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Abstract

:

This article is to study a three-point boundary value problem of Hadamard fractional p-Laplacian differential equation. When our nonlinearity grows (p−1)-superlinearly and (p−1)-sublinearly, the existence of positive solutions is obtained via fixed point index. Moreover, using an increasing operator fixed-point theorem, the uniqueness of positive solutions and uniform convergence sequences are also established.
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1. Introduction


In this paper, we study the existence and uniqueness of positive solutions for the Hadamard fractional p-Laplacian three-point boundary value problem


Dα(φp(Dβu(t)))=f(t,u(t)),t∈(1,e),Dβu(1)=Dβu(e)=0,u(1)=u′(1)=0,u(e)=au(ξ),



(1)




where α∈(1,2], β∈(2,3], and Dα,Dβ are respectively the Hadamard fractional derivatives of orders α,β; ξ∈(1,e), and a≥0 with a(logξ)β−1∈[0,1); note φp(s)=|s|p−2s is the p-Laplacian for p>1,s∈R.



Arafa et al. [1] introduced a fractional-order HIV-1 infection of CD4+T cells dynamics model and then used the generalised Euler method to find a numerical solution of the HIV-1 infection fractional order model: the model is


Dα1(T)=s−KVT−dT+bI,Dα2(I)=KVT−(b+δ)I,Dα3(V)=NδI−cV,








where Dαi(i=1,2,3) are fractional-order derivatives. Nonlinear analysis methods (such as fixed-point theorems, Leray–Schauder alternative, subsolution and supersolution methods and iterative techniques) are used to study various kinds of fractional-order equations (most of these results involve the Riemann–Liouville and Caputo-type fractional derivatives); see [2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,41,42,43,44,45,46,47,48,49,50,51,52] and the references therein. In [2], the authors used a double iterative technique to study the unique solution of the p-Laplacian fractional boundary value problem


−Dxα(φp(−Dxγz))(x)=f(x,z(x)),0<x<1,z(0)=0,Dxγz(0)=Dxγz(1)=0,z(1)=∫01z(x)dχ(x),



(2)




where Dxα,Dxγ are the standard Riemann–Liouville derivatives. For the unique solution, they constructed uniform converged sequences, and provided estimates on the error and the convergence rate. In [3], the authors adopted some fixed-point theorems on cones to study the unique solution for the fractional p-Laplacian boundary value problem


D0+βφp(D0+αu(t))+f(t,u(t))=0,t∈(0,1),u(0)=u′(1)=u″(0)=D0+αu(0)=0,



(3)




where D0+α,D0+β are the Caputo fractional derivatives and they presented iterative schemes for the unique solution when f doesn’t satisfy a Lipschitz condition. When nonlinearities satisfy a Lipschitz condition, we refer the reader to [4,5,6,7,8,9]. For example, the authors in [4] used Banach’s contraction mapping principle to study the unique solution for the fractional Dirichlet boundary value problem


D0+αu(t)+f(t,u(t),u′(t))=0,t∈(0,1),u(0)=u(1)=0,



(4)




where D0+α denotes the Riemann–Liouville fractional derivative. Positive solutions [16,17,18,19,20,21,22,23,24,25,26,27,28,29,30,31,32,33,34,35] and nontrivial solutions [36,37,38,39,40,41,42,43,44,45,46,47,48,49,50,51,52] were also studied for fractional-order equations. For example, the authors in [16] used the Guo–Krasnoselskii’s fixed-point theorem and the Leggett–Williams fixed-point theorem to study the existence and multiplicity of positive solutions for the fractional boundary-value problem


Dα(φp(Dαu(t)))=f(t,u(t)),t∈[0,1]T,u(0)=u(σ(1))=Dαu(0)=Dαu(σ(1))=0,



(5)




where Dα is the conformable fractional derivative on time scales. In [17], the authors studied positive solutions for the fractional system


D0+β1(φp(D0+α1u(t)))+λ1f1(t,u(t),v(t))=0,t∈(0,1),D0+β2(φp(D0+α2u(t)))+λ2f2(t,u(t),v(t))=0,t∈(0,1),u(0)=u′(0)=⋯=u(n−2)(0)=0,φp(D0+α1u(0))=(φp(D0+α1u(1)))′=0,v(0)=v′(0)=⋯=v(m−2)(0)=0,φp(D0+α2v(0))=(φp(D0+α2v(1)))′=0,u(1)=μ1∫01g1(s)v(s)dA1(s),v(1)=μ2∫01g2(s)u(s)dA2(s)



(6)




and obtained existence and nonexistence of positive solutions, and considered the impact of parameters on solutions. In [36], the authors used the Kuratowski noncompactness measure and the Sadovskii fixed-point theorem to study the impulsive fractional differential equations with the p-Laplacian operator


D0+β(φp(D0+αx))(t)=f(t,x(t),x′(t)),t∈(0,1),Δx(t)|t=tk=Ik(x(tk)),Δx′(t)|t=tk=Jk(x(tk)),D0+αx(0)=0,x(0)=x′(0)=∫01a1(x(s))ds,x(1)=x′(1)=∫01a2(x(s))ds.



(7)







Hadamard fractional-order problems were briefly discussed in the literature; see [53,54,55,56,57,58,59,60,61,62,63,64,65,66,67,68,69,70,71,72] and the references therein. Yang in [53] used the comparison principle and the monotone iterative technique combined with the subsolution and supersolution method to study the existence of extremal solutions for Hadamard fractional differential equations with Cauchy initial value conditions


(Da+αx)(t)=f(t,x(t),y(t)),(Ja+1−αx)(a+)=x0*,α∈(0,1],t∈(a,b],(Da+αy)(t)=g(t,x(t),y(t)),(Ja+1−αy)(a+)=y0*,α∈(0,1],t∈(a,b],



(8)




where Da+α, Ja+α are the left-sided Hadamard fractional derivative and integral of order α, respectively. In [54], the authors used fixed point methods to study the existence of positive solutions for Hadamard fractional integral boundary value problems


Dβ(φp(Dαu(t)))=f(t,u(t)),t∈(1,e),u(1)=Dαu(1)=u′(1)=u′(e)=0,φp(Dαu(e))=μ∫1eφp(Dαu(t))dtt.



(9)







In this paper, we study the existence of positive solutions for the Hadamard fractional p-Laplacian three-point boundary value problem (1). Note: (i) we establish some relations from the corresponding problem without the p-Laplacian operator, and use some (p−1)-superlinearly and (p−1)-sublinearly conditions for the nonlinearity to obtain positive solutions for (1); (ii) using an increasing operator fixed-point theorem, we obtain the unique solution for (1), and establish uniformconverged sequences for this solution.




2. Preliminaries


In this paper, we only provide the definition for the Hadamard fractional derivative; for more details about Hadamard fractional calculus, see the book [73].



Definition 1.

The Hadamard derivative of fractional order q for a function g:[1,∞)→R is defined as


Dqg(t)=1Γ(n−q)tddtn∫1tlogt−logsn−q−1g(s)dss,n−1<q<n,








where n=[q]+1, [q] denotes the integer part of the real number q and log(·)=loge(·).





In what follows, we calculate the Green’s functions associated with (1). We let φp(Dβu(t))=−v(t) for t∈[1,e]. Then, from (1) we obtain


−Dαv(t)=f(t,u(t)),t∈(1,e),v(1)=v(e)=0.



(10)







Lemma 1.

The boundary value problem (10) takes the form


v(t)=∫1eGα(t,s)f(s,u(s))dss,



(11)




where


Gα(t,s)=1Γ(α)(logt)α−1(1−logs)α−1−(logt−logs)α−1,1≤s≤t≤e,(logt)α−1(1−logs)α−1,1≤t≤s≤e.













Proof. 

We use ideas in Lemma 2 of [59]. For some ci∈R(i=1,2), we have


v(t)=c1(logt)α−1+c2(logt)α−2−1Γ(α)∫1t(logt−logs)α−1f(s,u(s))dss.











From the condition v(1)=0, we have c2=0. Hence,


v(t)=c1(logt)α−1−1Γ(α)∫1t(logt−logs)α−1f(s,u(s))dss.











Substituting e into the above equation, and using u(e)=0, we obtain


v(e)=c1−1Γ(α)∫1e(1−logs)α−1f(s,u(s))dss=0.











Then,


c1=1Γ(α)∫1e(1−logs)α−1f(s,u(s))dss=0.











Consequently, we have


v(t)=1Γ(α)∫1e(logt)α−1(1−logs)α−1f(s,u(s))dss−1Γ(α)∫1t(logt−logs)α−1f(s,u(s))dss=∫1eGα(t,s)f(s,u(s))dss.











This completes the proof. □





Note that φp(Dβu(t))=−v(t). Then, φp(−Dβu(t))=v(t) and −Dβu(t)=φq(v(t)), where q is a constant with q−1+p−1=1. Then, from (1), we have


−Dβu(t)=φq(v(t)),t∈(1,e),u(1)=u′(1)=0,u(e)=au(ξ).



(12)







Lemma 2.

The boundary value problem (12) is equivalent to the integral equation


u(t)=∫1eGβ(t,s)φqv(s)dss,



(13)




where


G1β(t,s)=1Γ(β)(logt)β−1(1−logs)β−1−(logt−logs)β−1,1≤s≤t≤e,(logt)β−1(1−logs)β−1,1≤t≤s≤e,Gβ(t,s)=G1β(t,s)+a(logt)β−1(1−a(logξ)β−1)Γ(β)G1β(ξ,s).



(14)









Proof. 

We follow the ideas in Lemma 1. For some ci∈R(i=1,2,3), we have


u(t)=c1(logt)β−1+c2(logt)β−2+c3(logt)β−3−1Γ(β)∫1t(logt−logs)β−1φqv(s)dss.











Then, u(1)=u′(1)=0 implies c2=c3=0. Consequently, we have


u(t)=c1(logt)β−1−1Γ(β)∫1t(logt−logs)β−1φqv(s)dss.











Substituting e,ξ into the above equation, and using u(e)=au(ξ), we obtain


c1−1Γ(β)∫1e(1−logs)β−1φqv(s)dss=ac1(logξ)β−1−aΓ(β)∫1ξ(logξ−logs)β−1φqv(s)dss.











Solving this equation, we have


c1=1(1−a(logξ)β−1)Γ(β)∫1e(1−logs)β−1φqv(s)dss−a(1−a(logξ)β−1)Γ(β)∫1ξ(logξ−logs)β−1φqv(s)dss.











As a result, we obtain


u(t)=(logt)β−1(1−a(logξ)β−1)Γ(β)∫1e(1−logs)β−1φqv(s)dss−a(logt)β−1(1−a(logξ)β−1)Γ(β)∫1ξ(logξ−logs)β−1φqv(s)dss−1Γ(β)∫1t(logt−logs)β−1φqv(s)dss=(logt)β−1(1−a(logξ)β−1)Γ(β)∫1e(1−logs)β−1φqv(s)dss−a(logt)β−1(1−a(logξ)β−1)Γ(β)∫1ξ(logξ−logs)β−1φqv(s)dss−1Γ(β)∫1t(logt−logs)β−1φqv(s)dss+1Γ(β)∫1e(logt)β−1(1−logs)β−1φqv(s)dss−1Γ(β)∫1e(logt)β−1(1−logs)β−1φqv(s)dss=∫1eG1β(t,s)φqv(s)dss+a(logt)β−1(1−a(logξ)β−1)Γ(β)∫1e(logξ)β−1(1−logs)β−1φqv(s)dss−a(logt)β−1(1−a(logξ)β−1)Γ(β)∫1ξ(logξ−logs)β−1φqv(s)dss=∫1eG1β(t,s)φqv(s)dss+a(logt)β−1(1−a(logξ)β−1)Γ(β)∫1eG1β(ξ,s)φqv(s)dss=∫1eGβ(t,s)φqv(s)dss.











This completes the proof. □





Note v(t)=∫1eGα(t,s)f(s,u(s))dss,t∈[1,e], and we have that (1) is equivalent to the Hammerstein type integral equation


u(t)=∫1eGβ(t,s)φq∫1eGα(s,τ)f(τ,u(τ))dττdss.



(15)







Let E:=C[1,e],∥u∥:=maxt∈[1,e]|u(t)|,P:={u∈E:u(t)≥0,∀t∈[1,e]}. Then, (E,∥·∥) is a real Banach space and P a cone on E. From (15), we define an operator A:E→E as follows:


(Au)(t)=∫1eGβ(t,s)φq∫1eGα(s,τ)f(τ,u(τ))dττdss,u∈E.



(16)







Note that our functions Gα,Gβ,f are continuous, so the operator A is a completely continuous operator. Moreover, if there is a u∈E is a fixed point of A, then from Lemmas 1–2, we have that u is a solution for (1). Therefore, in what follows, we turn to study the existence of fixed points of the operator A.



Lemma 3.

(see [21] (Lemma 3.2). Let β∈(n−1,n], and n≥3. Then, the function G has the properties:



(R1) G(t,s)=G(1−s,1−t), for t,s∈[0,1],



(R2) tβ−1(1−t)s(1−s)β−1≤Γ(β)G(t,s)≤(β−1)s(1−s)β−1, for t,s∈[0,1],



(R3) tβ−1(1−t)s(1−s)β−1≤Γ(β)G(t,s)≤(β−1)tβ−1(1−t), for t,s∈[0,1], where


G(t,s)=1Γ(β)tβ−1(1−s)β−1−(t−s)β−1,0≤s≤t≤1,tβ−1(1−s)β−1,0≤t≤s≤1.













Lemma 4.

Let ϕ(t)=(logt)β−1(1−logt)Γ(β),η(s)=logs(1−logs)β−1Γ(β), for t,s∈[1,e]. Then, the functions Gα,Gβ have the properties:



(I1) Gα∈C([1,e]×[1,e],R+) and Γ(α)Gα(t,s)≤1, for t,s∈[1,e],



(I2) ϕ(t)η(s)(1−a(logξ)β−1+aϕ(ξ))Γ(β)1−a(logξ)β−1≤Gβ(t,s)≤(a+(1−a(logξ)β−1)Γ(β))(β−1)(1−a(logξ)β−1)Γ(β)η(s), for t,s∈[1,e],



(I3) Gβ(t,s)≤(1−a(logξ)β−1+aϕ(ξ))(β−1)(logt)β−1(1−a(logξ)β−1)Γ(β), for t,s∈[1,e].





Proof. 

From the definition of Gα, we easily have (I1). From Lemma 3, in G(t,s), using logt,logs to replace t,s, we have


Γ(β)ϕ(t)η(s)≤G1β(t,s)≤(β−1)η(s),fort,s∈[1,e],



(17)




and


G1β(t,s)≤(β−1)ϕ(t),fort,s∈[1,e].



(18)







Consequently, from (17), we have


Gβ(t,s)=G1β(t,s)+a(logt)β−1(1−a(logξ)β−1)Γ(β)G1β(ξ,s)≤(β−1)η(s)+a(logt)β−1(1−a(logξ)β−1)Γ(β)(β−1)η(s)=(a+(1−a(logξ)β−1)Γ(β))(β−1)(1−a(logξ)β−1)Γ(β)η(s),fort,s∈[1,e],








and


Gβ(t,s)=G1β(t,s)+a(logt)β−1(1−a(logξ)β−1)Γ(β)G1β(ξ,s)≥Γ(β)ϕ(t)η(s)+a(logt)β−1(1−a(logξ)β−1)Γ(β)Γ(β)ϕ(ξ)η(s)≥Γ(β)ϕ(t)η(s)+a(logt)β−1(1−logt)(1−a(logξ)β−1)Γ(β)Γ(β)ϕ(ξ)η(s)=Γ(β)ϕ(t)η(s)+a1−a(logξ)β−1Γ(β)ϕ(t)ϕ(ξ)η(s)=Γ(β)ϕ(t)η(s)1−a(logξ)β−1+aϕ(ξ)1−a(logξ)β−1,fort,s∈[1,e].











This implies that (I2) holds. Finally, from (18), we obtain


Gβ(t,s)=G1β(t,s)+a(logt)β−1(1−a(logξ)β−1)Γ(β)G1β(ξ,s)≤(β−1)(logt)β−1(1−logt)Γ(β)+a(logt)β−1(1−a(logξ)β−1)Γ(β)(β−1)ϕ(ξ)≤(β−1)(logt)β−1Γ(β)1+aϕ(ξ)1−a(logξ)β−1=(1−a(logξ)β−1+aϕ(ξ))(β−1)(logt)β−1(1−a(logξ)β−1)Γ(β),fort,s∈[1,e].











Thus, (I3) holds. This completes the proof. □





For convenience, we define three positive constants


κ1=(1−a(logξ)β−1+aϕ(ξ))Γ(β)1−a(logξ)β−1,κ2=(a+(1−a(logξ)β−1)Γ(β))(β−1)(1−a(logξ)β−1)Γ(β),










κ3=(1−a(logξ)β−1+aϕ(ξ))(β−1)(1−a(logξ)β−1)Γ(β).











Lemma 5.

Let z∈P and μ(τ)=∫1eη(s)Gα(s,τ)dss, for τ∈[1,e]. Then, we have the following two integral inequalities


∫1eGβ(t,s)∫1eGα(s,τ)z(τ)dττdss≥κ1ϕ(t)∫1ez(τ)μ(τ)dττ,fort∈[1,e],



(19)




and


∫1eGβ(t,s)∫1eGα(s,τ)z(τ)dττdss≤κ2∫1ez(τ)μ(τ)dττ,fort∈[1,e].



(20)







This is a direct result from Lemma 4(I2), so we omit the details.





Lemma 6.

(see [74] (Lemma 2.6)). Let θ>0 and φ∈P. Then,


∫01φ(t)dtθ≤∫01φθ(t)dt,ifθ≥1,and∫01φ(t)dtθ≥∫01φθ(t)dt,if0<θ≤1.













Lemma 7.

(see [75]). Let E be a real Banach space and P a cone on E. Suppose that Ω⊂E is a bounded open set and that A:Ω¯∩P→P is a continuous compact operator. If there exists a ω0∈P\{0} such that


ω−Aω≠λω0,∀λ≥0,ω∈∂Ω∩P,








then i(A,Ω∩P,P)=0, where i denotes the fixed point index on P.





Lemma 8.

(see [75]). Let E be a real Banach space and P a cone on E. Suppose that Ω⊂E is a bounded open set with 0∈Ω and that A:Ω¯∩P→P is a continuous compact operator. If


ω−λAω≠0,∀λ∈[0,1],ω∈∂Ω∩P,








then i(A,Ω∩P,P)=1.





Lemma 9.

(see [75]). Let E be a partially ordered Banach space, and x0,y0∈E with x0≤y0, D=[x0,y0]. Suppose that A:D→E satisfies the following conditions:



(i) A is an increasing operator;



(ii) x0≤Ax0,y0≥Ay0, i.e., x0 and y0 is a subsolution and a supersolution of A;



(iii) A is a completely continuous operator.



Then, A has the smallest fixed point x* and the largest fixed point y* in [x0,y0], respectively. Moreover, x*=limn→∞Anx0 and y*=limn→∞Any0.






3. Positive Solutions for (1)


For convenience, let


κ3=κ1∫1eμ(t)ϕ(t)dtt,κ4=κ2∫1eμ(t)dtt.











First, we list assumptions for our nonlinearity f:



(H1) f∈C([0,1]×R+,R+),



(H2) there exist c1>0,a1>κ31−p,1<p≤2,κ31−pΓ2−p(α),p≥2, such that


f(t,z)≥a1zp−1−c1,∀(t,z)∈[1,e]×R+,








(H3) there exist r1>0,a2∈(0,κ41−pΓ2−p(α)),1<p≤2,(0,κ4−1κ32−p),p≥2, such that


f(t,z)≤a2zp−1,∀(t,z)∈[1,e]×[0,r1],








(H4) there exist r2>0,a3>κ31−p,1<p≤2,κ31−pΓ2−p(α),p≥2, such that


f(t,z)≥a3zp−1,∀(t,z)∈[1,e]×[0,r2],








(H5) there exist c2>0,a4∈(0,κ41−p2p−2Γ2−p(α)),1<p≤2,(0,κ4−1κ32−p),p≥2, such that


f(t,z)≤a4zp−1+c2,∀(t,z)∈[1,e]×R+,








(H6) there exists k∈(0,1) such that f(t,λu)≥λk(p−1)f(t,u),∀λ∈[0,1],t∈[1,e].



(H7) f(t,u) is increasing with respect to u, i.e., f(t,u1)≤f(t,u2) if u1≤u2, and f(t,0)≢0, ∀t∈[1,e].



Let


P0=z∈P:z(t)≥(1−a(logξ)β−1+aϕ(ξ))Γ2(β)(a+(1−a(logξ)β−1)Γ(β))(β−1)ϕ(t)∥z∥,∀t∈[1,e]=z∈P:z(t)≥κ1κ2ϕ(t)∥z∥,∀t∈[1,e].











Then, we have the following lemma.



Lemma 10.

Suppose that (H1) holds. Then, A(P)⊂P0.





Proof. 

From Lemma 4(I2), for u∈P, we have


(Au)(t)=∫1eGβ(t,s)φq∫1eGα(s,τ)f(τ,u(τ))dττdss≤∫1e(a+(1−a(logξ)β−1)Γ(β))(β−1)(1−a(logξ)β−1)Γ(β)η(s)φq∫1eGα(s,τ)f(τ,u(τ))dττdss,








and


(Au)(t)≥∫1eΓ(β)ϕ(t)η(s)1−a(logξ)β−1+aϕ(ξ)1−a(logξ)β−1φq∫1eGα(s,τ)f(τ,u(τ))dττdss=(1−a(logξ)β−1+aϕ(ξ))Γ2(β)(a+(1−a(logξ)β−1)Γ(β))(β−1)ϕ(t)∫1e(a+(1−a(logξ)β−1)Γ(β))(β−1)(1−a(logξ)β−1)Γ(β)η(s)·φq∫1eGα(s,τ)f(τ,u(τ))dττdss≥(1−a(logξ)β−1+aϕ(ξ))Γ2(β)(a+(1−a(logξ)β−1)Γ(β))(β−1)ϕ(t)∥Au∥,fort∈[1,e].











Therefore, (Au)(t)≥(1−a(logξ)β−1+aϕ(ξ))Γ2(β)(a+(1−a(logξ)β−1)Γ(β))(β−1)ϕ(t)∥Au∥,fort∈[1,e]. This completes the proof. □





Let Bρ={u∈P:∥u∥<ρ}, for ρ>0.



Theorem 1.

Suppose that (H1)–(H3) hold. Then, (1) has at least one positive solution.





Proof. 

Let S1={u∈P:u=Au+λψ,∀λ≥0}, where ψ∈P0 is a fixed element. We prove that S1 is bounded in P. If u∈S1, then, from Lemma 10, we have u∈P0, and u(t)≥(Au)(t) for t∈[1,e]. Now, we consider two cases. □





Case 1. Let p≥2. Then, we have 1p−1∈(0,1]. From (H2), we have


f1p−1(t,z)+c11p−1≥(f(t,z)+c1)1p−1≥(a1zp−1)1p−1=a11p−1z,for(t,z)∈[1,e]×R+.











Consequently, from (19) and Lemma 6, we obtain


u(t)≥∫1eGβ(t,s)∫1eGα(s,τ)f(τ,u(τ))dττ1p−1dss=Γ−1p−1(α)∫1eGβ(t,s)∫1eΓ(α)Gα(s,τ)f(τ,u(τ))dττ1p−1dss=Γ−1p−1(α)∫1eGβ(t,s)∫1eΓ(α)Gα(s,τ)f(τ,u(τ))dlogτ1p−1dss=Γ−1p−1(α)∫1eGβ(t,s)∫01Γ(α)Gα(s,ex)f(ex,u(ex))dx1p−1dss≥Γ−1p−1(α)∫1eGβ(t,s)∫01(Γ(α)Gα(s,ex))1p−1f1p−1(ex,u(ex))dxdss≥Γ−1p−1(α)∫1eGβ(t,s)∫01(Γ(α)Gα(s,ex))f1p−1(ex,u(ex))dxdss=Γp−2p−1(α)∫1eGβ(t,s)∫1eGα(s,τ)f1p−1(τ,u(τ))dττdss≥κ1ϕ(t)Γp−2p−1(α)∫1eμ(τ)f1p−1(τ,u(τ))dττ≥κ1ϕ(t)Γp−2p−1(α)∫1eμ(τ)a11p−1u(τ)−c11p−1dττ.



(21)







Multiplying by μ(t) on both sides of (21) and integrating over [1,e], we obtain


∫1eu(t)μ(t)dtt≥κ1Γp−2p−1(α)∫1eμ(t)ϕ(t)dtt∫1eμ(t)a11p−1u(t)−c11p−1dtt=κ3Γp−2p−1(α)∫1eμ(t)a11p−1u(t)−c11p−1dtt.











Solving this inequality, we have


∫1eu(t)μ(t)dtt≤κ3c11p−1Γp−2p−1(α)∫1eμ(t)dttκ3a11p−1Γp−2p−1(α)−1.











Note that, for u∈P0, we get


∫1eκ1κ2ϕ(t)∥u∥μ(t)dtt≤κ3c11p−1Γp−2p−1(α)∫1eμ(t)dttκ3a11p−1Γp−2p−1(α)−1,and∥u∥≤κ4c11p−1Γp−2p−1(α)κ3a11p−1Γp−2p−1(α)−1.











Case 2. Let p∈(1,2]. Then, we have p−1∈(0,1]. Note that Gβ(t,s)κ3≤1, for t,s∈[1,e], by (H2), (19) and Lemma 6 we have


up−1(t)≥∫1eGβ(t,s)∫1eGα(s,τ)f(τ,u(τ))dττ1p−1dssp−1=κ3p−1∫1eGβ(t,s)κ3∫1eGα(s,τ)f(τ,u(τ))dττ1p−1dlogsp−1=κ3p−1∫01Gβ(t,ex)κ3∫1eGα(ex,τ)f(τ,u(τ))dττ1p−1dxp−1≥κ3p−1∫01Gβ(t,ex)κ3p−1∫1eGα(ex,τ)f(τ,u(τ))dττdx≥κ3p−2∫1eGβ(t,s)∫1eGα(s,τ)f(τ,u(τ))dττdss≥κ1κ3p−2ϕ(t)∫1eμ(τ)f(τ,u(τ))dττ≥κ1κ3p−2ϕ(t)∫1eμ(τ)(a1up−1(τ)−c1)dττ.



(22)







Multiplying by μ(t) on both sides of (22) and integrating over [1,e], we conclude that


∫1eμ(t)up−1(t)dtt≥κ1κ3p−2∫1eμ(t)ϕ(t)dtt∫1eμ(t)(a1up−1(t)−c1)dtt.











Solving this inequality, we have


∫1eμ(t)up−1(t)dtt≤κ3p−1c1∫1eμ(t)dttκ3p−1a1−1.











Noting that u∈P0, we have


∥u∥p−1≤κ3p−1κ2p−2κ11−pc1κ4κ3p−1a1−1∫1eμ(t)ϕp−1(t)dtt−1.











The above two cases imply that S1 is bounded in P. Then, we can choose


R1>κ3p−1κ2p−2κ11−pc1κ4κ3p−1a1−1∫1eμ(t)ϕp−1(t)dtt−1p−1,1<p≤2,κ4c11p−1Γp−2p−1(α)κ3a11p−1Γp−2p−1(α)−1,p≥2,








such that


u≠Au+λψ,foru∈∂BR1∩P,∀λ≥0.











As a result, Lemma 7 implies that


i(A,BR1∩P,P)=0.



(23)







For r1 in (H3), we now prove that


u≠λAu,foru∈∂Br1∩P,∀λ∈[0,1].



(24)







If this claim isn’t true, then there exist u∈∂Br1∩P and λ∈[0,1] such that u=λAu, and u(t)≤(Au)(t), for t∈[1,e]. Now, we consider two cases.



Case 1. Let p≥2. Then, we have p−1≥1. From (20), (H3) and Lemma 6, we get


up−1(t)≤∫1eGβ(t,s)∫1eGα(s,τ)f(τ,u(τ))dττ1p−1dssp−1=κ3p−1∫01Gβ(t,ex)κ3∫1eGα(ex,τ)f(τ,u(τ))dττ1p−1dxp−1≤κ3p−2∫01Gβ(t,ex)∫1eGα(ex,τ)f(τ,u(τ))dττdx=κ3p−2∫1eGβ(t,s)∫1eGα(s,τ)f(τ,u(τ))dττdss≤κ3p−2κ2∫1eμ(τ)a2up−1(τ)dττ.



(25)







Multiplying by μ(t) on both sides of (25) and integrating over [1,e], we find


∫1eμ(t)up−1(t)dtt≤κ3p−2a2κ4∫1eμ(t)up−1(t)dtt.











This implies that


∫1eμ(t)up−1(t)dtt=0,andu(t)≡0,fort∈[1,e],








since μ(t)¬≡0, for t∈[1,e]. This contradicts u∈∂Br1∩P, r1>0.



Case 2. Let p∈(1,2]. Then, we have 1p−1≥1. From (20), (H3) and Lemma 6, we obtain


u(t)≤∫1eGβ(t,s)∫1eGα(s,τ)f(τ,u(τ))dττ1p−1dss=Γ−1p−1(α)∫1eGβ(t,s)∫01Γ(α)Gα(s,ex)f(ex,u(ex))dx1p−1dss≤Γ−1p−1(α)∫1eGβ(t,s)∫01(Γ(α)Gα(s,ex))1p−1f1p−1(ex,u(ex))dxdss≤Γp−2p−1(α)∫1eGβ(t,s)∫1eGα(s,τ)f1p−1(τ,u(τ))dττdss≤Γp−2p−1(α)κ2∫1eμ(τ)a21p−1u(τ)dττ.



(26)







Multiplying by μ(t) on both sides of the preceding inequalities and integrating over [1,e], we find


∫1eμ(t)u(t)dtt≤Γp−2p−1(α)κ4a21p−1∫1eμ(t)u(t)dtt.











Note that μ(t)¬≡0, for t∈[1,e], and this implies that


∫1eμ(t)up−1(t)dtt=0,andu(t)≡0,fort∈[1,e].











This contradicts u∈∂Br1∩P, r1>0.



Combining the above two cases, we have that (24) holds. Then, from Lemma 8, we obtain


i(A,Br1∩P,P)=1.



(27)







Note that we can also take R1>r1 such that (23) is still true. Thus, from (23) and (27), we have


i(A,(BR1∖B¯r1)∩P,P)=i(A,BR1∩P,P)−i(A,Br1∩P,P)=−1,








and hence A has at least one fixed point in (BR1\B¯r1)∩P, i.e., (1) has at least one positive solution. This completes the proof.



Theorem 2.

Suppose that (H1), and (H4)–(H5) hold. Then, (1) has at least one positive solution.





Proof. 

We can use similar methods as in Theorem 1 to provide the proof. We first prove that


u≠Au+λψ˜,foru∈∂Br2∩P,∀λ≥0,



(28)




where ψ˜∈P is a given element, and r2 is defined in (H4). Otherwise, there exist u∈∂Br2∩P and λ≥0 such that u=Au+λψ˜, and thus u(t)≥(Au)(t), for t∈[1,e]. Now, we consider two cases. □





Case 1. Let p≥2. Then, we have 1p−1∈(0,1]. Using (21) and (H4), we conclude


u(t)≥κ1ϕ(t)Γp−2p−1(α)∫1eμ(τ)f1p−1(τ,u(τ))dττ≥κ1ϕ(t)Γp−2p−1(α)∫1eμ(τ)a31p−1u(τ)dττ.











Multiplying by μ(t) on both sides of the preceding inequalities and integrating over [1,e], we find


∫1eμ(t)u(t)dtt≥a31p−1κ1Γp−2p−1(α)∫1eϕ(t)μ(t)dtt∫1eμ(t)u(t)dtt.











This implies that


∫1eμ(t)u(t)dtt=0,andu(t)≡0,fort∈[1,e],








since μ(t)≢0, for t∈[1,e]. This contradicts u∈∂Br2∩P, r2>0.



Case 2. Let p∈(1,2]. Then, we have p−1∈(0,1]. Using (22) and (H4), we obtain


up−1(t)≥κ1κ3p−2ϕ(t)∫1eμ(τ)f(τ,u(τ))dττ≥κ1κ3p−2ϕ(t)∫1eμ(τ)a3up−1(τ)dττ.











Multiplying by μ(t) on both sides of the preceding inequalities and integrating over [1,e], we find


∫1eμ(t)up−1(t)dtt≥a3κ1κ3p−2∫1eϕ(t)μ(t)dtt∫1eμ(t)up−1(t)dtt.











This implies that


∫1eμ(t)up−1(t)dtt=0,andu(t)≡0,fort∈[1,e],








since μ(t)≢0, for t∈[1,e]. This contradicts u∈∂Br2∩P, r2>0.



As a result, we have that (28) holds, and Lemma 7 implies that


i(A,Br2∩P,P)=0.



(29)







Let S2={u∈P:u=λAu,∀λ∈[0,1]}. Then, we claim that S2 is bounded in P. Indeed, if u∈S2, then from Lemma 10 we have u∈P0, and u(t)≤(Au)(t), for t∈[1,e]. Now, we consider two cases.



Case 1. Let p≥2. Then, we have p−1≥1. Using (25) and (H5), we have


up−1(t)≤κ3p−2κ2∫1eμ(τ)(a4up−1(τ)+c2)dττ.











Multiplying by μ(t) on both sides of the preceding inequalities and integrating over [1,e], we find


∫1eμ(t)up−1(t)dtt≤κ3p−2κ4∫1eμ(t)(a4up−1(t)+c2)dtt.











Solving this inequality, we have


∫1eμ(t)up−1(t)dtt≤κ3p−2c2κ4∫1eμ(t)dtt1−κ3p−2a4κ4.











Note that u∈P0, and we have


∥u∥p−1≤κ3p−2κ2p−2κ11−pc2κ421−κ3p−2a4κ4∫1eμ(t)ϕp−1(t)dtt−1.











Case 2. Let p∈(1,2]. Then, we have 1p−1≥1. Using (26) and (H5), we obtain


u(t)≤Γp−2p−1(α)κ2∫1eμ(τ)(a4up−1(τ)+c2)1p−1dττ≤Γp−2p−1(α)22−pp−1κ2∫1eμ(t)(a41p−1u(t)+c21p−1)dtt.











Multiplying by μ(t) on both sides of the preceding inequalities and integrating over [1,e], we find


∫1eμ(t)u(t)dtt≤Γp−2p−1(α)22−pp−1κ4∫1eμ(t)(a41p−1u(t)+c21p−1)dtt.











Solving this inequality, we have


∫1eμ(t)u(t)dtt≤Γp−2p−1(α)22−pp−1c21p−1κ42κ2(1−Γp−2p−1(α)22−pp−1a41p−1κ4).











Noting that u∈P0, we have


∥u∥≤Γp−2p−1(α)22−pp−1c21p−1κ42κ3(1−Γp−2p−1(α)22−pp−1a41p−1κ4).











Combining the above two cases, we have proved that S2 is bounded in P. Then, we can choose R2>r2 and


R2>Γp−2p−1(α)22−pp−1c21p−1κ42κ3(1−Γp−2p−1(α)22−pp−1a41p−1κ4),1<p≤2,κ3p−2κ2p−2κ11−pc2κ421−κ3p−2a4κ4∫1eμ(t)ϕp−1(t)dtt−1p−1,p≥2,








such that


u≠λAu,foru∈∂BR2∩P,∀λ∈[0,1].



(30)







Then, from Lemma 8, we have


i(A,BR2∩P,P)=1.



(31)







Thus, from (29) and (31), we have


i(A,(BR2∖B¯r2)∩P,P)=i(A,BR2∩P,P)−i(A,Br2∩P,P)=1,








and hence A has at least one fixed point in (BR2∖B¯r2)∩P, i.e., (1) has at least one positive solution. This completes the proof.



In what follows, we consider the uniqueness of positive solutions for (1) with the boundary conditions Dβu(1)=Dβu(e)=0,u(1)=u′(1)=u(e)=0. This problem is equivalent to the Hammerstein type integral equation


u(t)=∫1eGβ(t,s)φq∫1eGα(s,τ)f(τ,u(τ))dττdss,



(32)




where Gβ(t,s)=G1β(t,s) for t,s∈[1,e]. Note that here we still use the operator A as in (16).



Lemma 11.

Let w0(t)=∫1eGβ(t,s)dss for t∈[1,e]. Then, for all nonnegative functions w∈C[1,e](≢0), there exist two positive aw,bw(aw≤bw) such that


aww0(t)≤∫1eGβ(t,s)w(s)dss≤bww0(t),fort∈[1,e].



(33)









Proof. 

We first calculate w0. From (14), we have


∫1eGβ(t,s)dss=1Γ(β)∫1t(logt)β−1(1−logs)β−1−(logt−logs)β−1dss+1Γ(β)∫te(logt)β−1(1−logs)β−1dss=1Γ(β)∫1e(logt)β−1(1−logs)β−1dss−1Γ(β)∫1t(logt−logs)β−1dss=(logt)β−1(1−logt)βΓ(β).











Using (17) and (18), we have


∫1eΓ(β)ϕ(t)η(s)w(s)dss≤∫1eGβ(t,s)w(s)dss≤∫1e(β−1)ϕ(t)w(s)dss.











Therefore, let aw=βΓ(β)∫1eη(s)w(s)dss, and bw=β(β−1)∫1ew(s)dss; then, we have that (33) holds. This completes the proof. □





Theorem 3.

Suppose that (H1), (H6)–(H7) hold. Then, (1) has a unique positive solution.





Proof. 

Note that (H7) implies that A is an increasing operator, and 0 isn’t a fixed point for A. Next, we shall prove that A has a subsolution and a supersolution. Let


ξ(t)=∫1eGβ(t,s)φq∫1eGα(s,τ)f(τ,ρ(τ))dττdss,








where


ρ(t)=∫1eGβ(t,s)φq∫1eGα(s,τ)dττdss,fort∈[1,e].











From Lemma 11, there exist aρ>0,bρ>0 such that


aρρ(t)≤ξ(t)≤bρρ(t),fort∈[1,e].











Take ξ1(t)=δ1ξ(t),ξ2(t)=δ2ξ(t), where 0<δ1<min1bρ,aρk1−k,δ2>max1aρ,bρk1−k. Then, we have


(Aξ1)(t)=∫1eGβ(t,s)φq∫1eGα(s,τ)f(τ,ξ1(τ))dττdss=∫1eGβ(t,s)φq∫1eGα(s,τ)f(τ,δ1ξ(τ))dττdss=∫1eGβ(t,s)φq∫1eGα(s,τ)fτ,δ1ξ(τ)ρ(τ)ρ(τ)dττdss≥∫1eGβ(t,s)φq∫1eGα(s,τ)δ1ξ(τ)ρ(τ)k(p−1)fτ,ρ(τ)dττdss≥∫1eGβ(t,s)φq∫1eGα(s,τ)δ1aρk(p−1)fτ,ρ(τ)dττdss=δ1aρk∫1eGβ(t,s)φq∫1eGα(s,τ)fτ,ρ(τ)dττdss≥δ1ξ(t),








and


Aξ1≥ξ1,i.e.,ξ1isasubsolutionofA.











In addition, we have


(Aξ2)(t)=∫1eGβ(t,s)φq∫1eGα(s,τ)f(τ,ξ2(τ))dττdss=∫1eGβ(t,s)φq∫1eGα(s,τ)δ2p−1δ21−pf(τ,ξ2(τ))dττdss≤∫1eGβ(t,s)φq∫1eGα(s,τ)δ2p−11δ2bρk(p−1)f(τ,ξ2(τ))dττdss≤∫1eGβ(t,s)φq∫1eGα(s,τ)δ2p−1ρ(τ)δ2ξ(τ)k(p−1)f(τ,ξ2(τ))dττdss≤∫1eGβ(t,s)φq∫1eGα(s,τ)δ2p−1fτ,ρ(τ)δ2ξ(τ)ξ2(τ)dττdss=δ2∫1eGβ(t,s)φq∫1eGα(s,τ)f(τ,ρ(τ))dττdss,








and


Aξ2≤ξ2,i.e.,ξ2isasupersolutionofA.











As a result, from Lemma 9, A has the smallest fixed point u* and the largest fixed point u* in [ξ1,ξ2], respectively. Moreover, u*=limn→∞Anξ1 and u*=limn→∞Anξ2.



Next, we claim that u*(t)=u*(t), for t∈[1,e]. We only prove that u*(t)≥u*(t). Note that they are fixed points for A, so


u*(t)=∫1eGβ(t,s)φq∫1eGα(s,τ)f(τ,u*(τ))dττdss,u*(t)=∫1eGβ(t,s)φq∫1eGα(s,τ)f(τ,u*(τ))dττdss.











Then, from Lemma 11, there exists bi≥ai(i=1,2) such that


a1w0≤u*≤b1w0,a2w0≤u*≤b2w0.











Hence, u*≥a1b2u*. Let μ0:=sup{μ>0:u*≥μu*}. Then, μ0>0, and u*≥μ0u*. Next, we claim that μ0≥1. If it is not true, then μ0∈(0,1). Using (H6), (H7), we have


u*(t)=∫1eGβ(t,s)φq∫1eGα(s,τ)f(τ,u*(τ))dττdss≥∫1eGβ(t,s)φq∫1eGα(s,τ)f(τ,μ0u*(τ))dττdss≥∫1eGβ(t,s)φq∫1eGα(s,τ)μ0k(p−1)f(τ,u*(τ))dττdss=μ0k∫1eGβ(t,s)φq∫1eGα(s,τ)f(τ,u*(τ))dττdss.











Let


g(t)=φq∫1eGα(s,τ)f(τ,μ0u*(τ))dττ−μ0kφq∫1eGα(s,τ)f(τ,u*(τ))dττ.











Then, from (H6) and Lemma 11, we have


a3w0(t)≤∫1eGβ(t,s)g(s)dss≤b3w0(t).











Consequently,


u*(t)≥∫1eGβ(t,s)g(s)dss+μ0k∫1eGβ(t,s)φq∫1eGα(s,τ)f(τ,u*(τ))dττdss≥a3b2u*(t)+μ0ku*(t)≥a3b2+μ0u*(t).











This contradicts the definition of μ0, and u*(t)≥μ0u*(t)≥u*(t). Therefore, A has a unique positive fixed point in [ξ1,ξ2], and (1) has also a unique positive solution in [ξ1,ξ2]. This completes the proof. □





Theorem 4.

Suppose all the assumptions in Theorem 3 hold. Let u˜ is a unique positive solution in [ξ1,ξ2]. Then, for any u0∈[ξ1,ξ2] with f(t,u0(t))¬≡0, the sequence


un(t)=∫1eGβ(t,s)φq∫1eGα(s,τ)f(τ,un−1(τ))dττdss,n=1,2,...,








uniformly converges to u˜(t), for t∈[1,e].





Proof. 

From Theorem 3, we have u˜=limn→∞Anξ1=limn→∞Anξ2. Note that A is increasing, so, if u0∈[ξ1,ξ2], we have


Anξ1≤Anu0≤Anξ2,∀n∈N+.











This implies that Anu0→u˜ as n→∞. From the definition of A, we have un(t)=(Aun−1)(t)=A(Aun−2)(t)=(A2un−2)(t)=⋯=(Anu0)(t), and thus un(t)→u˜(t) uniformly on t∈[1,e]. This completes the proof. □






4. Conclusions


In this paper we investigate the existence and uniqueness of positive solutions for the Hadamard fractional p-Laplacian three-point boundary value problem (1). We first establish some relations from the corresponding problem without the p-Laplacian operator, and use some (p−1)-superlinearly and (p−1)-sublinearly conditions for the nonlinearity to obtain positive solutions to problem (1). After, using an increasing operator fixed-point theorem, we obtain the unique solution to problem (1), and establish uniform converged sequences for this solution.







Author Contributions


All authors contributed equally to the manuscript.




Funding


This work is supported by the Talent Project of Chongqing Normal University (Grant No. 02030307-0040), the National Natural Science Foundation of China (Grant No. 11601048), the Natural Science Foundation of Chongqing (Grant No. cstc2016jcyjA0181), and the Natural Science Foundation of Chongqing Normal University (Grant No. 16XYY24).




Conflicts of Interest


The authors declare that they have no competing interests.




References


	



Arafa, A.A.M.; Rida, S.Z.; Khalil, M. Fractional modeling dynamics of HIV and CD4+T-cells during primary infection. Nonlinear Biomed. Phys. 2012, 6, 1–7. [Google Scholar] [CrossRef] [PubMed]

	



Wu, J.; Zhang, X.; Liu, L.; Wu, Y.; Cui, Y. The convergence analysis and error estimation for unique solution of a p-Laplacian fractional differential equation with singular decreasing nonlinearity. Bound. Value Probl. 2018, 2018, 82. [Google Scholar] [CrossRef]

	



Shen, T.; Liu, W.; Shen, X. Existence and uniqueness of solutions for several BVPs of fractional differential equations with p-Laplacian operator. Mediterr. J. Math. 2016, 13, 4623–4637. [Google Scholar] [CrossRef]

	



Yue, Z.; Zou, Y. New uniqueness results for fractional differential equation with dependence on the first order derivative. Adv. Differ. Equ. 2019, 2019, 38. [Google Scholar] [CrossRef]

	



Cui, Y. Uniqueness of solution for boundary value problems for fractional differential equations. Appl. Math. Lett. 2016, 51, 48–54. [Google Scholar] [CrossRef]

	



Cui, Y.; Ma, W.; Sun, Q.; Su, X. New uniqueness results for boundary value problem of fractional differential equation. Nonlinear Anal. Model. Control. 2018, 23, 31–39. [Google Scholar] [CrossRef]

	



Zou, Y.; He, G. On the uniqueness of solutions for a class of fractional differential equations. Appl. Math. Lett. 2017, 74, 68–73. [Google Scholar] [CrossRef]

	



Shah, K.; Khan, R.A. Existence and uniqueness of positive solutions to a coupled system of nonlinear fractional order differential equations with anti periodic boundary conditions. Differ. Equ. Appl. 2015, 7, 245–262. [Google Scholar] [CrossRef]

	



Khan, R.A.; Shah, K. Existence and uniqueness of solutions to fractional order multi-point boundary value problems. Commun. Appl. Anal. 2015, 19, 515–526. [Google Scholar]

	



Zhang, X.; Wu, J.; Liu, L.; Wu, Y.; Cui, Y. Convergence analysis of iterative scheme and error estimation of positive solution for a fractional differential equation. Math. Model. Anal. 2018, 23, 611–626. [Google Scholar] [CrossRef]

	



He, J.; Zhang, X.; Liu, L.; Wu, Y.; Cui, Y. Existence and asymptotic analysis of positive solutions for a singular fractional differential equation with nonlocal boundary conditions. Bound. Value Probl. 2018, 2018, 189. [Google Scholar] [CrossRef]

	



Zhang, X.; Liu, L.; Wu, Y.; Zou, Y. Existence and uniqueness of solutions for systems of fractional differential equations with Riemann-Stieltjes integral boundary condition. Adv. Differ. Equ. 2018, 2018, 204. [Google Scholar] [CrossRef]

	



Zhong, Q.; Zhang, X.; Lu, X.; Fu, Z. Uniqueness of successive positive solution for nonlocal singular higher-order fractional differential equations involving arbitrary derivatives. J. Funct. Spaces 2018, 2018, 6207682. [Google Scholar] [CrossRef]

	



Mao, J.; Zhao, Z.; Wang, C. The exact iterative solution of fractional differential equation with nonlocal boundary value conditions. J. Funct. Spaces 2018, 2018, 8346398. [Google Scholar] [CrossRef]

	



Zhai, C.; Li, P.; Li, H. Single upper-solution or lower-solution method for Langevin equations with two fractional orders. Adv. Differ. Equ. 2018, 2018, 360. [Google Scholar] [CrossRef]

	



Sheng, K.; Zhang, W.; Bai, Z. Positive solutions to fractional boundary-value problems with p-Laplacian on time scales. Bound. Value Probl. 2018, 2018, 70. [Google Scholar] [CrossRef]

	



Wang, Y.; Jiang, J. Existence and nonexistence of positive solutions for the fractional coupled system involving generalized p-Laplacian. Adv. Differ. Equ. 2017, 2017, 337. [Google Scholar] [CrossRef]

	



Hao, X.; Wang, H.; Liu, L.; Cui, Y. Positive solutions for a system of nonlinear fractional nonlocal boundary value problems with parameters and p-Laplacian operator. Bound. Value Probl. 2017, 2017, 182. [Google Scholar] [CrossRef]

	



Dong, X.; Bai, Z.; Zhang, S. Positive solutions to boundary value problems of p-Laplacian with fractional derivative. Bound. Value Probl. 2017, 2017, 5. [Google Scholar] [CrossRef]

	



Tian, Y.; Sun, S.; Bai, Z. Positive solutions of fractional differential equations with p-Laplacian. J. Funct. Spaces 2017, 2017, 3187492. [Google Scholar]

	



Yuan, C. Multiple positive solutions for (n-1,1)-type semipositone conjugate boundary value problems of nonlinear fractional differential equations. Electron. J. Qual. Theory Differ. Equ. 2010, 36, 1–12. [Google Scholar] [CrossRef]

	



Pu, R.; Zhang, X.; Cui, Y.; Li, P.; Wang, W. Positive solutions for singular semipositone fractional differential equation subject to multipoint boundary conditions. J. Funct. Spaces 2017, 2017, 5892616. [Google Scholar] [CrossRef]

	



Zou, Y. Positive solutions for a fractional boundary value problem with a perturbation term. J. Funct. Spaces 2018, 2018, 9070247. [Google Scholar] [CrossRef]

	



Bai, Z. On positive solutions of a nonlocal fractional boundary value problem. Nonlinear Anal. 2010, 72, 916–924. [Google Scholar] [CrossRef]

	



Zhang, X.; Shao, Z.; Zhong, Q.; Zhao, Z. Triple positive solutions for semipositone fractional differential equations m-point boundary value problems with singularities and p-q-order derivatives. Nonlinear Anal. Model. Control 2018, 23, 889–903. [Google Scholar] [CrossRef]

	



Guan, Y.; Zhao, Z.; Lin, X. On the existence of positive solutions and negative solutions of singular fractional differential equations via global bifurcation techniques. Bound. Value Probl. 2016, 2016, 141. [Google Scholar] [CrossRef]

	



Zhang, K. Positive solutions for a higher-order semipositone nonlocal fractional differential equation with singularities on both time and space variable. J. Funct. Spaces 2019, 2019, 7161894. [Google Scholar] [CrossRef]

	



Jiang, J.; Liu, W.; Wang, H. Positive solutions to singular Dirichlet-type boundary value problems of nonlinear fractional differential equations. Adv. Differ. Equ. 2018, 2018, 169. [Google Scholar] [CrossRef]

	



Sun, Q.; Ji, H.; Cui, Y. Positive solutions for boundary value problems of fractional differential equation with integral boundary conditions. J. Funct. Spaces 2018, 2018, 6461930. [Google Scholar] [CrossRef]

	



Song, Q.; Bai, Z. Positive solutions of fractional differential equations involving the Riemann-Stieltjes integral boundary condition. Adv. Differ. Equ. 2018, 2018, 183. [Google Scholar] [CrossRef]

	



Jiang, J.; Liu, W.; Wang, H. Positive solutions for higher order nonlocal fractional differential equation with integral boundary conditions. J. Funct. Spaces 2018, 2018, 6598351. [Google Scholar] [CrossRef]

	



Cheng, W.; Xu, J.; Cui, Y. Positive solutions for a system of nonlinear semipositone fractional q-difference equations with q-integral boundary conditions. J. Nonlinear Sci. Appl. 2017, 10, 4430–4440. [Google Scholar] [CrossRef]

	



Qiu, X.; Xu, J.; O’Regan, D.; Cui, Y. Positive solutions for a system of nonlinear semipositone boundary value problems with Riemann–Liouville fractional derivatives. J. Funct. Spaces 2018, 2018, 7351653. [Google Scholar] [CrossRef]

	



Chen, C.; Xu, J.; O’Regan, D.; Fu, Z. Positive solutions for a system of semipositone fractional difference boundary value problems. J. Funct. Spaces 2018, 2018, 6835028. [Google Scholar] [CrossRef]

	



Li, H.; Zhang, J. Positive solutions for a system of fractional differential equations with two parameters. J. Funct. Spaces 2018, 2018, 1462505. [Google Scholar] [CrossRef]

	



Tan, J.; Zhang, K.; Li, M. Impulsive fractional differential equations with p-Laplacian operator in Banach spaces. J. Funct. Spaces 2018, 2018, 2503915. [Google Scholar] [CrossRef]

	



Sun, Q.; Meng, S.; Cui, Y. Existence results for fractional order differential equation with nonlocal Erdélyi-Kober and generalized Riemann–Liouville type integral boundary conditions at resonance. Adv. Differ. Equ. 2018, 2018, 243. [Google Scholar] [CrossRef]

	



Zou, Y.; He, G. The existence of solutions to integral boundary value problems of fractional differential equations at resonance. J. Funct. Spaces 2017, 2017, 2785937. [Google Scholar] [CrossRef]

	



Ma, W.; Meng, S.; Cui, Y. Resonant integral boundary value problems for Caputo fractional differential equations. Math. Probl. Eng. 2018, 2018, 5438592. [Google Scholar] [CrossRef]

	



Zhang, Y. Existence results for a coupled system of nonlinear fractional multi-point boundary value problems at resonance. J. Inequal. Appl. 2018, 2018, 198. [Google Scholar] [CrossRef]

	



He, L.; Dong, X.; Bai, Z.; Chen, B. Solvability of some two-point fractional boundary value problems under barrier strip conditions. J. Funct. Spaces 2017, 2017, 1465623. [Google Scholar] [CrossRef]

	



Zuo, M.; Hao, X.; Liu, L.; Cui, Y. Existence results for impulsive fractional integro-differential equation of mixed type with constant coefficient and antiperiodic boundary conditions. Bound. Value Probl. 2017, 2017, 161. [Google Scholar] [CrossRef]

	



Song, Q.; Dong, X.; Bai, Z.; Chen, B. Existence for fractional Dirichlet boundary value problem under barrier strip conditions. J. Nonlinear Sci. Appl. 2017, 10, 3592–3598. [Google Scholar] [CrossRef][Green Version]

	



Bai, Z.; Dong, X.; Yin, C. Existence results for impulsive nonlinear fractional differential equation with mixed boundary conditions. Bound. Value Probl. 2016, 2016, 63. [Google Scholar] [CrossRef]

	



Guo, Y. Nontrivial solutions for boundary-value problems of nonlinear fractional differential equations. Bull. Korean Math. Soc. 2010, 47, 81–87. [Google Scholar] [CrossRef]

	



Zhang, K. On a sign-changing solution for some fractional differential equations. Bound. Value Probl. 2017, 2017, 59. [Google Scholar] [CrossRef]

	



Yue, X.; Zhang, K. Existence of solution for integral boundary value problems of fractional differential equations. Bound. Value Probl. 2018, 2018, 151. [Google Scholar] [CrossRef]

	



Zhao, Y.; Hou, X.; Sun, Y.; Bai, Z. Solvability for some class of multi-order nonlinear fractional systems. Adv. Differ. Equ. 2019, 2019, 23. [Google Scholar] [CrossRef]

	



Ma, W.; Cui, Y. The eigenvalue problem for Caputo type fractional differential equation with Riemann- Stieltjes integral boundary conditions. J. Funct. Spaces 2018, 2018, 2176809. [Google Scholar] [CrossRef]

	



Qi, T.; Liu, Y.; Zou, Y. Existence result for a class of coupled fractional differential systems with integral boundary value conditions. J. Nonlinear Sci. Appl. 2017, 10, 4034–4045. [Google Scholar] [CrossRef][Green Version]

	



Qi, T.; Liu, Y.; Cui, Y. Existence of solutions for a class of coupled fractional differential systems with nonlocal boundary conditions. J. Funct. Spaces 2017, 2017, 6703860. [Google Scholar] [CrossRef]

	



Zhang, X.; Liu, L.; Zou, Y. Fixed-point theorems for systems of operator equations and their applications to the fractional differential equations. J. Funct. Spaces 2018, 2018, 7469868. [Google Scholar] [CrossRef]

	



Yang, W. Monotone iterative technique for a coupled system of nonlinear Hadamard fractional differential equations. J. Appl. Math. Comput. 2019, in press. [Google Scholar] [CrossRef]

	



Zhang, K.; Wang, J.; Ma, W. Solutions for integral boundary value problems of nonlinear Hadamard fractional differential equations. J. Funct. Spaces 2018, 2018, 2193234. [Google Scholar] [CrossRef]

	



Wang, J.R.; Zhang, Y. On the concept and existence of solutions for fractional impulsive systems with Hadamard derivatives. Appl. Math. Lett. 2015, 39, 85–90. [Google Scholar] [CrossRef]

	



Pei, K.; Wang, G.; Sun, Y. Successive iterations and positive extremal solutions for a Hadamard type fractional integro-differential equations on infinite domain. Appl. Math. Comput. 2017, 312, 158–168. [Google Scholar] [CrossRef]

	



Wang, G.; Pei, K.; Agarwal, R.P.; Zhang, L.; Ahmad, B. Nonlocal Hadamard fractional boundary value problem with Hadamard integral and discrete boundary conditions on a half-line. J. Comput. Appl. Math. 2018, 343, 230–239. [Google Scholar] [CrossRef]

	



Zhai, C.; Wang, W.; Li, H. A uniqueness method to a new Hadamard fractional differential system with four-point boundary conditions. J. Inequal. Appl. 2018, 2018, 207. [Google Scholar] [CrossRef] [PubMed]

	



Yang, W. Positive solutions for singular coupled integral boundary value problems of nonlinear Hadamard fractional differential equations. J. Nonlinear Sci. Appl. 2015, 8, 110–129. [Google Scholar] [CrossRef][Green Version]

	



Zhang, K.; Fu, Z. Solutions for a class of Hadamard fractional boundary value problems with sign-changing nonlinearity. J. Funct. Spaces 2019, 2019, 9046472. [Google Scholar] [CrossRef]

	



Benhamida, W.; Graef, J.R.; Hamani, S. Boundary value problems for Hadamard fractional differential equations with nonlocal multi-point boundary conditions. Frac. Diff. Calc. 2018, 8, 165–176. [Google Scholar] [CrossRef]

	



Abbas, S.; Benchohra, M.; Hamidi, N.; Henderson, J. Caputo-Hadamard fractional differential equations in Banach spaces. Fract. Calc. Appl. Anal. 2018, 21, 1027–1045. [Google Scholar] [CrossRef]

	



Ahmad, B.; Ntouyas, S.K. Nonlocal initial value problems for Hadamard-type fractional differential equations and inclusions. Rocky Mt. J. Math. 2018, 48, 1043–1068. [Google Scholar] [CrossRef]

	



Yukunthorn, W.; Ahmad, B.; Ntouyas, S.K.; Tariboon, J. On Caputo-Hadamard type fractional impulsive hybrid systems with nonlinear fractional integral conditions. Nonlinear Anal. Hybrid Syst. 2016, 19, 77–92. [Google Scholar] [CrossRef]

	



Aljoudi, S.; Ahmad, B.; Nieto, J.J.; Alsaedi, A. A coupled system of Hadamard type sequential fractional differential equations with coupled strip conditions. Chaos Solitons Fractals 2016, 91, 39–46. [Google Scholar] [CrossRef]

	



Ahmad, B.; Ntouyas, S.K. On Hadamard fractional integro-differential boundary value problems. J. Appl. Math. Comput. 2015, 47, 119–131. [Google Scholar] [CrossRef]

	



Ahmad, B.; Ntouyas, S.K. Initial value problems of fractional order Hadamard-type functional differential equations. Electron. J. Differ. Equ. 2015, 77, 1–9. [Google Scholar]

	



Tariboon, J.; Ntouyas, S.K.; Sudsutad, W. Coupled systems of Riemann–Liouville fractional differential equations with Hadamard fractional integral boundary conditions. J. Nonlinear Sci. Appl. 2016, 9, 295–308. [Google Scholar] [CrossRef]

	



Thiramanus, P.; Ntouyas, S.K.; Tariboon, J. Positive solutions for Hadamard fractional differential equations on infinite domain. Adv. Differ. Equ. 2016, 2016, 83. [Google Scholar] [CrossRef]

	



Abbas, S.; Benchohra, M.; Lazreg, J.E.; Zhou, Y. A survey on Hadamard and Hilfer fractional differential equations: Analysis and stability. Chaos Solitons Fractals 2017, 102, 47–71. [Google Scholar] [CrossRef]

	



Zhang, W.; Liu, W. Existence of solutions for several higher-order Hadamard-type fractional differential equations with integral boundary conditions on infinite interval. Bound. Value Probl. 2018, 2018, 134. [Google Scholar] [CrossRef]

	



Zhang, X.; Shu, T.; Cao, H.; Liu, Z.; Ding, W. The general solution for impulsive differential equations with Hadamard fractional derivative of order q∈(1,2). Adv. Differ. Equ. 2016, 14, 36. [Google Scholar]

	



Kilbas, A.A.; Srivastava, H.M.; Trujillo, J.J. Theory and Applications of Fractional Differential Equations; Elsevier: Boston, MA, USA, 2006. [Google Scholar]

	



Xu, J.; Yang, Z. Positive solutions for a fourth order p-Laplacian boundary value problem. Nonlinear Anal. 2011, 74, 2612–2623. [Google Scholar] [CrossRef]

	



Guo, D.; Lakshmikantham, V. Nonlinear Problems in Abstract Cones; Academic Press: Cambridge, MA, USA, 1988. [Google Scholar]







© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).






nav.xhtml


  mathematics-07-00439


  
    		
      mathematics-07-00439
    


  




  





