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1. Introduction

The spectral theory of operators finds numerous uses in various fields of mathematics and
their applications.

An important part of the spectral theory of differential operators is the distribution of
their eigenvalues. This classical question was studied for a second-order operator on a finite interval by
Liouville and Sturm. Later, G.D. Birkhoff [1-3] studied the distribution of eigenvalues for an ordinary
differential operator of arbitrary order on a finite interval with regular boundary conditions.

For quantum mechanics, it is especially interesting to distribute the eigenvalues of operators
defined throughout the space and having a discrete spectrum. E.C. Titchmarsh [4-9] was the first to
rigorously establish the formula for the distribution of the number of eigenvalues for a one-dimensional
Sturm-Liouville operator on the whole axis with potential growing at infinity. He also first strictly
established the distribution formula for the Schrodinger operator. B.M. Levitan [10-12] deserves much
credit for the improvement of E.C. Titchmarsh’s method.

In solving many mathematical physics problems, the need arises for the expansion of an arbitrary
function in a Fourier series with respect to Sturm-Liouville eigenvalues. The so-called regular case
of the Sturm-Liouville problem corresponding to a finite interval and a continuous coefficient of the
equation has been studied for a relatively long time and is usually described in detail in the manuals
on the equations of mathematical physics and integral equations.
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The Sturm-Liouville problem for the so-called singular case, as well as with nonlocal boundary
conditions, is much less known.

As it is known, so-called fractal media are studied in solid-state physics and, in particular,
diffusion phenomena in them. In one of the models studied in [13], diffusion in a strongly porous
(fractal) medium is described by an equation of the type of heat-conduction equation, but with a
fractional derivative with respect to time coordinate

2
Df“)u(x,t) = % ,0<a <1 (1)

The formulation of initial-boundary value problems for Equation (1), similar to the problems for

parabolic differential equations, makes sense if by a regularized fractional derivative:

1

_ lX _706 >
1—¢x O/t T) T)dt —t %p(0)|, t>0 (2)

DWe(t) =
Study of the form equations

DMy = Au ®)

where A is an elliptic operator (in [14-16]). In recent years, many authors studied fractional differential
equations in [17-34].

2. Problem Formulation

In this work, we consider the equation of the form
Dgu(x, t) + (=A) u(x,t) = f(x,t), (x,t) €IIx(0,00), | -1 <a<I, LLveEN 4)

with initial conditions
}in&DS‘;ku(x,t) =¢r(x), k=1,2,...,1 (5)
—

and boundary conditions

( ) u(xy, ..., Xjyoens xn,t) |x]-:0 +B; - (—A)iu(xl,..., Xjsooes xn, t) \x],:n: 0,
! SJ P,

A(=A) (X1 )Xy XN, A=A 1 (X1 0y X X 1) .
Bi- et | g oy Gt | =0, 1<j<p,
(—A)llu(xl,...,x]-,...,xN,t) |xj:0:‘(—A)lu(x1,...,x]-,...,xN,t) |x,-:m p+1<j<g, ©)
O(—=D) u(x1,/ X} XN, ) A=A 1u(X1,000)X e XN ) )

3xj jr XN |xj=0= 18x,~ XN ly=m, P+1<j<gq

(—A)iu(xl,...,x]-,...,xN,t) |x]-:O: 0, g+1<j<N,
(=B)'u(x1, 000, Xjy oy XN, ) |xj==0, q+1<j<N,
1§p§q§N,i:01 Sv—1,

where (x,t) = (x1,...,%j,...,%n,t) € [T x (0,00), IT = (0, 7r) x --- x (0,7), a; = const, p; = const,
and f(x,t), ¢x(x), k = 1,2,...,1 are functions that can be expanded in terms of the system of
eigenfunctions {v,(x),n € ZN} of the spectral problem:

(=8)"v(x) = po(x), )
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@ (—A)iv(xl,...,xj,...,xN) |x],:0 +B; - (—A)iv(xl,...,xj,...,xN) |xj:n: 0,

,- A(—=A)v(x1,000 )X XN) .
dx; ‘x,-:o +aj - ng jr XN ‘x]:”: 0, 1<j<p,
(=A)v(xy,. ., %, .-, XN) |x].:0: (=A)v(x1,.. o % XN) x=n, pH1<j<q,

a(—A)iv(xl,...,xj,...,xN) a(—A)iv(xl,...,x]-,...,xN) .
E)x]- |X]‘:O: Bx] |xj:7t’ p + 1 S] S q’

®)

(—A)l:v(xl,...,xj,...,xN) |x].:0: 0, g+1<j<N,
(=B)'v(x1,.., %, XN) |x].:n: 0, g+1<j<N,
1<p<g<N,i=01,...,v—-1.

Here, for « < 0,, fractional integral D* has the form

] (t ) t ( )
sign(t —a ux,T -dT
D%u(x,t) = / ,
at ( ) I—v( ) J |t |04+1

D%u(x,t) = u(x,t) fora =0,and for! —1 < a <1[,1 € N, the fractional derivative has the form

1
D% u(x, ) = sign! (t — a)%Dgt_lu(x, b =

B signl“(t—a)dl/t u(x,7)-dt

T(l—a) dtt ) |p— gt
a

In [17], Problems (4)—(6) and, accordingly, spectral Problems (7) and (8) in the case v = 1,
were considered.

3. Preliminaries

More detailed information for this section can be found in [17]. We look for eigenfunctions of
spectral Problems (7) and (8) in the form of the product v(x) = yq(x1) - - - - - yn(xn). Then, we obtain,
instead of spectral Problems (7) and (8), the following spectral problem:

— " (x) = ny(x), p = A? ©)

ay(0) + py (1) =0, 10

{ B (0) +ay/ () = 0. 10

In the case of |a| = |B]|, i.e.,, with boundary conditions y(0) = y(7x), ¥'(0) = y'(7) or

y(0) = —y(n), y'(0) = —y'(m), spectral Problems (7) and (8) were investigated by many authors
(see, for example, [35-41]). In order to simplify calculations, we confined ourselves to the case of
la| # |B|, « # 0, B # 0. It is not difficult to see that 4 = 0 is not an eigenvalue of Problems (9) and (10).
In fact, if p = 0 is the eigenvalue, then y’ = 0,y = ax+ Db, ab+ Blar+b) = 0, fa+ aa = 0.
We obtained from here a = 0, b = 0, i.e., y = 0. Similarly, for 4 < 0, Problems (9) and (10) have no
nontrivial solutions.

For u > 0, the general solution of Problem (9) has the form

y(x) = AcosAx + BsinAx.
From boundary conditions, we have:

ay(0) + By(m) = a A+ B(AcosAm + BsinAm) =0,
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By (0) + ay’ () = B(AB) + a(ABcosAm — AAsinAm) = 0,

ie.,

(a + BcosAm) A + BsinAnB = 0,
asinAtA — (B + acosAm)B = 0.

Hence, the nontrivial solutions of Problems (9) and (10) are only possible in the case of
(& + BeosAm)(—B — acosAm) — apsin®(Arr) = 0.
Furthermore,

—&pB — acosAt — B?cosAmt — afcos® At — afsin®*Am = 0,

—2up
ie., —(a? 2 AT =2 AT = — .
ie., —(a* + B)cosAm = 2ap or cosAn P
-2
Therefore, A7t = arccos focﬁz or
a4+ B
-2
AT = iarccosziwﬁ2 +2nmw, ne”Z.
a4+ B
Further,
1 —2u
pf = (2n+e,0)? = (—2n—e,9)? = p¥,, en=+1, ¢ = — arccos zxZ—i—/!;' neZz.

That’s why yni #* yfn means thate_, # —¢,, ie, e_, = g4, n € Z. Thus, the eigenvalues and
eigenfunctions of Problems (9) and (10) are

1 —2u

Un = Afl = (2n +£n(p)2, = — arccos “2+§2, en==xl,e_,=¢,, neZ

and N

Yn(x) = By (lmosnn cos Apx + sin)x,wc) ,
asin Ay,
respectively, where
2022
B+acosAum T B(B? — a2) o 2P
- = = 5 5 = gusign(p —a”)=,
asin Ayt 10262 en | B2 — a2 | o
entty[1— @2+ p7)2

hence, y,(x) = By (ensign(,B2 — zxz)g cos Apx + sinAnx) . Choosing

2

B, = eusign(B

Y N \/7 !
Vaz+ B2V /14 (2n)%
we obtain

Yn(x) = \/Z\/a21+ 5 +1(2n)2s (,B cos Apx + eysign(p® — a?)asin Anx) .
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_ /2 1 1
Denote w;, = \/; TR Ve Then,
Yn(x) = wy (ﬁ cos Apx + snsign([%2 - ocz)zx sin /\nx) .

The norm in space W5 (0, 77) is introduced as follows:

2

Hf‘ ws(0,m) Hf L>(0,7) HDSf L(0,)

Let e, = e_y. Then, system of vectors
zp(x) = wy (ﬁ cos 2nx + e,sign(B? — a*)asin an)
forms the complete orthonormal system in W5 (0, 7). The following lemma holds.

Lemma 1. Let {a,} be a finite system of complex numbers. Then, inequalities

N , N
Y @ (yn(x) — 2a(x)) < V2 max [e 1) [ Y f e 2
°N Ly (0,7) xe[0,7] -~
are valid where ,
p=—F——,5=1,2,3,...
1+ (2n)%

Proof. Calculating the difference of y,(x) — z,(x), we obtain

Yn(x) —zu(x) =

wn[B(cos Ayx — cos2nx) + e,sign(p* — a?)a(sin A,x — sin2nx)] =

plenpx

. _ l .
= w[(ensign(p* — a®)a + 51)Temx+

1— efiengox .
+(ensign(p® — a®)a — ,Bi)Tefz’“x].
Then,
N . elan)x 1 2nix
_ZNa —zy) Z Ay { ensign(B? — a®)a + ﬁz)Te +

1 — e—iEngx .
+(ensign(p? — a®)a — ,31‘)6271,672"”‘ .

Using properties of the norm, we have

N

Z an(Yn — zn) =
-N Ly(0,7r)
Sign(ﬁz - “2)0‘ + :Bi ipx __ 8 2nix
- 5 (e 1) _Ngn:l Apw,e™ ™+
—si 2 _ 2 P N )
+ Slgn(ﬁ Zi“ )“+.Bl (e—z(pxil) Z anwn82n1x+

—N,gp=—1
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; 2 _ 2\ @i . N )
_i_Slgn(/3 0( )D‘ ,Bl (1 o efz(px) Z anwn672mx+
2i —Nen=1

n —sign(,BZ — az)ﬂé — pi (1— ei(px) i unwnefznix

2i
7N,£n:71 LZ (0,7.[)
Sign —a)x+ pt,
— 8 (:B : ) .B (ezgux _ 1) %
2i
N ) N .
% Z anwnEanx + Z anwnefzmx +
—N,ey=1 —N,ep=-1
. 2 2 .
—sign —ua%)a+p1, _;
+ 8 (ﬁ . ) ,B (e ipx _ 1) %
2i

% Z anwneme 4 Z anwne—me <

—N,ep,=—1 —N,ep=1 Lz(O,T[)

2 2
\Voas+ 1
giﬁ- max el‘/’x—l‘x
2 x€[0,7]
N ) N )
% Z anwneme + Z anwnefzmx +
—N,e,=1 —N,gp=-1 Ly(0,77)

+ Z anwneme + Z anwne—anx _

—N,En:—l —N,Sy,:l Lz(O,T[)

/a2 1 B2 , N N
_ VO e’q"x—l‘ Yo lanwn P+ ) | anwa [P+

2 x€[0,7] ~Ney=1 —N,ep=—1
N N
+ Yo lawwn P+ Y Japwn P | -Vr =
—N,ep=—1 —N,e,=1

. N
el"’x—l"ﬁ- Y. | anwn 2.
-~

=/a% 4 B2 - max
x€[0,7]

Thus, denoting ¢, = ————, we obtain
¢ V1+(2n)%’

N ) N
Y an(ya(x) = 2a(x)) < V2 max [e 1) Y Jan - el?
N Ly(0,7) x€(0,7] =

O

Lemma 2. Let {a,} be a finite system of complex numbers. Then, inequalities

D X o)~ z0(0)|
~

L2 (0,71') -

<\ﬁ[max

- x€(0,7]

‘ N
e"”x—l‘—i-((p—l—l)s—l} o Y lan e - (2n)5)
—N
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arevalidats = 1,2,3,... .

Proof. Denote
0=12- max] le'P* — 1],

xel0,7
since N
. 2 2 .
sign(p° — a)a + Bi ;
Zﬂn(]/n_zn): 8 (:B 5 ) p _(ezq)x_l)_
—N 1
( Z ap - Wy - e2mx + 2 4y - Wy .e72n1x>+
—N,e,=1 —N,e,=—1
e 2 2 .
n sign(p® —a*)a + Bi - (e’i"’x B 1).
2i
N . N .
Z 4y - Wy - e2mx + Z ay - Wy _672mx)’
—N,ep=—1 —N,e,=1

using properties of the norm, we have

- 2

<¢?+w,<

N
D¢ Z an(Yn — zn)
iy

L,(0,7) k=0

N N
_Dsfk ( Z a, - wy . g2nix + Z a, - wy .62n1x>

—N,e,=1 —N,e,=-1
S .
+ || Y ¢k Dk(emiox —1).
k=0

N . N .

_Dsfk Z ay - Wy - eme + Z ay - Wy - efzmx
—N,ep=—1 —N,ey,=1

/2 2 .
SM.<maX el(/)xfllx
2 xe[0,7]
N ) N .
X 2 ay - wy - (2n)%e2MX 4 2 Ay - wy - (—2n)%e 2%

—N,ey=1 —N,e,=—1

5 N )

+ Z Cé{ . q)k . Z Ay - Wy - (zn)s—k62n1x+
k=1 —N,en=1
N . .
+ ) anwy- (—2n)> K= 2nix + max |e'?* — 1‘ X
—N,ep,=—1 Ly(0,7) x€[0,7]
N . N .
X 2 Ay - Wy - (27’1)5 A eme + Z ay - Wy - (—ZH)S i emex

—N,e,=—1 —N,ep=1
- k k al k j
PG| T e ey
k=1 —N,ep=-1

N .
Y awn- (—2n) k2
—N,e;,=1

L2 (0,7‘[)

5 .
Y Ck.DF(ei* — 1)

Lz(O,Tf)

Lz(O,TL’) >

< \/aZ+ BZx

7 of 20
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X max
x€[0,7]

) N s N
err — 1’J Y lanwn(2n)52 + ) Cé‘(pk\l ) |anwn(2n)5—k|2) x
"y k=1 N

x€[0,7]

} N
X\ =2 ( max e’q’"—l‘ : J Y lan - cn - (2n)5 7+
N

s N
+) st \l Y lan - cu (Zn)s_kz) <
k=1 -N

- [XG[O,T[

<V2 max]”q”‘ 1‘4— p+1)° —1] \szn cn - (2n)8

Thus, inequalities

N
D? Z”n(]/n(x) —zn(x)) <
-N L,(0,7)
, N
S\/ﬁ{max 319”3‘—1‘—1—(404-1)5—1}- Y an - cun - (2n)5?
XG[O,T[] _N
holdats=1,2,3,.... O

Using Lemmas 1 and 2, we obtain

Lemma 3. Let {a,} be a finite system of complex numbers. Then the following inequality

<

W5 (0,7)

0 2 N
< \/92+2(ﬁ+<¢+1>s—1> 0(3) | 3 lanl?
-N

o(s)=1ats>0.

Zan Yn(x) — zu(x))

1
is valid where 0(0) = —,
(0) 7
Lemma4. Let « # 0, B # 0, || # |B| be real numbers, and

p:\/92+2<j§+((p+1)5—1>2"7(5)<1

1 1 —Zaﬁ
=—,0(s)=1ats > 0,0 = max |e!?* = — arccos ,
\/E ( ) \/ x€[0,7] ’ ¢= 24 ‘52

ep=¢_,==xlatn € Z.
Then, eigenfunction system

where (0)

Yn(x) =

[2 BcosAnx + ey - sign(p? — a?) - asin A,x nez
T Va2 + g2 /1+ (2n)% ’ ’

of spectral Problems (9) and (10) forms the Riesz basis in the space W5 (0, 7r).
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Proof. Vector system

g 2N
Zn(x)_\/?'ﬁcos%x+en sign(p* — a*) ocstnx,neZ
n Va2 + B2 /14 (2n)%

forms the complete orthonormal system in Hilbert space W5 (0, 7r),, and vector system

2 A . g 2 42) . asin A
Yn(x) = \/7 BcosAyx —l—zsn szzgn(,B o) 2zxsm "x,n cz
” Va2 + B2 /1+ (2n)%
by virtue of Lemma 3 satisfying the theorem conditions by R. Paley and N. Wiener (see p. 224, [39]).

This theorem implies that system of vectors {y,(x) },cz forms the Riesz basis in space W3 (0, 7). [

Lemma 5. Operator
1

Ly = -y
with domain
D(L) = {y(x) : y(x) € C*(0, 7) N CH0, 7],y € Ly(0, ),

ay(0) + By(mr) =0, By'(0) + ay'(0) = 0}

is a symmetric operator in class Ly (0, 7r).

Proof. Indeed, since functions f and g belong to domain D(L), we have Lf € Ly(0, ), Lg = Lg €
L>(0, 1), and the second Green formula

ou v
/(Lu~v—u~Lv)dx:—/(an-v_u.an>ds
G 3G

atu = f and v = g takes the form

7T

Jwfg—r-Tgx = - (£ (g6 - F0F () |
0

0

Further, functions f and g satisfy the boundary conditions:

0, ag(0) + Bg(m) =0, Bg’(0) + ag’(7r) = 0.

af(0) +Bf(m) =0, Bf'(0) +af'(m)

By assumption, a # 0, p # 0. Therefore,

and

and
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Theorem 1. Let  # 0, B # 0, |a| # |B| be real number, and

p:\/92+2(\%+((P+1)s—1)2"7<5)<1

—2up

1
JAn=2n+¢e,- @, 0= ;arccosa2+ﬁ2,

where 0(0) = (s)=1lats>0,0= V2 - max} ]eiq’x -1

1
7, 0'
\ﬁ x€[0,7

en = €_y = £l at n € Z. Then the system of eigenfunctions

2 A ] 2 —a?)-asinA
7. (x) = /|2 PBcosAux +2€n s;gn(ﬁ a®) 2ocsm ez
4 VaZ+ B2/ [ A [

of spectral Problems (9) and (10) form the complete orthonormal system in Sobolev classes W3 (0, 7r).

Proof. Symmetry of operator L implies that eigenfunctions {¥, (x) },cz of operator L, corresponding
to the different eigenvalues, are orthogonal in classes Ly (0, 7).

System of functions {D"¥,(x)},cz is also the system of eigenfunctions of a similar operator
corresponding to different eigenvalues, which implies that functions of system {D"%,(x)},cz are
orthogonal in classes Ly (0, 77).

As a result, we see that system of eigenfunctions {¥, (x)},cz of operator L, corresponding to
different eigenvalues, are orthogonal in the Sobolev classes W5 (0, 7). It is known that, if a sequence of
vectors {9, (x) },ez forms the Riesz basis in a Hilbert space H, then system of vectors

- 5o W)
{n(¥)} ez <¢”() 1 ()] GZ)

also forms the Riesz basis in H (see p. 374, [42]).

By virtue of Lemma 4, system of eigenvectors {y,,(x) } ,cz forms the Riesz basis in space W (0, 7).
The orthogonality of this system implies that {¥, (x) },cz is a complete orthonormal system in the
Sobolev classes W; (0, 7). O

Theorem 1 and the Sobolev embedding theorem imply the following corollaries.

Corollary 1. Let o # 0, B # O, |a| # |B| be real numbers, and

0 2
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where 0 = /2 - max] e P* =1, Ay =2n+ey- 9, ¢ = 1 arccos €n=€_n = tlatn € Z. Then,

—20
x€[0,7 at4p2!

the Fourier series for function f(x) € W1(0, 7r) N C[0, 7t] in orthonormal eigenfunctions

2 A -5 2 —a?)-asinA
7 (x) = /2 Bcos nx—i-zsn szzgn(,B o) ;xsm ez
g Va2 + 214 [ A |

of spectral Problems (9) and (10) uniformly converges on segment [0, 7] to function f(x).

Corollary 2. Let o #0, B # 0, |a| # |B| be real numbers, and

p—\/92+2<\96+(q)+1)5—1)2<1

; —2up
where s > k, 0 = /2 - max |e'?* —1 -, €
f x€(0,7] | a? + /32 !

n € Z. Then the Fourier series for function f(x) € W5 (0, 7t) N C¥[0, 7t] in orthonormal eigenfunctions

1
JAn =2n+¢€, -, ¢ = ;arccos

=€ ., = *lat

[2 A -sign(B? — a2) - asin A
7 (x) = 2 Pcos nx+28n szzgn(ﬁ o) ;xsm nxl nez
4 V2 + B2 /14 | Ay |

of spectral Problems (9) and (10) converges in the norm of space CK[0, 7t] to function f(x).
The scalar product in space W,"*2((0, 7t) x (0, 71)) is introduced in the following way:
) 8% YD w2 (0, (0,my) = 1) 8C6 W) La((0.7) < 0 F

+(DRf (%, 1), DR g (%, 1)) Ly ((0,1) % (0,7)) + (D f (%, 1), DZ&(%, ) 1y ((0,7) x (0,)) +
+ (DI f(%,y), D728 (%, 1)) 1y ((0,7) % (0,7))-

Respectively, the norm in this space is introduced as follows:

|fw)

2
W,L"2((0,7) % (0,77))

2

= | Fw

(0,7)) + HDilf(x,y)H

2
Lo ((0,7T) % Ly ((0,7m) % (0,77))

+|[Dif(x,y)

51,52 2
(0,7)) + HDW f(x’y)HLz ’

2
Ly ((0,7r) x ((0,77)x(0,77))

Lemma 6. If {l,b,(nl)(x)} and {gb,(f) (y)} are complete orthonormal systems in W,' (0, 7t) and W,2(0, 7r),,
respectively, then the system of all products

fn (2, 9) = 9’ () - 937 ()
is a complete orthonormal system in W,"*2((0, 1) x (0, 7r)), where sy, = 1,2,3, ... and x,y € (0, 77)

Proof. By virtue of the Fubini theorem,

2 2

Hfmn(xr]/)‘

) Hlp,(,})(x)H;O’n) ' Hlp’(f)(y)

W,L°2((0,7) % (0,77) Ly(0,7)



Mathematics 2019, 7, 235 12 of 20

+|[ D2yl () ;(Orn)-\wf’(y) P LZ(M)-\ 7o () izw)
v} ool -
([, .+ ol ) [P ;(O )
(el el ) e ol
~ (e}, + [pre ;o,n)) -
(Il * e, ) =1

If m # mq or n # nq, by the same theorem

(fmn(x, 1), Fmyny (%, y) W2 ((0,m) % (0,)) —

= (fnn (%, Y), fnymy (X, Y)) 1,y ((0,7) % (0,7))
(D3 foun (%, ), DI finyny (X, 1)) 1, ((0,) % (0,7)) +
+(Dy fun (X, ), D2 fnymy (%, ¥)) Ly ((0,) % (0,70)) T

+(D357 fun (%, 1), DR finyny (1)) 1 ((0,70) % (0,7)) =

= (P (X), 9 () 1 0,0) - (W8 (W), 087 () y(0,m)+
+H(DF Pl (), DY Pl () 100 - (07 (), 942 (W) a0, +
(il (X), ¥ () Ly(0,0) - (DFH (1), DFPST (1)) Ly 0,0+

HDF P (), D Phn) ()1 0,0) - (DFEE (1), DP9 (1)) (0 =
= () (), 9hn) () 10,0 + (D) (), DY 9l (1)) 1, 0,1
@7 ), 92 W) a0,
() (), ) () a0, + (D58 (1), DI (1)) 1y 0,0))-
(DR (9), DR ()10 =

= (98 (), 3 () 0,0 + (D98 (1), DI (1)) Ly 0,0
(2 W), 02 W) a0 + DP9 (), DR (1)) 10,0 =0

since scalar product (fun(x,¥), fonyn, (X,¥))y 12 (0, % (0,7)) of two variables exist on IT = (0, 7r) %

(0, 7). Let us prove the completeness of system {fmn(x,v)}. Assume that there exists a function f(x, y)
in W,"*2((0, 7t) x (0, 7r)) that is orthogonal to all functions fy,(x,y). Set

Fu(y) = (F( ) 08 (0) st )
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It is easy to see, that function Fy(y) belongs to class W;2(0, ). That’s why for any n,m
again applying the Fubini theorem, we obtain

En) 95 )2 0. = FE) (59 (0 ) = O

By completeness of system gb,(f) (y), for almost all y

Fu(y) = 0.
But then, for almost every y,, equalities

I g0~

hold for all m. Completeness of system l/Jr(nl ) (x) implies that, for almost all y, the set of those x, for which

f(x,y) #0,

has the measure zero. By virtue of the Fubini theorem, this means that, on I'T = (0, 7r) x (0, 7r), function
f(x,y) is zero almost everywhere. []

The scalar product in space W,"*>*N(I1) is introduced in the following way:
(F5), 80 ysesin gy = (0 8(3) 1+

N ) )
+ ) (DY f(x), D3 g(x) yam +

h=1
Si S; Si _S;
+ ) (Dy!Di} f(x), Dy} Di &%) pym) + -+ +
1sji<pp=N
+ Y (DYDY ...DIN £(x), DY D2 ... DIN g(x))
xjy gy e Py J X Py Dy - Py 8L (1)

1§j1<j2<-‘-<jN§N

Respectively, the norm in this space is introduced as follows:
ol Jreal o+ 5 50
o = Pl [0
W12 N (1) Lo = 5 )

s s 2
+ Y |puprsel o+

1<j;<jp<N Lo (IT)
L it i Sin 2
Foet y Hth D2 DR f

1§j1<j2<---<jN§N

Using the method of mathematical induction and Lemma 6, we obtain the following:

Lemma 7. If {lpﬁjf(xl)},...,{tp,%)(xz\])} are complete orthonormal systems in spaces W' (0,7), ...,
W,N (0, 7t), respectively, then system of all products

fm(X) = fml...mN(x1,. ..,xN) = 1/)7(;1) (xl) ..... lp%\’]) (xN)

is a complete orthonormal system in W*2~*N (TT).
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Let us apply Lemma 7 to our orthonormal systems. In space W,"*>"*N(I1) of functions of N

variables f(x) = f(x1,...,xN) all products

vml...mN (xl/ e /xN) = ygr}l) (xl) “““ ygnN (XN)

form the complete orthonormal system. Here,

) ) . si 2 _ 42) . si ;
%)(x]) _ /E . B; cos)tmjx]—i-smj szgn(,Bj ocj) 0 Sin Ay x;
] / / .
atl1 <j<p,
=)
Y, (%)) = exp(i2m;x;), mj € Z
: \F,/H | 2m; %
atp+1<j<g,
y m; € N
m/ \/ /71Jr o 12 mjx;), m;

atg+1<j<N.
Thus, the following statement is valid:

Theorem 2. Let a; # 0, B; # O, |aj| # |B;| be real numbers at every 1 < j < p, and

0.
_ 2 J 1) — 1) o(s
p—lrgjggp\/Gj+2(ﬂ+(6p]+l)f 1)"-o(s;) <1

1
where o(0) = 7 o(sj) = Loats; > 0,0 = V2 max [e'?" —

m]-EZ

2m; + em; - Py 9j =

x€[0,7]
1 2"‘151
77 rccos — ,32' = e_m; = £1at m; € Z. Then, system of eigenfunctions
{Omy.my (X1, ..., XN }(ml, ) EZP (1t} EZ0P (g ey ) ENN=T =

B [ ,B] €8 A, Xj + smjsign(‘B]z. — &) - o sin Ay x;
25
:1 02+ B2 14 | Ay [

(my,..,m

————cxp(i2m;x;)

1 \/7 / 25
= p+ 1+ | 27’}’1 | (Mpy1,e.mg) EZT7F
{ > Sln }
V s
j=gt1 VT 1+ | mj | NN

Mg41,---MN

p)EZY

of spectral Problems (7) and (8) forms the complete orthonormal system in Sobolev classes Wy"*~*N (I1).

Corollary 3. Let aj # 0, B; # 0, |aj| # |B;| be real numbers at every 1 < j < p, and

0. 2
_ 2 J ) Sj _ . .
p—1r£1]a<xp\/9j+2<ﬁ+(q)]+1)f 1) o(sj) <1



Mathematics 2019, 7, 235 15 of 20

1
where 0(0) = —=, o(s;) = lats; > 0,60, = V2 max [¢'?" —1], Amj = 2+ em, - @), @f =

f xe(0,7]

Z“Jﬁ/ N
/52' ;= Eomy = =+latm; € Z,s; > k+ ,k >0,k € Z. Then, the Fourier series for

function f ( x) € WSI’SZ’ “*N(TT) N CK(TT) in orthonormal eigenfunctions

1
— arccos

{omy.my (x1,. .., xN) } (111, 1p) EZP (M 1, sig ) EZI7P (g 1oty ) ENNTT

P [ BjcosAmx; —|—smjsign(/3]2. — (sz.) -0 SN Ay X;
2 2 2s;
02+ B2 14 | A, [

(my,....mp)EZP

X exp (i2m;x X

p+1 f,/1+ | 2m; (%
(mp+1/"'/m17)ezq7p
\/ > Sln
+1 T 1+ | my |
j=4 + | ] ‘ q+1,_",mN)€NN—q

of spectral Problems (7) and (8) converges in the norm of space CK(T1) to function f(x).

The proof of Corollary 3 is carried out using Theorem 2 and the Sobolev embedding theorem.
The following are true:

4. Main Results

In this section, we give the most general case of the works done in [17].

Theorem 3. Let a; # 0, Bj # O, |a;| # |B;| be real numbers at every 1 < j < p, and

= 92+2(ﬂ+( -+1)Sf—1)2- (s;j) <1
0 = max f /2 ?; o(sj

1<j<p
where o(0) = 1 o(s;) = lats; > 0,0, = V2- max \elq’l — 1|, A, = 2m; + e, - @;
= \/EI ] - ] g xe[()r[] 7 m]' - ] m]' 4’]/
_ 1 298 e = e = k+ 3,k >0,k d
¢ = —.aurccoslJ62+ 20 Emj = E-my = tlatm; € Z,sj > k+5,k >0,k € Zan (p]-(x) €
] ]

PN i N PN
Wyl T2 TR SN (), f(x, ) € WV SNANTL(TT (0, 400)). Then, the solution of problems
(4)—(6) exists, it is unique, and is represented in the form of series

where coefficients are determined in the following way :

Epaiv1(— ) — i (—Homy.my ~ %)’
a,0—j+1 Wmq..my = l"(zxz Ta— ] T+ 1) ’



Mathematics 2019, 7, 235

_ B 0 (g ) (= D)D)
Ea,tx( Hmy..my - t T ) ; F(zx . i) ’
f(x/t) — 2 . Z 2 . 2 fmlmN(t) 'Uml---mN(xll""xN)’
my=—00 Mg=—0mg =1 my=1
ORI SIRIED SIND SR DI TS Y}
my=—00 mg=—00 m, =1 my=1

=120, Wnymy = /\%l1 + - +)\%1N
Proof. Since system of eigenfunctions

{’()ml...mN (x]/ ey xN)}(mlr_“,mp)EZP,(merl,,,_,mq)eZq’P,(mq+1,_._,mN)eNN*‘l

16 of 20

of spectral Problems (7) and (8) forms the complete orthonormal system in Sobolev classes
W,*27*N(T]), any function from class W,“*?*°N(II) can be represented as a convergent Fourier
series in this system. For any t > 0, expand solution u(x, ) of Problems (4)-(6) into the Fourier series

in eigenfunctions

{omymy (x1,- -, xN)}(ml,...,mp)GZp,(mp_,_],‘..,mq)EZW’P,(qu,...,mN)GNN’”

of spectral Problems (4) and (5):

00 00 00
M(x,t) = 2 2 2 Z Tml mN t Uml...mN(x)r
mp=—00 Mg=—00mg =1 my=1

Ty omy () = (U, 1), Upyompy (X))

By virtue of Problems (4) and (5), unknown functions Ty, ...\ (#) must satisfy equation

DgtTml...mN (t) + Hmq..my Tml...mN(t) = fml...mN(t)r I-1<a<l,leN

with initial conditions

lim Dg,” Tm1...mN(t) = Pomymys k=121, pmymy = )\%11 4+ 4 /\fnN

t—0

The solution of Cauchy Problems (13) and (14) has the form

n .
Tml---mN(t) = 2 (Pj,(ml‘..mN)taijEtx,oc—j-i-l(_.uml---mN : ttx)"_
j=1

t

+ /(t - T)IX71 : sz,zx[_.umy--mN(t - T)’X]fml_,mN(T)dT
0

where coefficients are determined as follows:

E . l(_,u ) = i (_ymlme ) tlx)i
06,0(7]4» mip..my = F(Oél + o — ] + 1) 7

(12)

(13)

(14)

(15)
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_ - 2 (=g ) - (= 7)Y
Ea,tx( Hmy..my - t T ) ; F(zx . i) ’
f(x/t) — 2 . Z 2 . 2 fmlmN(t) 'Uml---mN(xll""xN)’
my=—o0 Mg=—00 qu:l my=1
(Pj(x) = 2 Z Z 2 J(my..my) Oy (X1, XN), ] = 1,2, m.
my=—c0 mg=—00 mq+1—1 my=1

After substituting Problem (15) into Problem (12), we obtain the unique solution of Problems
(4)—(6) in the form of Series (8).

Let v > 1. Consider mixed Problems (4)-(6). If we look for a solution u(x, t) to Problems (4)-(6) in
the form of Fourier series expansion

Z Z i Tml~~-mN(t> 'vml...mN(x)/

—oo mg=—omg =1 my=1

u(x,t) =

my

HMg

where are Ty, ..y (£) = (u(x, t), Umy..my (x)) are the coefficients of the series, {Uy,..m, } is the system
of eigenfunctions of spectral Problems (7) and (8).

Differential operator (—A), generated by a differential expression I(V) (v(x)) = (—A)V0(x) with
domain definition

D((~4)") = {o(x) : o(x) € C¥(11) N C* (D), 1) (0(x)) € Lo(IT)}

satisfies Condition (8).

Similarly, as Lemma 5, it can be shown that operator (—A)", is a symmetric and positive
operator in space L(IT). The eigenvalues of Problems (7) and (8) Mmy..my = 0, and each
Mitny oy = (/\3”1 + ..-Afnl)v corresponds to an eigenvalue of Problems (9) and (10), and the
eigenfunctions {v,..my (x)} of Problems (7) and (8) and eigenfunctions {yu,..my (x)} of Problems
(9) and (10) coincide, i.e.,

Uml...mN(x) = ]/ml...mN(x)-

O

Therefore, the following theorem is valid:

Theorem 4. Let a; # 0, B; # O, |aj| # |B;| be real numbers at every 1 < j < p, and

9.
N j . 2
p = max \/9]2—1-2(\@4-(4’]‘4-1)5]—1) o(s) <1

1<j<p
1 N3 ipx
where ¢(0) = 7 o(sj) = lats; > 0,0 = xr;ng);ﬂ 9% = 1|, A, = 2mj + em; - @),
- ! — 2056 = = k k> 0k d
j = _arccos &mj = €-m; = Etlatmj € Z, 55 > ( —}—7)1/, >0,k € Zan

2 27
]+ﬁf
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PN i N PN
pi(x) € Wésﬁ] 2)V 2= 2 )V (Nt =2 )V(H),f(x, t) € W, NANFUTT x (0, +00)). Then the solution
of Problems (4)—(6) exists, it is unique, and is represented in the form of series

n

e Z 2 e Z Z goj,(ml...mN)tlx_jEDC,D(*jﬁ’l(il/lml-..mN : tlx) +

—o0 Mg=—00 mq+1:1 mN:1j:1

agk:

u(x,t) =

my
t

+ /(t — T)”‘*l Eqa[=tmy.my (= T)% frngooomn (T)AT - Oy oy (X1, -+, XN)
0

where coefficients are determined in the following way:

E 1(—u ) = i (—Hmy..my * ta)i
a,a—j+1 my..my “T(ait+a—j+1)

i=0

O (e

i . o 12— 1 N
Ea/a( le...MN (t T) ) 1221 ].—‘(IX . 1) 4
fey="Y Y Y Y fanem (8 Ompny (X1, XN,
ny=—o00 Mmyg=—00m, =1 my=1
§0]<x) = Z Z Z Z Pj,(my...my) .vmlme(xl”"’xN)’ j=L2...m,
1my=—00 mg=—00mg =1 my=1

,'l/lml...mN = ()\%11 —+ .. +)‘%1N)V,

5. Conclusions

In this paper, we considered questions on the unique solvability of a mixed problem for a partial
differential equation of high order with fractional Riemann-Liouville derivatives with respect to
time, and with Laplace operators with spatial variables and with nonlocal boundary conditions in
Sobolev classes. The solution was found in the form of a series of expansions in eigenfunctions of the
Laplace operator with nonlocal boundary conditions. Initial and boundary problems with fractional
Riemann-Liouville derivatives with respect to time have many applications [13]. In connection to
this, we chose the fractional Riemann-Liouville derivative, although we could consider other types of
fractional derivatives.
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