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Abstract: This paper is devoted to the study of the stability of finite-dimensional distribution of
time-inhomogeneous, discrete-time Markov chains on a general state space. The main result of the
paper provides an estimate for the absolute difference of finite-dimensional distributions of a given
time-inhomogeneous Markov chain and its perturbed version. By perturbation, we mean here small
changes in the transition probabilities. Stability estimates are obtained using the coupling method.
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1. Introduction

The stability of Markov chains is an important topic that has attracted the interest of researchers
for multiple recent decades. A noticeable contribution to the stability theory of Markov chains has
been done by Tuominen, Thorisson, Tweedie (see [1,2]), and others.

There are many various problems related to the stability of Markov chains and many various
methods of investigation, respectively. We can refer the reader to the book [3] that is devoted to the
stability of time-homogeneous Markov chains. Its results are established using the tools of functional
analysis and extending methods introduced by D. Revuz, one of the founders of the modern Markov
chains theory (see [4]). It turns out, however, that such methods can not be easily extended to the
time-inhomogeneous case and also they do not always allow a clear probabilistic interpretation.
Other approaches that are used nowadays are splitting and coupling methods. The splitting method
was used in the classical book [5], in order to derive the whole modern theory of Markov chains.
The coupling method, which has some similarities to the splitting, but different in nature, was first
introduced by Doeblin in [6] in 1938 and later described in the famous monographs [7,8]. This method
is purely probabilistic and can be used to study both time-homogeneous and time-inhomogeneous
Markov chains, and allows to get various stability results (see [9,10]).

For example, in the papers [11-13], the coupling method is used to obtain the ergodic properties
of a Markov chain and the stability estimate of the form |[AP"(x,-) — uP"(x,-)|| for the transition
probabilities of the same chain that starts from various initial distributions. In the paper [14],
the coupling method is used to get the results in the time-inhomogeneous situation.

In this paper, we study the stability of the discrete-time, perturbed Markov chain on a general
state space. Original and perturbed chains could be time-inhomogeneous. The main result of this
paper is to obtain a stability estimate for finite-dimensional distributions of the form

P AXY € By, XV € By, .., XY € By} —Po{xXP € By, xP € B,,..., X7 € B}
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We construct a special coupling process for two different time-inhomogeneous Markov chains. Similar
coupling processes are used in papers [15-17] to get various stability estimates under different
conditions for time-homogeneous and time-inhomogeneous Markov chains.

Stability properties of Markov chains, including finite-dimensional stability for discrete-space
chains, is also studied in papers [18-20] using another variation of the coupling method called
“maximal coupling”. Those stability results are applied to the analysis of the impact of the stress
factor in the “widow pension” actuarial model in papers [21,22].

This paper is organized as follows. Section 2 includes the main notations and assumptions, such
as minorization and uniform proximity conditions. Section 3 has a description of the coupling space
specially constructed for the coupling of two different time-inhomogeneous Markov chains. Section 4
includes auxiliary lemmas that serve as the tools for the main results. Section 5 has the main theorem
of the paper. Section 6 is devoted to the case when the uniform proximity condition does not hold.
Section 7 includes a summary of the main results, comparison with other classical results in a similar
area, and possible directions of the research.

2. Notation and Main Assumptions

Consider a pair of time-inhomogeneous, independent, discrete-time Markov chains Xﬁ,l) and X,(lz),
defined on the probability space (Q), F, P), with the values in the general state space (E, £), where E is
some set and € is a -o-field.

For a given transition kernel K: E x & — [0, 0) and probability measure y(dx), we will define a
measure uK(dx) as follows:

pK(A) = [ p(dx)K(x, 4).

The one step transition probabilities will be denoted as follows:
Pa(x, A) = P{x, € Alx{ = x},

where t € Ny, and Ny is the set of non-negative integers, i € {1,2}.
Throughout the paper, it will be assumed that the transition probabilities of the chains X () and
X(2) can be represented in the following way:

Pi(x, A) = Qt(x, A) + (1 — Qt(x, E))Rit(x, A). 1)

Here, Q; is a substochastic kernel, such that 0 < Q;(x,E) < 1 for each x € E, and R;; are
transition kernels. In representation (1), Q; plays a role of a “common part” of two chains and R, is
the “distinguishing parts”. Note that such representation is always possible for any two transition
probabilities (for example, by setting Q¢(x, A) = 0, R;y = Pj;). However, later we shall impose a
condition that requires Q;(x, E) to be separated from 0.

Next condition plays a crucial role in the coupling construction used in the present paper.

(M) For every t > 0, there exists a probability measure v; defined on the state space (E, &), and
constant a; € (0,1) such that, forallx € E, A € Eand i € {1,2}

Pit(x,A) 2 Oétl/t(A). (2)

In addition, we assume that a := inf;>oa; € (0,1).
Assume that {By, k > 0} is some collection of sets from €, and let

t
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Denote O C Ny as the set of indices such that v(By) = 0 if and only if k € O. Finally, denote a set
o =on{t... t+n—1}, n>1

and let
k,(f) = card(O,(f)) 3)

(t)

be a number of elements in the set O,,”. We need also a notation for the smallest non-zero value
of v(By):
b = min v(Bg) > 0.
kgol!)

Our goal is to give the upper bounds for the difference of probabilities for the chains X,(f) not to
leave sets By fort < k < t+n.

In order to do this, we shall impose various conditions on Q; to ensure that chains X (1) and X
are close enough. The most obvious condition that will be used is a uniform proximity condition. It is

formulated as follows:
(U) The following upper bound holds:

e i=  sup  (1-Qi(x,By) <1 @

x€E t<k<t+n

Later, we shall relax condition (4) to allow Q;(x, Bi) to reach 0 for some ¢.
In addition, we need a condition related to the properties of the sets B;, n > 0. Thus, we shall
introduce the following domination condition.

(D) There exists a real-valued sequence S, > 0, n > 0 with a finite sum m = Y Sy < oo, such that
k>0

[, 7@ [ Q) Qea (91, dya) - Qrin (v Besni) < S 5)

This condition can be referred as a requirement for the expectation of time, spent by a chain in the
sets B, to be finite.

3. Coupling of Two Independent Time-Inhomogeneous Markov Chains with Different
Transition Probabilities

Our goal is to construct a coupling for chains X(1) and X(2) using the minorization condition (M).
Let us introduce the following “non-coupling” operator:

Pyy(x1, A) — apvi (A) Poy(x2, B) — ayvi(B)

T ;A,B) =
t(x1,x2; A, B) T—a T—a

(©)
Please note that T} is a stochastic operator in the sense that
Tt(xl, X2, E, E) =1.

In addition, it is obvious that

Pyy(x1, A) — apvi(A)

Pyy(x2, A) — av(A)
1-— 197 ’

Ti(x1,x0;, A E) =
t(x1, x2 ) 1—a

, Te(x1,x0,E,A) =
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To construct a coupling, let us consider the Markov chain Z, = (Zy,,, Zoy,,dy), n > 0 with the
state space (E x E x {0,1,2}). For the chain Z,, we define transition probabilities as follows:

P(x,y,0; A, B, {0}
Pt x/y/O;A/ B/{l} = DCtVt(AmB)
Pi(x,y,0; A, B, {2}

( ) =1 —a)Ti(x,y, A B),
( )=
( ) =
t(x,x,1; A, B,{0}) = (1 — Qt(x, E))Ryt(x, A)Rys(x, B), 7)
( ) =
( ) =
(

A,

t x,x,l;A, B/{l}
Pi(x,x,1; A, B, {2} Qt(x ANB),
Pt x/]/IZ}A/B,{ }) - Pt(-x/y/l/A/B/ {l})/

where Qy, Ry;, and Ry; are defined in (1), and T; is defined in (6).

We can give the following interpretation of the chain defined by formulas (7). The chain can be
in one of two principal “modes”, coupled mode, when d € {1,2} or decoupled mode, when d = 0.
If the chain is coupled at the moment ¢ and has a value x € E (in the coupled mode Z,(ql) = Zy(lz)),
we flip the coin with the probability of success Q;(x, E). In the case of success, the chain remains
coupled, and we render the next state with a probability proportional to Q(x, -). Otherwise, with
probability 1 — Q;(x, E), the chain is moving to the decoupled mode and is splitting into two values y
and z rendered with probabilities Ry;(x, dy) and Ry (x, dz), respectively.

In the decoupled mode, the chain is two-dimensional and is moving according to two independent
trajectories, each governed by (P (x, ) — asv¢(-))/ (1 — a;). We can interpret this motion as follows.
If the chain is decoupled, we flip a coin with the probability of success a;. In the case of success, the
chain is coupling on the step t + 1, and the next value is rendered with a probability v(-) so that,
in this case, d; 11 = 1. Otherwise, with probability 1 — a;, the chain remains decoupled and renders
values of the next step according to the T;. Thus, the chain trajectory could be decomposed into cycles
of coupling—-decoupling, which is a key idea of proofs of the results in this paper.

Denote by P)(:y)d a probability on a canonical probability space for the chain Z with transition
probabilities Py, starting at the moment ¢ from the state Z; = (x, y, ), x,y € E, d e {0,1,2}.

Symbol E( ) denotes corresponding expectation. Let us also define IP’ = v xpgl (-) and
(

correspondmg expectation Evl). Introduce a special notation for the first decouphng after the moment ¢:

¥ =inf{n > t:d, = 0},

and, in order to simplify further calculations, we shall introduce a special notation for some of the
probabilities related to the coupling. Namely, foralli € {1,2}, t >0,n > 1,x,y € Brand z,w,v € E,
we put

ul(x) = PY {dpn =1, 27, € By, k=Tn—1}, n>2, ®)

in

g (dy) =P dp =2, 2\ =z e B, Z{V), = 7%, e By, 2, = 7

t+k t+n ton €dy, k= 1,n},

W) (x,y;dz, dw) == Pl {dpye =0, Z{), € Biyy, 21, €dz, 23, € dw, k=Tn},  (10)

1 " +k t+n t+n
Ry(z,dw,dv) := Rln(z, dw)Ryy(z,dv), (11)
pl(,t)( ) - xxl{ +k € Bt+k/ k= 1,7} (12)

z(,to) (x) = ul(tl)(x) =0and q(()t) (dy) =0.

4. Auxiliary Lemmas

In this section, we shall introduce auxiliary lemmas that play an important role in getting the
proofs of the main result.
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Lemma 1. Foralli € {1,2}, x € By, t > 0, n > 2, the following inequality holds true:

n
k;)uE,Q(x)qu,f)(E) <p(x) <1,

where p.') (x) is defined in (12).

Proof. Using definitions (7), (8) and denoting D := {0,1,2}, we can write:

1)y — o) _ (1) T )
ullk(x) =P a{dik=1, Zt+j €Biyj, j=1k~— 1} = BMXEXDIP’t(x, x,1;duq, dvy, dzq) X

></ Ptﬂ(“lfvlfzuduzrdvz,de)~--/ brk—1 (U k=1, Op k1, 0; Aty g, dvg g, 1) =
BiioxExD E

P
xEx{1}

= o Eep Pi(x, x,1;duy, doy,dz1) .. Pyrg_p(Upk—2, Op k-2, Zerk—2; Beyk—1, E, 0) &y k—1Vik—1 (E).
t+1 X EX

Thus, we established the equality

t
ui,)((x) =/ Pi(x, x,1;duy, dvy, dzy) .. Pryg—o k2, Orrk—2, Ztk—2; Birk—1, E, 0)atp 1. (13)
4 JBiy1xExD

(t)

Obviously, the similar equality holds true for u, ;. Now, using definitions (7) and (9), we can write:

9, (E) :/ Vt+k—1(dx)/ Qt+k+1(x,dx1)-~-/ Qtn—1(xp_g—1,dx,_). (14)
Bk Bitk+1 Biin

Combining (13) and (14), we get that

k
" (x)%(fjk)(E) = /B CExD Pi(x, x,1;duy, dvy, dzy) ... Prog o (pgr—2, Opik—2, Ze4k—2; Brak—1,E,0) X
t+1

X“t+k71/ Vt+k71(dx)/ Qt+k+1(x/dx1)---/ Qtn—1(Xn—k-1,d%y 1)
Byk B ikt Btyn

Using (7), we can see that, for any u,v € E,

appit fp,  Verko1(dx) [p o Quikra(xdxr) . fp, Quin—1 (X1, dxy—) =
= fBHk Pk 1(x,y,0;dus g, dugyg, 1) % (15)
% th+k+1 Prog (g Uk, U dup gt duipygg1,2) oo Prpn (tp i1, Uein—1,2; Bin, Bin, 2)-

Finally, combining (13)—(15), we obtain the following equality:

ugt,)((x)qffj]f)(E) = / P(x, x,1;duq, dvy, dzy) ... X
’ Biy1xExD

/ P i (Upik—2, Vtsk—2s Zek—2s AUy 11, AV 11, AZp 1 f—1) ¥
Byyk-1xEx{0}

X / Priie—1(Upk—1, Vrk—1,0; Aty g, dutp g, dzp g ) ¥
By x Ex{1}
x /B Pprox(upgn ey, Ldug gy, dutgig1,2) -+ Prpn (Uein—1, Uern—1,2 Brn, Bean, 2) =
t+k+1

1 . —
=P {dik =1, dpgr1 =2, 1 =1,n—k Z{) € By, j=T,n}.
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(t)

Taking into account the similar equality for u, ;, we we can state that

) () N E) =P {drk =1, dpg =2 1= Ln—k Z\), € By, j=Tn}.  (16)

Furthermore, using (16), we can derive that

Y ul) () ):Pxxl{dt+k =1, digpr =2, 1 =1,n—k Z, € Byyj, j=T,n} <
k=0
< Pixl{dwn =2, Zt(JZJ €Biyj, j=1n}< Pz(tn)(x) <1

O

The next lemma gives an upper bound for a probability of a non-coupling during certain period.

Here, k,(f) is a cardinality of the set o,(f).

Lemma 2. Assume that bff’a < 1. Then, foralli € {1,2}, x,y € B;, t > 0and n > 0, the following
inequality holds true:

O (x,y:E,E) < (1— b )8 (1 — bW,
WO,y (1) =KD g )

Proof. Taking the notation (7) for the transition probabilities and the notation (10) for hi(t,z, we can
derive the following relation:

n—1

hg?l(x,y; E,E)= H(l — ‘Xt+k)/ T (x, y; dxq,dyq) X

k=0 Biy1xXE

/ Ti1(x1,y1;dx0,dys) .. / Ttyn—1(Xn—1,Yn—1;d%n, dyn).
BiiaXE E

t+n X

A similar formula holds true for hgtr)z (x,y; E, E). Thus, we can write:

n—1
W (x,y;E,E) = [1(1 - a0 TV (x, v EE),
k=0

where operator Tl,t(x,y; du,dv) = Ti(x,y;du N Byyq,dv), Tz,t = Ti(x,y;du,dv N Bsyq), Tt is defined
in (6) and

n—1
tn F
T =TT Tirse
k=0

Here, index n stands for the number of terms in the product.

We have:
n—1
[T =) T (x,y; EX E) = /B(,) (Pit(x,dy1) — arve(dy1)) - (Pityn—1(Yn—1, Bt+n) — @n—1Virn—1(Brsn))
k:O n

Let us consider the value Py (v, Bi11) — apv¢(Bryq). If t +1 ¢ O, then v(By 1) > bsf), foralln > 1, so:
Pi(y, Biy1) — arvi(Byi1) < 1— b <1 — abll)
zt(y, t+1) lXtVt( t+1) > KtOp " = (370

Ift+1€0,then
1-— abgf)

Pit(y, Bry1) —avi(Be) < 1= ——5.
1—ab,
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Finally, we can derive

n—1

n) (x,y;E,E) = [1T(1 — ar) TV (x, v E, E)
k=0

n—1
< ]_[ (Su}ED Pit+j(y/ Bt+j+1) _“t+th+j(Bt+j+1)> <
j=0 \v€

aby))n 0] ®
: ((1 (7:))) = (1—aby)" ™ = (1= b)) B (1= b )",
O

Next, three lemmas play a key role in the subsequent proof of the main result of the paper.

Lemma 3. Assume that bElt)zx < 1. Then, foralli € {1,2},t > 0, n > 1 and x € By, the following inequality
holds true:

(1)
(1= =by )
xxl{zt+k € By k= 1, den = 0} < bg,t)lx(l B bg,t)lx)kg't) ’

where sgf) is defined in (4).

Proof. In the case n = 1, the statement of the lemma is obvious. Thus, we shall consider the case
n > 2. Using definitions (7)—(11) of the corresponding probabilities and considering the last coupling
time k > 0 and the last decoupling time 1 < j < n — k, we can decompose probability ]P’)(sz1 {z t(ik €
Bk, di+n = 0, k =1,n}, in the following way

Pffﬁl{szk € Bip,diyn =0, k=1,n} =
=) Z / / ()( )Q§t+1k)(dy)(1*Qt+k+j(y,E))><

><Rt+k+]-(y,du,dv)h(t+k+j)(u, v;E,E) <

n—k—j
0 n—1n—k )
<en (1= )™ Y Yl (@)g Y (B) (1 — b w)H
k=0 j=1

In the last inequality, we used definition (4) of sgf), Lemma 2, and the fact that R;;(x, E) = 1. Now,
we can change the order of summation in the previous inequality and derive that

P(t)l{ZH-k € Bigdion =0, k=Tn} < el (1 t)"‘)iky) Y (1- ably) )1 x
=1

xZu gL (),

n—j
Using Lemma 1, we get ) u tz( )q,(fjjk_)k(E ) < 1and finally

k=0

J— ) 2 .
P {Z0) € Bigdin =0, k=Tn} < el (1 -ba) ™ Y (1-abl))i~1 =

=
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_pl- (el
- ¢n
b,(f)zx(l — bg,t)oc)k:g)

Similarly, we can obtain inequality fori =2. O

Lemma 4. Assume that b,(f)zx < 1. Then, foralli € {1,2}, x € By, t > 0and n > 2 such that t +n ¢ O, the
following inequality holds true:

1—(1—b )2

bﬁ,t)(x(l - bﬁ,”oc)ky) '

Pz € Bipdin =1, k=Tn} < el arpn 1viin1(Brin)

where egf) is defined in (4).

Proof. It follows from (7) that the transition into the state {d;;, = 1} is possible only from the state
{dt+n—1 = 0}. Then, using Markov property, we can write:

Pg(éc)l{zzf-lt,-)k € B din=1k=1,n}=
xxl{Zt+k € Biit, Ztin_1 = (du,dv,0), k=1,n—1}x

Biin—1XE

t 1) 1
<Pl Hdeen =1,Z(1, € Brn} =

1 J—
= D‘tJrnfthJrnfl(Bt+n)Pi21{Zt(+)k € Biydiyn1=0,k=1n—1}.
Using Lemma 3, we get that

H1—(1- b,(lt)tx)”_z B
by)tx(l - bg)a)ky) B

xxl{ZHk € Bk dirn =1, k=1,n} < appn_1Virn—1(Brsn)en

The same reasoning and transformations hold fori = 2. O

Lemma 5. Assume domination condition (D) holds true. Then, foralli € {1,2},x € By, t > 0andn > 2
such that t +n & O, the following inequality holds true:

) (@) . o _ T (t)
Pxxl{ZHk & Bt—l—k/ 3] dt+] = O/ dt+n = 2/ k — 1/71} S En m/

where m is a constant from the domination condition (5).

Proof. The same ideas are used in the proof of this statement as in the proof of Lemma 4. Namely,

xxl{Zt+k € Bf-‘rk/ 3] dt+j - 0, dt+n - 2, k - ].,7} =
— Z | Bz, € B iy € (dy,dy, 1) k=T, = 1) x
=28,

1 -
X]P)Wl{zt(-&-)l €Byyy, dpyy=2,1=j+1,n}.

Using Lemma 4 and domination condition (5), we can derive:

xxl{Zt+k € Bt+kr 3] dt+j =0, dtJrn =2, k= 1/7} <
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1—(1=0a)2 (1))

n—1 )
Yo en i 1viyjo1(Biyj)

= bl (1 = b
< Jgﬁn Kpyj1Vi+j— 1(Bt+]);£;“((11_ljl;)?)jk;) n—j <
nils
n— ; n=j
< ig;y)a)kg) Elu — (1= ba)2)s,_; <&l 7 (J: o <
< ¢l 0 (1’”_ o

O

5. Main Result

Now, we can state the main result of the paper.

Theorem 1. Assume X,(ll) and X,(lz) are two time-inhomogeneous, irreducible, non-periodic Markov chains
defined on a probability space (Q), F, P), admitting representation (1), together with minorization condition
(M), uniform proximity condition (U), and domination condition (D).

Then, the following inequality holds true for all n > 2:

|(P{X VoeBi k=Tux" = x} - P{x, € By, k=Tu|x =x}| <

(1)
m (1 — (1= b)) 4 g Vi1 (Bean) (1 — (1 — ably))"=2) + m) :
n &(l—=by &)™ n

(17)

Proof. First, we will note that

P{x\), € By, k=Tu|x\") = x} =P (Z1", € By, k =T} = pl') ().

N

Secondly, we can note that, on the set {7(!) > 1} values, Z M and z?

ik i coincide if Z; = (x,x,1),

and k = 1, n. Thus, we can write:

1P () — pi) ()] = [P {20, € Bk =Tn, 7 < n}—

Pz, € By k=T, t) <n}| <

max {Pxxl{Z(l)k € By, k=

Ln, v <n}l.
i€{1,2} T _n}}

Next, we can decompose a probability ]P)xtxl{zti-k € Biip k = 1,1,7") < n} by the first after t
decoupling (dy = 0). We note that {3k € {1,...,n}, diop = 0}  {t() <n}.
Now, we will analyze three possibilities: dt+n =0,dt+n = 1ordiy, = 2. We can write

xxl{Z kEBHk,k—l n, () <n}=

- p;ggl{zgfgk € Byypdin = 0, k =T} + P (27, € By din = 1, k=T n}+

Pz, € By 3jdiyj =0, dipn =2, k=T ).

xxl
Consider all three terms separately. Estimate for the first term is given in Lemma 3, for the second

term in Lemma 4, and for the third term in Lemma 5.
Combining the three estimates from Lemmas 3-5, we obtain inequality (17). O
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6. The Case When Uniform Proximity Condition Is Violated

In this section, we will consider a case when uniform proximity condition (4) does not hold.
We assume that there is a set T of non-negative integers, such that we can not expect Q;(x, E) to be
small when t € T. In other words, we expect that proximity condition holds for all t ¢ T. Thus, we
shall introduce another proximity condition:
(U2) Proximity condition:

g¢= sup (1—-Q«xE)) <1 (18)
t¢T,xcE
We will also denote
= sup  (1-Qu(nE)<e<l, (19)

0<u<t,u¢T,xcE

and
) = max{ke {t,t+1,..t+n}nT}—t 5\ €{0,...,n} U{co}. (20)

Incase {t,t+1,...,t+n}NT = @, we will put 177(Z ) = 0. Let us introduce a special definition

Y e

0, ify,’ = oo.

Now, we will derive analogues of Lemmas 3-5 under condition (18).

Lemma 6. Assume that b,(f)zx < 1and m(lt) < n. Then, foralli € {1,2},t+ > 0,n > 2 and x € By, the
following inequality holds true:

P (ZY, € By, k=T dpn = 0} <

2
B ) ) spen® a0 [ 1-(1-bY o)1
< (1 —-bPa)k’ (1 — oy’ 4 gt (W 4
n ’X(lfbn ‘X) n

where &%) is defined in (19) and n) is defined in (20).
Proof. In this proof, we will write 7 instead of 17,9) in order to simplify derivations.
Let us decompose probability IP’xxl{Z "k € Biyk, k=1,n,dr, = 0} by the time #:

Pa(c?1{zt(2k € By, k=1,n,dt, =0} =
Pfc?l{zfi)k € Biyp, k=1,n, diry € {0,1,2}, dyyp =0} <
<Pz € By k=T, dyy =0, dyyn =0} =
= /]Pxxl{ itk € Bryk k= 1,1, Ziyy € (du,dv,0)} x
<P t+}7){zt+k €By k=t+n+1t+n din =0} <

uv0

sup pLt) {Zkl € By, k=t+n+1t+n, dn =0}

uv0
u,veBW X B,,

uv0

By, k=t+mn+1,t+n, diyn = 0} by the moment of the first coupling (taking into account the case in
which no coupling happens between g and t( + 19):

Let us now define: tg = t + 1, ng = n — 1. Then, we can decompose probability IP(HW){ZIEi) €

uv0

Pz € By k=T g+ LI+, dipn =0} < ) (u,0;E, E)+



Mathematics 2020, 8, 174 11 of 13

no— 1
(to+k)
Qo 1kt Z h (#,0; E, E) sup PL0, ) {zt )1 € Bysi, 1 =Kng, diginy =0},
X
Now, using Lemma 3 to estimate xtf;rk){Zt(tL € By, 1 = k,ny, diyrn, = 0} and the fact that:
" o)y . (1) ) k) 1= (1=ba)m0 !
Ay k-1 2 h v (u,0,E,E) < (1—by a) ——/———, we get the statement of the lemma. [J

bﬁ,t)zx

The same exact decomposition can be used to prove other two lemmas.

Lemma 7. Assume that b,(f)oc < 1and m(lt) < n. Then, foralli € {1,2}, x € By, t > 0and n > 2 such that
t+n & O, the following inequality holds true:

Pgﬁszgk €Bipdiin=1k=1n} <

2
(1)
k0 PR ORI 1= (1=bPa)n—m’ 2
< (1—a) R (1) 4 6 v (Beg) | ® 2! G ,
by a(1—a)kn

where ég,t) is defined in (18).

Lemma 8. Assume the domination condition holds true and 177(:) < n. Then, foralli € {1,2},x € B;,t > 0
and n > 2 such that t +n ¢ O, the following inequality holds true:

xxl{Zt+k € By, Jj dt+j =0, diyn =2, k= 1/7} <

D (1 gDy 4 o0 mO—agn
< — ki — 7]n A i |
< (1 DC) (1 b'rl ) (b(” (1 “)kg))z s

where m is a constant from the domination condition (5).

Now, we can state the stability theorem for this case.

Theorem 2. Assume X,sl) and X,sz) are two time-inhomogeneous, irreducible, non-periodic Markov chains
defined on a probability space (Q), F, P), admitting representation (1), together with minorization condition
(t)

<n

(M), proximity condition (U2), domination condition (D), and 1,
Then, the following inequality holds true:

1 1 2 2
[PX) € Bryw k=1n|X{") =2} - P(X), € By k=1,n|X>) = x}| <
3(1 _ a)fk;(xf) (1 _ b](j)“)nfﬂv(zf) + é&p

o2 <
(bgu(l,bg;m)kn )

¢ 2 t 2 t
x ((1 — (= bty ) g (Bren) (1= (1= a0y 2)) (1 - ab&“)“*ﬂf«”) :

Proof. The proof replicates the proof of Theorem 1. [

7. Conclusions

In this paper, we obtained a stability estimate for finite-dimensional distributions of a perturbed
time-inhomogeneous Markov chain defined on a general state space. The stability estimate has the
order of em (see definition of € at (4) and the definition of m at condition (D)). Estimates are obtained
under the uniform proximity condition (4) and relaxed proximity condition (19). The results of the
paper correlate with the similar results in the classical literature.

For example, the book [3] provides a series of stability estimates for time-homogeneous Markov
chains where proximity estimates also have an order of ¢, see ([3], Section V).
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The principal example of an application for the results of the paper is a calculation of estimates
for the value Py {7 > t}, where T is a moment of reaching of the certain critical set C by a perturbed
time-inhomogeneous Markov chain Y;. It is important that the results are obtained under relatively
general conditions, which could be checked for practical applications. Theorems 1 and 2 provide an
important improvement to the similar results of the papers [3] (comparing to this paper, our results
are generalized to time-inhomogeneous case and we propose simpler conditions of stability) and [20]
(unlike this paper, we consider general phase space, simpler and less restrictive conditions, and bounds
that are easier to calculate).

The results of the paper admit the further improvements. For example, Doeblin’s condition
(M) could be relaxed to the assumption Py (x, A) > av:(A), Vx € C, where C € € is a certain
set. Such condition corresponds to the chains which are not of uniform-ergodic type (i.e., uniform
mixing condition does not hold). Such results, as well as practical applications, are the subjects of a
future study.
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