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Abstract: In this paper, we investigated the stability criteria like an exponential and weakly
exponential stable for random impulsive infinite delay differential systems (RIIDDS). Furthermore,
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1. Introduction

Impulses occur in a short duration of time which makes a sudden change in the nature or behavior
of the differential system; we call this system an impulsive differential system. Most of the impulsive
differential equation models deal with the fixed time of occurrence of impulse action. Many authors
contributed to analyzing the fixed time impulsive differential systems (IDS) with the finite or infinite
delay because this system arises in many fields like science, engineering, biotechnology, neural
networks, and control systems—see the monographs [1,2]. The study of qualitative behavior like the
stability of impulsive differential systems is also important. Generally, stability behavior for IDS with
delays can have two types of results: (i) impulsive perturbation and (ii) impulsive stabilization. For the
past several decades, many authors have studied the stability behavior of various types of impulsive
systems by using the Lyapunov functions and Razumikhin technique. Moreover, the Lyapunov
functional method plays an important role in the stability theory of functional differential systems
it used to obtain the minimal class of functional from the corresponding derivative of the Lyapunov
functions; for example, in [3,4], the authors proved the exponential stability by using the Lyapunov
and Razumikhin technique and the authors in [5-7] investigated the Razumikhin-type theorems for
weakly exponentially stable and exponentially stable. Recently, the authors in [8] established some new
Razumikhin-technique for studying the uniform stability behavior of the systems. However, impulses
used to control for the unstable differential systems can be stabilized to the equilibrium point; this
is shown in [9,10]. Furthermore, several interesting results have been established in [11-16] and the
references therein. However, the impulses happen not only in fixed time on the system states, but it is
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also possible to happen randomly; we know that the real world system states often change randomly.
From this point of view, we develop random impulses in differential systems.

Very few attempts are made in the study of the random time occurrence of impulses.
This changing nature from a deterministic system to a stochastic system differs from the stochastic
differential equation—for example, in [17], the authors investigated the existence, uniqueness and
stability results for random IDS. In [18], the author studied the p!" moment exponential stability results
and the authors [19] discussed the distribution nature for random IDS and proved the exponential
stability. For further study, refer to [20-29] and references therein. Still, now there was no paper
reported on the exponential stability for RIIDDS based on the Lyapunov and Razumikhin approach.
Therefore, it is necessary to identify the exponential stability results for RIIDDS.

Inspired by the above discussions in this paper, we construct some new sufficient conditions for
exponential stability by employing the random impulses. Furthermore, we discuss the random time
impulses are faster than fixed time impulses. Finally, we show the stability behavior of random time
impulses and the fixed time impulses. The rest of this paper is as follows: there are some definitions
and lemmas in the preliminaries in Section 2. In Section 3, we prove the exponential stability and
weakly exponential stability results for RIIDDS by using the Lyapunov and Razumikhin technique.
Then, in Section 4, two numerical examples and their simulations are discussed and, finally, in Section 5,
conclusions are given.

Notations: Let 3 denote the set of all real numbers, Jt; the set of all non-negative
real numbers and Z, the set of all positive integers. Let R" be the Euclidean space
equipped with norm ||-||, and (Q), F,P) be a probability space. We use I' = PC ((—o0,0], R")
to denote the set of all piecewise right continuous real valued random variables ¢
(—o0,0] — R" with the norm is defined by E|¢|? = sup E|¢(6)]”. The symbol PCB(t)

fe(—00,0
denotes a set of all bounded piecewise right continuous (real] valued random variables ¢.
Then, E(-) stands for the expectation operator with respect to the given P. Moreover,
letting ¢ = C(R.,R.), we define: K;={vel|v(0)=0 and v(s) >0 for s>0};
Ky = {v € C|v(0) =0 and v(s) >0 for s >0 and v is nondecreasing ins}; K3 = {v € C| v(0) =0
and v(s) > 0 for s > 0 and v is strictly increasing in s}.

2. Preliminaries

Let {T,,ﬂ}zzl be a sequence of independent exponentially distributed random variables with
parameter 1 defined on sample space (2 and {5;,1} o be thei 1ncreasmg sequence of random Varlables.
Note that (:0 = to, where fy > 0 is a fixed point and (:m = (:m 1+ T form=1,2,---,where T defines

the waiting time between two consecutive impulses and provides Z 7, = co with probability 1.

Let us consider the delay differential systems with random 1rnpulses of the form

V() = gty), G <t<Cmir, t>1,
Y& = (G y(@n)) m=12---,
y(0) = ¢(8), € (~o,0], (1)

where ¢ € Tand ¢ € C([0,00) x D, R"), g(t,0) =0, where D isanopensetinI. Forany t > ty, y; =
{y(t+0),0 € (—0,0]}. Forany m = 1,2,3,---, Lu(t,y) € C([0,00) x R",R"), L,,(),,0) = 0 and
for any p > 0, there exists p; > 0 (p; < p) such that y € S(p;) implies that y + I,(&,,, v) € S(p),
where S(p) = {y : ||y|| <p, y € R"}. For any ty > 0,let PCBs(ty) = {¢ € PCB(to) : ||¢|| < 6}, and
let @(8) = y(t +6), thus ¢(0) = y(t). Furthermore, we define y(&,1) and y(&,, ) are the right and left
limits at (:;n.

We assume the existence and uniqueness solution for the initial value problem (1), and denoted
as y(t, to,¢). Since g(t,0) = 0, Im(C;n,O) =0, m=1,2,.., then y(t) = 0 is the trivial solution of
system (1).



Mathematics 2019, 7, 843 30f 22

Remark 1. Define {y }_ be the increasing sequence of points, where &y, is a value of the corresponding
random variable &,,Y m = 1,2, - -, and {Tm }on_y is a sequence of points, where T, are arbitrary values of the
random variable T,’ﬂ,v m =1,2,---. For convenience, we define (o = toand &y = Cy—1+ T, Ym=12,---,
where Ty, denotes the value of the waiting time. Then, system (1) becomes

]//(t) = 8(t/yt)/ t#‘:ml tZtO/
y(&) = In(Cmy(E,)), m=12,---,
y(0) = ¢(6), 6€ (—c0,0] @)

The solution of system (2) depends not only on the initial condition; it also depends on the moments
of impulses &, m = 1,2,---. That is, the solution depends on the chosen arbitrary values T, of the
random variable T,,¥ m = 1,2,---. We denote the solution of (2) by y(t;to, ¢, {tm}) and will assume

y(Gm) = lim y(t).

t—=&m—0
Moreover, the collection of all solutions of system (2) is called a sample path solution of system (1). Thus,
the sample path solution generates a stochastic process. We will say that it is a solution of system (1), and it is

denoted by y(t; to, §, {T;/n }) :

Lemma 1. From [19,28], when there will be exactly m impulses until the time t,t > to, and the waiting time
between two consecutive impulses follow exponential distribution with parameter -y, then the probability

"= 10)" k)
P(I[é;n/(::ﬂ+1)(t>) o m! € 0’

where the events I[dn,d,,ﬂ)(t) ={weQ:§,(w)<t<q, (w)}m=12---.

Remark 2. From [19,28], if y(t) is the solution of the random impulsive differential equations, then

[e9)

Elly@®ll = Y Elly®l1g

’
m g
m=0 7om+1

)(t)]P(I[(:;”,(: )(t)),

/

m+1
/. .

where ¢, is the impulse moments.

Definition 1. The function W : 8 x I' — R belongs to class wy if

(i) W is continuous differentiable almost every where function.
(i) W(t,y) is locally Lipschitzian with respect to y and W(t,0) = 0.

Definition 2. Letting W € wy, for any (t, ¢) € [0,00) x D, the upper right hand Dini derivative of W (t,y)
along the solution of system (1) is defined by

D W(t, ¢(0)) = limsup { (W(t+h ¢0)+ hg}gff 9)) —W(t 9(0))] } _
h—07t

Definition 3. Let y(t) be a the solution of (1) through (to,¢), and p > 0. Then, the trivial solution of (1) is
said to be

(i) p'" moment weakly exponentially stable, assume a(s) € K3, A > 0 is a constant (convergence rate),
if for any € > 0, there exists 6 = 6(€) > 0 such that ¢ € PCB(ty) implies E [aq(||y(£)[|P)] <
e-eMi=t) >,

(ii) p™ moment exponentially stable, assume A > 0 is a constant (convergence rate), if for any € > 0, there
exists § = 8(e) > 0 such that ¢ € PCB;(to) implies E(||y(t)||P) < e -e~A=h), t > ¢,
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3. Main Results

Theorem 1. Assume that there exist functions By, B2 € K1, h € Ky, ¢ € Candq € PC(R4, R+), W(ty) €
wo, and constants M > 1, A > 0,w,, > 0, x > 0, such that E [wy,] < x,m € Z, and the following
conditions hold:

@ Brlyll") < W(ty) < Ba(llyll”), (£y) € R x 5(;7)

(i) For any ¢ € PC((—00,0],5(p)), if h(W(t, (0))eMt=10)) > MIW(t +6,9(6)), 6 € (—o0,0],
Cm <t < &y, then DYW(t,(0)

t ) < q(t)c(W(t ¢(0))), where s < h(s) < Ms forany s > 0;
(iii) For all (&, ¢) € Ry x PC((=00,0],5(p1)), W(Z, 9(0) + In(Gn, 9)) < wnW (&', 9(0)), with
{f_"[ E [wl]} S M/
(zv)T—max{gfm—(j }<oo ‘u—mm{gm— _}>0
1nfft s)ds = My < oo, sup fSMEM %) M, < My;
5>0

(v) The inequality qu( ) 1nf ( ) > A holds.

Then, (1) is p'" moment weakly exponentially stable.

Proof. Condition (i) = B1(s) < Ba(s) fors € [0, p].
Let a3 and ap be strictly non-decreasing continuous functions satisfying
a1(s) < B1(s) < Ba(s) < ax(s), Vs € [0,p]. Thus, we have

ar([[yll") < W(ty) < ax(fly[).V (ty) € R x S(p).
For any p; > 0 and € > 0, we may choose 6§ = &(e) > 0, such that ay(8) < M~ 2min {a;(€),€}.
Let y(t),t > to be a solution of system (1) through (to, ¢), and it follows a stochastic process. For
any ¢ € PCB;(tg), we shall prove that
E[ar(Jy(t)|P)] <e- e~ ATYA=0l(t=to) 4 > 4 ©)

We will prove (3) with the aid of the sample path solution of (1). Thus, first, it is enough to prove that
there are m impulses moments until time f, t > t,

m
ﬂC](”y(t)”p) S € Hwie_A(t_tO)l te [CTHI gm—i—l)/ m = 0/ 11 21 tee
i=1

For convenience, let W(t) = W(t,y(t)), and V(o) = max { sup Wi(ty+6,¢(0)), MW(ty) },
0e(—o0,0]
which implies

V(ty) < ap(8)M, in view of (¢ € PCBs(ty)).

We shall prove that there are m = k impulses moments until time ¢, t > ¢,

k
W(t) < V(to) [Twie M), t € [& Era)- @)
i=1
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First, it is clear that, for t € (—o0, t(),

a(y®)F) W(t) < V(to)
Maz(6)
M min {aq(e), e}

ay(€). %)

ININ AN

Thus, [[y(H)||F <€ < p1, t€ (—oo,ty]. Assuming k = 0, i.e., no impulse moments, then we prove
that

W(HeMtt) < V(tg), t € [t, &) 6)

Supposing not, then there exists t € [ty, 1) such that W (t)e*(!=f0) > V(). Let

~

P=inf {t € [to, &1)| W(t)eMt—H) > V(to)} .
Then, £ € (to, &), W(F)eM =10 = V(). In addition, W(t)e*t—10) < V(ty), t € [to, ). Since

W(He 1) < V(ty), Ve (—oo,f). @)

Note h(W(£)eM—t)) = n(V(ty)) > V(t), and h(W(ty)) < h(M 1V (k) < V(t), in view of
h(s) < Ms,

thus define
= sup {t € [to, {]| R(W(1)eMt—10)y < V(to)}.

Thus, t* € [to, ), h(W(t*)et" 1)) = V(ty), and k(W (t)er(t—10)) > V(ty), t € (+*,F]. Hence, for
t € [t*,1], s € (—oo,t], considering (7), we have

W (£)eME10)) > V() > W(s) > MITW(s).
By (ii), DTW(t) < —q(t)c(W(t)) holds for all t € [*,f]. Therefore, we obtain

D+(W(t)e/\(t—to)) - D+W(t)e/” to) FAW(H)e A(t—tg)
t to(D+ ()—i—)\W())
M) (—q(1)e(W(H)) + AW (1))

( )e/\(t t)( q(t) C(VV\;/((:)))
0. ®)

IA

+ A), by condition (v)

IN

Thus, W(t)eMt—t) is non-increasing in t for t € [t*,7] which gives that W(t*)er(t' 1)
W (£)er(t=t), However, this contradicts the fact that W(F)eMF—10) = V(t)) = h(W(t*)eMt" 1))
W (t*)eMt"—t), Hence, we have proven W(t) < V(tg)e =1, t € [ty, &). Hence, for t € [ty, &1),

2
>

a1 (ly(D)]P) < W(t)eMt1) < V(k)) < Maa(8) < M~ min {ay(€), e} < ay(e).

Thus, [[y(t)||” < e < p1, t € [to, 1), which gives that y(&;) € S(p1), ¥(&1) € S(p).
Considering the condition (iii), we get

W(1) SwiW(g,) < w1V(t0)g*/\(§1*to).
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Furthermore, we claim that there are m = k impulses moments until time ¢, t > tg

W(t) < V(to)ﬁwie_A(t_tO)r t €[Sk Chr1)- ©)
=
First, we prove that
W (& )eM ) < M1V (t). (10)
Supposing not, then
W (& )Mt > M1V ().
Thus, either there are m = k — 1 impulses moments until time £, > £
W(t) > MV (tg)e M0), vt e (&1, &),
or there exist some ¢ € [&x_1, &), for which
W(t)eMt ) < M1V (k).
Case(i); considering (6), we have
RW(HM0)) > W) > M7V () > MTIW(s)e ), s € (—oo,t], £ € & 1,8,
which gives that
W )M E10) > MIW (g e B h),
Thus, we obtain
MW(G)e™ > W(Gk-1),
where 7 is the value of the random variable 7. By (ii), we have
DTW(t) < —q(t)c(W(t)), ¥t € [Zk1,8k)-

Then, we get

W(&_1) MW(E)er™
/ klﬁﬁ/ e ﬁ§Mz<M1,
we)  c(s) T Jwe) c(s)

however noting that

W(C-1) ds Ck Cro1tp
72/ sdszf s)ds > Mjy,
/W(ka) c(s) Ck—1 1) Ck—1 () !

where y is the value of the random variable y/. This is a contradiction.
case  (ii), let = sup {t € [to, &]| W(t)eMt—t) < M—1V(to)}. Then,
t* € [to, &), W(t*)eM ~1) = M1V (t;), and

W(Her 1) > MV (ky), te (1, &),
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which gives that
(W (£)e=0)) = h(W (5} 10)) > W()er! =) > M7V (ko) > MTTW(s)e M010), s € (—oo,t], t € [t 8).
By (ii), we have
DTW(t) < —q(t)c(W(t)) <0, holds Vt € [t*,&).

Apply a similar process as in (8), which yields DT W (t)e*(!=t0) < 0. Therefore, W(t)e}(t=10) is
non increasing in t for t € [t*,&). In particular, W(t*)e*(*" ~f0) > W(&,)e*(% ). However, this is in
contradiction to the fact that

W(E )M e ) > MV (1) = W(t*)eM ! 1),

Thus, we have proven (10). Next, we need to show that there are m = k impulses moments until
time t,t >ty
£ —A
W(t) < V(to) [Twie M1, t € (&, Eia)-

i=1

Supposing not, then there exists some t € [k, &k, 1) such that
k
W(t)eMt 1) > v (k) [ Twi.
i=1

Letting
X k
t= i"f{f € &, Epr) | W(t)eM 1) > V(tO)Hwi}r
i=1

. k k
then f € (&, &y1), W(He M=) = V(o) TT w;, and W(t)e M=) < V(tg) [Tw;, t € [&F).
i=1 i=1
Meanwhile, we obtain
k A
W(t)eMt=1) < V(tg) [ Jwi, Vt € (—oo,i), (11)
i=1

in view of the fact that
W(t)erth) < V(ty), for t e (—oo,&).

On the other hand, we note

h(W (F)eMEto) sz ) > [ TwiV(to)
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and

h(W (&) t)y < n(W(E) ﬁwieA(érto))

i=1
< w;M V(1))
i=1
k
< JJwiV(t)
i=1

Therefore, we can define

k
t* = sup {t € [&, 1) | h(W(t)er 1)) < TTw; } .

i=1

* k k A
Then, t* € [&,F), R(W(t*)eM" ) = [T w;V(ty), and h(W(t)eMt—t)) > TT w;V (), t € (+,1].
i=1 i=1
Thus, considering (11), we have

k
h(W(t)eMt=t)y > TTwiV(to

> W(s)ereh)
> M7IW(s), s€ (—oo,t], te [t

Hence, by (ii) and (v), a similar process as in (8), we can obtain DTW(t)e!!~) < 0, which
gives that W(t)e*(*=1) is non-increasing in ¢ for t € [t*, f]. In particular, W (t*)ert"~t0) > W(F)erMi—to),
This contradicts the fact that

A k *
WA = (1) [ s = h(W(E)A—0) > W(e)ehe ),
i=1

o (9) holds. Thus, we have, for t € [k, Cxi1),

w (I(OP) < WA < [T
i=1
< M2ay(0)
< min{ai(€),€}
< 0€1(€).

Thus, [ly(t)[[P < e < p1, t€ [k Eks1), which implies y(Z;,;) € S(p1), ¥(Sx+1) € S(p)-
Thus, by induction principle, there are m impulses moments until time ¢, t > ty

W(t) < V(to)lm[wie* (=00), t € [Gm, Emt)-
i=1
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Thus, (4) holds. Using assumption (i), we derive at

ar(y()IF) < W(t) < tOHwe (t—to)

m
w(EOM]] wie M=),
i=1

min {ay(€),€} Hw e M=t

IN

IN

A

a(lymlf) < e-TTwe 7, t € G Gmin).
i=1

Thus, solutions generate a stochastic process that is defined by
- A
a(lyOlIf) < e-TTwe 0, ¢ € (@, &)
i=1
Taking expectations on both sides, by using Lemma 1 and Remark 2, then we get

[e9)

E [a1(ly(5)]|")] Eler(lyOIN) g, g (DIP(g o

[
m=0 7om+1

),

IA
m
[7e

o Mt—to) ,
E[w P(I,

w1

()

PaGe) 7" (= 10)" o (t—ty)
m!

IA
e
\’:|§ l’:[a

=0i=
.. [A +y (1)) (tt)

E [ar([ly(®)[17)]

IN

O

Remark 3. From Theorem 1, we observed that

1. If0 < x < 1 and the impulses arrival rate «y does not have any restrictions, then system (1) is the p™

moment weakly exponentially stable.
2. Ifx = 1and the impulses arrival rate -y = 0 (no impulse arrival), then system (1) is p!" moment weakly

exponentially stable.
3. Ifx > 1and the impulses arrival rate y < = 1, then system (1) is p™" moment weakly exponentially stable.

Now, particularly, letting h(s) = 1-s,1 € (1, M],c(s) = s,q(t) > q,Bi(s) = a;s? (q,p,a; >
0,i=1,2, are constants) in Theorem 1, then we have the next results.

Corollary 1. Assume that there exist a function W(t,y) € wq and constants wy,, > 0, k > 0, such that
E[wn] < x,m € Z and the following conditions hold:

Q) arlly|” <W(ty) <axllyll”, (ty) € RxS(p),

(ii) For any g € PC((—00,0], S(p)), if MIW(t, 9(0))ert=t) > W(t4+6,9(6)), 6 € (—c0,0], &, <
E< 8y, then DW(t,9(0)) < ~qW(t,9(0)) / /

(iii) Forall (&, ¢) € Ry x PC((=00, 0], S(p1)), W(&p @(0) + In(Es @) < wuW (&, 9(0)), with
(fize} <0

(iv) T = max {g;n . } < oo, 3 = min {gjn —ggn_l} >0, 4'qg>InM+AT.

m—1 meZy



Mathematics 2019, 7, 843 10 of 22

Then, (1) is p'" moment exponentially stable.

Proof. Notice that y'q > InM + AT gives that conditions (iv) and (v) in Theorem 1 hold. Finally,
there are m impulses moments until time t, t > t(, then we get

am ly@®)))F < May|y(t) IPHwe (t=to)
Ma
Iy < ( 2)||4>|pr€ (t=to)
Letting ¢ € PCBy(to), 6 = € (1 ) then

m
ly()])P < e-TTwie ™%, t >ty t € [Em, Enpr)-

i=1

Thus, solutions generate a stochastic process that is defined by

[y < e [Jwe ), t e[, &)
i=1

Taking expectations on both sides, by using Lemma 1 and Remark 2, then we get

Elly®|P < e-e”Wr=nllt=to)
O

Remark 4. If the condition h < s holds, the derivative of V is non-negative; then, we get the next exponential
stability result.

Theorem 2. Assume that there exist functions B1, B2 € K1, h € K, c € Cand g € PC(Ry,R.), W(t,y) € wy,
and constants M > 1, A > 0,w,, > 0, k > 0, such that E [wy,] < x,m € Z4, and the following
conditions hold:

@ Brlyl?) < W(ty) < B2(llyll?), (Ly) € R x S(p).

(i) For any ¢ € PC((=o0,0], S(p)), if W(t @(0))e*=1) > h(W(t+6,¢(6))), 6 € (—o0,0],
G <t < &y, then D+W<t,qo< ) < q(t)c(W(t, 9(0))), where s > h(s) > M™1s, h(xs) = xh(s)
forany x >0, s> 0.

(iii) For all (&,,¢) € Ry x PC((—0,0], S(p1)), W(& ¢(0) + In(Ep ) < M 1w W(Er, 9(0)),

with {IO—O[ E [wl]} <M,
i=1
(iv) T = max {é;n —@;n_l} < 09, ‘u = min {@’m —@;n_l} >0,

meZy meZ

sup [ q(s)ds = My < oo, infIngis = Mp.
£0
(v) The inequality My — M. sup () > A7 holds.

s>0

Then, (1) is p'" moment weakly exponentially stable.
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Proof. Let y(t),t > tg be the solution of system (1) through (#,¢), and it follows a stochastic
process. As in Theorem 1, let a1, and ay be the strictly increasing continuous functions satisfying

a1(s) < Bi1(s) < Ba(s) < ax(s), Vs e [0,p]. Thus,

ar([[ylI") < W(ty) < ax(llyll?), (ty) € RxS(p).

Applying a similar process as in Theorem 1, we assume that (5) holds.
Next, we show that (4) holds Vt € [k, {ky1). Assuming k = 0, i.e., no impulse moments, then we
show that

W(H)ert=h) < V(ty), t € [to,&).
Supposing not, then there exists t € [ty, &) such that W (t)e*!~f) > V(t;). Letting
P = inf{t € [to, &1)| W(t)eMt—1) > V(to)},
then f € (o, &), W(F)eM—10) = V(t). Furthermore,
W(H)e ) < V(ty), t € [to,f).
In addition, we obtain W(t) < W(t)eMt=0) < V(ty), ¥Vt € (—oo,f), due to (5). Note that

W(H)eM—t) = V(ty) > h(V(t)), and W(tg) < M1V (ty) < h(V(ty)), in the view of h(s) > M 1s.
Thus, we define

F = sup {t € [to, F]| W(t)eMt=h) < h(V(tO))} .

A

Thus, * € [to,f), W(t*)er 1) = h(V(ky)), and W(H)ert=1) > n(V(ty)), t e (+,1F.
Consequently, we obtain

W ()Mt > n(V(ty)) = h(W(s)), s € (—oo,t] t € [t 1].

From (ii), DTW(t) < q(t)c(W(t)) holds Vt € [t*,f]. Hence, we have

D+(W(t)€)t(t7to)) D+W(t)eAt t) FAW(b)e A(t—to)
)\(t t) D ( )+)\W( ))

(
MO (g(H)e(W(H)) + AW(H))

<
_ At—to) (- oy C(W())
WM (g(t) S5 )
< I(OW(H)erth), e 1,1, (12)
where [(t) = ¢(t) - sup C(ss) + A. Consequently, we have
s>0

w(heri=to) g V(tp) c(s)
/ —_/ >1ann > My > My sup —= + AT.
W(t+)eM" o) s>0 h( ) =0 S

However,

W(hert-to) 4 t rtT Pt c(s) o(s)
/ . —< / I(s)ds < / l(s)ds:/ q(u) sup —= du—l—)\T<MlsupT—|—A
t* t

W(t)er =) s * s>0 S >0
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which is contradiction. Hence, we obtain W(t)e!(!=10) < V (&), t € [ty, &1), which gives that (6) holds
Vt € [to, ¢1). Meanwhile we take for t € [t, 1),

a1 ([y()])7) < W(t) < V(to)e M) < V(tg) < Ma(8) < M min {as(e), €} < aa(e),
which gives y(¢; ) € S(p1), ¥(&1) € S(p). On the other hand,
W(E1) < M W(E) < M hagV(tg)e Mo, (13)
we show that (9) holds. Thus, we prove that
W(t)eMt1) < V(fo)ﬁwi, V't € [Ck Crr1)-
i=1

Supposing not, then there exists ¢ € [}, &, 1) such that

k
W(HeMt 1) > v (k) T Twi.
i=1

Let

k
F=inf {t € (& Cs)| W(H)MT10) > V(to)l'[wi}

i=1

R k k
in view of (13). Thus, f € (&, &ry1), W(Her—00) = [T w;V(ty), and W(t)eMt—h) < V(t) IT w;,
i=1 i=1
t € [&, 1). In addition, we obtain

k
W(t)er 1) < (ko) [Jwi, Yt € (—o0,&),

i=1

by the fact that

W (t)er =) < V(ty), for t € (—oo, &).

Since
. k
W(t)eA(t_tO) = lev(fo) > leh(v(to)),
i=1 i=

and

we therefore define
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k k
Then, t* € [&, F), W(t*)eM —00) = TT w;h(V(ty)), and W(t)ert=10) > T w;h(V(ty)), t € (¢, 1].

i=1 i=1
Thus, we have

W(t)ert=—t) > h(ﬁ w;V(ty))
> h(W(
> h(W(s)), s € (—oo,t], t € [t 1].
Therefore, by the conditions (ii) and (iv), a similar process of (12), we can obtain
DT (W()eM=))y < 1(HW(£)er—h) ¢ e [#,7],

where [(t) = g(t) - sup <)y A Consequently, in view of h(As) = Ah(s), we have

s
s>0

II_(I wih(V(to)) 5 §>0 h(s) s>0
i=1

k
w(heri=to) 4 IT w;V(to)
/ * i:/lzl 95 - infIn—— > My > Mysup &) 4 .
W(t*)e)‘(' ~tg) § S

However, we note that

W(t)ertto) g ; FT (s
/ B s)as < (s)ds < My sup <) 4+ A,
W(t*)e/\(t —tg) S * * s>0 S
This is a contradiction. Then, Equation (9) holds. Using an induction hypothesis, there are m
impulse moments until time ¢, t > tp, and we can write

m

W(t) < V(to)[ Jwie M), t € [Em, Emir), t > to

i=1

Hence, Equation (4) holds. Using assumption (i), a similar process in Theorem 1, we finally arrive at

Elm(ly®)f)] < e-eMrr=nllt-h),

O

In particular, letting h(s) = M 1s,c(s) = s,q(t) < q,Bi(s) = assP(q,p,a; > 0,i =

1,2, be constants) in Theorem 2, we then get the next results.

Corollary 2. Assume that there exists a function W(t,y) € wy and constants w,, > 0, k > 0, such that
E[wn] < x,m € Z, and the following conditions hold:

() alyl? <W(ey) <oyl (6y) € R x S().

(i) For any ¢ € PC((—,0],5(p)), if MW(t @(0))eM=t0) > W(t+6,9(0)), 8 € (—00,0],
& < £ < Eoso, then DYW(t,9(0) < qW(, 9(0)).

(iii) For all (&, 9) € Ry x PC((—00,0], S(p1)), W(Gy, 9(0) + (&, 9)) < M 0mW(E,, 9(0)),
with {'oolE [w,]} < M.

1
/

; I I InM _
(iv) T = max {ﬁm Cmfl} <oo, TS —q> A

Then, (1) is p'" moment exponentially stable.
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Theorem 3. Assume that there exist functions By, B2 € K3, ¢ € Cand g € PC(R+, Ry), W(t,y) € wo, and
constants M > 1, A > 0,wy, > 0, k¥ > 0, such that E [wy] < x,m € Zy, and the following conditions hold:

@ Bi(llyll") < W(ty) < B2llyll"), (t,x) € RxS(p)
(ii) Forany ¢ € PC((—0,0], S(p)), if MW(t,9(0)) > W(t+6,9(0))e?, § € (—0,0], &, <t <

a;+1,the7D+W<t,¢< ) <a(BeW(t, (). / ,
(i) For all (§,,9) € R x PC((=e0,0], S(p1)), W(&, 9(0) + (G 9)) < M~ wnW (&7, 9(0)),

with {ﬁ E [wl]} < M.
(iv) InM > M;j.sup ( ) where M; = sup ftHT s)ds, 7' = max {@’m — (j/ }

>0 >0 mez;
Then, (1) p!" moment is weakly exponentially stable.

Proof. For any € > 0, we may choose 6 = &(¢) > 0, such that B(6) < M 2min{B;(e), €}
Let’y( t),t > to be a solution of system (1) and it follows a stochastic nature. Then, we shall prove that

E[Bi(lly(t)|")] < e-etrnmllizho) 1y > g, (14)

InM—M;-sup £ls)

s

where y = min {1,0.57* }. From (iv), define the positive constant T* = —==0 > 0, where T
is the value of the random variable 7. We will prove (14) with the aid of a sample path solution of
system (1). Thus, first, we have enough to prove that there are m impulses moments until ¢, t > t,
- t—to)
pr(lly(t) e [Twie "), t € [Em, Eusa)-

i=1

For convenience, we take W(t) = W(t,y(t)), and V(ty) = MW(tp). Then, we shall prove that
there are m = k impulses moments until time ¢, ¢ > ¢y,

k
W(t) < V(t)[Jwie "1, t € [&, &)
i1

It is obvious that then t € (—oo, ty)

Br(lly(®1I7) V(to) < Mp2(9) (15)

M min {B(e), €} < Ba(e).

<
<

Thus, ||y(t)||” < € < p1. Assuming that k = 0 i.e., no impulse moments. First, we prove for
€ [¢0,¢1) that

W(t) < V(tg)e 1t=t0),

Supposing not, then there exists t € [t, &1) such that W(t)e?(!=) > V(t5) > W(ty). Note that
W(ty) < V(tg). We define

t= i”f{f € [to, ¢1)| W(t) = V(to)e’”(t*tO)}.
Then, £ > to, W(F)e=10) = V(ty) and W(t)e(t=10) < V(tg), t € [to,F) since

W(t) < V(to)et 1), t e (—co,f). (16)
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Furthermore, we note that
W(HeF=1) > V(1) > W(to),
so we define
t = sup {t € [to, )| W(t)et—10) < W(to)}.
Then, t* < £, W(t*)et"~t) = W(to) and W(ty) < W(t)e!=1), t € (+*,f]. From (16), we have

W(t + 6)e"? (17)
MV (tg)e 1t=t)
MW(t),0 € (—o0,0], t e (t,1].

MW(t+0) <
<

From (ii), DTW(t) < q(t)c(W(t)) holds for ¢ € [t*,f]. Hence, we have

D+W(t)€n(t*t0) — D+W(t)e”(t7t0)+;7w( )eﬂ(t*fo)
erlt to) (D+ ()+77W( ))

eN0) (q(1)e(W(E) + W (1))

W(rer ) (g S )

I(EW(E)e1th) e [1, 1], (18)

IN

IN

where [(t) = g(t) - sup ( )+ 1. Consequently, we have
>0

w(b)ert=to)  gg ? 4T 4T c(s) o(s )
— < < = <
Ty o s = 1M < [ 1exds = [ gta) sup B e < Mysap S5
However, note that
W(h)ert-to) MW(tg)
/ @—/ ’ =InM = 1t" + M; - sup <S)>Msup <s) +1T.

W )el s>0 5>0

This is a contradiction. Hence, W(t)e(!=10) < V(ty), t € [to,&1). Meanwhile, we take for t €
[to, ¢1)

Brlly(D])") < W(t)e! =) < V(t) < MpBa(8) < M~ 'min {B1(e), e} < Ba(e),

which gives [[y(t)||” < e < p1andy(Z7) € S(p1), y(Z1) € S(p). We assume that it is true form = k — 1
impulses moments until time t, t > £y,

k-1

W(t) < V(to)[Twie %), t € &1, &), (19)
i=1

which implies
k-1

W(t) < V(t) [ Twie 710, t € (—o0,&).
i=1
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Next, we shall prove that m = k impulses moments until time ¢, t > t,

k
W(t) < V(fo)Hwie_”(t_tO), t € [ChsChr1)- (20
i=1

Supposing not, then there exists some t € [y, Cx41) such that

k
W(t)elt=1) > V(tg) [ T w;.

i=1

k
It follows from (19) that W(&)e"(& 1) < V(to) [ w;. Thus, we define
i=1

i=1

k
t=inf {f € (& Crrn)| W(R)eT 710 > V(tO)Hwi}~

. k k
Then, f > &, W(H)e 1t-t) = V(ty) [T w;, and W(t)e"t=) < V(tg) [Tw;, t € [&,1). In
i=1 i=1

addition, from (19), we know that

k

W(telt=1) < v (ko) [Twi, Vt € (—oo,f), 1)
i=1
noting that
k
W (Ex)e et < W(ky) [T w:
i=1
and
R k k
W(F)e 110) = V(tg) [Twi > W(to) [ Jw:.
=1 i=1

Furthermore, we define

k
t* = sup {t € [&, D W(t)ert—h) < W(to)Hwi}.

i=1

Then, t* < |, W(t*)e 1" ~t0) = W(to) [T w; and W(t)e"t=10) > W(to) [T w;, t € [t*,f]. We can
i=1 i=1
deduce that

k
MW(E+0) < V(t) Hwiefﬂ(t*t(’)
i=1

A

= MW(t),0 € (—o0,0], te]tht],

which gives that

A~

DT(W(t)) < q(t)c(W(t)), t € [t,1].
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Hence, we can deduce that

~

DT (W()elt=)y < 1(H)W(h)e!—10), + e [+*,1],

where [(t) = g(t) - sup o) 4 7. We have

S

s>0
w(b)ert=to) 4 £ Pt
/ i a8 < / I(s)ds < / I(s)ds < My sup@ +7T.
W(t*)er](t 7t0) S P ¥ >0 S
However, we note that
(t~tg) MW (t) ﬁ
W(t)ertt =) g4 o) Ll wi 4
/ . —S:/ ! —S:InM:TT*+M1sup@>Mlsup@+177,
W(t*)eﬂ(t —ty) s W(to) T w; S s>0 S s>0 S
i=1

which is contradiction. Thus, Equation (20) holds. Using the induction method, there are m impulses
moments until time t, t > {,

W(t) < V(to) [ Jwie "), £ € (G Ens). @)
i=1

Using assumption (i), we derive at

Bi(ly(OII") <W(H) = V(to)ﬁwig—ﬂ(f—to)

IN

M Vmin {B1(e), e} H wie*”(t*t‘))
i=1

IN

m
min{B1(e),e}] | w;e1t—to)
i—1

m

IN

e - TTwe 71 ¢ > ¢,

Arllly®I")

i=1

Thus, solutions generate a stochastic process that is defined by

Billy|") < e JTwe ™), t € (& Ein)
i=1

taking expectations on both side, by using Lemma 1 and Remark 2, then we get

hgk

Ely®IN] = X EB O 2 (0P 0 (1),

3
Il

A
”
e~

E [wi] e 1t=t)p(I ., (1)

[ n1/§m+1

fom Rl

E [w;] e 1t~ t0) M(fﬂf*fn)
! m!

IA
o
agh

3
I
=)
Il
MR

—[n+r(1=x)](t—to)

E[B1(lly(®)11”)]

IN

e .

2

O

Remark 5. The above all theorems and corollaries work in fixed time impulses.
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4. Example

In this part, we shall verify examples to analyze our theorems by using random impulses.

Example 1. Consider the RIIDDE

0 ! !
w0 = (Gt n)un -2 [ A0y os g, <t <tz b
V&) = VomyE)m=12,., @)

y(0) = ¢(0),0 <to,

where

_ [0,6 € (~0,0),
#6) = {4,9 =0.

Let M = 4,h(s) = %, u=1xk=09, A=02 w, = e 5t and impulse arrival rate v = 0.2.
Then, we choose the Lyapunov function W(t) = y*(t), suppose to = 0, from the Corollary 1, we get
3¢9 |y(t)| > |y(t + 0)|. Hence,

DTW(t)

2y(t) Kieo‘m + 1) y(t) —2 /_Ooo 2001ty (4 Q)de}

0
< =2y7(t) |- <ie°-2f+1) +2 / 6290'”d9330'”}
< —2y%(t) [1.75]
< g (t) = —qW(t),

where g = 3.5. By condition, we get y/q — InM > AT; then, we can write T < 10.5685. In addition, we have
W(En) =12 (En) = wny (G ) = ©nW (G-

Therefore, system (23) is mean square exponentially stable at the origin by Corollary 1; see the comparative
results Figures 1 and 2.

Example 2. Consider the RIIDDE

1 1 1 /0 / /
w0 = (et ) u0 =g [ g, <t < Ent 2o
Y@n) = Vaomy(@n)m=12,., (24)

y(0) = ¢(0),0 <t
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where ¢(0) = 0.2¢%%°.  Consider wy, = 1, k=05 A =04, and impulse arrival rate v = 0.4.

e’
We choose the Lyapunov function W(t) = y?(t), suppose to = 0, from the Corollary 2, we get
Ve |y ()] > ly(t+ )], Hence,

DTW(t) = 2y(t) [(1260'2t + i) y(t) — % 7000 =02ty (t 4 G)d()]
< 2y(t) [(11 e 02 4 i) y(t) — % /_Ooo 702 1y (t + 9)|d9]
< 22(1) { %3*0'%—1— i) B %/_Ow esO.Zt\/EeO.Zt]
-

< 2 [1 — W),

where q = 2 [ﬁ + }1 + %} By condition, qT’ +AT < In(e), we get T < 0.6978. In addition, we have

W(E) = 2 (En) = wny? (&) = wnW (& )-

Therefore, system (24) is mean square exponentially stable at the origin by Corollary 2; see the comparative
results Figures 3 and 4.

450 —
Fixed fime impulses

— Without impulses

400 — Random impulses.

350

300

250

y(t)

200

150

100

50

0

\ . L et .
0 200 400 600 800 1000 1200 1400 1600
lime

Figure 1. Shows that fixed impulsive effects, random impulsive effects and without impulsive effects
of system (23).

Fixed fime impulses
Random impulses

y(t)

0 Il L L L . 1 L T L
500 €00 700D 800 900 1000 1100 1200 1300 1400 1500 1600
time

Figure 2. Comparative results between fixed and random time impulsive effects of system (23).
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Fixed time impulses
Without impulses
Random impulses

y(t)

05F

I

0 1000 2000 3000 4000 5000 GOOO 70OO 8000 $000 10000
time

Figure 3. Shows that fixed impulsive effects, random impulsive effects and without impulsive effects
of system (24).

0.25

Fixed time impulses
Random impulses

015+ } ‘

y(t)
T

0.05 "‘ %

5000 5020 5040 5060 5080 5100
time

Figure 4. Comparative results between fixed and random time impulsive effects of system (24).

Remark 6. The above two examples show that the unstable system can be exponentially stabilized by using

the random impulses. Moreover, Figures 2 and 4 represent the comparative results between fixed and random
time impulses.

5. Conclusions

In this paper, we obtained several sufficient conditions for exponential stability and weakly
exponential stability of RIIDDS by using the Lyapunov function and Razumikhin technique.
Furthermore, we showed that random impulses are fast convergence compared with the fixed time
impulses. Thus, we conclude that the random impulses are a better way to stabilize the various
unstable differential systems in the future.
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