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1. Introduction and Preliminaries

An important field of application of fixed point theory exist nowadays in the investigation of
the stability of complex continuous-time and discrete-time dynamic systems [1-3]. Meir-Keeler
self-mappings have received important attention in the context of fixed point theory perhaps due to
the associated relaxing in the required conditions for the existence of fixed points compared with the
usual contractive mappings [4-6]. A connection between p-cyclic contractive, p-cyclic Kannan and
p-cyclic Meir-Keeler contractions was obtained in [7]. The notion of orbital contractions introduced
in [8] weakens the contraction condition in a different way by assuming that the contractive condition
is not satisfied for all pairs (x,y) € X x X. On the other hand, an extension of Banach’s fixed point
theorem is obtained in [9] by considering a cyclical contractive condition. Some generalizations of
cyclic maps that involve Meir-Keeler maps were given in [5,10-12]. Another kind of generalization of
the Banach contraction principle is by altering the underlying space. Such kinds of generalizations are
also obtained in partial metric spaces. To understand partial metric spaces, one may refer to [13-15].
For generalizations of the Banach contraction theorem, in which the underlying space is a partial metric
space, one may refer to [16-20]. In this article, we give the conditions for the existence of a unique
fixed point and a best proximity point of p-cyclic orbital Meir-Keeler maps in partial metric spaces.

A partial metric space is a generalization of a metric space, as is well seen from the following definition:

Definition 1 ([13]). A partial metric space is a pair (X, p), where p : X x X — R such that:

(1) 0<p(x,x)<p(x,y) (non-negativity and small self-distances)
(2) Ifp(x,x) =p(x,y) = p(y,y) then x = y (indistancy implies equality)
) p(x,y) = p(y, x) (symmetry)
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4) p(x,z) <p(x,y) +p(y,2) — p(y,y) (triangularity).

A metric space can be defined to be a partial metric space in which each self-distance is zero.

It is easy to see that if (X, p) is a partial metric space and if p(x,y) = 0, then x = y.

Since for any x,y,z € X, p(x,z) < p(x,y)+p(y,2) —p(y.y) < p(x,y)+p(y,z), we have
p(x,z) < p(x,y) + p(y,z). From the triangle inequality, it follows that p(x, -) and p(-, -) are continuous
functions, i.e., im0 p(x,z4) = p(x, z), provided that im,, e p(2,2,) = 0 and limy, 00 (X, 24) = p(x, 2),
provided that limy, e p(x, ;) = 0 and limy, 00 p(2,25) = 0.

Example 1. For an example of a partial metric space, let us consider I to be the collection of all nonempty, closed
and bounded intervals in R. That is, I = {[a,b] : a < b}. For [a,b], [c,d] € I, let:

p([a, b, [c,d]) = max{b,d} — min{a,c},

then it can be shown that p is a partial metric over 1, and the self-distance of [a, b] is the length b-a. This is
related to the real line as follows:

la —b| = p([a,a],[b,b]), and so, by mapping each a € R to [a, a], we embed the usual metric structure of
R into that of the partial metric structure of intervals.

Following [15], we will recall some basic facts and definitions about partial metric spaces.

Each partial metric p on X induces a Ty topology 7, on X, which has the base of the family of
open balls {B,(x,€) : x € X,e > 0}, where By(x,e) = {y € X : p(x,y) < e +p(x,x)} forallx € X
and € > 0.

If p is a partial metric on X, then the function p° : X x X — [0, ) given by:

p°(x,y) =20(x,y) —p(x,x) — p(y,y),

is a metric on X.

Definition 2. Let (X, p) be a partial metric space.

1. A sequence {x,} in (X,p) converges to a point x € X if and only if imy m—seo 0(Xn, Xp) =
limy 00 p(Xn, X) = p(x, x);

2. Asequence {x,} in (X, p) is called a Cauchy sequence if there exists a finite limit limy, ;—sco 0(Xn, Xm);

3. (X, p) is called a complete partial metric space if every Cauchy sequence {x, } converges, with respect to
Tp, to a point x € X, such that p(x, x) = limy, e 0(Xn, Xm)-

Lemma 1 ([18]). A sequence {x,};>_; is a Cauchy sequence in a partial metric space (X, p) if and only if
{xn}5>_; is a Cauchy sequence in the metric space (X, p°). A partial metric space (X, p) is complete if and only
if the metric space (X, p°) is complete. Moreovet,

Jgrolops(x,xn) = 0ifand only if p(x,x) = }}i_r}rgop(x,xn) = nﬂl%gloop(xn,xm).

Below, we obtain a new partial metric from the existing metric and partial metric.

Example 2. Let X = [0,00), and let p : X x X — [0, 00) be given by p(x,y) = max{x,y} forall x,y € X.
Then, it is easy to see that (X, p) is a complete partial metric space.

Example 3 ([19]). Let (X, d) and (X, p) be a metric space and a partial metric space, respectively. Functions p;:X x
X — [0, +00), for i = 1,2,3, are defined by:

L pi(xy) =d(xy) +pe(xy)
2. pa(xy) =d(x,y) + max{w(x),w(y)}
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3. ps(x,y)=d(x,y)+a

forall x,y € X introduce partial metrics on X, where w : X — [0, +00) is an arbitrary function and a > 0.

Now, we recall the notion of L-functions introduced by Lim in [21], which is useful to prove the
main result.

Definition 3 ([21]). A function ¢ : [0,00) — [0, 00) is called an L-function if ¢(0) = 0; ¢(s) > 0 for every
s > 0 and for every s > 0, there exists u > s such that ¢(t) < s fort € [s,u].

Note that every L-function satisfies the condition ¢(s) < s for every s > 0. Suzuki generalized
Lim’s results in [22]. The following result of Lim is used in the proof of the main result.

Lemma 2 ([22]). Let Y be a nonempty set, and let f,g : Y — [0,00). Then, the following are equivalent:

1. Foreach e > 0, there exists a 6 > 0, such that f(x) < e+ = g(x) <e.
2. There exists an L-function ¢ (which may be chosen to be a non-decreasing and continuous) such that

flx)>0=g(x) <¢(f(x)), x€Yand f(x) =0=g(x) =0, x €Y.

2. Main Result

For the investigation of the best proximity points, the notion of the uniform convexity of a Banach
space plays a crucial role. In [23], Suzuki et al. introduced the notion of the metric space, which
satisfies property UC. In a similar way, we generalize this notion in the partial metric space.

Definition 4. Let (X, p) be a partial metric space and A and B be subsets. The pair (A, B) is said to satisfy the
property UC if the following holds: If {x,}, {zn} are sequences in A and {y,} is a sequence in B, such that
limy—e0 (X0, yn) = dist(A, B) and for any e > 0, there is n € N, so that p(zm, yn) < dist(A, B) + ¢ for all
n > N, then for any ¢ > 0, there is Ny € N, so that p(x,zm) < € for m,n > Nj.

Now, let us recall the notion of cyclic maps.

Definition 5. Let X be a nonempty set and Ay, Ay, ..., Ap be nonempty subsets of X. Amap T : UleAi —
UleAl- is called a p-cyclicmap if T(A;) C Aiyq, foralli = 1,2,..., p, where we use the convention A, 1 = Aj.

Definition 6. Let (X, o) be a partial metric space and Ay, Ay, ..., Ap be nonempty subsets of X. A point x € A,
is said to be a best proximity point of T in A;, if p(x, Tx) = dist(A;, Aj41), 1 <i <p.

We introduce the notion of p-cyclic orbital M-Kcontraction as follows:

Definition 7. Let (X, p) be a partial metric space, Ay, Ay, . ..,
Ap be nonempty subsets of X and T : UleAi — UleAi be a p-cyclic map. The map T is called a p-cyclic
orbital M-K contraction if for some x € A, for each € > 0, there exists 6 > 0, such that the following condition:

o(TP =1y TFy) < Dy +e+6 = p(TP"*x, T y) < Diyq +, (1)
holds for all n € NU {0} and for all y € A;, where Dy > 0, fork =1,2, ..., p.

Theorem 1. Let (X, p) be a complete partial metric space. Let Aq, Ay, ..., Ap be nonempty and closed subsets
of X. Let T : UleA,- — UleAi be a p-cyclic orbital M-K contraction map with constants Dy equal to zero or
Dy = diSt(Ai+k_1,Ai+k), k=12,...,p.

1. IfDy=0forallk=1,2,...p, then ﬁleAi is nonempty, and T has a unique fixed point ¢ € ﬂleAi.
Forany x € UleAi, satisfying (1) with Dy = 0, limy, e T"x = ¢ holds.
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2. IfDy =dist(Ajix_1, Aisx) forallk =1,2,...,pand (X, p) is a partial metric space with property UC,
then for every x € A; satisfying (1), the sequence { TP"x } converges to a unique point z € A;, which is the
best proximity point, as well as the unique periodic point of T in A;. Furthermore, T¥z is a best proximity
point of T in A;x, which is also a unique periodic point of T in A, foreachk =1,2,...,(p — 1).

3. Auxiliary Results

Without loss of generality, let us assume that x € Aj. The proof of the following lemma follows
the technique used in [11].

Lemma 3. Let (X, p) be a partial metric space. Let A1, Ay, ..., Ap be nonempty subsets of X. Let T:UleAi —
UleAi be a p-cyclic orbital M-K contraction map with constants Dy equal to zero or Dy, = dist(Ag, Ayx). Then, there
exists an L-function ¢ such that for an x € Ay satisfying (1), the following holds: if p(TP"+*~1x, T*y) > Dy, then:

p(Tp’Hkx, Tk+1y) — Dy < gb(p(Tp”Jrk’lx, Tky) _ Dk) )

and if p(TP"*=1x, Tky) = Dy, then p(TP"T*x, T*1y) = Dy, q, (3)
foreachk =1,2,...,p, foralln € Nand forally € A;.

Proof. Let x € Aj satisfy (1). Foreachk =0,1,2,...,p — 1, define the following sets: C; = {T””+k—1x :
nc N}and By = {T*y : y € A1}. Let fr, gk : Cx X By — [0,0) be defined as follows: fi(a, by) =
p(TPP+k=1x, Tky) — Dy and gi(ay, by) = p(TP"+*x, T"1y) — Dyyq. Since T is a p-cyclic orbital M-K
contraction map, each f; and g satisfies the condition (1) of Lemma 2, and hence, (2) and (3) hold. O

Remark 1. From Lemma 3, it follows that for a p-cyclic orbital M-K contraction map T, the sequence
{p(TPr+*=1x, Tky) — Dy} |, k = 1,2, ..., p is non-increasing.

Lemma 4. Let (X, p) be a partial metric space. Let Ay, Ay, ..., Ap be nonempty subsets of X. Let T : UleAi —
UleAi be a p-cyclic orbital M-K contraction map with constants Dy equal to zero or Dy = dist(Ag, A1k).
Then, for any x € Az satisfying (1), for all y € Ay and for each k € {0,1,2,...,p — 1}, the sequence
{p(TPntky, TP+ | converges to Dy 1.

Proof. Lets, = p(TP"**x, TP*+k+1y) — D, ;. Then, s, > 0 forall n € N. By Remark 1, 5,41 < s,
foralln € N. If s, = 0 for some #, then the lemma follows. Suppose s, > 0 for every n € N. Then,
by Lemma 3, there exists an L-function ¢ satisfying (2) and (3). Since s,,+1 < s, {sn } converges to an
r > 0. Suppose r > 0. Then, for this r > 0, by (1), there existsa > 0, such thatr <s, < r+ ¢ and such
thats, 11 < ¢(sy) <r. Thatis, s,+1 < r, which is a contradiction. Hence, r = 0. Thus, the following
holds p(TP"*x, TPP+k+1y) — Dy, whenn — co. [

Corollary 1. Let (X, p) be a partial metric space. Let A1, Ay, ..., Ap be nonempty subsets of X. Let T:UleAi —
UleAi be a p-cyclic orbital M-K contraction map with constants Dy equal to zero. Then, for any x € Aj,
satisfying (1), the following holds:

p(Tanrkx, Tk+1y) < p(Tpn+k71x’ Tky) (4)
foralln € N, forally € Ay and foreachk =0,1,2,...,p — 1.

Corollary 2. Let (X, p) be a partial metric space. Let Ay, Ay, ..., Ap be nonempty subsets of X. Let T:UleAi —
Uf;lAi be a p-cyclic orbital Meir—Keeler contraction map with constants Dy, equal to zero fork = 0,1,2,...,p—1;
the following holds:

lim p(TP"Hy, TPiHRtLyy — (5)

n—oo
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Lemma 5. Let (X, p) be a complete partial metric space with property UC and Ay, Ao, ..., Ap be non-empty
and closed subsets of X. Let T : UleAi — UleAl- be a p-cyclic orbital M-K contraction map with constants
Dy = dist(Ag, Axy1). Let x € Aq satisfy (1). Suppose that for each k = 0,1,2,...,p — 1, the sequence
{TP"+kx} converges to z, € A1y Then:

(a) diSt(A],Az) = diSt(Az, A3) == diSt(Apfl, Ap) = diSt(Ap, Al),'
(b) 7z is a best proximity point of T in Ay and zx = Tz, fori =1,2,..., p;
(c)  zyis a periodic point of T with period p in A .

Proof. From Lemma 4, it follows that nlgrolo d(T””+k-1x, T””+ky) = Dy = dist(Ax, A1.x)-

(a) Forany k € {0,1,2,..., p — 1}, using the continuity of the function p(x, -) and Corollary 1, we get:

dist(Ag1, Api2) < plz Tz) = lim p(TP"hx, Tzy) < lim p(TP™ 1, z)

— : pn+k—1 pnt+k,y — q;
nh_r)rolop(T x, TP x) = dist(Ag, Ags1)-

Thus:
diSt(Al, Az) < diSt(Az, A3) <. < diSt(Aerl,Az) = diSt(Al,Az).

(b) Foreachk =0,1,2,..,p — 1, we get:

dist(A1x, Azik) < plzi, Tzi) = lim p(TP"x, Tzp) < lim p(TV 1y, )

= lim p(TP" =1y, TP +kx) = dist(Ay, A1) = dist(Aqx, Argn)-

n—o0

Hence, p(zk, Tzy) = dist(A14k, Axr2). Consider:

o(z1,T?z9) = nli_r}rolop(T””“x, T%zp) < nli_r)r;op(TP”x, Tzp) < nli_r)rgop(TP"_lx,zo)

= limp(TP" 'x, TP"x) = dist(A,, A1) = dist(Az, As).

It is obvious that p(Tzo, T?z¢) = dist(Az, A3), and using the property UC of the underlying space,
it follows that z; = Tzp. Hence, zy = Tzp. Similarly, we can prove that if x € A; and T""x — z, then
Tkzg =z, fork =1,2,..,p — 1.

(c) Since TPI-1+k 7

(2, TP z;) = lim p(TP"*x, TP z,) < lim (TP DKy, T2) = p(z;, Tz) = dist(Ag, Agpr)-

n—oo n—o0

Now, o(zx, Tzy) = dist(Ag, Ax1) and p(zx, TP 1z;) = dist(Ay, Ax41). Since the underlying space
satisfies property UC, Tz, = TP*!z;. Now:

p(TPz, Tzi) = p(TPzi, TP 2y) < p(2i, T2g) = dist(Ag, Agp1)-
By a similar argument as above, zy = TPz, O

4. Proof of the Main Result

Proof. (i) Let x € A; satisfy (1). Let us prove that mlnirl}oop(Tpmx, TF"'x) = 0. Let ¢ > 0 be given.

Then, there exists a 6 > 0 satisfying (1). Without loss of generality, let 6 < &/2. Since by Corollary 2
limy, 00 p(TP"Hrx, TPPHE+1x) = 0 there is an 1y € N, such that for each k € {0,1,2,...,p — 1}, it holds:

p(TP”JFkx, Tpn+k+1x) < z, for all n > ny. (6)
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Fix n > ng. Let m € N be such that m > n. We will prove that the inequality p(TP"x, TP"x) < ¢
holds for every m > n.

Since for all m > n, we have p(TP"x, TP"x) < p(TP™x, TP"+1x) + o(TP"*1x, TP"x), from the
inequality p(TP™x, TP"Hlx) < % < §,itis enough if we prove that for all m > n:

3e

o(TP"x, TP lx) < T

@)

Let us prove (7) by induction. From (6), it follows that (7) holds for m = n. Assume that
Inequality (7) holds for some m > n. We prove that (7) holds for m + 1. Let eg = p(T""x, TP"*1x).
Then, by our assumption &g = p(TP"x, TP"*lx) < 3. If ¢ = 0, then TP'x = TP"+ly,
Therefore, TP(m+1)+1y — Tpmtp+ly — TPIHPy Now:

p(Tpnx, Tp(m+1)+1x) _ p<Tpnx, Tanrpx)
< p(TPx, TP x) 4 o(TP" Ly, TP 25x) 4 .+ p(TP* P~ Ly, TP HPx)
< d<e/2.

Now, if €9 > 0, since €y = p(TP"x, TP"+1x) < 3t = ¢/4 + ¢/2, we have by (1) that the inequality
holds p(TP"*1x, TP"*2x) < €/4. Using this and (6), we get:

o(TP!x, TP Dy < (TP, TP+ x) 4 o(TP"lx, TP +2x) + p(TP" 2%, TP +3x) +

6 € G

e (TP FPy, TPIFPH 4= —1)= ==,

+po( X, x)<p+4+(p )p 1
Thus, (7) holds for m + 1 in this case, as well. Hence, {T?"x} is a Cauchy sequence in X, and since

y seq
X is a complete partial metric space, there exists a z € A; such that:
0= lim p(TP"x, TP"x) = lim o(z, TMx) = p(z,z).
n—oo

m,n—yo0
This implies p(z,z) = 0. Now, from the inequalities:

0< lim p(TP P 1y, 2) < lim p(TPPHP =Ly, TP HPx) 4 o(TP"Px,z) = 0
n [e0) n (o)
and the assumption that {TP"*7~1x} C A,, it follows that {TP""P~1x}* | also converges to z.
From the continuity of the function p(x, -) and Corollary 1, we get:
= 1li pn+p ; pn+p—1 _
o(z,Tz) nh_r}rgop(T x,Tz) < nh_r)r(}op(T x,z) =0.

Hence, p(z, Tz) = 0, i.e., z = Tz. To prove the uniqueness of z, let us suppose that there is { € A;,
¢ # z, such that p(¢, T¢) = 0. From ¢ = T¢, it follows that { = T"{ for all n € N, and therefore,
e ﬁleA,'. Using Lemma 2, we get p(z, &) = lim, e o(TP"x, TP*+1E) = 0.

(if) Let e > 0 be given. Let ¢ be the L-function as given in Lemma 3. Then, for this ¢ > 0, there is
01 > 0, such that:

ple+o1) <e ®)

Since T is a p-cyclic orbital M-K contraction map, there exists an x € A; and a &, > 0 satisfying (1).
Let us put 6 = min{d;,d,}. Without loss of generality, let § < e. By Lemma 4, we have that
limy, o0 o(TP" i, TP +2x) = dist(Az, A3) and limy,_yeo p(TPUHD+1y, TPAH2x) = dist(Ay, A3). From the
assumption that X is a partial metric space with property UC, we get limy, 0 o(TP(" 1) +1y, TP*H1x) = 0.
Therefore, it is possible to choose an 17 € N such that:

p(TP Ly, TP D)0y < 572, forall n > ny )
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and by Lemma 4:
p(TP"x, TP"x) < dist(A1, Ap) + 2¢ for all n > ny. (10)

Fix n > n;. We show that:
o(TP™"x, Tp”Hx) < dist(Ay, A2) +e+6, ¥V mn>mn (11)

by the method of induction. It is obvious that Condition (11) is true for m = n. Assume that the
condition (11) is true for an m > n. To prove this condition for m + 1, consider:

p(Tp(m+l)x, Tpn+1x) < p(Tp"Hx, Tp(n+1)+1x) —i—p(Tp(”H)Hx, Tp(mﬂ)x)_ (12)

Now, from Lemma 3, we get:

p(Tp(n+1)+1x, Tp(erl)x) -D; < 4)(p(Tp(”+l)x, Tp(m+l)flx) _
< (TP Dy, TP =1y) — D)

< ¢(p(TP*1x, TP"x) — D) < (e +6) < e.

Using (9) in (12), we obtain p(TP("+ Dy, TPiH+1y) < ¢ +dist(Aq, Ap) + e. Hence, (11) holds for
(m + 1) in place of m. From (11) and (10) and the assumption that the pair (A, Ap) satisfies the
property UG, it follows that there exists n, € N, so that p(TP"x, TP"x) < e holds for all m > n > n,.
Hence, {TP"x} is a Cauchy sequence and converges to a z € A;. By Lemma 5, z is a best proximity
point of T in Ay, and z is a periodic point of T in A;. To prove that z € A; is the unique periodic point
of T in A;, we proceed as follows. Let y € A satisfy (1) such that y # x. Then, by what we have proven
now, there exists a # € Aj, such that by Lemma 5, # is a best proximity point of T in Ay; # is a periodic
point of T in Ay; and by a similar argument as in Lemma 5, T?*1y = Ty. If p(z, T) = dist(A1, A2),
then since p(17, Tyy) = dist(A1, A2), since the underlying space satisfies property UC, we have z = 7.
Hence, suppose p(z, Tyy) — dist(A1, Az) > 0. Then:

o(Tz, T?y) — dist(Ay, A2) < ¢(p(z, Ty) — dist(Aq, A2)) < p(z, Ty) — dist(Aq, Az)
= o(TPz, TP 1y) — dist(Aq, Ay) < p(Tz, T?n) — dist(A1, A),

which is a contradiction. [

5. Examples

We start with a lemma, which is useful in checking whether a partial metric space is complete.

Lemma 6. Let (X, d) be a complete metric space and (X, p) be a partial metric space. Let w : X — [0, +o0)
and p(x,y) = d(x,y) + max{w(x),w(y)}. The partial metric space (X, p) is complete if and only if w satisfies
the condition: if imsup . 0w (xn) < 00, then limyeo w(xy) = w(x).

Proof. (X, p) is complete if and only if (X, p°) is complete ([19]). By the definition of the partial metric
o, we get that:
pPloy) = 20(xy) —p(xx) —p(y,y)
= 2d(x,y)+2max{w(x),w(y)} — w(x) — w(y) (13)
= 2d(xy) +|w(x) —w(y)].

Sufficiency: Let {x,};_; be a Cauchy sequence in (X, p), and w satisfies the condition in the
lemma. From [19], it follows that {x, }> ; is a Cauchy sequence in (X, p°). That is, for every ¢ > 0,
there exists N € N, such that the inequality p°(x,, x,;) < € holds for every n,m > N. Thus, from (13),
we get 2d(xy, Xm) + |w(xn) — w(xy)| < €, and therefore, the inequality d(x,, x,;) < € holds for every
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n,m > N. Consequently, {x,}?" , is a Cauchy sequence in (X, d), hence converging to x. From the
assumption that {x, }7° ; is a Cauchy sequence in (X, p), it follows that the limit:

n,grgoop(xn,xm) = n}rllr_r}oo (d(xn, xm) + max{w(xy), w(xm)}) = n}%r_r}oo max{w(x,),w(xm)}
exists and is finite.

There are two cases: (I) limsup w(x,) < w(x) and (II) limsup w(x,) > w(x).
n—oo n—o0
(I) Let us assume that limsup,, . w(x,) < w(x). Then, lim,_ max{w(x), w(xy)} = w(x).

Consequently, we get:
p(x,x) =w(x) = lim p(xn, x) = lim (d(xn, x) + max{w(x),w(x,)}) = w(x).
n—oo n—oo

(IT) Let us assume that limsup,,_, , w(x,) > w(x). From the assumption of the Lemma, it follows
that nlgn max{w(x),w(x,)} = w(x). Consequently, we get:

plx) = w(x) = lim p(x, ) = lim (A, )+ max{(x), w(x,)}) = ().

Thus, {x,}_; is a convergent sequence in (X, p) in both cases. To prove the necessity condition,
let (X, p) be a complete partial metric space. We will prove that w satisfies the conditions of the Lemma.
Let us suppose the contrary, i.e., there exists a sequence {x, }°° ; thatis convergent to some point x € X
with respect to the metric d, limsup,,_, ., w(x,) < My < o, and there is gy > 0, so that the inequality
|w(xn) —w(x)| > eforevery n > Ny, for some Ny € N. From the convergence of the sequence {x, }7 ,
in (X,d), it follows that there is M > 0, such that d(x,, x,;) < M. By the inequality p(xy, x») =
d(xp, xm) + max{w(xp), w(xm)} < M+ My, it follows that {x,}7° ; is a Cauchy sequence in (X, p).
Now, {x,}%_; is a Cauchy sequence in (X, p°) ([19]), and therefore, it is convergent. Let us denote
its limit by z. From (13), it follows that lim, 0 p° (X, 2) = limy—eo (d(xy, 2) + |w(xy) — w(z)]) = 0.
Consequently, lim;, o d(xy,,z) = 0, and thus, z = x. Therefore, lim, ;0 |w(x,) — w(z)| = 0, which is
a contradiction. [

Example 4. Let us consider the metric space ([0, +00),d), endowed with the metric d(x,y) = |x — y|. Let us
1
x>0

consider the function w(x) = ﬁ’ =0 Then, (][0, +00), p) is a complete partial metric space, where

p(x,y) =[x —y| + max{w(x), w(y)}.

Let limy e [¥y — x| = 0. Then, limsup, ., w(x,) < oo if and only if x # 0. By the
continuity of w at any different point from zero, it follows that lim, e w(x,) = w(x), provided
that lim, ;o X, = x # 0. Let {x,};"; be a Cauchy sequence in ([0,40o0),p). Thus, the limit
limy, im0 (|Xn — x| + max {w(x,), w(xm)}) exists and is finite. This limit is finite if and only if
lim; e x4 = x # 0. Consequently, {x,}? ; is a Cauchy sequence in ([0, +o0),p) if and only if
limy, ;00 | X5 — x| = 0 for some x # 0 and lim,, ;00 p(x, X) = w(x) = p(x, x). Consequently, ([0, +c0), p)
is a complete partial metric space.

Example 5. Let us consider the metric space ([0, +o0),d), endowed with the metric d(x,y) = |x — y|. Let us

. . 1, 1 . . . )
consider the function w(x) = . i 75 1 Then, ([0, 4+00),p) is a complete partial metric space with

p(x,y) = |x —y| + max{w(x),w(y)} if and only if a = 1.

Let lim;, e |x;, — x| = 0. Then, limsup, ,  w(x;) < o and lim, e w(x,) = w(x), provided
that x # 1ora = 1. Let {x,};; be a sequence, such that x, # 1, which is convergent
to one with respect to the metric d. Then, it is a Cauchy sequence in ([0, +c0),p), because the
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limit imy, -0 (|Xn — Xm| + max {w(x,), w(xm)}) = a exists and is finite. From a = p(1,1) and
p(xn,1) = (|xy — 1] + max{w(x,),w (1)} = max{1,a}, it follows that {x,};> ; is convergent in
([0, 4+0),p) if and only if 2 = 1.

Corollary 3. Let (X, d) be a complete metric space and w : X — [0, +00) be a continuous function with respect
to metric d, and let us consider the partial metric space (X, p), where p(x,y) = d(x,y) + max{w(x), w(y)}.
Then, if A C X is closed in (X, d), then it is closed in (X, p).

Corollary 4. Let (X,d) be a complete metric space, a > 0, and let us consider the partial metric space (X, p),
where p(x,y) = d(x,y) + a. The partial metric space (X, p) is complete.

Lemma 7. Let (X, d) be a complete metric space and w : X — [0,400) be a continuous function with respect
to the metric d. Let us consider the partial metric space (X, p), where p(x,y) = d(x,y) + max{w(x), w(y)}.
The partial metric space (X, p) is:

(a)  a Hausdorff space with respect to the topology; T,
(b)  a normal topological space with respect to the topology.

Proof. (a) Let x,y € (X,p). Letus puta = p(x,y) = d(x,y) + max{w(x),w(y)}. Let us consider
the open balls By (x) = {u € (X,d) : p(x,u) < 5} and Bs (y) = {u € (X,d) : p(y,u) < §} in (X,d).
Then, B,/»(x) N B,/2(y) = @. Indeed, let us suppose the contrary, i.e., there exists u € B, />(x) N
B,/2(y). Then, from the inequality:

p(xy) d(x,y) +max{w(x), w(y)}
d(x,u)+d(u,y) + max{w(x),w(u)} + max{w(u), w(y)}
p(x,u) +p(u,y) <a/2+a/2=a

Al

we get a contradiction.
(b) From (a), it follows that (X, p) is a Ty space. Let U,V C (X, p) be closed sets. Let u € U be
arbitrarily chosen. Let us put:

a, = inf{p(u,v) : v € V} = inf{d(u, v) + max{w(u),w(v)} :v € V}.

The function f,(v) = inf{d(u,v) + max{w(u),w(v)} : v € V} : V — [0,4+00) is a continuous
function with respect to the metric 4, and thus, a,, = inf{f,(v) : v € V'} exists. Let us denote B, /»(u) =
{x € (X,d) : p(x,u) < a/2}. In a similar fashion, let us denote B, ,,(v) = {x € (X,d) : p(x,v) <

a,/2} for every v € V, where a, = inf{p(u,v) : u € U}. Thesets U B,,,2(u) and U B,,/»(v) are
ucl veV

opensetsand U C U By, /2(u), V. C U Bg,/2(v). Then, ( U Bau/Q(u)> N ( U B,Zv/z(v)> = Q.
uel veV uel veV

Indeed, let us suppose the contrary. That is, there exists x € ( U B,, /z(u)> N ( U B, /Z(v)).
uel veV

Then, there are u € U and v € V, such thatx € B, ,>(u) and x € B, /5(v). Then, from the inequality:

d(u,v) + max{w(u),w(v)}

d(u,x) +d(x,v) + max{w(u),w(x)} + max{w(x),w(v)}
p(u,x) +p(x,0) < ay/2+a,/2
max{a,/2+ay/2,a,/2+ a,/2} = max{a,,a,}

p(u,v)

IN I IA

we get a contradiction. [

Example 6. Let us consider the Banach space (R?, || - ||2), where R? = {x = (u,v) : u,v € R} and ||x||, =
| (u,0)|l2 = Vu2 + 02 Let us endow R? with the partial metric p(x,y) = ||x — yl|2 + max{||x|I3, ly[|3}-
From Example 3, o(x,y) is a partial metric. From Lemma 6, it follows that (R?, p) is a complete partial metric
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space. We consider the sets A1, Aa, A3, Ay defined by Ay = {(u,v) e R:u >0,0 >0}, Ay = {(u,v) e R:
u<0,0>0} A3 ={(n,v) e R:u<0,0<0}, Ay ={(u,v) € R:u>0,v <0}. From CorollaryS
it follows that Ay, A,, Az, Ay are closed sets in (R?, p). Let us define a cyclic map T : Up 1Ai — U 1 Aip1 by:

(- P

T(u,v) = (1+2H(3‘v)|\z’ 1+zn<u|v Hz) Jor (u,0) € Ay
(P —Ju]

T0,2) = (et oo ) o (00) € A2

T(u,v) = (1+2H‘(u| T 1+2i(‘1i|v Hz) Jor (u,v) € Az; and

T(1,9) = (Tt Tty ) Afor (1,0) € As

Let x = (0,0). Let us choose an arbitrary yo = (g, v0) € A;. Let us denote T¥yg = yx = (1, vy)-
Then, p(T*(ug, vo), T*"**1x) = p((1x, vx), (0,0)) = || (1, v |2 + [| (1t ) |3 = /14 + 0F + 14 + 07 Now:

Ry

p(Tk+1yo, T4n+kx) — p(TkJrl (MO/ UO), T4n+kx)
p(T(ug, ve), (0,0))

\/u%+0f u%Jrvf (14)
(2 (g 0p)ll2) * (1421 (00 [12)2

2 2 2 2
R (7% 9 [ (7S ) [ 7 PR A
= (#20(uve)2) (142 (00 [12) (1+2lyill2) -

Now, p(x,y) = [lyxll2 + [lyxlI3-
By solving the equation ||yk||3 + |lykll2 + p(x,¥) = 0, we get

V1+4p(x,y) — 1
5 :

[yxll2 =

Hence:
p(Tk+l]/0, T4n+kx) < P(x/]/k) )
1+4p(x, yi)
The function \/ﬁ is a continuous function in the interval [0, +oc0). From m < g, we get the

condition that there exists 5(¢) > 0 such that the inequality p(T*+1yo, T4 x) < % < e holds
Y

whenever the inequality holds p(T*yo, T#"**~1x) = p(y, x) < e+ (¢). Consequently, T is a 4-cyclic
orbital Meir-Keeler contraction, and x is the unique fixed point.

6. Conclusions

In this paper, the contraction condition of the p-cyclic orbital M-K contraction map was not
imposed on all pairs of points of the partial metric space. Even if the contraction condition holds for
just one point in the space, it is possible to obtain a unique fixed point/unique best proximity point,
which is the limit of the sequence of iterates of that point. So far, the best proximity points have not
been obtained for contraction maps defined on a partial metric space. In this paper, the notion of the
partial metric space with property UC was introduced, and the best proximity point for p-cyclic orbital
M-K contraction was obtained.
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