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Abstract: The main goal of this paper is to study some interesting identities for the multiple
twisted (p, q)-L-function in a complex field. First, we construct new generating functions of the
new Carlitz-type higher order twisted (p, q)-Euler numbers and polynomials. By applying the
Mellin transformation to these generating functions, we obtain integral representations of the
multiple twisted (p, q)-Euler zeta function and multiple twisted (p, q)-L-function, which interpolate
the Carlitz-type higher order twisted (p, q)-Euler numbers and Carlitz-type higher order twisted
(p, q)-Euler polynomials at non-positive integers, respectively. Second, we get some explicit formulas
and properties, which are related to Carlitz-type higher order twisted (p, q)-Euler numbers and
polynomials. Third, we give some new symmetric identities for the multiple twisted (p, q)-L-function.
Furthermore, we also obtain symmetric identities for Carlitz-type higher order twisted (p, q)-Euler
numbers and polynomials by using the symmetric property for the multiple twisted (p, q)-L-function.

Keywords: higher order twisted (p, q)-Euler numbers and polynomials; q-L-function; multiple
twisted (p, q)-L-function; symmetric identities

2000 Mathematics Subject Classification: 11B68; 11S40; 11S80

1. Introduction

Many researchers have studied the Bernoulli numbers and polynomials, Euler numbers and
polynomials, Genocchi numbers and polynomials, tangent numbers and polynomials, zeta function,
and Hurwitz zeta function. Recently, some generalizations of the Bernoulli numbers and polynomials,
Euler numbers and polynomials, Genocchi numbers and polynomials, tangent numbers and
polynomials, zeta function, and Hurwitz zeta function were introduced (see [1–11]). Luo and Zhou [6]
introduced the l-function and q-L-function. Ryoo [7] discussed generalized Barnes-type multiple
q-Euler polynomials twisted by use of the roots of unity. Kim constructed the Barnes-type multiple
q-zeta function and q-Euler polynomials (see [9]). In [10], Simsek defined the twisted (h, q)-Bernoulli
numbers and polynomials of the twisted (h, q)-zeta function and L-function. Many (p, q)-extensions
of some special numbers, polynomials, and functions have been studied (see [1–5]). In this paper, we
introduce the multiple twisted (p, q)-L-function in the complex field and Carlitz-type higher order
twisted (p, q)-Euler numbers and polynomials. We obtain some new symmetric identities for the
multiple twisted (p, q)-L-function. We also give symmetric identities for Carlitz-type higher order
twisted (p, q)-Euler numbers and polynomials by using the symmetric property for the multiple
twisted (p, q)-L-function.

Mathematics 2019, 7, 1205; doi:10.3390/math7121205 www.mdpi.com/journal/mathematics

http://www.mdpi.com/journal/mathematics
http://www.mdpi.com
http://www.mdpi.com/2227-7390/7/12/1205?type=check_update&version=1
http://dx.doi.org/10.3390/math7121205
http://www.mdpi.com/journal/mathematics


Mathematics 2019, 7, 1205 2 of 12

Throughout this paper, we use the following: N is the set of natural numbers; Z+ = N ∪ {0} is
the set of nonnegative integers; Z−0 = {0,−1,−2,−3, . . .} is the set of nonpositive integers; Z is the set
of integers; R is the set of real numbers; C is the set of complex numbers; and:

∞

∑
m1=0

· · ·
∞

∑
mr=0

=
∞

∑
m1,··· ,mr=0

.

The binomial formulae are known as:

(1− a)m =
m

∑
i=0

(
m
i

)
(−a)i, where

(
m
i

)
=

m(m− 1) . . . (m− i + 1)
i!

,

and:
1

(1− a)m = (1− a)−m =
∞

∑
i=0

(
−m

i

)
(−a)i =

∞

∑
i=0

(
m + i− 1

i

)
ai.

The q-number is defined by:

[n]q =
1− qn

1− q
= 1 + q + q2 + · · ·+ qn−3 + qn−2 + qn−1, q 6= 1.

By using the q-number, Luo and Zhou defined the q-L-function Lq(s, a) and q-l-function lq(s)
(see [6]):

Lq(s, a) =
∞

∑
n=0

(−1)nqn+a

[n + a]sq
, (Re(s) > 1; a /∈ Z−0 ),

and:

lq(s) =
∞

∑
n=1

(−1)nqn

[n]sq
, (Re(s) > 1).

Choi and Srivastava [8] made the multiple Hurwitz–Euler eta function ηr(s, a) and got some
results about the multiple Hurwitz–Euler eta function ηr(s, a), which follows the r-ple series:

ηr(s, a) =
∞

∑
k1,··· ,kr=0

(−1)k1+···+kr

(k1 + · · ·+ kr + a)s , (Re(s) > 0; a > 0; r ∈ N).

The (p, q)-number is:

[n]p,q =
pn − qn

p− q
= pn−1 + pn−2q + pn−3q2 + · · ·+ p2qn−3 + pqn−2 + qn−1, p 6= q.

Note that this number is the q-number when p = 1. By substituting q by q
p in the q-number, we

cannot obtain the (p, q)-number. Therefore, many research works have been developed in the area of
special numbers and polynomials, as well as functions by using the (p, q)-number (see [1–5]).

Kim introduced the Barnes-type multiple q-zeta function and q-Euler polynomials (see [9]). In [10],
Simsek introduced the twisted (h, q)-Bernoulli numbers and polynomials of the twisted (h, q)-zeta
function and L-function.

Inspired by their work, the multiple twisted (p, q)-L-function can be defined as follows: For s, x ∈
C with Re(x) > 0, the multiple twisted (p, q)-L-function L(r)

p,q,ζ(s, x) is defined by:

L(r)
p,q,ζ(s, x) = [2]rq

∞

∑
m1,...,mr=0

(−1)m1+···+mr ζm1+···+mr

[m1 + · · ·+ mr + x]sp,q
.

The goal of this paper is the investigation of new generalizations of the Carlitz-type higher order
twisted q-Euler numbers and polynomials, multiple Hurwitz–Euler eta function, and q-L-function.
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It is called the Carlitz-type higher order twisted (p, q)-Euler numbers and polynomials, which
is the multiple twisted (p, q)-L-function. In Section 2, we define the Carlitz-type higher order
twisted (p, q)-Euler numbers and polynomials and get some properties involving the distribution
relation, and so on. In Section 3, we define the multiple twisted (p, q)-L-function used by the
higher order-type twisted (p, q)-Euler numbers and polynomials. We also study some connected
formulae between the Carlitz-type higher order twisted (p, q)-Euler numbers and polynomials and the
multiple twisted (p, q)-L-function. In Section 4, we study a few symmetric identities of the multiple
twisted (p, q)-L-function and Carlitz-type higher order twisted (p, q)-Euler numbers and polynomials.
Throughout the paper, let ζ be the rth root of 1 and ζ 6= 1.

Definition 1. The classical higher order twisted Euler numbers E(r)
n,ζ and twisted Euler polynomials E(r)

n,ζ(x)
are the following: (

2
ζet + 1

)r
=

∞

∑
n=0

E(r)
n,ζ

tn

n!
, (|t + log ζ| < π),

and: (
2

ζet + 1

)r
ext =

∞

∑
n=0

E(r)
n,ζ(x)

tn

n!
, (|t + log ζ| < π).

respectively.
When ζ = 1, E(r)

n (x) are called the classical high order Euler polynomials E(r)
n (x).

2. Carlitz’s Type Higher Order Twisted (p, q)-Euler Numbers and Polynomials

First, we make the Carlitz-type higher order twisted (p, q)-Euler numbers and polynomials as
follows:

Definition 2. Let 0 < q < p ≤ 1 and r ∈ N. The high order twisted (p, q)-Euler polynomials E(r)
n,p,q,ζ(x) are

defined by the following:

∞

∑
n=0

E(r)
n,p,q,ζ(x)

tn

n!
= [2]rq

∞

∑
m1,··· ,mr=0

(−1)m1+···+mr ζm1+···+mr e[m1+···+mr+x]p,qt. (1)

When x = 0, E(r)
n,p,q,ζ = E(r)

n,p,q,ζ(0) are called the high order twisted (p, q)-Euler numbers E(r)
n,p,q,ζ . Observe that

if p = 1, then limq→1 E(r)
n,p,q,ζ = E(r)

n,ζ and limq→1 E(r)
n,p,q,ζ(x) = E(r)

n.ζ(x).

Definition 3. Let 0 < q < p ≤ 1, r ∈ N, and h ∈ Z. The high order twisted (h, p, q)-Euler polynomials
E(r,h)

n,p,q,ζ(x) are defined like this:

∞

∑
n=0

E(r,h)
n,p,q,ζ(x)

tn

n!
= [2]rq

∞

∑
m1,··· ,mr=0

(−ζ)m1+···+mr ph(m1+···+mr)e[m1+···+mr+x]p,qt. (2)

When x = 0, E(r,h)
n,p,q,ζ = E(r,h)

n,p,q,ζ(0) are called the high order twisted (h, p, q)-Euler numbers E(r)
n,p,q,ζ . WE

remark that if h = 0, then E(r,h)
n,p,q,ζ = E(r)

n,p,q,ζ and E(r,h)
n,p,q,ζ(x) = E(r)

n,p,q,ζ(x). Observe that if p = 1, then

limq→1 lim E(r,h)
n,p,q,ζ = E(r)

n,ζ and limq→1 E(r,h)
n,p,q,ζ(x) = E(r)

n,ζ(x).

By (1) and (2), we see that:

E(r)
n,p,q,ζ(x + y) =

n

∑
i=0

(
n
i

)
p(n−i)xqyiE(r,n−i)

i,p,q,ζ (x)[y]n−i
p,q ,

E(r)
n,p,q,ζ(x) =

n

∑
i=0

(
n
i

)
qxi[x]n−i

p,q E(r,n−i)
i,p,q,ζ .

(3)
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Theorem 1. Let 0 < q < p ≤ 1 and r ∈ N. We get:

E(r)
n,p,q,ζ(x) = [2]rq

∞

∑
m1,··· ,mr=0

(−1)m1+···+mr ζm1+···+mr [m1 + · · ·+ mr + x]np,q

=
[2]rq

(p− q)n

n

∑
l=0

(
n
l

)
(−1)lqxl p(n−l)x

(
1

1 + ζql pn−l

)r
.

Proof. Using the Taylor series expansion of e[x]p,qt, we get:

∞

∑
l=0

E(r)
l,p,q,ζ(x)

tl

l!
= [2]rq

∞

∑
m1,··· ,mr=0

(−1)m1+···+mr ζm1+···+mr e[m1+···+mr+x]p,qt

=
∞

∑
l=0

(
[2]rq

∞

∑
m1,··· ,mr=0

(−1)m1+···+mr ζm1+···+mr [m1 + · · ·+ mr + x]lp,q

)
tl

l!
.

The first part of the theorem follows when we compare the coefficients of tl

l! in the above equation.
By using (p, q)-numbers and binomial expansion, we note that:

E(r)
n,p,q,ζ(x) = [2]rq

∞

∑
m1,··· ,mr=0

(−1)m1+···+mr ζm1+···+mr [m1 + · · ·+ mr + x]np,q

= [2]rq
∞

∑
m1,··· ,mr=0

(−1)m1+···+mr ζm1+···+mr

(
pm1+···+mr+x − qm1+···+mr+x

p− q

)n

=
[2]rq

(p− q)n

n

∑
l=0

(
n
l

)
(−1)lqxl p(n−l)x

×
∞

∑
m1,··· ,mr=0

(−1)m1+···+mr ζm1+···+mr ql(m1+···+mr)p(n−l)(m1+···+mr)

=
[2]rq

(p− q)n

n

∑
l=0

(
n
l

)
(−1)lqxl p(n−l)x

(
1

1 + ζql pn−l

)r
.

This completes the proof of Theorem 1.

Theorem 2. Let 0 < q < p ≤ 1 and r ∈ N. Then, we get:

E(r)
n,p,q,ζ(x) = [2]rq

∞

∑
m=0

(
r + m− 1

m

)
(−1)mζm[m + x]np,q. (4)

Proof. By the Taylor–Maclaurin series expansion of (1− a)−n, we have:(
1

1 + ζql pn−l

)r
=

∞

∑
m=0

(
m + r− 1

m

)
(−1)mζmqml pm(n−l).

By Theorem 1 and the binomial expansion, we also get the desired result immediately.
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By Theorem 1, for d ∈ N and d ≡ 1( mod 2), we can show:

E(r)
n,p,q,ζ(x) =

[2]rq
(p− q)n

n

∑
l=0

(
n
l

)
(−1)lqxl p(n−l)x

×
d−1

∑
a1,··· ,ar=0

∞

∑
m1,··· ,mr=0

(−1)a1+dm1+···+ar+dmr ζa1+dm1+···+ar+dmr

× ql(a1+dm1+···+ar+dmr)p(n−l)(a1+dm1+···+ar+dmr).

Theorem 3. (Distribution relation of higher order twisted (p, q)-Euler polynomials) For d ∈ N and
d ≡ 1( mod 2), we have:

E(r)
n,p,q,ζ(x) =

[2]rq
[2]rqd

[d]np,q

d−1

∑
a1,··· ,ar=0

(−ζ)a1+···+ar E(r)
n,pd ,qd ,ζd

(
a1 + · · ·+ ar + x

d

)
.

Proof. Since:

E(r)
n,pd ,qd ,ζd

(
a1 + · · ·+ ar + x

d

)
=

[2]rqd

(pd − qd)n

n

∑
l=0

(
n
l

)
(−1)lql(a1+···+ar+x)p(n−l)(a1+···+ar+x)

(
1

1 + ζdqdl pd(n−l)

)r
,

we have:

d−1

∑
a1,··· ,ar=0

(−1)a1+···+ar ζa1+···+ar E(r)
n,pd ,qd ,ζd

(
a1 + · · ·+ ar + x

d

)

=
[2]rqd

(pd − qd)n

n

∑
l=0

(
n
l

)
(−1)lqlx p(n−l)x

×
d−1

∑
a1,··· ,ar=0

(−1)a1+···+ar ζa1+···+ar ql(a1+···+ar)p(n−l)(a1+···+ar)

(
1

1 + ζdqdl pd(n−l)

)r
.

By Theorem 1, we get:

[2]rq
[2]rqd

[d]np,q

d−1

∑
a1,··· ,ar=0

(−1)a1+···+ar ζa1+···+ar E(r)
n,pd ,qd ,ζd

(
a1 + · · ·+ ar + x

d

)

=
[2]rq

(p− q)n

n

∑
l=0

(
n
l

)
(−1)lqxl p(n−l)x

(
1

1 + ζql pn−l

)r

= E(r)
n,p,q,ζ(x).

This completes the proof of Theorem 3.

3. Multiple Twisted (p, q)-L-Function

The multiple twisted (p, q)-L-function is defined in Section 3. This function interpolates the higher
order twisted (p, q)-Euler polynomials at negative integers −n. Choi and Srivastava [9] defined the
multiple Hurwitz–Euler eta function ηr(s, a) by using:

ηr(s, a) =
∞

∑
k1,··· ,kr=0

(−1)k1+···+kr

(k1 + · · ·+ kr + a)s , (Re(s) > 0; a > 0; r ∈ N).
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It is known that ηr(s, a) can be continued analytically in the whole complex s-plane (see [8]).
The (p, q)-extension of the multiple Hurwitz–Euler eta function can be defined as follows:

Definition 4. For s, x ∈ C with Re(x) > 0, the multiple twisted (p, q)-L-function L(r)
p,q,ζ(s, x) is defined by:

L(r)
p,q,ζ(s, x) = [2]rq

∞

∑
m1,...,mr=0

(−1)m1+···+mr ζm1+···+mr

[m1 + · · ·+ mr + x]sp,q
.

Observe that if ζ = 1, p = 1, then limq→1 L(r)
p,q,ζ(s, a) = 2rηr(s, a).

Let:

F̃(r)
p,q,ζ(t, x) =

∞

∑
n=0

E(r)
n,p,q,ζ(x)

tn

n!

= [2]rq
∞

∑
m1,...,mr=0

(−1)m1+···+mr ζm1+···+mr e[m1+···+mr+x]p,qt.
(5)

Theorem 4. For r ∈ N, we have:

1
Γ(s)

∫ ∞

0
F̃(r)

p,q,ζ(x,−t)ts−1dt = L(r)
p,q,ζ(s, x), (6)

where Γ(s) =
∫ ∞

0 zs−1e−zdz.

Proof. Apply the Mellin transformation to (5) and Definition 4. We have:

1
Γ(s)

∫ ∞

0
F̃(r)

p,q,ζ(x,−t)ts−1dt

=
[2]rq
Γ(s)

∞

∑
m1,··· ,mr=0

(−1)m1+···+mr ζm1+···+mr

∫ ∞

0
e−[m1+···+mr+x]p,qtts−1dt

= [2]rq
1

Γ(s)

∞

∑
m1,··· ,mr=0

(−1)m1+···+mr ζm1+···+mr

[m1 + · · ·+ mr + x]sp,q

∫ ∞

0
zs−1e−zdz

= [2]rq
∞

∑
m1,··· ,mr=0

(−1)m1+···+mr ζm1+···+mr

[m1 + · · ·+ mr + x]sp,q

= L(r)
p,q,ζ(s, x).

This completes the proof of Theorem 4.

The value of the multiple twisted (p, q)-L-function L(r)
p,q,ζ(s, x) at negative integers −n is given

explicitly by the theorem below:

Theorem 5. Let n ∈ N. Then, we get:

L(r)
p,q,ζ(−n, x) = E(r)

n,p,q,ζ(x).

Proof. By using (5) and (6), we have:

L(r)
p,q,ζ(s, x) =

1
Γ(s)

∫ ∞

0
F̃(r)

p,q,ζ(x,−t)ts−1dt

=
1

Γ(s)

∞

∑
m=0

E(r)
m,p,q,ζ(x)

(−1)m

m!

∫ ∞

0
tm+s−1dt.

(7)
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Observe that:
Γ(−n) =

∫ ∞

0
e−zz−n−1dz

= lim
z→0

2πi
1
n!

(
d
dz

)n
(zn+1e−zz−n−1)

= 2πi
(−1)n

n!
.

(8)

Let us take s = −n in (7) for n ∈ N. We use (7), (8), and the Cauchy residue theorem. Then, we
have:

L(r)
p,q,ζ(−n, x) = lim

s→−n

1
Γ(s)

∞

∑
m=0

E(r)
m,p,q,ζ(x)

(−1)m

m!

∫ ∞

0
tm−n−1dt

= 2πi
(

lim
s→−n

1
Γ(s)

)(
E(r)

n,p,q,ζ(x)
(−1)n

n!

)
= 2πi

(
1

2πi (−1)n

n!

)(
E(r)

n,p,q,ζ(x)
(−1)n

n!

)
= E(r)

n,p,q,ζ(x).

This completes the proof of Theorem 5.

If we use (4), then we have:

∞

∑
n=0

E(r)
n,p,q,ζ

tn

n!
= [2]rq

∞

∑
m=0

(
m + r− 1

m

)
(−1)mζme[m]p,qt.

If we use the Taylor series of e[m]p,qt in the above equation, we get:

∞

∑
n=0

E(r)
n,p,q,ζ

tn

n!
=

∞

∑
n=0

(
[2]rq

∞

∑
m=0

(
m + r− 1

m

)
(−1)mζm[m]np,q

)
tn

n!
.

Compare the coefficients tn

n! in the above equation. We have:

E(r)
n,p,q,ζ = [2]rq

∞

∑
m=0

(
m + k− 1

m

)
(−1)mζm[m]np,q. (9)

This is defined as the multiple twisted (p, q)-Euler zeta function in the definition below by (9):

Definition 5. For s ∈ C, we define:

ζ
(r)
p,q,ζ(s) = [2]rq

∞

∑
m=1

(
m + r− 1

m

)
(−1)mζm

[m]sp,q
. (10)

The function ζ
(r)
p,q,ζ(s) interpolates the number E(r)

n,p,q,ζ at negative integers. Substitute s = −n
instead of n ∈ N into (10), and use (9), then we get the following theorem:

Corollary 1. Let n ∈ N. We obtain:
ζ
(r)
p,q,ζ(−n) = E(r)

n,p,q,ζ .

4. Some Identities for the Multiple Twisted (p, q)-L-Function

If we have w1, w2 ∈ N and w1 ≡ 1 (mod 2), w2 ≡ 1 (mod 2) and for r ∈ N and n ∈ Z+, we get
symmetric identities for the multiple twisted (p, q)-L-function.
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Theorem 6. For w1, w2 ∈ N and w1 ≡ 1 (mod 2), w2 ≡ 1 (mod 2), we obtain:

[w2]
s
p,q[2]

r
qw2

w1−1

∑
j1,··· ,jr=0

(−1)∑r
l=1 jl ζw2 ∑r

l=1 jl

× L(r)
pw1 ,qw1 ,ζw1

(
s, w2x +

w2

w1
(j1 + · · ·+ jr)

)
= [w1]

s
p,q[2]

r
qw1

w2−1

∑
j1,··· ,jr=0

(−1)∑r
l=1 jl ζw1 ∑r

l=1 jl

× L(r)
pw2 ,qw2 ,ζw2

(
s, w1x +

w1

w2
(j1 + · · ·+ jr)

)
.

(11)

Proof. Note that [xy]q = [x]q[y]q for any x, y ∈ C. In Definition 4, substitute w2x +
w2

w1
(j1 + · · ·+ jr)

instead of x and replace qw1 , pw1 , and ζw1 instead of q, p, and ζ, respectively. We get the next result:

1
[2]rqw1

L(r)
pw1 ,qw1 ,ζw1

(
s, w2x +

w2

w1
(j1 + · · ·+ jr)

)
=

∞

∑
m1,··· ,mr=0

(−1)m1+···+mr ζw1m1+···+w1mr

[m1 + · · ·+ mr + w2x +
w2

w1
(j1 + · · ·+ jr)]spw1 ,qw1

=
∞

∑
m1,··· ,mk=0

(−1)m1+···+mr ζw1m1+···+w1mr[
w1(m1 + · · ·+ mr) + w1w2x + w2(j1 + · · ·+ jr)

w1

]s

pw1 ,qw1

=
∞

∑
m1,··· ,mr=0

(−1)m1+···+mr ζw1m1+···+w1mr

[w1(m1 + · · ·+ mk) + w1w2x + w2(j1 + · · ·+ jk)]sp,q

[w1]sp,q

= [w1]
s
p,q

∞

∑
m1,··· ,mk=0

(−1)m1+···+mr ζw1m1+···+w1mr

[w1(m1 + · · ·+ mr) + w1w2x + w2(j1 + · · ·+ jr)]sp,q

= [w1]
s
p,q

∞

∑
m1,··· ,mk=0

w2−1

∑
i1,··· ,ik=0

(−1)m1+···+mr ζw1m1+···+w1mr

[w1(m1 + · · ·+ mr) + w1w2x + w2(j1 + · · ·+ jr)]sp,q

= [w1]
s
p,q

∞

∑
m1,··· ,mr=0

w2−1

∑
i1,··· ,ir=0

(−1)∑r
j=1(w2mj+ij)ζ

w1 ∑r
j=1(w2mj+ij)

×
(
[w1(w2m1 + i1) + · · ·+ w1(w2mr + ir) + w1w2x + w2(j1 + · · ·+ jr)]sp,q

)−1

= [w1]
s
p,q

∞

∑
m1,··· ,mr=0

w2−1

∑
i1,··· ,ir=0

(−1)∑r
j=1 mj(−1)∑r

j=1 ij ζ
w1w2 ∑r

j=1 mj ζ
w1 ∑r

j=1 ij

×
(
[w1w2(x + m1 + · · ·+ mr) + w1(i1 + · · ·+ ir) + w2(j1 + · · ·+ jr)]sp,q

)−1
.

(12)
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We get the following equation from (12).

[w2]
s
p,q

[2]rqw1

w1−1

∑
j1,··· ,jr=0

(−1)j1+···+jr ζw2(j1+···+jr)L(r)
pw1 ,qw1 ,ζw1

(
s, w2x +

w2

w1
(j1 + · · ·+ jr)

)

= [w1]
s
p,q[w2]

s
p,q

∞

∑
m1,··· ,mr=0

w2−1

∑
i1,··· ,ir=0

w1−1

∑
j1,··· ,jr=0

(−1)∑r
l=1(jl+il+ml)ζw1w2 ∑r

l=1 ml

× ζw1 ∑r
l=1 il ζw2 ∑r

l=1 jl

×
(
[w1w2(x + m1 + · · ·+ mr) + w1(i1 + · · ·+ ir) + w2(j1 + · · ·+ jr)]sp,q

)−1

(13)

We have the following result from the same method like (13):

[w1]
s
p,q

[2]rqw2

w2−1

∑
j1,··· ,jr=0

(−1)j1+···+jr ζw1(j1+···+jr)L(r)
pw2 ,qw2 ,ζw2

(
s, w1x +

w1

w2
(j1 + · · ·+ jr)

)

= [w1]
s
p,q[w2]

s
p,q

∞

∑
m1,··· ,mk=0

w2−1

∑
j1,··· ,jr=0

w1−1

∑
i1,··· ,ir=0

(−1)∑r
l=1(jl+il+ml)

× ζw1w2 ∑r
l=1 ml ζw2 ∑r

l=1 il ζw1 ∑r
l=1 jl

×
(
[w1w2(x + m1 + · · ·+ mr) + w1(j1 + · · ·+ jr) + w2(i1 + · · ·+ ir)]sp,q

)−1

(14)

Therefore, we have Theorem 6 from Equations (13) and (14).

We obtain the below corollary when we take w2 = 1 in Theorem 6.

Corollary 2. Let w1 ∈ N with w1 ≡ 1 (mod 2). For r ∈ N and n ∈ Z+. We obtain:

L(r)
p,q,ζ (s, w1x) =

[2]rq
[2]rqw1 [w1]sp,q

×
w1−1

∑
j1,··· ,jr=0

(−1)∑r
l=1 jl ζ∑r

l=1 jl L(r)
pw1 ,qw1 ,ζw1

(
s, x +

j1 + · · ·+ jr
w1

)
.

(15)

We get the corollary below when p = 1, ζ = 1, and q approaches one in Corollary 2.

Corollary 3. Let m ∈ N with m ≡ 1 (mod 2). For r ∈ N and n ∈ Z+. We obtain:

ηr (s, x) =
1

ms

m−1

∑
j1,··· ,jr=0

(−1)j1+···+jr ηr

(
s,

x + j1 + · · ·+ jr
m

)
.

Let us take s = −n in Theorem 6. We obtain symmetric identities for high order twisted
(p, q)-Euler polynomials for r ∈ N and n ∈ Z+.
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Theorem 7. Let w1, w2 ∈ N, and let w1 ≡ 1 (mod 2), w2 ≡ 1 (mod 2). For r ∈ N and n ∈ Z+, we obtain:

[w1]
n
p,q[2]

r
qw2

w1−1

∑
j1,··· ,jr=0

(−1)∑r
l=1 jl ζw2 ∑r

l=1 jl

× E(r)
n,pw1 ,qw1 ,ζw1

(
w2x +

w2

w1
(j1 + · · ·+ jr)

)
= [w2]

n
p,q[2]

r
qw1

w2−1

∑
j1,··· ,jr=0

(−1)∑r
l=1 jl ζw1 ∑r

l=1 jl

× E(r)
n,pw2 ,qw2 ,ζw2

(
w1x +

w1

w2
(j1 + · · ·+ jr)

)
.

(16)

Proof. We obtain the theorem by Theorems 5 and 6.

We get the corollary below when we take w2 = 1 in Theorem 7.

Corollary 4. Let w1 ∈ N, and let w1 ≡ 1 (mod 2). Let r ∈ N and n ∈ Z+. Then, we have:

E(r)
n,p,q,ζ(w1x) =

[2]rq
[2]rqw1

[w1]
n
p,q

w1−1

∑
j1,··· ,jr=0

(−1)∑r
l=1 jl ζ∑r

l=1 jl

× E(r)
n,pw1 ,qw1 ,ζw1

(
s, x +

j1 + · · ·+ jr
w1

)
.

(17)

We have the corollary below when p = 1, and q approaches one in (17).

Corollary 5. Let m ∈ N with m ≡ 1 (mod 2). For r ∈ N and n ∈ Z+, we obtain:

E(r)
n,ζ(x) = mn

m−1

∑
j1,··· ,jr=0

(−1)j1+···+jr ζ j1+···+jr E(r)
n,ζm

(
x + j1 + · · ·+ jr

m

)
.

We obtain the following corollary if ζ = 1 in Corollary 5.

Corollary 6. Let m ∈ N with m ≡ 1 (mod 2). For r ∈ N and n ∈ Z+, we obtain:

E(r)
n (x) = mn

m−1

∑
j1,··· ,jr=0

(−1)j1+···+jr E(r)
n

(
x + j1 + · · ·+ jr

m

)
. (18)

We have the theorem below.

Theorem 8. Let w1, w2 ∈ N with w1 ≡ 1 (mod 2), w2 ≡ 1 (mod 2). For r ∈ N and n ∈ Z+, we obtain:

w1−1

∑
j1,··· ,jr=0

(−1)∑r
l=1 jl ζw2 ∑r

l=1 jl × E(r)
n,pw1 ,qw1 ,ζw1

(
w2x +

w2

w1
(j1 + · · ·+ jr)

)

=
n

∑
i=0

(
n
i

)
[w2]

i
p,q[w1]

−i
p,q pw1w2xiE(r,i)

n−i,pw1 ,qw1 ,ζw1 (w2x)

×
w1−1

∑
j1,··· ,jr=0

(−1)∑r
l=1 jl ζw2 ∑r

l=1 jl qw2(n−i)∑r
l=1 jl [j1 · · ·+ jr]ipw2 ,qw2 .
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Proof. We have the following formula by (3):

w1−1

∑
j1,··· ,jr=0

(−1)∑r
l=1 jl ζw2 ∑r

l=1 jl × E(r)
n,pw1 ,qw1 ,ζw1

(
w2x +

w2

w1
(j1 + · · ·+ jk)

)

=
w1−1

∑
j1,··· ,jr=0

(−1)∑r
l=1 jl ζw2 ∑r

l=1 jl

×
n

∑
i=0

(
n
i

)
qw2(n−i)(j1+···+jr)pw1w2xiE(r,i)

n−i,pw1 ,qw1 ,ζw1 (w2x)
[

w2

w1
(j1 + · · ·+ jr)

]i

pw1 ,qw1

=
w1−1

∑
j1,··· ,jr=0

(−1)∑r
l=1 jl ζw2 ∑r

l=1 jl

×
n

∑
i=0

(
n
i

)
qw2(n−i)∑r

l=1 jl pw1w2xiE(r,i)
n−i,pw1 ,qw1 ,ζw1 (w2x)

(
[w2]p,q

[w1]p,q

)i

[j1 + · · ·+ jr]
i
pw1 ,qw1

(19)

For each integer n ≥ 0, let:

A(r)
n,i,p,q,ζ(w) =

w−1

∑
j1,··· ,jr=0

(−1)∑r
l=1 jl ζ∑r

l=1 jl q(n−i)∑r
l=1 jl [j1 · · ·+ jk]ip,q.

The above sum A(k)
n,i,p,q,ζ(w) is called the alternating twisted (p, q)-power sums.

Theorem 9. Let w1, w2 ∈ N with w1 ≡ 1 (mod 2), w2 ≡ 1 (mod 2). For r ∈ N and n ∈ Z+, we obtain:

[2]rqw1

n

∑
i=0

(
n
i

)
[w1]

i
p,q[w2]

n−i
p,q pw1w2xiE(r,i)

n−i,pw2 ,qw2 ,ζw2 (w1x)A(r)
n,i,pw1 ,qw1 ,ζw1 (w2)

= [2]rqw2

n

∑
i=0

(
n
i

)
[w2]

i
p,q[w1]

n−i
p,q pw1w2xiE(r,i)

n−i,pw1 ,qw1 ,ζw1 (w2x)A(r)
n,i,pw2 ,qw2 ,ζw2 (w1).

Proof. If we use Theorem 8, then we have:

[2]rqw2 [w1]
n
p,q

w1−1

∑
j1,··· ,jr=0

(−1)∑r
l=1 jl ζw2 ∑r

l=1 jl

× E(r)
n,pw1 ,qw1 ,ζw1

(
w2x +

w2

w1
(j1 + · · ·+ jr)

)
= [2]rqw2

n

∑
i=0

(
n
i

)
[w2]

i
p,q[w1]

n−i
p,q pw1w2xiE(r,i)

n−i,pw1 ,qw1 ,ζw1 (w2x)A(r)
n,i,pw2 ,qw2 ,zetaw2 (w1)

(20)

If we use the same method as the proof method of Formula (20), we have:

[2]rqw1 [w2]
n
p,q

w2−1

∑
j1,··· ,jr=0

(−1)∑r
l=1 jl ζw1 ∑k

l=1 jl

× E(r)
n,pw2 ,qw2 ,ζw2

(
w1x +

w1

w2
(j1 + · · ·+ jr)

)
= [2]rqw1

n

∑
i=0

(
n
i

)
[w1]

i
p,q[w2]

n−i
p,q pw1w2xiE(r,i)

n−i,pw2 ,qw2 ,ζw2 (w1x)A(r)
n,i,pw1 ,qw1 ,ζw1 (w2)

(21)

Therefore, we have Theorem 9 by (20) and (21) and Theorem 7.
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We obtain the symmetric identity for the higher order twisted (h, p, q)-Euler numbers E(r,h)
n,p,q,ζ in

the complex field using Theorem 9.

Corollary 7. Let w1 ≡ 1 (mod 2), w2 ≡ 1 (mod 2) for w1, w2 ∈ N. Let k ∈ N and n ∈ Z+. It follows
that:

[2]rqw1

n

∑
i=0

(
n
i

)
[w1]

i
p,q[w2]

n−i
p,q pw1w2xiA(r)

n,i,pw1 ,qw1 ,ζw1 (w2)E(r,i)
n−i,pw2 ,qw2 ,ζw2

= [2]rqw2

n

∑
i=0

(
n
i

)
[w2]

i
p,q[w1]

n−i
p,q pw1w2xiA(r)

n,i,pw2 ,qw2 ,ζw2 (w1)E(r,i)
n−i,pw1 ,qw1 ,ζw1 .

If ζ = 1, p = 1, r = 1, and q approaches one in Theorem 7, then we have the following theorem
for Euler polynomials, which are symmetric in w1 and w2 (see [11]).

Corollary 8. Let w1 ≡ 1 (mod 2), w2 ≡ 1 (mod 2) for w1, w2 ∈ N. Then, we obtain:

wn
1

w1−1

∑
j=0

(−1)jEn

(
w2x +

w2

w1
j
)
= wn

2

w2−1

∑
j=0

(−1)jEn

(
w1x +

w1

w2
j
)

.
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