance between the probability distributions of X, and VZ.
In fact, condition (2) amounts to (1) provided the sequence (X},) is uniformly integrable; see Section 2.1.
A few (engaging) problems are suggested by conditions (1) and (2). One is:

(*) Give conditions for dry (X, VZ) — 0, where

drv(Xu, VZ) = sup|P(X, € A) — P(VZ € A)].
AeB

Under such (or stronger) conditions, estimate the rate of convergence, i.e., find quantitative
bounds for dry (X, VZ).

Problem (*) is addressed in this paper. Before turning to results, however, we mention an example.

Example 1. Let B be a fractional Brownian motion with Hurst parameter H and

1+H
n
Xy =

1
/O t"~1(B? — B?)dt.

The asymptotics of X, and other analogous functionals of the B-paths (such as weighted power variations)
is investigated in various papers. See, e.g., [5,7-10] and references therein. We note also that:

H
n >
/ t"B;dB; = nH Hin foreach H > 1/4,
where the stochastic integral is meant in Skorohod's sense (it reduces to an Ito integral if H = 1/2).

Leta(H) =1/2—(1/2—H|and V = \/HT(2H) By ~ N (0, HT(2H)). In [8], it is shown that, for
every p € (0,1), there is a constant k (depending on H and B only) such that:

dry (X, VZ) < kn—Pal for alln > 1,

where Z is a standard normal random variable independent of V.. Furthermore, the rate n=P2(1) is guite close to
be optimal; see condition (2) of [S].

In Example 1, problem (*) admits a reasonable solution. In fact, in a sense, Example 1 is our
motivating example.

This paper includes two main results.

The first (Theorem 1) is of the general type. Suppose I, := [|t¢,(t)|dt < oo, where ¢, is
the characteristic function of X;,. (In particular, X, has an absolutely continuous distribution). Then,
an upper bound for dry (X, VZ) is provided in terms of I,, and dy (X, VZ). In some cases, this bound
allows to prove dry(Xu, VZ) — 0 and to estimate the convergence rate. In Example 5, for instance,
such a bound improves on the existing ones; see Theorem 3.1 of [6] and Remark 3.5 of [7]. However,
for the upper bound to work, one needs information on I, and dy (X,, VZ), which is not always
available. Thus, it is convenient to have some further tools.

In the second result (Theorem 2), the ideas underlying Example 1 are adapted to weighted
quadratic variations; see [5,8,9]. Let B and B’ be independent standard Brownian motions and

n—1
Xy = n'/2 Z f(Bk/n - Bllc/n) {(ABk/H)2 - (ABli/n)z}'
k=0

where f : R — R is a suitable function, ABy/, = B(i;1)/, — Bx/n and AB; ,, = sz+1)/n By,,,- Under

some assumptions on f (weaker than those usually requested in similar problems), it is shown that
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dry(Xn, VZ) =O0(n~1/%), where V = 2/ fol f2(V2By) dt. Furthermore, dry (X,, VZ) =O(n~1/2) if
one also assumes inf|f| > 0. (We recall that, if 2, and b, are non-negative numbers, the notation
a, = O(b,) means that there is a constant ¢ such that a, < cb,, for all n).

2. Preliminaries

2.1. Distances between Probability Measures

In this subsection, we recall a few known facts on distances between probability measures.
We denote by (S, £) a measurable space and by i and v two probability measures on €.
The total variation distance between y and v is:

[ = vl = sup [u(A) —v(A)].
Aeg
If X and Y are (S, £)-valued random variables, we also write:

dry(X,Y) = [P(X €)= P(Y € )|l = ill};lp(x € A)—P(Y € A)|

to denote the total variation distance between the probability distributions of X and Y.
Next, suppose S is a separable metric space, £ the Borel o-field and

/d(x, xo) p(dx) + /d(x, xg) v(dx) < co for some xg € S,

where d is the distance on S. The Wasserstein distance between y and v is:

Winv)= int  EW(X,Y)),

where inf is over the pairs (X, Y) of (S, £)-valued random variables such that X ~ gy and Y ~ v. By a
duality theorem, W(y, v) admits the representation:

7

W(p,v) = SI}p ‘/fdﬂ j/fdv

where sup is over those functions f : S — R such that |f(x) — f(y)| < d(x,y) forall x,y € S; see, e.g.,
Section 11.8 of [11]. Again, if X and Y are (S, £)-valued random variables, we write:

dw(X,Y)=W[P(X ), P(Y € )]

to mean the Wasserstein distance between the probability distributions of X and Y.

Finally, we make precise the connections between convergence in distribution and convergence
according to Wasserstein distance in the case S = R. Let X}, and X be real random variables such that
E|Xy,| 4+ E|X| < oo for each n. Then, the following statements are equivalent:

- limn dW(XTl/ X) - O;

- Xp 2 X and E|X,| — E|X];

- X, 2 X and the sequence (Xj) is uniformly integrable.

2.2. Two Technical Lemmas

The following simple lemma is fundamental for our purposes.
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Lemmal. Ifa;, ap € R,0 < by < byandby > 0, then:

by |ag — az
N(ay,b1) — N (ay, b <1—4/—= .
|V (a1, b1) (a2,02) [ <1 =/ b, + 770,

Lemma 1 is well known; see e.g. Proposition 3.6.1 of [12] and Lemma 3 of [8].
Note also that, if a1 = ap = 4, Lemma 1 yields:

[N (a,b1) — N(a,by)|| <

b1 b_ ba| for each i such that b; > 0.

i

The next result, needed in Section 4, is just a consequence of Lemma 1. In such a result, X and
Y are separable metric spaces, g, : X x Y =+ Rand g: X x Y — R Borel functions, and X and Y
random variables with values in X’ and )/, respectively.

Lemma 2. Let v be the probability distribution of Y. If X is independent of Y and

&n(X,y) ~N(0, 07(y)), 8(X,y) ~N(0,*(y)), o*(y) >0

for v-almost all y € Y, then:

dry (ga(X,Y), g(X,Y)) < min{ E(|"n<Y;(;)‘T<Y>I), E( o2 (Y) — aZ(Y>|) X

Proof. Since X is independent of Y,

dry (gn(X, Y), g(X, Y)) = sup

sup ’./‘(P(g”(xfy) € A) — P(3(X,y) € A)) vldy)|

< [I1P(sa(X,9) € ) = P(s(X,y) € )| v(dy).

Thus, since g,(X,y) and g(X,y) have centered Gaussian laws and g(X, y) has strictly positive
variance, for v-almost all y € }, Lemma 1 yields:

dry (sa(%, 1), g(x,7)) < [ 122 gy plnl) 2o O]y

o(y) a(Y)
2 _ 2 2 2
and dTv(gn(X,Y), g(le)) < /Wv(dy) _ E(|(7n(YU)2(YU) (Y)|>

O

3. A General Result

As in Section 1, let X,;, V and Z be real random variables, with Z ~ A(0,1) and V independent
of Z. Since |V|Z ~ VZ, it can be assumed V > 0. We also assume E|X,| + E|VZ| < oo, so that we
can define:

d, = dW(Xn, VZ).
In addition, we let:
X, =X +dy2U,

where U is a standard normal random variable independent of (X, V,Z : n > 1).
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We aim to estimate dry (X, VZ). Under some conditions, however, the latter quantity can be
replaced by drv (Xn, XJ,).

Lemma 3. Foreachua < 1/2,
\dry (X, VZ) — dry(Xy, X5)| < dY2 +dY?% + P(V < d2).
In addition, if E(1/V) < oo, then:
ldry (Xn, VZ) = dry(Xn, Xp)| < dy/? {1+ E(1/V)}.

Proof. The Lemma is trivially true if d, = 0. Hence, it can be assumed d, > 0. Define
X" = VZ +d/? U and note that:

|drv(Xn, VZ) = drv(Xn, Xy)| < drv(Xy, Xy) +drv(Xy, VZ).
Foreach A € B,
P(X, € A) = /N(Xn, 4,)(A)dP and P(X" € A) = /N(Vz, d,)(A)dP.

Hence, Lemma 1 yields:

dry (X, X)) = sup | / (Xa, dn)(4) =N (VZ, d,)(A)) dP|
AeB
E\X,—-VZ
< /||/\/'(Xn, dn) = N(VZ, dy)| dP < |dl/2|

On the other hand, the probability distribution of X/ can also be written as:
P(X)lc A) = /N(o, V2 4d,)(A)dP.
Arguing as above, Lemma 1 implies again:

dry (X!, VZ) < / IN(0, V2 + dy) — N(0, V2)|| dP

174 dl/Z dl/Z
<E(l—- ——) <E 1 < P(V
- ( /V2_|_dn)_ (1/V2_|_dn)_ € + ( <€)
for each € > 0. Letting € = df, with « < 1/2, it follows that:
E|X,—-VZ _
‘dTV(Xn/ VZ) - dTV(Xn/ X;l)| < |Zl/2| +d,11/2 & + P(V < d%) (3)
n

Inequality (3) holds true for every joint distribution for the pair (X,, VZ). In particular, inequality
(3) holds if such a joint distribution is taken to be one that realizes the Wasserstein distance, namely,
one such that E|X,, — VZ| = d,,. In this case, one obtains:

\dry (X, VZ) — dpy (X, XL)| < dY2 4+d/27% 4 P(V < d%).

Finally, if E(1/V) < oo, it suffices to note that:
4172

__n_
VV24+d,

dry (X!, VZ) < E( ) < dY2E(1/V).
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For Lemma 3 to be useful, dry (X,, X),) should be kept under control. This can be achieved under
various assumptions. One is to ask X, to admit a Lipschitz density with respect to Lebesgue measure.

Theorem 1. Let ¢, be the characteristic function of X, and

b= [1Egu(®)lde =2 [~ tigu(t) dt
Given B > 1, suppose sup, E|X,|P < oo and d, — 0. Then, there is a constant k, independent of n,
such that:

B/ (B+1)
dry (X, Xp) <k (Lal/2)"

In particular,

/(B+1
dry (X, VZ) < dY2 4 d/2 L p(v < o) +k(ln d}l”)ﬁ (B+1)

foreacha < 1/2, and

)Mﬁﬂ) ifE(1/V) < co.

dry (X, VZ) <dY2 {14+ E(1/V)} +k (ln dL/2

It is worth noting that, if = 1, the condition sup, E|X;,| < o follows from d, — 0. On the
other hand, d,, — 0 can be weakened into X, ﬂ VZ whenever sup, E| X, |ﬁ < oo for some § > 1; see

Section 2.1.

Proof of Theorem 1. If [, = oo, the Theorem is trivially true. Thus, it can be assumed /,; < cc.
Since ¢, is integrable, the probability distribution of X, admits a density f,, with respect to
Lebesgue measure. In addition,

[fa(x) = fuy)| = (1/27) I/(e_i”‘ —e ™) (1) dt]

[x —y| In [x —y]
< — 2 = 7

Given t > 0, it follows that:
2dry(X,, X,) <2 /||P(Xn €)= P(X, +dY?u e )| N(0,1)(du)
= [ 1) = fulx = /) | 4 N (0,1) (dw)

< P(|Xu| > )+ P(|X),| > t) +/jt/|fn(x) — fulx —dY?u)| N(0,1) (du) dx.

Since sup,, E| X, |P < coand d, — 0, one obtains:

P(|Xn| > t) + P(IX}| > t) < P(|Xp| > t) + P(|Xu| > t/2) + P(d/?|U| > t/2)
dh2E|ulP

(t/2)P

2E|X,[f +di PE|UP _ K
- (t/2)P P

<2P(|Xn| > £/2) +
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for some constant k*. Hence,

2dry (X X/)<E+l"d%/2 /t /|u|N(O 1)(du) dx
TV ns n) — t/g 27_[ 4 7
% 1/2
S%_’_lndn t foreacht > 0.

Minimizing over ¢, one finally obtains:

7

L, dY/2\ B/ (B+1)
2dry (Xa, X;) < e(B) (k)1 B0 (221

where c(p) is a constant that depends on p only. This concludes the proof. [

Theorem 1 provides upper bounds for dry (X, VZ) in terms of I, and d,. It is connected to
Proposition 4.1 of [4], where dty is replaced by the Kolmogorov distance.
In particular, Theorem 1 implies that dry (X, VZ) — 0 provided V > 0 a.s. and

lim d}/2L, = limdy (X, VZ)!/ /|tq>n(t)| dt = 0.

In addition, Theorem 1 allows to estimate the convergence rate. As an extreme example, if 4, — 0,
E(1/V) < coand sup,, {14 + E|Xx|P} < oo forall B > 1, then:

dry(Xn, VZ) = O(dy,) forevery a < 1/2.

We next turn to examples. In each such examples, Z is a standard normal random variable
independent of all other random elements.

Example 2. (Classical CLT). Let V = 1 and X, = (1/+/n) Y, &;, where &1, ¢a, . . . is an i.i.d. sequence
of real random variables such that E(&1) = 0 and E(&2) = 1. In this case, dy = O(n~1/2); see Theorem 2.1
of [13]. Suppose now that E|&1|P < oo for all B > 1 and & has a density f (with respect to Lebesgue measure)
such that [|f'(x)|dx < co. Then, sup,, {1, + E|Xn|P} < oo forall B > 1, and Theorem 1 yields:

dry(Xn, Z) =O0(n™*) foreacha < 1/4.

This rate, however, is quite far from optimal. Under the present assumptions on Gy, in fact,
dry(Xn, Z) = O(n=1/2); see Theorem 1 of [14].

We finally prove sup, {l, + E|Xu|P} < oo. It is well known that E|&;|P < oo for all B implies
sup, E|Xy|P < oo for all B. Hence, it suffices to prove sup, I, < co. Let ¢ be the characteristic function of
&yand g = [|f'(x)|dx. An integration by parts yields |¢(t)| < q/|t| for each t # 0. By Lemma 1.4 of [15],
one also obtains |¢(t)| < 1— (1/43)(t/q)? for |t| < 2q (just let b = 2q and ¢ = 1/2 in Lemma 1.4 of [15]).
Since ¢, (t) = ¢(t//n)" foreach t € R,

a0 < (11" forle 2 g v and
2 n
a1 < (1= gzy) " ol <q i

Using these inequalities, sup,, I, < oo follows from a direct calculation.

As noted above, the rate provided by Theorem 1 in the classical CLT is not optimal. While not
exciting, this fact could be expected. Indeed, Theorem 1 is a general result, applying to arbitrary X,,
and should not be requested to give optimal bounds in a very special case (such as the classical CLT).
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Example 3. (Exchangeable CLT). Suppose now that (&) is an exchangeable sequence of real random variables
with E(&3) < oo. Define

i=1{6i —E(1 [ T)}
NG ,

V=\E@|T) ~EG|T? and X=
where T is the tail o-field of (). By de Finetti’s theorem,
dry (X, VZ) < E(|P(Xy € | T) = N(0,V2)] ).

Hence, dry(Xy, VZ) — 0 provided ||P(X,, € - | T) — N(0,V?)]| L0 As to Theorem 1, note that

Xn 5 7 (see e.g. Theorem 3.1 of [16]) and

E(X%) _ E{E(X% | ,7-)} _ nE{E((Zzﬂzl(Ci _E(él | T)))Z | 7—)}

n
=nE(V?/n) = E(V?) < 0.

Furthermore, I, < E{f|t| |E (e | T)] dt}. Thus, by Theorem 1, dry (Xn, VZ) — 0 whenever

E@|T)>E@E | T)as and 1ignd}/215{/|t| (e | T)|dt} =o.

Example 4. (Martingale CLT). Let

kn

Xy = Z Cn,j/

j=1
where (§nj:n>1,j=1,...,ky) is an array of real square integrable random variables and ky, 1 co. For each
n > 1, let:

fn,() C .7:”,1 c...C ]:n,k,,

be sub-o-fields of F with F,, o = {@, Q}. A well known version of the CLT (see e.g. Theorem 3.2 of [17]) states

that X, s yg provided:

(i) Cyjis Fy j-measurable and E(C,; | Fyj—1) = 0a.s.;

.. P P
(i) Y 31,]‘ — V2, max;[§,,j| — 0, sup,, E(max; C%’j) < o0;
(iii) .Fn,]' C -Fn+l,j'

Condition (iii) can be replaced by:
(iv) 'V is measurable with respect to the o-field generated by N'U (N, ;. F,, ;) where N' = {A € F : P(A) = 0}.

Note also that, under (i), one obtains E(X2) = 2;.‘;1 E( ﬁ])
Now, in addition to (i)—(ii)—(iii) or (i)—(ii)—(iv), suppose sup,, Z;.‘ll E( %]) < oco. Then, Theorem 1 (applied
with B = 2) implies dry (X,, VZ) — 0 whenever V > 0 a.s. and lim, d}l/z I, = 0. Moreover,

dry (X, VZ) = O((ln d,11/2)2/3) if E(1/V) + 1, < oo for each n.

Our last example is connected to the second order Wiener chaos. We first note a simple fact as
a lemma.
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Lemma4. Let & = (&1, .., &) be a centered Gaussian random vector. Define:

k
]:

where a; € Rand v = (v1,...,7x) is an independent copy of ¢. Then, the characteristic function  of Y can be
written as:

lp(f) = E{e‘tzs}, t € R, where S = ZLIZ‘ LZJE(@C]) (é’l + ’)/l) (57] + ’y])
L]

Proof. Leto;; = E(&;&;),¢* = (E+v)/v2and v* = (& — )/ V2. Then,
@)~ @, Y=2T08, S=2Yaae,sE.
) L]
Therefore,
§(0) = E(EE | )} = E{e B0mmis ) _ pfe#s),
0

Example 5. (Squares of Gaussian random variables). For each n > 1, let ({1, ...,Gnk,) be a centered
Gaussian random vector and

kn
X, = Z p,j {Ci,]- — E(g%,j)} where a,,; € R.
j=1

Take an independent copy (Yn1,---, Ynk,) Of (Cnis-- -, Cnk,) and define:

ky
Y, = Ean,j {55,] - r)/%,j}/
]:
kn kn
Su=Y) aniay;E(ZniCni) (Cni+Yni) (Enj+ Tnj)

i=1j=1

Note that S,, is a (random) quadratic form of the covariance matrix (E (Cn’ign,j) :1 <, j <ky). Therefore,
Sn 2 0.
Since |¢n|> agrees with the characteristic function of Yy, Lemma 4 yields:

[pu(t)2 = E{e=""50}.

Being S, > 0, it follows that:

P =B} E )

(Sy>t 2
€ €— € €(2—¢)
<e P P(S, <tT)=e T4 P52 > )
€ e(2—e)
<ot 4 E(S;z_e) 74" foralle > 0andt > 0.
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Hence,

l}’l B [e¢] [e¢]
2= [ tealdr <1+ [ gt ar

) _€/2 o €(2—e)
< 1+/ te~ 2 dt+./E(S;%°€ / T dt,
B 1 ( " ) 1

so that sup,, I, < oo whenever sup,, E(S;;27¢) < oo for some € € (0,2).
To summarize, applying Theorem 1 with p = 2, one obtains:

drv(Xn, VZ) = O(dL/?) )

provided X, sty VZ, for some V independent of Z, and

E(1/V)+sup{E(S,? ¢) + E(X2)} < oo forsomee € (0,2).

The bound (4) requires strong conditions, which may be not easily verifiable in real problems. However,
the above result is sometimes helpful, possibly in connection with the martingale CLT of Example 4. As an
example, the conditions for (4) are not hard to be checked when ,, 1, ..., Gy, are independent for fixed n. We
also note that, to our knowledge, the bound (4) improves on the existing ones. In fact, letting p = 2 in Theorem
3.1 of [6] (see also Remark 3.5 of [7]) one only obtains dry (X, VZ) = O(dL/?).

4. Weighted Quadratic Variations

Theorem 1 works nicely if one is able to estimate d,, and /,;, which is usually quite hard. Thus, it is
convenient to have some further tools. In this section, dry (X,, VZ) is upper bounded via Lemma 2.
We focus on a special case, but the underlying ideas are easily adapted to more general situations.
The results in [8], for instance, arise from a version of such ideas.

For any function x : [0,1] — R, denote:

Ax(k/n) = x((k+1)/n) —x(k/n) wheren >1andk=0,1,...,n—1.

Let g > 2 be an integer, f : R — R a Borel function, and | = {J; : 0 < t < 1} a real process.
The weighted g-variation of [ on {0,1/n,2/n,...,1} is:

n—1

T =Y FUsm) (AJiyn)?.

k=0

As noted in [5], to fix the asymptotic behavior of J;; is useful to determine the rate of convergence
of some approximation schemes of stochastic differential equations driven by J. Moreover, the study
of J;; is also motivated by parameter estimation and by the analysis of single-path behaviour of J.
See [5,9,18-21] and references therein.

More generally, given an R?-valued process:

(L])=A{, J1) : 0 <t <1},

one could define:
n—1 g
(LDn =Y fUksm) (DJisn)”
k=0

The weight f(I/,) of (AJx/»)? depends now on I. Thus, in a sense, (I, ]); can be regarded as the
weighted g-variation of | relative to I.
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Here, we focus on:
X, = 12y By, — B! ABi )% — (ABL, )2 5
n=1"2Y" f(Besn — Bi/n) {(ABr/n)* — (AB,,)% ), ®)
k=0

where B and B’ are independent standard Brownian motions. Note that, letting g =2and [ = B— B/,
one obtains:

Xn =n'"2{(1,B); — (I,B);}.

Thus, n~1/2X,, can be seen as the difference between the quadratic variations of B and B’ relative
tol =B—B.

We aim to show that, under mild assumptions on f, the probability distributions of X, converge
in total variation to a certain mixture of Gaussian laws. We also estimate the rate of convergence.
The smoothness assumptions on f are weaker than those usually requested in similar problems;
see, e.g., [5].

Theorem 2. Let B and B’ be independent standard Brownian motions and Z a standard normal random variable
independent of (B, B'). Define X,, by Equation (5) and

v:z,//o'lﬂ(ﬁBt)dt.

f(x) = f(y)] < c|x —y| el

Suppose E(1/V?) < oo and

for some constant ¢ and all x, y € R. Then, there is a constant k independent of n satisfying:
dry (X, VZ) < kn=1/4,
Moreover, if inf| f| > 0, one also obtains dry (Xn, VZ) < k n=1/2,

To understand better the spirit of Theorem 2, think of the trivial case f = 1. Then, the asymptotic
behavior of X, = n'/? ZIZ‘;&{(AB;{ /m)* — (OB, /n)z} can be deduced by classical results. In fact,
dry (X, 2Z) = O(n~1/2) and this rate is optimal; see Theorem 1 of [14]. On the other hand, since
V = 2, the same conclusion can be drawn from Theorem 2.

We finally prove Theorem 2.

Proof of Theorem 2. Firstnote that T = (B+B’)/+v/2and Y = (B — B’)/+/2 are independent standard
Brownian motions and

n—1
X =202 Y F(V2Yisn) ATisn AYiesn.
k=0
Note also that:

VZ~2T /0'1 f2(V2Y;) dt.
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Thus, in order to apply Lemma 2, it suffices tolet ¥ = Y = C[0,1], X = T, and

gnly) = 2072 F(v/ay(k/m)) dx(k/m) Ay(k/m),
k=0

g(x,y) =2x(1) \//01 F2(V2y(t)) at

For fixed y € Y, gu(T,y) and g(T,y) are centered Gaussian random variables.

E{(ATiyn)*} =1/n,

GH0) = Elgu(T 0} =4 £ F(V2ull/m) (dulk/)
and ) = E{g(T,y7} =4 [ 2(Vay(o) d
On noting that 02(Y) ~ V2, one also obtains:
o?(Y) >0as. and E{1/0*(Y)} =E(1/V?) <
Next, define:
= (1/4) E{|o2(Y) — 2(Y)|}
_E{’Zfz (V2Yisn) (AYisn)? / V2V dt]}.

By Lemma 2 and the Cauchy-Schwarz inequality,

|7 (Y) *U(Y)I)Z

dry (X, VZ)? = dpy (gn(T, Y), g(T, Y))2 < E( D)

< E{1/0*(Y }E{( Y) - ))}
E(1/V?) E{|cZ(Y Y)|} = ) .

If inf| f| > 0, since ¢?(Y) > 4 inf f?, Lemma 2 implies again:

02(Y) —02(y)|) - E(\U%(Y) —%(Y)]) iy

2(Y) B

< = .
Arv(Xn, VZ) < E( 4 inf f2 inf f2

Thus, to conclude the proof, it suffices to show that a, :O(n_l/ 2).
Define c* = max(c, |f(0)|) and note that:

If(s)] < c* el and [f(s)2 — F(t)?] <2cc*|s —t| B foralls, t € R.

Define also:

E{’:i:)fz(\[zyk/n) ((AYk/n)Z — 1/71)‘} and

A = E{|(/m) :i:fz(ﬂyk/n) - [ Pwara).

12 of 14

Since
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(1)

Since a, < a,’ + a,(q ), it suffices to see that ag) =0(n - 2) for each i. Since Y has independent
increments and E{ ((AYk/n) - 1/n) }=2/n?,

@ = 5T P00 (01107 - 10) )
< T E{ (V2N (8030 < 1/)°)
- kg) E{F*(V2Yisu) } E{((8Yks)" —1/n)"}

= (2/n%) Z E{f*(V2Yin)}
C*)4E{68\fM}

where M = sup |Yi].
n 0<t<1

Similarly,
@ _p ¥ !
a? = {|a/n) sz (V2Yi) = [ (V2R at}
(k+1)/n
ST eIV - VIR
<2V2cc* i /k+1)/nE{|Yk/n—Yt\eéﬁM}dt
k=0 Yk/n

n—1 (k4+1)/n
SZ\/ECC*\/W )y /k/n \/E{(Yk/n—yt)z}dt
k=0
<2+v2cc* \/m\}ﬁ
(i)

Therefore, a,,’ =O(n~1/2) for each i, and this concludes the proof. []
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