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Abstract: The Cohen and Grossberg neural networks model is studied in the case when the neurons
are subject to a certain impulsive state displacement at random exponentially-distributed moments.
These types of impulses significantly change the behavior of the solutions from a deterministic one
to a stochastic process. We examine the stability of the equilibrium of the model. Some sufficient
conditions for the mean-square exponential stability and mean exponential stability of the equilibrium
of general neural networks are obtained in the case of the time-varying potential (or voltage) of the
cells, with time-dependent amplification functions and behaved functions, as well as time-varying
strengths of connectivity between cells and variable external bias or input from outside the network to
the units. These sufficient conditions are explicitly expressed in terms of the parameters of the system,
and hence, they are easily verifiable. The theory relies on a modification of the direct Lyapunov
method. We illustrate our theory on a particular nonlinear neural network.

Keywords: Cohen and Grossberg neural networks; random impulses; mean square stability

1. Introduction

Artificial neural networks are important technical tools for solving a variety of problems in
various scientific disciplines. Cohen and Grossberg [1] introduced and studied in 1983 a new model
of neural networks. This model was extensively studied and applied in many different fields such
as associative memory, signal processing and optimization problems. Several authors generalized
this model [2] by including delays [3,4], impulses at fixed points [5,6] and discontinuous activation
functions [7]. Furthermore, a stochastic generalization of this model was studied in [8]. The included
impulses model the presence of the noise in artificial neural networks. Note that in some cases in the
artificial neural network, the chaos improves the noise (see, for example, [9]).

To the best of our knowledge, there is only one published paper studying neural networks
with impulses at random times [10]. However, in [10], random variables are incorrectly mixed with
deterministic variables; for example [ (t) for the random variables ¢, {1 is not a deterministic
index function (it is a stochastic process), and it has an expected value labeled by E, which has to be
taken into account on page 13 of [10]; in addition, in [10], one has to be careful since the expected
value of a product of random variables is equal to the product of expected values only for independent
random variables. We define the generalization of Cohen and Grossberg neural network with impulses
at random times, briefly giving an explanation of the solutions being stochastic processes, and we
study stability properties. Note that a brief overview of randomness in neural networks and some
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methods for their investigations are given in [11] where the models are stochastic ones. Impulsive
perturbation is a common phenomenon in real-world systems, so it is also important to consider
impulsive systems. Note that the stability of deterministic models with impulses for neural networks
was studied in [12-18]. However, the occurrence of impulses at random times needs to be considered
in real-world systems. The stability problem for the differential equation with impulses at random
times was studied in [19-21]. In this paper, we study the general case of the time-varying potential
(or voltage) of the cells, with the time-dependent amplification functions and behaved functions, as
well as time-varying strengths of connectivity between cells and variable external bias or input from
outside the network to the units. The study is based on an application of the Lyapunov method. Using
Lyapunov functions, some stability sufficient criteria are provided and illustrated with examples.

2. System Description

We consider the model proposed by Cohen and Grossberg [1] in the case when the neurons are
subject to a certain impulsive state displacement at random moments.

Let Ty > 0 be a fixed point and the probability space (€}, F, P) be given. Let a sequence of
independent exponentially-distributed random variables {7 };° ; with the same parameter A > 0
defined on the sample space () be given. Define the sequence of random variables {{;}> , by:

k
G=To+) w k=012,.... 1)
i=1

The random variable 7; measures the waiting time of the k-th impulse after the (k — 1)-th impulse
occurs, and the random variable ¢; denotes the length of time until k impulses occur for t > Tj.
Remark 1. The random variable & = ):;‘:1 7; is Erlang distributed, and it has a pdf fz(t) = Ne ML g

' (k—1)1
acdf F(t)=P(E <t)=1—eM Z}:& (/\j)!f)/.

Consider the general model of the Cohen—Grossberg neural networks with impulses occurring at
random times (RINN):

#(0) = =) (40(0) - L0 + K1)
)=

for t>Ty &G <t<&un k=01,..., i=12,...n, @)
X (8 +0) = @ i(x;(5 —0))  for k=1,2,...,
xi(Tp) = 22,

where 1 corresponds to the number of units in a neural network; x;(t) denotes the potential (or voltage)
of cell i at time ¢, x(t) = (x1(t), x2(t),..., xu(t)) € R", f;(x;(t)) denotes the activation functions
of the neurons at time ¢ and represents the response of the j-th neuron to its membrane potential
and f(x) = (fi(x1), fa(x2),..., fu(xn)). Now, a;(.) > 0 represents an amplification function; b;(.)
represents an appropriately behaved function; the n x n connection matrix C(t) = (c;;(t)) denotes the
strengths of connectivity between cells at time ¢; and if the output from neuron j excites (resp., inhibits)
neuron i, then ¢;;(t) > 0 (resp., ¢;;(t) < 0), and the functions I;(t), I(t) = (I1(t), 2(t),..., In(t)) € R"
correspond to the external bias or input from outside the network to the unit i at time ¢.

We list some assumptions, which will be used in the main results:

(H1) For alli = 1,2,...,n, the functions 4; € C(RR, (0,0)), and there exist constants A;, B; > 0
such that0 < A; < a;(u) < B; foru € R.

(H2) There exist positive numbers M; ;, i,j = 1,2,...,n such that |cl-,]-(t)| < M;; fort > 0.
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Remark 2. In the case when the strengths of connectivity between cells are constants, then Assumption (H2) is
satisfied.

For the activation functions, we assume:
(H3) The neuron activation functions are Lipschitz, i.e., there exist positive numbers L;, i =
1,2,...,n,such that | f;(u) — fi(v)| < Lijlu —v| foru,v € R.

Remark 3. Note that the activation functions satisfying Condition (H3) are more general than the usual sigmoid
activation functions.

2.1. Description of the Solutions of Model (2)

Consider the sequence of points {f¢};°, where the point #; is an arbitrary value of the
corresponding random variable 7, k = 1,2,.... Define the increasing sequence of points { Ty} ; by:

k
Tk = TQ -+ 2 tg. (3)
i=1

Note that T} are values of the random variables &, k =1,2,....
Consider the corresponding RINN (2) initial value problem for the system of differential equations
with fixed points of impulses {Tj }° ; (INN):

#4(0) = =) (40 - L0 + 1(0)
£

for t>Ty, t#T:, k=0,1,..., i=1,2,...n, 4)
x,‘(Tk +0) = CDk,i(x,»(Tk —O)) for k= 1,2,...,
Xl'(TQ) = x?.

The solution of the differential equation with fixed moments of impulses (4) depends not only on
the initial point (Tp, xo), but on the moments of impulses Ty, k = 1,2,..., i.e., the solution depends on
the chosen arbitrary values t; of the random variables 1, k = 1,2, .... We denote the solution of the
initial value problem (4) by x(t; Ty, x°, { T} ). We will assume that:

x(Ti; To, 2%, {Te}) HliTrI{rLOx(t;To,xO,{Tk}) forany k =1,2,.... (5)

T
Remark 4. Note that the limit (5) is well defined since Ty, k = 1,2. .., are points from R. This is different than
lim;_,z o x(t) because  is a random variable (see its incorrect use by the authors in [10]).

The set of all solutions x(t; Ty, x°, { Ty} ) of the initial value problem for the impulsive fractional
differential Equation (4) for any values t; of the random variables 1;, k = 1,2, ... generates a stochastic
process with state space R". We denote it by x(t; T, x°, {7 }), and we will say that it is a solution of
RINN (2).

Remark 5. Note that x(t; Ty, x°, {T}) is a deterministic function, but x(t; Ty, x°, {7} is a stochastic process.

Definition 1. For any given values ty of the random variables vy, k = 1,2,3,. .., respectively, the solution
x(t; To, x°, {Ty}) of the corresponding initial value problem (IVP) for the INN (4) is called a sample path
solution of the IVP for RINN (2).
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Definition 2. A stochastic process x(t; Ty, x°, {7} ) with an uncountable state space R" is said to be a solution
of the IVP for the system of RINN (2) if for any values ti of the random variables 1, k = 1,2,..., the
corresponding function x(t; Ty, x°, {Ty.}) is a sample path solution of the IVP for RINN (2).

2.2. Equilibrium of Model (2)

We define an equilibrium of the model (2) assuming Condition (H1) is satisfied:

Definition 3. A vector x* € R", x* = (x7,x3,...,x};) is an equilibrium point of RINN (2), if the equalities:

n
(xf) = Y cij(t) fi(x}) + Li(t) fori=1,2,...,n (6)
j=1
and
x; =®i(x7) fort >0,k=1,2,...,i=12,...,n ()
hold.

We assume the following:
(H4) Let RINN (2) have an equilibrium vector x* € R".

If Assumption (H4) is satisfied, then we can shift the equilibrium point x* of System (2) to the
origin. The transformation y(t) = x(t) — x* is used to put System (2) in the following form:

vi(t) = —piwi () (7t (1)) - icij<t>a<yj<t>>)
=

for t > Ty, §k<t<(:k+1,k20,1,..., i=1,2,...n, (8)
Yi(Ck +0) = ¢i(y(x—0))  for k=12,...,
vi(To) =4,
where p;(u) = a;(u +x]),q;(u) = bi(u +x]) — bj(x]), Fj(u) = fj(u—i—x]*.‘) —f]-(x]’f),j =1,2,...,nand
Pri(u) = Qi (u+xF) =Dy (xF), i=12,...,n, k=12,..., 40 =0 —x.

Remark 6. If Assumption (H3) is fulfilled, then the function F in RINN (8) satisfies |F;(u)| < Lj[ul, j =
1,2,...,n foru e R

Note that if the point x* € R" is an equilibrium of RINN (2), then the point y* = 0 is an
equilibrium of RINN (8). This allows us to study the stability properties of the zero equilibrium of
RINN (8).

3. Some Stability Results for Differential Equations with Impulses at Random Times
Consider the general type of initial value problem (IVP) for a system of nonlinear random

impulsive differential equations (RIDE):

x'(t) = g(t, x(t)) fort > Ty, & <t<&ri1,
x(& +0) = ¥i(x(& —0)) for k=1,2,..., )
x(Tp) = x%;

with Y € R”, random variables &, k = 1,2,... are defined by (1), g € C([Tp, ) x R",R") and
Y : R" — R™,
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Definition 4. Let p > 0. Then, the trivial solution (x = 0) of RIDE (9) is said to be p-moment
exponentially stable if for any initial point (Ty,y°) € Ry x R", there exist constants a, > 0 such that
E[|ly(t; To, v°, {m) DIIP] < a||y°||Pe=*E=T0) for all t > Ty, where y(t; To, x°, {7) } is the solution of the IVP
for RIDE (9).

Definition 5. Let p > 0. Then, the equilibrium x* of RINN (2) is said to be p-moment exponentially stable
if for any initial point (Ty, x°) € Ry x R", there exist constants «, u > 0 such that E[||x(t; To, x°, {t)}) —
x*[|P] < a||x0 — x*||Pe#t=T0) for all t > Ty, where x(t; Ty, x°, {7} is the solution of the IVP for RINN (2).

Remark 7. We note that the two-moment exponential stability for stochastic equations is known as the mean
square exponential stability, and in the case of p = 1, it is called mean exponential stability.

Note that the p-moment exponential stability of RIDE (9) was studied in [20] by an application of
Lyapunov functions from the class A(],A), ] C Ry, A CR", 0 € A with:

A(J,A) = {V(t,x) € C(J x A,Ry) : V(t0) =0,
V(t, x) is locally Lipschitzian with respect to x }.

We will use the Dini derivative of the Lyapunov function V (¢, x) € A(],A) given by:

0D+ V(t,x) = limsup ;{V(t,x) CV(E—hx— hg(t,x))}

h—07t

forte J, x €A

(10)

Now, we will give a sufficient condition result:

Theorem 1 ([20]). Let the following conditions be satisfied:

1. Fort>0:g(t,0) =0and ¥;(0) =0, k =1,2,... and for any initial values (T, x°), the corresponding
IVP for the ordinary differential equation x'(t) = g(t,x(t)) has a unique solution.
2. The function V € A([Tp, 00),R"), and there exist positive constants a, b such that:

(i) al|x||P < V(tx) <b||x||P fort > Ty, x € R";
(ii)  there exists a function m € C(Ry,R) @ infy>om(t) = L > 0, and the inequality:

@D+ V(t,x) < —m(t)V(t x), fort>0, x€R"

holds;
(iii) forany k =1,2,..., there exist constants wy : 0 < wy <1+ %fort > 0 such that:

V(t, Ik(t,x)) <wV(t,x) for t >0, x € R". (11)

Then, the trivial solution of RIDE (9) is p-moment exponentially stable.

4. Stability Analysis of Neural Networks with Random Impulses

We will introduce the following assumptions:
(H5) Fori = 1,2,...,n, the functions b; € C(R,R), and there exist constants f; > 0 such that

u (bi(u +xf) — bi(x;*)) > Biu? for any u € R where x* € R", x* = (x7,x3,...,x5,),is the equilibrium
from Condition (H4).

Remark 8. If Condition (H5) is satisfied, then the inequality uq(u) > Bu?,u € R holds for RINN (8).
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(H6) The inequality:

v =2min A;f; —maxB; (maxZMl] i+ Zmale]L])) >0 (12)

i=Ln i=1n i=lnj—1 i=1j=1n

holds.
(H7) For any k = 1,2,.. ., there exists positive number K; < 1+ 7 such that the inequalities:

n
Y- (@ril) — P )<I<k2 5 ERi=12,.,1,
i=1

hold where x* € R", x* = (x{,x3,...,x},), is the equilibrium from Condition (H4).

Remark 9. If Assumption (H7) is fulfilled, then the impulsive functions ¢y, k = 1,2, ... in RINN (8) satisfy
the inequalities ) ", ‘sz( uj) < K Y u?

Theorem 2. Let Assumptions (H1)—-(H7) be satisfied. Then, the equilibrium point x* of RINN (2) is mean
square exponentially stable.

T

Proof. Consider the quadratic Lyapunov function V(t,x) = x'x, x € R". From Remarks 6, 8 and

inequality 2|uv| < u? + v2, we get:

n
@DV <2 L wi( =pl)( Zcz, v))
n
= —2Y vipi(yi)q(yi) +22y,pz vi) Zcz/ Fi(y;)
i=1 i=1 j=
n
< —2Y ABy?+2 Z lyil Bi Z M;iLilyjl
i=1 i=1 j=1

n
< 722Aiﬁiyl ZB ZMl] I yz +y]2)

(13)
< _ZZA:BI% +2B1yl ZMU ]+2B ZMZ}LJy]
i=1 j=1
< —2min A;B; Zyl
i=1,n —1
+ max B; (maxZMZJL + ZmaxMuL )Zyl
i=1,n i=1n

where the positive constant v is defined by (12). Therefore, Condition 2(ii) of Theorem 1 is satisfied.
Furthermore, from (H7), it follows that Condition 2(iii) of Theorem 1 is satisfied.

From Theorem 1, the zero solution of the system (9) is mean square exponentially stable,
and therefore, the equilibrium point x* of RINN (2) is mean square exponentially stable. [J
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Example 1. Let n = 3, tg = 0.1, and the random variables T, k = 1,2, ... are exponentially distributed with
A = 1. Consider the following special case of RINN (2):

i (1) = —ai(xi (1) (2xi(¢ +2cq )j(x(8) = )

ﬁn20§k<t<gﬂ,z:LZ& (14)

xXi(Ck +0) = O i(xi(Gk —0))  fork=12,...,
xi(O.l) =

with a(u) = 2+ (10 € [2,3),i = 1,2,3, fi(u) = a;cos(u), ay = 01,45 = 001,25 = 2, Py 5(u) =

usink + (1 — sink)0.57, and C = c;;(t) is given by:

—0.1sint 0.4 0.3
2
S an —02cost —0.1sint

The point x* = (0.57,0.577,0.57) is the equilibrium point of RINN (14), i.e., Condition (H4) is
satisfied. Now, Assumption (H1) is satisfied with A; =2, B; = 3, i = 1,2,3. In addition, Assumption
(H5) is satisfied with 8; =2, i =1,2,3.

Furthermore, |cl-]-| < Mjj, i,j=1,2,3,t > 0 where M = {M,-]-}, is given by:

0.1 04 03
M= {02 03 02]. (16)
0.1 02 01

Therefore, Assumption (H2) is satisfied. Note that Assumption (H3) is satisfied with Lipschitz
constants L; = 0.1,L, = 0.01, L3 = 2.

Then, the constant v defined by (12) is v = 8 — 3(1.814) = 2.558 > 0. Next, Assumption (H7) is
fulfilled with K; = 1 because:

(deli(xl-)—CDki( )Z:i(xlsmk—i—(l—smk)o&r osn)z

e

1

3
lZi ( —0.57) smk)

(17)

Mw I\

(xi—0.57r) L k=1,2,....

Therefore, according to Theorem 1, the equilibrium of RINN (14) is mean square exponentially stable.

Consider the system (14) without any kind of impulses. The equilibrium x* = (0.57,0.57,0.57)
is asymptotically stable (see Figures 1 and 2). Therefore, an appropriate perturbation of the neural
networks by impulses at random times can keep the stability properties of the equilibrium.
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-—- Xg(b)
— Xo(D)

— X3(1)

12!

rl
! ! ! Lot
2 4 6 8

Figure 1. Example 1. Graph of the solution of the system ODE corresponding to (14) with x{ =1, xg =
2,2 =14
73

tx

-—- X))
— Xo(D)

— X3(D)

Figure 2. Example 1. Graph of the solution of the system ODE corresponding to (14) with xj =
—0.1,x) =0.2,x) = —04.

Remark 10. Note that Condition (H7) is weaker than Condition (3.6) in Theorem 3.2 [16], and as a special
case of Theorem 2, we obtain weaker conditions for exponential stability of the Cohen and Grossberg model
without any type of impulses. For example, if we consider (14) according to Condition (3.6) [16], the inequality
6 = 2||M||23 = 1.0374 < 1 is not satisfied, and Theorem 3.2 [16] does not give us any result about stability

(compare with Example 1).

Now, consider the following assumption:
(H8) The inequality:

n
v=miny; — ) maxM;; >0 (18)

i=1n i=1j=Ln
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holds.

Theorem 3. Let Assumptions (H1)-(H5), (H7) and (HS) be satisfied. Then, the equilibrium point x* of RINN
(2) is mean exponentially stable.

n u; sig
i(s

Proof. Forany u € R", we define V(u) = iy [ = 'Z()S)ds Then:

" i gign(s U
W< L [ s =y Ll < Al
i= i=

and:

i sign(s L
02 Y [T = ¥l = Bl
1= 1=

= 1 B—min — 1
where A = max;_g, A B = min,_1, B

Then, for t > 0 and y € R” according to Remarks 6 and 8, we obtain:
n n
6DV () < Y- —sgny) (a() — L (D ()
i=1 j=1
n n n
<Y (= Bilwl + Y MylFwp1) < X2 (— B vl + Y- My 1)

i=1 j=1 i=1 j=1

== Zﬁz |]/z| + Z ZM1]|]/]| < - mln:BI Z |]/1| +(ZmaXMl] Z |_1/]

i=1j=1 i=1j=ln

< —VZ lyil < —EV(”)'
i=1

(19)

Furthermore, from (H7) and Remark 9, it follows that Condition 2(iii) of Theorem 1 is satisfied.
From Theorem 1, we have that Theorem 3 is true. [

Example 2. Let n = 3, tg = 0.1, and the random variables 1., k = 1,2, ... are exponentially distributed with
A = 1. Consider the following special case of RINN (2):

xi(t) = —ai(x (1) (2x(t +2% )fj((H) 1)

fort >0 §k<t<§k+1, i=1,23 (20)

Xi(Cx +0) = @i (x (5 —0))  fork=1,2,...
x(0.1) = x,

with a;(u) = 2+ 1f‘|u| € [23),i = 1,23, fi(u) = log(1%), @ri(u) = usink + (1 —sink)0.5,

and C = c;j(t) is given by (15).

The point x* = (0.5,0.5,0.5) is the equilibrium point of RINN (20), i.e., Condition (H4) is satisfied.
Now, Assumption (H5) is satisfied with 8; =2, i =1,2,3.

Furthermore, [c;;| < My, i,j = 1,2,3, t > 0 where M = {Mz]} is given by (16). Therefore,
Assumption (H2) is satisfied. Then, the inequality min;_ T Pi=2> Z —1Max;_i3 3 M;j=04+03+
0.2 = 0.9 holds.

According to Theorem 3, the equilibrium of (20) is mean exponentially stable.
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Consider the system (20) without any kind of impulses. The equilibrium x* = (0.5, 0.5, 0.5)
is asymptotically stable (see Figures 3 and 4). Therefore, an appropriate perturbation of the neural
networks by impulses at random times can keep the stability properties of the equilibrium.

0.3

0.2

tx
08F
0.7 —
06 —

i -— Xa(1)
05F

f — Xo(b)
oar — X3()

I I I I Lt
1 2 3 4 5

Figure 3. Example 2. Graph of the solution of the system ODE corresponding to (20) with x? =
0.55,x9 = 0.8,x3 = 0.1.

tx
06 /N,

Lo N

| N

: | \\
051

L1

[ ——- Xq1(b)
04f!

I — Xo(1)
03k — X3(t)
02+

L | | | | | t

1 2 3 4 5

Figure 4. Example 2. Graph of the solution of the system ODE corresponding to (20) with x? =
04,x3 =0.3,x3 =0.1.

5. Conclusions

In this paper, we study stability properties of the equilibrium point of a generalization of the
Cohen—Grossberg model of neural networks in the case when:

- the potential (or voltage) of any cell is perturbed instantaneously at random moments, i.e.,
the neural network is modeled by a deterministic differential equation with impulses at random
times. This presence of randomness in the differential equation totally changes the behavior of
the solutions (they are not deterministic functions, but stochastic processes).
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the random moments of the impulsive state displacements of neurons are exponentially distributed.
the connection matrix C = (¢;;) is not a constant matrix which is usually the case in the literature
(it is a matrix depending on time since the strengths of connectivity between cells could be
changed in time).

the external bias or input from outside the network to any unit is not a constant (it is variable
in time).

sufficient conditions for mean-square exponential stability and for mean exponential stability of
the equilibrium are obtained.
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