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1. Introduction

Letx = (x1,x2,...,%,) € R = (0,00)" and n > 2. Then, the arithmetic and geometric means of
n positive numbers x1, X, . .., X, are defined by

n n 1/n
Ax) = % ;xi and G(x) = (Hxi> .

In [1] (p. 208, 3.2.34), it was stated that

n

[1Gxi+1) > [Gx) +1]". )
i=1

In the paper [2], Wang and Chen established that the inequality

n

[Tl +1)P =1 = [(G(x) + 1) —1]" @)
i=1

is valid for p > 1. In the paper [3], Wang extended Inequality (2) as follows:

1. if p > 1, then Inequality (2) is valid;
2. if 0 < p <1, then Inequality (2) is reversed;
3. if p>0,then

[T+ 1P +1] > [(Glx) + 1)P +177; 3
i=1

4. ifp<0and0<x; < |1W for 1 <i < n, then Inequality (3) is reversed.
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In [4] (p. 11), it was proven that

n n n
K/H(ak+bk)2</nak+i/nbk/ 4)
k=1 k=1 k=1
where ai, by > 0. When a; = x; and by = 1, Inequality (4) becomes (1). Inequality (4) is the Minkowski
inequality of the product form.

We observe that the inequalities in (1)—(4) can be rearranged as

G(x+1)>G(x)+1, G((x+1)P£1)>[G(x)+1]F £1 (5)
and
G(a+b) > G(a) +G(b), (6)
where
x+1=(x1+1Lx+1,...,x,+1)
and

(x+1)P+£1=((q+1)P+1, (+1)P+1,...,(x, +1)P £1).

Inequality (6) reveals that the geometric mean G(x) is sub-additive. For information about the
sub-additivity, please refer to [5-12] and the closely related references therein. The sub-additive
property of the geometric mean G(x) can also be derived from the property that the geometric mean
G(x) is a Bernstein function; see [13-19] and the closely related references therein.

In this paper, by some methods in the theory of majorization, we will generalize the above
inequalities in (1)—(3), (5), and (6).

2. Definitions and Lemmas

Now, we recall some definitions and lemmas.
It is well known that a function f(x1, xp, ..., x,) of n variables is said to be symmetric if its value
is unchanged for any permutation of its n variables x1, xp, ..., xy.

Definition 1 ([20,21]). Let x = (x1,%x2,..., %) and y = (y1,Y2,...,Yn) € R".
1. If
k k n n
Y < Yy and Y X =) vy
i=1 i=1 i=1 i=1

for1 <k <n—1, then x is said to be majorized by y (in symbol x < y), where x|y} > X3 = -+ = X[
and Y1) = Y = -+ = Yy are rearrangements of x and y in descending order.
2. Forx,yeQand A €[0,1],if

Ax+(1-ANy= A1+ A=Ay, A2+ (1= A)ya,..., Axn+ (1= A)y,) € Q,

then Q) C R" is said to be a convex set.

Definition 2 ([20,21]). Let QO C R" be a symmetric and convex set.

1. Ifx <yon Qimplies ¢(x) < ¢(y), then we say that the function ¢ : Q — R is Schur convex on Q).
2. If —@isa Schur convex function on ), then we say that ¢ is Schur concave on ).
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Lemma1 ([20,21]). Let Q) C R" be a symmetric and convex set with nonempty interior 0°, and let ¢ : O — R
be continuous on () and continuously differentiable on (3°. If and only if ¢ is symmetric on () and

a(F a(F o
— - 1 >
(xl x2)<E : > 0, xe€Q°,

the function ¢ is Schur convex on ().

Definition 3 ([22] (pp. 64 and 107)). Let x,y € O C R’

1. If (x{‘y%_)‘,xé\y;_’\,...,xﬁy,ﬁ‘)‘) € Qforx,y € Qand A € [0,1], then Q is called a
geometrically-convex set.
2. If Qis a geometrically-convex set and

(Inxy,Inxy,...,Inx,) < (Inyy, Iny,, ..., Iny,)

implies ¢(x) < ¢(y) for any x,y € Q, then ¢ : QO — R is said to be a Schur geometrically-convex
function on Q).

3. If —¢is a Schur geometrically-convex function on Q), then ¢ is said to be a Schur geometrically-concave
function on Q).

Lemma 2 ([22] (p. 108)). Let 3 C R" be a symmetric and geometrically-convex set with a nonempty interior
O°, and let ¢ : O3 — R be continuous on () and differentiable in Q)°. If and only if ¢ is symmetric on () and

— _r 1) >
(1r1x1 lan) (xla : xza 2) 0, x€Q°,

the function ¢ is Schur geometrically-convex on ().

For more information on the Schur convexity and the Schur geometric convexity, please refer to
the papers [23-26] and the monographs [20,22].

Lemma 3 (Bernoulli’s inequality [27,28]). For 0 # x > —1,ifa > 1ora <0, then

(14+x)*>1+ax; )
if 0 < a < 1, then Inequality (7) is reversed.
Lemma4. For p € R\ {0} and x € Ry, define

px(x+1)P~1 _op(x+1)Pt px(x +1)P~1

p(x+1)P-1 B
CES S RS A o y s U GOl Py e

hy(x) = m,

81(x) =

1. Ifp <O, the function hy(x) is increasing on Ry; if 0 < p < 2, the function hy(x) is decreasing on R ;
if p > 2, the function hy(x) is increasing on (0, (p — 1)1/P — 1) and decreasing on ((p —1)1/7 —1,0).

2. Ifp >0, the function g1(x) is increasing on R; if p < 0, the function g1 (x) is decreasing on (0, Ilﬂ] and
increasing on [ﬁ,

3. For p # 0, the function hy(x) is decreasing on R..

4. Ifp > 1, the function g (x) is increasing on R if p < 1 and p # 0, the function g»(x) is decreasing
onRy.

).
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Proof. Straightforward computation gives

p_plp=1=(x+1)7] - ) _ P+ px+ (x+1)7] -
[hl(x)} - [(x+1)p+1]2 (x_|_1)77 2/ [g1<x)] - [(x—i—l)p—i-l}z (x+1)P 2/
[h2(x)}/ :p[%(;i;)fjx_—i]lz)p} (JC + 1)])72, [gZ(x)]/ _ p[(fc(:_—i)lp)p—_l isz] (x + 1)p72'

Ifp<Oandx € Ryorp>2and0 < x < (p—1)P —1, we have [l (x)] > 0;if0 < p <2 and
x €Ryorp>2and (p—1)"P —1 < x, we obtain [y (x)]’ <0.

If p > 0and x € Ry, we acquire [¢1(x)] > 0;if p < 0and 0 < x < ‘ip', we have [g;(x)]" < 0;
ifp<Oand x > ‘%‘, since (x +1)? < 1and 1+ px < —1, we acquire [g1(x)]’ > 0.

If p € R\ {0}, we obtain [hy(x)]" <0 for x € Ry.

For x € R4, by Lemma 3, if p > 1, we have (x +1)? > 1+ px, then [g2(x)]" > 0; if 0 <

p < 1, we have (x +1)? < 1+ px, and so, [g2(x)]" < 0; if p < 0, we obtain (x +1)P > 1+ px,
hence [g2(x)]" < 0. The proof of Lemma 4 is complete. [

Let x = (x1,x2,...,%,) € R" and iy,...,i be positive integers. The elementary symmetric
functions are defined by Eg(x) =1,

k
Ek(x):Ek(xll-XZI"'/xn): Z I_le‘j, 1§k§1’l,
1§i1<~~<ik§nj:1

and Ex(x) =0fork <OQork > n.

Lemma 5 (Newton’s inequality [20] (p. 134)). For x = (x1,x,..., %) € R, and n > 2, let fk(x) =
ﬁEk(x)for 1<k<n-—1. Then
k

2 ~ ~
[Fe(x)]” > Fe1(x) By (x).
3. Main Results

In this section, we will make use of the Schur convexity of the symmetric function
k

E((x+1)" +§) = Y, Tl +1)P+¢], 2<k<n n>2
1§i1<"~<ik§1’lj:1

to generalize the inequalities in (1)-(3), (5) and (6), where x € R”, the quantities i1, iy, . . . , i are positive
integers, ¢ = 0,+1,and § = 0, 1.
Our main results are Theorems 1-3 below.

Theorem 1. Let2 <k <n,pe R\ {0},i1,...,ix € Nanda = %forp>l.

1. If2<k<n-1,0<p<lLandx € R, orif2 <k <n—-1p > lwitha <1,
and x € (0,a=/P —1]", orifk =n, p > 0,and x € R", then

k
(Z) C@+1"< ) [l +1"s (Z) [A(x) +1]%; ®)

1§11 <---<ik§7’l j:l

if p <0andx € (0, ‘—;‘] “orifk=mn,p < 0,and x € R, then the double Inequality (8) is reversed.
2. If2<k<n-—1,p>1lwitha>1,andx € (0,a1/’”—1]n,then

(Z)[A(x)+1]kp§ y ﬁ(xi].—i-l)”.

1<iy <--<ip<n j=1
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3. If2<k<n-—1,p>0,and x € R, then
n k k
(Mlew+u7<  © [t +0n ©
1<) <--<ig<n j=1
if p < 0and x € R',, then Inequality (9) is reversed.

Proof. When k = n, we have

OE,((x+1)P) p
oxy N (x1+1)E"((x+1)p)'

From this, we obtain

IEx((x +1)P) aEn((X+1)p)] p(x1 — x2)? <0, p>0
X1 — X — = — E x + 1 p
) [P0 o EENEESTRL ] T
and
OE.((x +1)P) aEn((x—i-l)”)} p(x1 — x2)? >0, p>0;
X1 —xp) | x —x = E.((x+1)F
(s 2)[ ! ox; ? 0x7 (x1+1)(x2 +1) nl /) <0, p<O.
Using Lemmas 1 and 2, we arrive at
1. if p >0, then E,((x + 1)?) is Schur concave on R ;
2. if p <0, then E,;((x 4+ 1)?) is Schur convex on R} ;
3. if p >0, then E,((x + 1)) is Schur geometrically convex on R";
4. if p <0, the E,((x +1)”) is Schur geometrically concave on R".
Since
(An(x), An(x),..., An(x)) < x (10)
and
(InGy(x),InGy(x),...,InGy(x)) < Inx (11)

for x € R’} applying Definitions 2 and 3, we obtain the double Inequality (8) for k = n.
When 2 < k < n — 1, a direct differentiation yields

IE((x + 1))

o =p(x1 + )P (2 + DPE (R +1)P) + pla + )P B (R +1)P),

where X = (x3,...,x,). We clearly see that

Aa(Ep((x+1)P)) 2 (x1 — x2) [aEk((x—i—l)P) B aEk((x+1)P)}

8x1 axz
= —pln — )20 + 1) (0 + 1P B (R4 1)) -
+pn—x) [+ )P = (o + )P E 1 (F+1)P)
and
(Inx; — In xy) [Jq aEk((gxﬂlL r) xzaEk((ngzr 1)”)]
(13)

= p(Inx; —Inxy) (¥ — x2) (x1 + )P 2 + VP B (R4 1D)P)
+p(Inxg —Inxp) [x1(x1 + P = (2 + DP T By (R +1)P).
Using Equation (13) and Lemma 2, we obtain that
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1. if p > 0, then Ex((x 4 1)) is Schur geometrically convex on R ;
2. if p <0, then Ex((x 4 1)?) is Schur geometrically concave on (0, \1?] "

By Equation (12) and Lemma 1, we reveal that

1. if p <0, then Ex((x 4 1)7) is Schur convex on R" ;
2. if 0 < p <1, then Ex((x + 1)) is Schur concave on R’ ;
3. ifp>landx e R,

(@) whenx; = xp, we have Ay (Ex((x+1)7)) =0;
(b) when xq # xp,

i by Lagrange’s mean value theorem, we have

1 _ 1 _(p=D(x1—x0)
(o + )P 1 (x +1)P1 (+1)P

(14)
for at least one interior point § € (min{xy, xp }, max{xy,x2});
ii. from Newton’s inequality, we obtain

(n—k)(n—2)
F—) L3+ 7

[N
—~|=
=

(15)

®)
+

g e
N
+

Substituting (14) and (15) into Inequality (12) yields

Ap(Er((x+ 1)) = —p(x1 — x2)*(x1 + )P N + 1P Ep o (R +1)P)
+p(x1 —x2) [(x1 + )P = (2 + )P E 1 (B4 1)P)
=p(x1 —x2) (1 + )P o + P B o (R +1)P)
1 1 E x+1
X |:(X1 —x2) + ((x2+1>p1 - (1 +1)pl> Ei ;(Ex-i-l% g
p—1 E_((¥+
F+1)P Exo((x+

} (16)

= pr - 1) (51 + 1P (2 + 1P B (R4 1)) [(

Ifa > 1and x € (0,a'/? — 1], using min{x, x,} < & < max{xy,x2}, we have

n—2 < n—2 _
Yia(xi +1)77 im3(0+1)7P

and
1 k-1

> .
(C+1)P = (n—k)(p—1)
Consequently, the inequalities from (16)—(17) imply A(Ex((x 4+ 1)?)) > 0 for x € (O,Lll/p — 1]
Ifa<landx € (O,a’l/"’ —1] " we obtain

(17)

Aa(E((x+1)P)) = p(x1 — x2)*(x1 + )P Mo + )P E (R +1)P)
p—1 Ek—l((??+1)p)]
(C+1)P Exo((x+1)P)

(- B)(p-1) ¢
G B

< pla = x2) (1 + P Hap + )P Eg o (R +1)P)

x|=1+

< plxr = %) (2 + 1P (o + )P B (R4 1))
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x{_” " [(((n—i;(;—n)w‘l) “r}

= pln =20+ P o+ 0P B (4 1P) | e — 1] <0

It is easy to obtain that, if p > 1and a > 1, then E¢((x + 1)) is Schur convex on (0,a'/? —1]";if p > 1
and a < 1, then Ex((x + 1)?) is Schur concave on (0,2~ /7 —1]".
Using (10) and by Definitions 2 and 3, the inequalities in (8) and (9) hold. The proof of Theorem 1

is complete. O

Theorem 2. Let2 <k <nandp € R\ {0},i,...,ix € N, and

= B<\/4(4n—3::;)(?’—1) 41 —1)}1/17, 1<p<2

1. Ifk=n0<p<2andx c R}, orifk=np>2,andx € ((p—l)l/l’—l,oo)",orifZgkgn—l,
0<p<1andxecR", then

n k n
BICORSNERY D DI § (TR e (4 (P TRSVES

1§i1<“‘<1‘k§71 ]:1

If2<k<mnp<0andxe (0, Ilﬂ} ", then the double Inequality (18) is reversed.

2. If2<k<np>2andx¢e (O,(p—l)l/p—l]n,orif2§k§n—l,l<p§2,andx€ (0,b]", or
if2<k<n,p<0,andx € R, then

(D@ +ras £ Tl +17+1 19)

1<ip << <n j=1

3. If2<k<n—-1,p>0,andx c R} orif2<k<mn,p<0,andxc [lzﬂ,oo)n,then

(Z) [(Gx)+1)P+1F< ) ﬁ[(xi]. +1)P +1]. (20)

1§i1<~~<ik§nj:1

4. Ifk=mn,p>2and x € R, then

[(G(x)+1)P +1)" < - [(x; +1)P +1]. (21)
i=1

Proof. When k = n, a direct differentiation yields

OE,((x +1)P+1)  p(x+1)P 71
e e +1)p+1En((x+1)P+1). (22)

From Lemma 4, it follows that

dxq dxo
(x; +1)P! (o +1)P 1

=pla-x) [(xl +1)P+1 (xZ—i-l)P—i—JE”((x_'_l)p +1)
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, 0<p<2 xeRY;

, p>2, xe(0,(p—1)Vr-1]"
, p>2 xe((p-1VP-1,0)%
>0, p<0, xcRL

and

(Inx; —Inxy) [xlaEn((x+1)p+1) _xzaEn((x+1)p+1)]

oxq ax
xq(x1 +1)P1 _ xa(xa + 1)p—1
(x1+1)P+1  (x2+1)P+1
>0, p>0, xecR,
<0, p<0, x€ (0"
>0, p<0, x€ [ﬁﬂ,oo)".

—p(lnxl—lnxz)[ }En((x—i—l)p-ﬁ—l)

Therefore, from Lemmas 1 and 2, we acquire

1. if0 < p <2, then E;((x +1)P +1) is Schur concave on R" ;
2. ifp>2thenE,((x+1)" +1
3. ifp>2thenE,((x+1)"+1
4. ifp<0,thenE,((x+1)P +1
5. ifp>0,thenE,((x+1)P +1
6 (x+1)
7 ( )

is Schur convex on (0, (p — 1)V/7 —1]";
is Schur concave on ((p —1)1/7 —1,0)";
is Schur convex on R ;

is Schur geometrically convex on R” ;

if p <0, then E,((x + 1)” 4 1) is Schur geometrically concave on (0, \1?] "

~— O~ ~— ~— ~— ~—

if p <0, then E,,((x 4+ 1)” + 1) is Schur geometrically convex on [\%I’ o) "

From Relations (10) and (11), employing Definitions 2 and 3, we conclude that inequalities in (18)—(21)
for k = n.
If2 <k <n-—1,since

OE ((x+1)P +1)
axl

=pla +DP (a2 + 1)V + 1] Eo(R+1)P +1)
+plx + )P IE L (R+1)P +1).
Therefore, we have

aEk((x—i—l)p—f—l) . BEk((x+1)”+1)

A(Ee((x+1)P +1)) 2 (x — xz>[

dxq x>
p—1 p—1 2
-t [ S e s e

+pa = x2) [+ )P = (o + )P B (R 1P +1).
By Equation (23) and Lemma 1, it is easy to obtain that

1. if p <0, then Ex((x 4+ 1)P +1) is Schur convex on R} ;
2. if0 < p <1, then Ex((x +1)? 4 1) is Schur concave on R’ ;
3. ifp>landxeRE,

(@) whenx; = xp, wehave Ag(Ex((x+1)P +1) =0;
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(b)  when x1 # xp, using Cauchy’s mean value theorem, we have

(1Pt ()Pt

ADPH ()P p—1— (84 1)
(1 + P =+ )P (p=DIE+ 1P +1]2

for some point { € (min{xy, xp}, max{x1, x2}) such that

Aa(Ex((x+1)P +1)) = p(x1 — x2) [(x1 + 1)P 1 = (x2 +1)7
x1+1)P1 X,+1)P~1
{ (x1+1) (x24+1) 9 Ee i ((

=

NE ,(+1)P +1)

(X1+1)p+1 (XZ+1 P+1 }7
(G + )P T — (p+ 1) 1H AR

=plx1—0)[(x1 + )P = (2 + )P Er o ((R+1)P +1)

_1- , :
X{ (Pil)l[(é J(ff)Lle)rpl]z g[(xi +1yp 1)+ B (EFDPH D) }

Ifp>2andxe (0,(p—1)"/7 —1], then p—1— (x +1)? > 0,50 A (Ex((x +1)? +1)) > 0 for
xe (0, (p—1)P—1]"
If1<p<2andx e (0,b], wederive p—1— (x+1)? <0. Using
(min{xq,x} +1)P +1 < ({+ 1)’ +1 < (max{xy, 22} + 1) +1
and Newton's inequality leads to
AM(Ee((x+1)P +1)) = p(x1 — ) [(x1 + )P = (2 + )P B (R + 1P + 1)
{ pol-(Ernr 2 Ee (B 41 +1)
(r—

x4+ 1)P 1]+ l
DIE+1) ’”+121:1 Ero((®*+1)P +1)

> p(x; —x2) [(x1 + )P = (xa +1)P~ 1]Ek H(B+1)P +1)

p—1—(¢+1) 2 —k n—2
X{(p—l>[<a+1>p+1znxl“ Ut T [(xi+1>P+11-1}

> p(x1 —x2) [(x1 +1)P = (xp +1)P 1]Ek—2((x+1)p+1)
p—1—(E+1)* —k n—2
X{(p—1>[<5+1>v+u““‘”{"“’”}“) e [(xi+1>r’+111}

> plx1 — ) [(x + )P = (g + 17! ]Ek—z((x+1)p +1)
x{f’l(b“)p[(b+1)P+1]+2(”k)}

Z(P - 1) k—1
B 2<ppf 7y (1 =) [+ 1P = ()P Eea(F 41 + 1)
X{—(b+1)”[(b+1)”+1] + (471_3};(__11)@—1)} S0

By Lemma 1,if 1 < p < 2, then E;((x 4+ 1)P 4 1) is Schur convex with respect to x € (0,b]"; if p > 2,
then Ei((x + 1)? + 1) is Schur convex on (0, (p — 1)1/7 —1]".
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When 2 < k < n — 1, from (22), we obtain

OE((x+1)P +1) OE((x+1)P +1)
8x1 axZ

(Inx; —Inxy) {xl =p(Inx; —Inxp)

(24)

x(a+ )P e+ 1)t 2
x[l(l ) 2(%; Hx,+1’”+1Ek2((x+1)”+1)

(xp+1)P+1 (p+1)P+1
+p(xr = x2) [x1 (0 + P = 2200+ DP B (R +1)F +1).
Using Equation (24) and Lemma 2, we obtain that

1. if p > 0, then Ex((x 4+ 1)? + 1) is Schur geometrically convex on R" ;
2. if p <0, then Ex((x + 1) 4 1) is Schur geometrically concave on (0, Ilﬂ] "

3. if p <0, then Ex((x +1)P + 1) is Schur geometrically convex on [‘Zﬂ, oo)n.

By (10) and Lemmas 1 and 2, we arrive at Inequalities (18)—(21). The proof of Theorem 2 is complete. [

Theorem 3. Let2 <k <mn,p e R\ {0},i,...,ixk €N,

¢ = [”Hm1>2+4<nk><k1>/<p1> vy

2(n— k) L=t
and y
_ p
d=<2”k+k13> ~1, 0<p<l.

1. Ifk=np>landx e R, orif2<k<n—1,p>1landx e (0,c]", orif2<k<n—-1p=1,
and x € R}, then

k
ICORSVENV D DI § (CTRRV L B (4 (TR RV Y

1§i1<--~<ik§nj:1
2. Ifk=n0<p<landxecR}orf2<k<n-10<p<1andxc (0,d]", then

k

[T, =17 +10 < ()16 +1)7 1)

1§i1<-~-<ik§nj:1

3. Ifp <0,k = nisan even integer, and x € R, or if 2 < k < n —1, k is an even integer, p < O,
and x € (O,ll‘] then

k

[T~ 107 +11 < () (4@ + 17 -1t (26)

1<ip << <n j=1

If p < 0,k = nisan odd integer, and x € R, or if 2 < k < n—1, k is an odd integer, p < O,
and x € (0, |1W] ", then Inequality (26) is reversed.

Proof. The proof is divided into three cases.
Case 1. If k = n, a direct differentiation yields

OE,((x+1)P —1)  p(x;+1)P!
axl 7(3(1—‘-1)”—1

Es((x+1)7 —1).
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From Lemma 4, it follows that

(1 =)

-1 -1
N [ = I

<0, ifp>0;

<0, if p <0and n isan even integer;

OE,((x+1)P —1)  9E,((x+1)P —1)
E)x1 - 8x2 }

>0, if p <0and nisan odd integer

and

aEn x+1 7”—1) aEn((x+1)7”+1)]
2

(Inx; —Inxp) e
2

lnx1 h‘le }En((x—f—l)p—l)

+1)P -1 (xp+1)P—-1
ifp>1;
fo<p<l;

[xl x+1)P~ 1 ~ xa(x +1)p1
0,

0,

0, if p < 0and nisan even integer;
0,

IV IA A IV

if p < 0 and 7 is an odd integer.

Therefore, from Lemmas 1 and 2, we have

110f15

1. if p > 0, then E,((x + 1) — 1) is Schur concave on R"; if p < 0 and 7 is an even (or odd,
respectively) integer, then E,((x 4+ 1)? — 1) is Schur concave (or Schur convex, respectively)

on R’ ;

2. if p > 1, then E,((x +1)? — 1) is Schur geometrically convex on R"; if 0 < p < 1,
then E,((x +1)” — 1) is Schur geometrically concave on R"; if p < 0 and n is an even (or
odd, respectively) integer, then E,((x + 1)? — 1) is Schur geometrically concave (or convex,

respectively) on R, .

For k = n, by Relations (10) and (11) and by Definitions 2 and 3, the inequalities in (25) and (26) hold.

Case 2. When 2 < k <n —1, since

(L) — p(xy + 1)P Y (xp + 1)P — 1] o((R+1)7 —1)

ax1

+p(x1 + P (F+1)P — 1),
we have

aEk((x+1)P71) . E)Ek((x+1)”—1)
dx1 dxo

AE((x+1)P —1)) 2 (x — x2) [
= p(r —x){(a + P (2 + 1P — 1] — [(x1 + 1) — 1] (2 + )P
K Eia(F41)7 — 1) + plrs — x2) [(x1 + 1P — (12 + 1P| By (R4 1) — 1)

= p(x1 — x2) ((x1+1)p1 _ bex )P }ﬁ [(xi +1)P = 1]Ex »((* +1)" = 1)
i=1

n+1)P—1 (o+1)f -1
+p(xr — ) [(x1 + 1P — (o + 1P Eeq (R+1)P —1).

Utilizing the monotonicity of p(x + 1)7~! and Lemma 4, we obtain that

(27)

(28)

1. if0 < p <1, then A(E((x+1)7 —1)) < 0 for x € R}, so the function E,((x +1)P —1) is a

Schur-concave function on R’ ;
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2. if p < 0and kis an even (or odd, respectively) integer, then A(E;((x +1)? —1)) § 0 forx € R%.
This shows from Lemma 1 that, if p < 0 and 7 is an even (or odd, respectively) integer, the function
E;((x +1)P —1) is Schur concave (or Schur convex, respectively) on R ;

3. ifp>Tlandx € (0,c]", from (28), it follows that

AEp((x+1)P = 1)) = p(x1 — x2){—(x1 = x2) (21 + )Pz + 1)P !
—[(r+ )P = (o + )P E (R +1)P — 1)
+p(x1 — ) [(x1 + )P = (o + P E 1 (R+1)P — 1)

(29)
= p(x1 —x02) B a((X+1)7 = 1){—(x1 —x)(x1 + 1) (e + P

= = =)

Suppose x1 # xp and x € (0, c]". By Lagrange’s mean value theorem, we have
1+ )P =+ )P = (p=D(n =)+ 1) (30)
for some ¢ in the open interval (min{xy, x }, max{xy, x2}) and

(x1 +1)P~ 1 (xp +1)P1 1 - 1
(p-DE+1P 2 ~ (p-DE+1)P = (p=1(c+1)F

Fork=2,...,nand x € (0,c]", using Lemma 5 yields
P—1) n—k n—k

(F+1)
(Grop—n Skt T

Ecq((x+1)F —1)
Ex o((x+1)P —1)

< !

—k)
— 31)

)

For x € (0, c]", by Equation (29) and the inequalities in (30) and (31), we obtain

3
Fy

A(Ep((x+1)P = 1)) = p(x1 — x2)*Ex_o((F+ 1) — 1)
{0 1 (- D@+ BT ]
< plxr—x) (p—D(E+ 1P 2E (R + 1) — 1)

(x1 +1)P 1 (xg +1)P1 n—k i n—1
[ TS +<k—1><n—z>,-Z("f“)pk—l]
< plx1 — %)X (p — D(E+ V)P 2B (R + 1) — 1)
1 n—k n—1
X {_(p—l)(c—kl)p et k—J

Therefore, if p > 1, then A(Ex((x +1)? —1)) < 0 for x € (0,c]". Therefore, from Lemma 1,
it follows that

1. if 0 < p <1, the function Ex((x +1)? — 1) is Schur concave on R} ;

2. if p < 0and k is an even (or odd, respectively) integer, the function Ex((x +1)? — 1) is Schur
concave (or Schur convex, respectively) on R} ;

3. if p > 1, the function E;((x + 1)” — 1) is Schur concave on (0, ¢]".
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Case 3. If 2 < k < n — 1, then from (27), it follows that

OE((x+1)P 1) . OE ((x+1)P —1)
! 8x1 2 axz

Ac(Ex((x +1)P —1) = (Inx; — Inxy) {x

-1 -1 2
i i + 17~ Eal(€ 417 1)

+p(Inx; —Inxp) [x1(x1 + )P = xp(x0 + )P HE 1 ((F+1)P —1).

=p(Inx; —Inxy)

Using the monotonicity of function px(x + 1)P~! and Lemma 4 results in

1. ifp>1,then A(E((x+1)” —1) > 0 forx € R;
if p < 0 and k is an even (or odd, respectively) integer, then A(Ex((x +1)? —1) ; 0 for
xe (0 i]n;

3. if0<p<1,then

Ag(Ex((x+1)P —1) = p(Inx; — lnxz){xl(xl + 1)p71[(x2 +1)P —1]
—[(2+ 1) = 1xa(x2 + )P} E (R +1)P - 1)
+p(Inxg —Inxy) [x1(x1 + 1P —xp (22 + 1)P | Ee 1 (R+1)P — 1)

(32)
=p(nx; —Inxp) B »((¥ +1)7 — 1){(9(1 —x) (21 + 1P (g + )P
_ 17 [Ek-1(B+1)P —1)
+ +1)P1 - +1P1[’<1A —1| ¢
[.Xl (Xl ) x2(x2 ) ] Ek72((x + 1)P — 1)
Suppose x1 # xp, by Lagrange’s mean value theorem, we have
(D =2+ 1) = (v = 0) (+ 171+ pE) (33)
for some ¢ € (min{x, x2}, max{xy, x2}). Therefore, using Lemma 5 leads to
Er 1((x+1)P —1) n—k ! n—k
< ; P— —— ".
Ek,z((f-f—l)p—l) = (k—l)(n—Z) Z(X1+1) k—1’ XER+ (34)

i=3
For x € (0,d]", substituting (33) and (34) into (32) yields

Ac(Ex((x+1)P —1) = p(Inxy —Inxp)(x1 — x2)Ex 2((¥+1)P — 1)
Ex1((*+1)P—-1) 1} }
Exo((x+1)P - 1)

< p(lnx; —Inxy)(x1 — x2) Exo (X +1)7 — 1){@‘1 + 1P+ 1)

)

= p(Inx; —Inx) (x1 — x2)(§ + 1P (14 pd) Bra((R+ 1P — 1)
(x1 +1)P 1 (xp +1)P1 n—k o n—1
R Lty =
< p(inxy —Inxp) (x1 — x2) (& +1)P2(1+ p&) Epo (R + 1) — 1)

n—=k n—1
p— p—
k_l(d+1) k—l} 0.

x{m 1P+ )P (G 1P (1 p) [

+(E+1)P2(1+ pE) (k_'i)_(nk_z) :

1

x {(d +1)%P +

Therefore, using Lemma 2, we obtain that
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1. if p > 1, the function Ei((x + 1)P — 1) is Schur geometrically convex on R ;
if p < 0 and k is an even (or odd, respectively) integer, the function Ex((x 4+ 1)? — 1) is a Schur
geometrically-concave (or convex, respectively) function on (0, ILPI} i

3. if0 < p < 1, the function E((x + 1)” — 1) is Schur geometrically concave on (0, d]".

For k = n, by Relations (10) and (11) and by Definitions 2 and 3, the inequalities in (25) and (26) hold.
Theorem 3 is thus proven. O

Remark 1. This paper is a corrected and revised version of the preprint [29].

Author Contributions: The authors contributed equally to this work. The authors read and approved the
final manuscript.

Funding: The authors Bo-Yan Xi, Ying Wu and Feng Qi were partially supported by the National Natural Science
Foundation of China under Grant No. 11361038, by the Foundation of the Research Program of Science and
Technology at Universities of Inner Mongolia Autonomous Region under Grant No. NJZZ18154, and by the Inner
Mongolia Autonomous Region Natural Science Foundation Project under Grant No. 2018LH01002, China.

Acknowledgments: The authors are thankful to the anonymous referees for their careful corrections to and
valuable comments on the original version of this paper.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Mitrinovi¢, D.S. Analytic Inequalities; Springer: Berlin, Germany; New York, NY, USA, 1970.

2. Wang, Z,; Chen, ]. Simple proof and application of a geometric inequality. . Ningbo Univ. 1995, 8, 70-72.
(In Chinese)

3.  Wang, W.-L. Some inequalities for symmetric functions and applications. J. Ningbo Univ. 1995, 8, 27-29.
(In Chinese)

4. Kuang, J.-C. Chdngyong Bidéngshi (Applied Inequalities), 4th ed.; Shandong Science and Technology Press:
Ji'nan, China, 2010. (In Chinese)

5. Chen, C.-P; Qi, F; Srivastava, H.M. Some properties of functions related to the gamma and psi functions.
Integral Transform. Spec. Funct. 2010, 21, 153-164. [CrossRef]
Guo, B.-N,; Qi, F;; Luo, Q.-M. The additivity of polygamma functions. Filomat 2015, 29, 1063-1066. [CrossRef]

7. Guo, S.; Qi, F. A class of completely monotonic functions related to the remainder of Binet’s formula with
applications. Tamsui Oxf. ]. Math. Sci. 2009, 25, 9-14.

8. Li, W.-H.; Qi, F. Some Hermite-Hadamard type inequalities for functions whose n-th derivatives are
(, m)-convex. Filomat 2013, 27, 1575-1582. [CrossRef]

9. Liu, A.-Q,; Li, G.-F; Guo, B.-N.; Qi, F. Monotonicity and logarithmic concavity of two functions involving
exponential function. Internat. . Math. Ed. Sci. Tech. 2008, 39, 686—-691. [CrossRef]

10. Qi, F; Guo, B.-N. Some properties of extended remainder of Binet’s first formula for logarithm of gamma
function. Math. Slovaca 2010, 60, 461-470. [CrossRef]

11. Qj, F; Guo, S.; Guo, B.-N. Complete monotonicity of some functions involving polygamma functions.
J. Comput. Appl. Math. 2010, 233, 2149-2160. [CrossRef]

12.  Qi, F; Niu, D.-W.; Guo, B.-N. Monotonic properties of differences for remainders of psi function. Int. J. Pure
Appl. Math. Sci. 2007, 4, 59-66.

13.  Guo, B.-N.; Qi, F. On the degree of the weighted geometric mean as a complete Bernstein function. Afr. Mat.
2015, 26, 1253-1262. [CrossRef]

14. Qi F; Lim, D. Integral representations of bivariate complex geometric mean and their applications. J. Comput.
Appl. Math. 2018, 330, 41-58. [CrossRef]

15. Qi F; Zhang, X.-].; Li, W.-H. An elementary proof of the weighted geometric mean being a Bernstein function.
Politehn. Univ. Bucharest Sci. Bull. Ser. A Appl. Math. Phys. 2015, 77, 35-38.

16. Qi F; Zhang, X.-J.; Li, W.-H. An integral representation for the weighted geometric mean and its applications.
Acta Math. Sin. 2014, 30, 61-68. [CrossRef]


http://dx.doi.org/10.1080/10652460903064216
http://dx.doi.org/10.2298/FIL1505063G
http://dx.doi.org/10.2298/FIL1308575L
http://dx.doi.org/10.1080/00207390801986841
http://dx.doi.org/10.2478/s12175-010-0025-7
http://dx.doi.org/10.1016/j.cam.2009.09.044
http://dx.doi.org/10.1007/s13370-014-0279-2
http://dx.doi.org/10.1016/j.cam.2017.08.005
http://dx.doi.org/10.1007/s10114-013-2547-8

Mathematics 2019, 7, 552 15 of 15

17.

18.

19.

20.

21.

22.
23.

24.

25.

26.

27.

28.

29.

Qi, F; Zhang, X.-J.; Li, W.-H. Lévy-Khintchine representation of the geometric mean of many positive
numbers and applications. Math. Inequal. Appl. 2014, 17, 719-729. [CrossRef]

Qi, F; Zhang, X.-J.; Li, W.-H. Lévy-Khintchine representations of the weighted geometric mean and the
logarithmic mean. Mediterr. |. Math. 2014, 11, 315-327. [CrossRef]

Qi, E; Zhang, X.-J.; Li, W.-H. The harmonic and geometric means are Bernstein functions. Bol. Soc. Mat. Mex.
2017, 23, 713-736. [CrossRef]

Marshall, A.W.; Olkin, I.; Arnold, B.C. Inequalities: Theory of Majorization and its Applications, 2nd ed.; Springer:
New York, NY, USA, 2011. [CrossRef]

Wang, B.-Y. Foundations of Majorization Inequalities; Beijing Normal University Press: Beijing, China, 1990.
(In Chinese)

Zhang, X.-M. Geometrically Convex Functions; An’hui University Press: Hefei, China, 2004. (In Chinese)
Chu, Y.-M.; Zhang, X.-M.; Wang, G.-D. The Schur geometrical convexity of the extended mean values.
J. Convex Anal. 2008, 15, 707-718.

Guan, K.-Z. Schur convexity of the complete symmetric function. Math. Inequal. Appl. 2006, 9, 567-576.
[CrossRef]

Sun, T.-C.; L, Y.-P.; Chu, Y.-M. Schur multiplicative and harmonic convexities of generalized Heronian
mean in n variables and their applications. Int. |. Pure Appl. Math. 2009, 55, 25-33.

Xi, B.-Y.; Gao, D.-D.; Zhang, T.; Guo, B.-N.; Qi, F. Shannon type inequalities for Kapur’s entropy. Mathematics
2019, 7, 22. [CrossRef]

Bullen, P.S. Handbook of Means and Their Inequalities. In Mathematics and Its Applications; Kluwer Academic
Publishers Group: Dordrecht, The Netherlands, 2003; Volume 560.

Mitrinovié, D.S.; Pecari¢, J.E.; Fink, AM. Classical and New Inequalities in Analysis; Kluwer Academic
Publishers: Dordrecht, The Netherlands, 1993; d0i:10.1007 /978-94-017-1043-5.

Xi, B.-Y.; Wu, Y;; Shi, H.-N.; Qi, F. Generalizations of Several Inequalities Related to Multivariate Geometric
Means. HAL Archives. 2018. Available online: https://hal.archives-ouvertes.fr/hal-01865896 (accessed on 8
June 2019).

@ (© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.7153/mia-17-53
http://dx.doi.org/10.1007/s00009-013-0311-z
http://dx.doi.org/10.1007/s40590-016-0085-y
http://dx.doi.org/10.1007/978-0-387-68276-1
http://dx.doi.org/10.7153/mia-09-52
http://dx.doi.org/10.3390/math7010022
https://hal.archives-ouvertes.fr/hal-01865896
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Definitions and Lemmas
	Main Results
	References

