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1. Introduction

Let H denote the class of analytic functions in the open unit disk U:= {z € C: |z] <1} and A
denote the subclass of H consisting of functions of the form

f(z)=z+ i anz". 1)
n=2

Also, let S be the subclass of A consisting of all univalent functions in U. Then the logarithmic
coefficients 7, of f € S are defined with the following series expansion:

FEY oy
log< - —ZEVH(f)z,ZGU (2)
These coefficients play an important role for various estimates in the theory of univalent functions.
Note that we use 1y, instead of v, (f). The idea of studying the logarithmic coefficients helped
Kayumov [1] to solve Brennan'’s conjecture for conformal mappings.
Recall that we can rewrite (2) in the series form as follows:

(o]
1
2Y yn2" =mz 4 a3z +ag 4 — E[azeragzz + a4z’ + ]
n=1

1
+§[a22+a3z2+a4z3+---]3+'u.
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Now, considering the coefficients of z" for n = 1,2, 3, it follows that

2y, = a,
1,
272 = a3 — 543, ©)

293 = ag — axaz + gag.

For two functions f and g that are analytic in U, we say that the function f is subordinate to g in
U and write f (z) < g (z) if there exists a Schwarz function w that is analytic in U with w (0) = 0 and
|w (z)| < 1such that

fl2)=g(w(z) (z€U).
In particular, if the function g is univalent in U, then f < g if and only if f(0) = g(0) and

f(U) C g(U).
Using subordination, different subclasses of starlike and convex functions were introduced by

Ma and Minda [2], in which either of the quantity 2 ES) orl+ Z}[;;S) is subordinate to a more general
superordinate function. To this aim, they considered an analytic univalent function ¢ with positive real
part in U. ¢(U) is symmetric respecting the real axis and starlike considering ¢(0) = 1 and ¢’(0) > 0.

They defined the classes consisting of several well-known classes as follows:

. zf'(z
S*(¢) = {feS: }C(i)) < ¢(2), ZGU},
and ()
zf"(z
K(@) = {feS:l—f— Sy <002 ZEU}.
For example, the classes S*(¢) and K(¢) reduce to the classes S*[A, B] := 1 j: 1;; and K[A, B] :=
1—:_25 of the well-known Janowski starlike and Janowski convex functions for -1 < B < A <1,

respectively. By replacing A =1 —2x and B = —1 where 0 < a < 1, we conclude the classes S*(«)
and C(«a) of the starlike functions of order « and convex functions of order «, respectively. In particular,
S* := §*(0) and K := K(0) are the class of starlike functions and of convex functions in the unit
disk U, respectively. The Koebe function k(z) = z/(1 — z)? is starlike but not convex in U. Thus,
every convex function is starlike but not conversely; however, each starlike function is convex in the
disk of radius 2 — /3.

Lately, several researchers have subsequently investigated similar problems in the direction of the
logarithmic coefficients, the coefficient problems, and differential subordination [3-11], to mention
a few. For example, the rotation of Koebe function k(z) = z(1 — ¢%)~2 for each 6 has logarithmic
coefficients v, = € /n, n > 1.1f f € S, then by using the Bieberbach inequality for the first equation
of (3) it concludes |y1| < 1 and by utilizing the Fekete-Szegt inequality for the second equation of (3),
(see [12] (Theorem 3.8)),

(1+2¢7%) =0635---.

N~

1 1,

72| = 5‘113 - E“z’ <
It was shown in [12] (Theorem 4) that the logarithmic coefficients v, of every function f € S satisfy

) 2

T

Z [7n ‘2 <=

n=1 6

and the equality is attained for the Koebe function. For f € S*, the inequality |y, | < 1/n holds but

is not true for the full class S, even in order of magnitude (see [12] (Theorem 8.4)). In 2018, Ali and
Vasudevarao [3] and Pranav Kumar and Vasudevarao [6] obtained the logarithmic coefficients vy, for
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certain subclasses of close-to-convex functions. Nevertheless, the problem of the best upper bounds
for the logarithmic coefficients of univalent functions for n > 3 is presumably still a concern.

Based on the results presented in previous research, in the current study, the bounds for the
logarithmic coefficients 1y, of the general classes S*(¢) and KC(¢) were estimated. It is worthwhile
mentioning that the given bounds in this paper would generalize some of the previous papers and
that many new results are obtained, noting that our method is more general than those used by others.
The following lemmas will be used in the proofs of our main results.

For this work, let () represent the class of all analytic functions w in U that equips with conditions
w(0) = 0and |w(z)| < 1forz € U. Such functions are called Schwarz functions.

Lemma 1. [13] (p. 172) Assume that w is a Schwarz function so that w(z) = Y, 1 pnz". Then
Ipl <1, pal <1—=|p1]> n=2,3,...

Lemma 2. [14] Let i, @ € H be any convex univalent functions in U. If f(z) < ¢(z) and g(z) < @(z),
then f(z) * ¢(z) < P(z) *x @(z) where f,g € H.

We observe that in the above lemma, nothing is assumed about the normalization of ¢ and @,

"
*

and represents the Hadamard (or convolution) product.

Lemma 3. [12,15] (Theorem 6.3, p. 192; Rogosinski’s Theorem II (i)) Let f(z) = Y anz" and g(z) =
n=1

o]

bnz" be analytic in U, and suppose that f < g where g is univalent in U. Then
=1

n=
n n
Yola2 <Y |2 n=12,...
k=1 k=1

Lemma 4. [12,15] (Theorem 6.4 (i), p. 195; Rogosinski’s Theorem X) Let f(z) = Y anz" and g(z) =
n=1

ij buz" be analytic in U, and suppose that f < g where g is univalent in U. Then

n=1

(i) If g is convex, then |a,| < |¢'(0)| = |b1]|, n=12,...
(i) If g is starlike (starlike with respect to 0), then |a,| < n|¢’(0)| = n|by|, n=2,3,....

Lemma 5. [16] If w(z) = Y1 puz" € Q, then for any real numbers g1 and qp, the following sharp
estimate holds:

Ips + q1p1p2 + 42p1| < H(q1;92),
where
1 if (’h/qZ) € D1UDyU {(2,1)},
|¢72| . if (qquZ) € U]Z:?,Dk/
(gl +1) (Mﬁ) * if  (q1,92) € DsUDs,

2 2 2
L ( n-t ) <3(qq1241)> if  (q1,92) € D1pUD11 \{(2,1)},

471 —402

1
-1 2.
%(Ml‘ —-1) (3(‘,1‘111,‘1,72))2 if (91,92) € D1

H(q1;92) =
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While the sets Dy, k = 1,2, ...,12 are defined as follows:

1
q,92)  lql < 5, |112|§1},
<lml <2 o (Qal+1?) = (o +1) < laaf <1
q1,0/2-2,q1,,27 q1 q1 = |92 = ,

)
)
1
q,q2) il < 5, 62| < —1},
)

={(q1,92) : lq1] €2, 92| > 1},

1
0,92) 2 < || <4 2| > 15 (aF +8)}

):
qua): |ml > 4, 2] > 2 \om—l}
):

1 4
mo): 3 <Inl <2 =30l + 0 <0 < g ((nl+1°) ~ Gl + D)},

o=
o=
P
D{
D{
o=
o=

(
(
(
(@1,92) : || > % l92| < %(Iql\“)}/
(
(
(
(

2
{ql,qz) ml22 —3(nl+1) <g <

< 2qal(lg2 +1])
73+ 2l | +4

2 +1
qa2) 2 < o] < 4, Aalla £1) (q1+8)}

D1g
{( ): q1+2\q\+4’q’12

2 +1 2 -1
Dy — {(qllqz):wﬂl il +1) _ \qlmql )}
Dy = {( )

@42l +4 —2|q1| +4

=0, B < §<ql|—1>}

91,92 g +4

2. Main Results

Throughout this paper, we assume that ¢ is an analytic univalent function in the unit disk U
satisfying ¢(0) = 1 such that it has series expansion of the form

@(z) =1+ Biz+ Byz> + B3> + -+, By #0. @)

Theorem 1. Let the function f € S*(¢). Then the logarithmic coefficients of f satisfy the inequalities:

(i) If ¢ is convex, then
mal < 21, new, ®

2n
k ) 1 k |2

2 [l S;Z ,keN, ©)

n=1 n=1

and
v |Bn |2
Z lynl? < < Z " @)
(ii)  If @ is starlike with respect to 1, then
B

7l < '21',neN. ®

All inequalities in (5), (7), and (8) are sharp such that for any n € N, there is the function f, given by
1) _ 2f(2)
fn(2) f(z)

") and the function f given by = ¢(z), respectively.
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Proof. Suppose that f € S*(¢). Then considering the definition of S*(¢), it follows that

Z;Z(log (f(z))) = Z}CQS) —1<¢(z)—1=:¢(z), z€ U,

Z

which according to the logarithmic coefficients -y, of f given by (1), concludes
Y 2nyuz" < ¢(z), z € U.
=1

Now, for the proof of inequality (5), we assume that ¢ is convex in U. This implies that ¢(z) is
convex with ¢’(0) = By, and so by Lemma 4(i) we get

2n|ya| < |9'(0)] = |B1|, n €N,

and concluding the result.

f(z)

Next, for the proof of inequality (6), we define h(z) := — which is an analytic function, and it
satisfies the relation W) (2)
zh' (z)  zf'(z
= —1<¢(z),z€0, )
e~ @Y

as ¢ is convex in U with ¢(0) = 0.
On the other hand, it is well known that the function (see [17])

bo(z)zlog(l_z> i‘l

belongs to the class K, and for f € H,

) # bo (2 / £ 4y (10)

Now, by Lemma 2 and from (9), we obtain

ZZES) £ bo(2) < $(2) * bo(2).

Considering (10), the above relation becomes

(1)< [ 20

In addition, it has been proved in [18] that the class of convex univalent functions is closed under

2o(t)

0
considering the logarithmic coefficients v, of f given by (1) is equivalent to

convolution. Therefore, the function / 124t is convex univalent. In addition, the above relation

Znynz < Z

Applying Lemma 3, from the above subordination this gives

2

k 5 k |Bn
4 Z lvnl” < Z 2
n=1

n=1
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which yields the inequality in (6). Supposing that k — oo, we deduce that

and it concludes the inequality (7).
Finally, we suppose that ¢ is starlike with respect to 1 in U, which implies ¢(z) is starlike, and thus
by Lemma 4(ii), we obtain
2n|yn| < nl¢'(0)| = n|By|, n €N,

This implies the inequality in (8).
For the sharp bounds, it suffices to use the equality

d f(2) zf'(z)
—(1 — = -1
Zdz("g( z )) f&)
and so these results are sharp in inequalities (5), (6), and (8) such that for any n € N, there is the function

fn given by an”(iz)) = ¢(z") and the function f given by jj: (())

¢(z), respectively. This completes

the proof. O

In the following corollaries, we obtain the logarithmic coefficients 7, for two subclasses S* (x +
(1—a)e?) and S*(a + (1 — a)v/1 + z), which were defined by Khatter et al. in [19], and a + (1 — a)e?
and a + (1 — a)+/1 + z are the convex univalent functions in U. For a = 0, these results reduce to the
logarithmic coefficients v, for the subclasses S* (%) and S*(v/1 + z) (see [20,21]).

Corollary 1. For 0 < a < 1, let the function f € S*(a + (1 — a)e*). Then the logarithmic coefficients of f

satisfy the inequalities
1—ua

<
|r),7’l| 27’1 4 ne N
and )
& 1 & (1—w)*/(n!
5 ] § 00
n=1 n=1
These results are sharp such that for any n € N, there is the function f, given by ; 1 ((z)> =a+(1—a)

and the function f given by ;2()) =a+ (1—a)ef

Corollary 2. For 0 < a < 1, let the function f € S*(« + (1 — a)\/1 + z). Then the logarithmic coefficients
of f satisfy the inequalities
1—«

<
|’yn| — 47’1 4 ne N
and
% 1 (1-a))’
2
Z lvu|” < 1 Z 2 ne
n=1 n=1
. . ) zfn(z) 3
These results are sharp such that for any n € N, there is the function f, given by f2) a+ (1
n

a)\/1+ z" and the function f given by f;(j) =a+(1—a)Vl+z

The following corollary concludes the logarithmic coefficients 7, for a subclass S*(1 + sinz)
defined by Cho et al. in [22], in which considering the proof of Theorem 1 and Corollary 1, the convexity
radius for qo(z) = 1 +sinz is given by rg ~ 0.345.
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Corollary 3. Let the function f € S*(1+ sinz) where qo(z) is a convex univalent function for ry ~ 0.345 in
U. Then the logarithmic coefficients of f satisfy the inequalities

and

/
These results are sharp such that for any n € N, there is the function f, given by ZJ{” ((;)) = qo(z") and
n
. . zf'(z)
the function f given by @ = qo(2).

In the following result, we get the logarithmic coefficients 7, for a subclass S*(pi(z)) defined by
Kanas and Wisniowska in [23] (see also [24,25]), in which

pie(z) =1+ P (K)z+ Py (k)22 +- - -,

where pi(z) is a convex univalent function in U and

2 .
2 if 0<k<1,
Pk)={ 5 if k=1,

2 .
moiEnargv & k>1.

2 . T . .

A = £ arccosk and x(t) is the complete elliptic integral of the first kind.

Corollary 4. For 0 < k < oo, let the function f € S*(pk(z)). Then the logarithmic coefficients of f satisfy

the inequalities

Py (k)
2n 7

[7al < n € N.

z2fn(2)

This result is sharp such that for any n € N, there is the function fy, given by () = pi(2").
n

The following result concludes the logarithmic coefficients vy, for a subclass S* (\@ — (\f —

1) 1+2(1\;521)z> defined by Mendiratta et al. in [26], in which

1—2z 5-3y2 71-51V2
V2—(V2-1 =1+ z -+ 224,
( ) 1+2(vV2-1)z 2 8

Po(z) =

where ¢ is a convex univalent function in U.

Corollary 5. Let the function f € S* (x/i - (vV2-1), /1+2(1f22—1)z> Then the logarithmic coefficients of f
satisfy the inequalities
5-3V2

, N.
in ne

lva| <

!
This result is sharp such that for any n € N, there is the function fy given by 2},1((22)) = ¢o(z").
n
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The following results conclude the logarithmic coefficients 7y, for two subclasses S*(z 4+ V1 + z2)
and S§* (1 + m) defined by Krishna Raina and Sokét in [27] and Kargar et al. in [28], where

[eS) 1 2
z+V1I+2=1+4z+) (i) 2%,
n=1

and
z

m:1+z+2 nzzn+l, (0§0¢<1),

n=1

1+
respectively. These functions are univalent and starlike with respect to 1 in U.

Corollary 6. Let the function f € S*(z+ V1+22). Then the logarithmic coefficients of f satisfy
the inequalities

1
l7n| < 5 n € N.

!
This result is sharp such that for any n € N, there is the function f, given by ZJ{”((;)) =z"+ V1422,
n

Corollary 7. Let the function f € S*(1+ (1_272)), where 0 < & < 1. Then the logarithmic coefficients of f

satisfy the inequalities

!
This result is sharp such that for any n € N, there is the function f, given by ZJ{;”((;)) =1+ Ofm.
Remark 1. 1. Letting

1+ Az
" 1+Bz
=14+ (A—B)z—B(A—B)z22+B*(A-B)> +---

A-B & .
=1+{ A-8 Y (=) 1B%z", if B#0

¢(z)

B .5 (-1<B<A<]1),
Az, if B=0,

which is convex univalent in U in Theorem 1, then we get the results obtained by Ponnusamy et al. [7] (Theorem
2.1 and Corollary 2.3).

2. For A = ¢'®(e® — 2B cosa), where B € [0,1) and a € (—7/2,71/2) in the above expression, then we
get the results obtained by Ponnusamy et al. [7] (Theorem 2.5).

3. Taking

1 ®
q)(z) — <1+§> :1+2DCZ+206222+

83 +4a 5
76 ya

=1+ ) Au(a)Z", (0<a<1),

n=1

n
which is convex univalent in U, and A, (a) = ). (’;:}) (%)2 in Theorem 1, then we get the results obtained by
k=1

Ponnusamy et al. [7] (Theorem 2.6).
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4. Setting

=1+ ) GCuz", (a>1, B<1),

n=1

271i 1=t 7
- B—ua. 1—e" Fe
(p(z)—l—i—in ilog ——

— ‘1w
which is convex univalent in U, and C,, = B & (1 — M
by Kargar [5] (Theorems 2.2 and 2.3).

5. Letting

) in Theorem 1, then we get the results obtained

=1+ ) Duz", (n/2<6<m),

n=1

1 1+ ze®
p(z) =1+ 2isiné log (1 ~|—ze—i‘5>

(—=1)"lsinns

which is convex univalent in U, and D,, = -
nsind

Kargar [5] (Theorems 2.5 and 2.6).
6. Letting

in Theorem 1, then we get the results obtained by

14 cz> (@1+az)/2

¢(Z)=<1Z

which is convex univalent in U, and

A, = Zn: <Z_}) ((“1 +k0€2)/2)(1 + o)k

k=1

> ' Xy — &
=1+ 2 Anz", (0 <apap <1l c=e" g= 2 1),
n=1 ag + g

in Theorem 1, then we get the results obtained for |v,| by Kargar et al. [29] (Theorem 3.1). Moreover,
for g = ap = B, we get the result presented by Thomas in [30] (Theorem 1).

7. Let the function f € K (1— 1CZ ) = K(1—cz—cz?2—cz®+...), where c € (0,1]. It is

equivalent to

Re (1 + ZJ{,N(S))) <1+:.

Then we have (see e.g., [31] (Theorem 1))

(@) (1+0(1-2)

f(z) 14c—z ~7
1 1-
where a+ol-2) is a convex univalent function in U, and
l1+c—z
(14¢)(1—2) c c 5 =z
RSl Sl A I — cee=1— _
14c—z c+1° (c—i—1)2Z + Cn;l(1+c)”

Thus, applying Theorem 1, we get the results obtained by Obradovic et al. [4] (Theorem 2 and Corollary 2).

Theorem 2. Let the function f € K(¢). Then the logarithmic coefficients of f satisfy the inequalities

(11)
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B
%% if |4By + B?| < 4/B]|
72| < , , (12)
|4B, + BY| .
8 L if |4B, + B?| > 4|B;]
and if By, By, and Bs are real values,
|B1]
< —H(gq; 1
113l < S H(@q2), (13)

4By 2B,
By B

B B
where H(qy; q2) is given by Lemma 5, g, = 1+2 ,and qp = 22 . The bounds (11) and (12) are sharp.

Proof. Let f € K(¢). Then by the definition of the subordination, there is a w € Q with w(z) =
Y1 cnz" so that

zf"(z)

)

=¢(w(2))
=1+ Byc1z + (Byca + Bac3)z? + (Byes +2c162By + Bac3)2 + - - - .
From the above equation, we get that

2{12 = B1C1
6a3 — 4a3 = Bycy + Byc? (14)
12a4 — 18aza3 + 8&1% = Bycz 4+ 2c1¢By + B3C:1)’.

By substituting values a, (n =1, 2, 3) from (14) in (3), we have

B
271 = 71;1
2y 8Bicr + (832 + ZB%)C%
2 p—
48
4B, 2B,
B+ —= By + —
273 = B 3+ Lcicr+ Bi s
12 2 2 L

Firstly, for 71, by applying Lemma 1 we get |y1| < %, and this bound is sharp for |c;| = 1.

Next, applying Lemma 1 for 7,, we have

4|By|(1 —|c1|?) + [4B; + B ||y |

<
2] < 48
:4|Bl| + [|14By + BZ| — 4[By|] |c1]?
48
4|B| . 2
5 if |4By+ B3| < 4|B|
<
4B, + B?
L%%—ﬂ if |4B,+ B2| > 4|By|.

These bounds are sharp for ¢; = 0 and |c1| = 1, respectively.
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Finally, using Lemma 5 for <3, we obtain

4B 2B
Bl-i-iz BZ“’J

B
c3 + %0102 + %Ci’ < H(q1;92),

By

2|ys] S%
P )2

where g1 = — "L and g, = > "L Therefore, this completes the proof. [J

Remark 2. 1. Letting

cz
1-z
=14cz+c2+c+... (ce(0,3])

p(z) =1+

in Theorem 2, (for |y3| with respect to Dg) then we get the results obtained by Ponnusamy et al. [7] (Theorem
2.7 and Corollary 2.8).
2. Taking

czZ
(P(Z) =1- 1—z

2

=l—cz—cz>—c2+... (ce(0,1])

in Theorem 2, (for |7y3| respect to D) then we get the results obtained by Ponnusamy et al. [7] (Theorem 2.10).
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