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1. Introduction

The paper deals with the existence of weak solutions to the following boundary value problems
for impulsive fractional Hamiltonian differential equations:

tD% (§Dfu (t)) = —=VF (t,u), t € [0,T],
A (D571 (§D8ul) (1)) = 31y (' (1)), i€ A, j€B (1)

u(0)=u(T) =0,

where 0 < a < 1, {Df and ;D7 denote the left Caputo fractional derivative and the right
Riemann-Liouville fractional derivative of order a, respectively,

T>0,A:={1,...,N},B:={1,...,L},
u(t) = (ul (t),u%(t),...,uN (1)),

O=to<th << --- <t <try1 =T,

VF (t,x) denotes the gradient of F (f,x) in x, and A the operator is defined as

B (o (01w ) = o1 (01v) () 0 01w (1),
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where
Dy (50pu) (1) = tim Dg! (505w (1)
t—>t].
and
D47 (50f) (1) = dim D5 (508 ) (0
j

and Dy is the left Caputo fractional derivatives of order a. Iij :R—R,i€ A, j € B are continuous
with F : [0, T] x RN — R satisfies the following condition:

(A) F (t,u) is measurable according to ¢ for any u € RN and continuously differentiable according
u for a.e. t € [0, T]. However, there exista € C (R*,R*) and b € L' ([0, T],RT), such that

[E(tuw)| <a(lul)b(t), IVE(Eu)] <a(u])b(t)

forany u € RN and a.e. t € [0, T].

Fractional differential equations have recently proved to be valuable tools for modeling many
phenomena in various fields of science and engineering. Indeed, one can find many applications in
viscoelasticity, electrochemistry, control, porous media, electromagnetic, etc., for example, see [1-19].
Moreover, recently, the existence of solutions of boundary value problems for Fractional differential
equations have widely been studied in many papers and we refer the reader to the papers [3-18]
and the references therein. For instance, in [3], the authors created a variable structure and, using
the critical point theory, investigated the existence of multiple solutions for a class of fractional
advection-dispersion equations derived from symmetric mass flow transmission. In [20], Torres
consider the fractional Hamiltonian system given by

— D& (oD% (t)) = VE (Lu(t), te(o0,T],
2)

where & € (%,1) ,u € RN, and F : [0,T] x RN — R satisfies some conditions. In addition by
using a modified version of mountain pass theorem for functional bounded from below due to
Bonanno [21], the author studied the existence of at least three different solutions for problem (2)
(see Theorems 1 and 2). In addition, under certain conditions and using some critical point theorems
In [22] Zhou et al. proved the following fractional Hamiltonian system with impulsive effects has at
least one weak solution:

D% (§Dfu (t)) = VF (t,u(t)), t€l0,T],

A (D5 (EDf) (1)) = Iy (w (1)), =1, N, j=1,0,p.

The outline of the paper is as follows: In Section 2, we lay down preliminaries and assumptions,
some of which will be needed in the body of the paper. Then, in Section 3, the main result is obtained,
which gives the result of the existence of at least two non zero weak solutions to problem (1) via Brezis
and Nirenberg’s Linking theorem (see Lemma 2 in [23]).

2. Preliminaries and Assumptions

In this section, we present some assumptions, definitions and basic properties of fractional
computing, used later in this article. For omitted evidence, we refer the reader to ([24]) or other texts
on the basic fractional calculation.
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To state our main results, we set

21 T*2
wi=—,0 = —————
T [(a) V2 —1

where I' is the standard gamma function given by

and t € [0, T], 3)

—+00

I'(z) = /z"‘*le*zdz.

0

Now, we assume that [;; (s) and F (¢, u) satisfy the following assumptions:
(h1) There exists a constant v > 0, such that

lim ian(t u)

|u|—o00 |u|

> v uniformly for a.e.t € [0, T].

(h2) There exist constants p > 0, A > 0 and k > 1 verify

F (¢ u)<—1/\k2a)2 1 2|u|2
=73 T(2—«) ’

forall |u| <pandae. te€[0,T].
(h3) There exist constants 7;; € [0,1) forany i € A, j € B, satisfying

%.j/ll-]- (s)ds < I;j(7) T, forevery T € R.

(hd) I;j satisfy c;; = inf| |y f I (s) ds > 0.

(h5) There exist constants ]/tl] > 0 with an integer k > 1, which is defined in (h2) for alli € A,

j € B, satisfying
z
0< / Iij (s) ds < pjjk*c? |z|*, for every z € R.
0

Theorem 1. Suppose condition (A) is satisfied. Suppose that one of the following two conditions is true:

(H1) (h1), (h3) and (h4) hold with y > 1;

(H2) (h1), (h3) and (h4) hold with

I\)\*-‘

L ¢
LLo ey

L'MZ

In addition, we assume also that the following condition holds:
(H3) (h2), (h3) and (h5) hold with

2—2n ) ) o 2 2 2u
LN 4Lk
L T INpe" + 4Lk w e >—-,

T
A>4
3 -

where i = maxje 4 jeB { yi]-} . Then, problem (1) has at least two nonzero weak solutions.
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Definition 1. ([24]) Let u be a function defined on interval [a, b] . left and right Riemann-Liouville fractional
integrals of order a > 0 for a function u denoted by ,D; “u (t) and 1D, “u (t), respectively, are defined by

t

-1

oD u(s)ds, t e |a,b]

(el

and

tDb M

(s—t)" " u(s)ds, telab],
t

Definition 2. ([24]) Let u be a function defined on [a,b] . The left and right Riemann—Liouville fractional
derivatives of order « for a function u denoted by ,Dfu (t) and {Dju (t) are defined by

D () = ;T WD (1) = r(nl_“);t (/ (t—s)"_“_lu(s)ds> ,t€ [a,b]

and

b
ar _ 1
th‘u(t):(—l)”ﬁ tD} "u(t): TEDEE (/ et (s)ds) , t€[ab],
t

wheren —1 < a < 1and n € N. In particular, if 0 < a < 1, then

D) = 5 PP ) = Fr—r (/(t—s>—“u<s>ds), e lat) @
and ,
tDiu (t) = —% tDZ‘_lu (t) = 1"(11—a);t (/ (s—t)"u (s)ds) , tE€a,b] 5)

Definition 3. ([24]) Let « > 0 and n € N, we have:
(i)If « € [n—1,1(and u € AC" ([a,b],R"), then the left and right Caputo fractional derivatives of
order « for function u denoted by ; Dffu and § Djju respectively, are represented by

t
Dty = F(nl_a)/(t—s)”_“_lu(") (s)ds, t€ [a,b], ©)
and
b
¢ Z‘u: / ) u (s)ds, t e [a,b], 7)
t
respectively.

(ii) Ifa = n—1and u € AC"([a,b],R ) then CDt”_lu (t) and §D}u (t) are represented by
SDf e (t) =tV (1) and EDY u (1) = (=1)" T ul ().

Lemma 1. ([22], Proposition 3.2) Let 0 < « < 1,and 1 < p < co. Forallu € LP ([0, T] ,RN) . Then

th
] 4]l r (o, for ¢ € [0,4], £ € [0, T], ®)

H oDz "u ’LP([O,t]) = T(a+1)
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where ng“ is left Riemann—Liouville fractional integral of order a.

Proposition 1. ([24]) We have the following property of fractional integration

T T

/OD u( /tD v ( (t)dt, « >0

0 0
providedthutueU’([O,T],R),UELq([OfT]/R)“”dPZ111"'%Sl*’“orp#l’q#l’%_k%:
1+a.
Proposition 2. ([24]) Letn € Nandn —1 < a < n.If u € AC" ([a,b] ,RN) or u € C" ([a,b],RYN) , then

n=1, (k) (a)

Dyt (GDfu (D) =u(t) = ¥ 5 (t—a)f
k=0 :
n=1(_1\k (k)
Dy (D () = () - ¥ TG

and for t € [a, b]. In particular, if 0 < & < 1and u € AC ([a,b],RN) or u € C ([a,b],RN) , then
Dy GDFu (8)) = u(t) —u(a), and Dy (;Dyu () = u(t) —u(b).

The Riemann - Liouville fractional derivative and the Caputo fractional derivative are related to
one another by the following relationships.

Proposition 3. ([24]) Let n — 1 < & < n.for any n € N. If u is a function defined on interval [a, b] for which
the derivatives of Caputo fractional ;D u (t) and { Dy u (t) of order w exist together with the Riemann-Liouville
fractional derivatives ,Diu (t) and ;Djju (t), thus

n=1 (k) (a)

oDiu(t) = oDiu(t) — Th—at1)

(t - a)kfoc
k=0

and

pu(t) = Dyu(t) ZF —ocb—I)—l) (b_t)k*tx,

where t € [a,b]. In particular, when 0 < & < 1, we have
u(a -
DF (1) = WD (1) — i s (=)

and

¢Dyu (t) = Dyu (t) — 1"(u1(f)zx) (b—1)~".

Definition 4. [25] Let 0 < « < land 1 < p < co. The space of fractional derivative Hg’p is defined by the
closure of C3° ([0, T],RN), that is
Hy" = Cg ([0, 7], RN)

with respect to the weighted norm

T T 5
] = ( [wpars [ |0Dfu<t>ypdt) o
0

0
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for every u € Hy”.

Proposition 4. ([25], Proposition 3.1) Let 0 < a < 1,and 1 < p < o0.The fractional derivative space Hy'" is
a reflexive and separable Banach space.

Proposition 5. ([25], Proposition 3.2) Let 0 < « < 1,and 1 < p < co. Forallu € HY'P, we have

Tﬂ(
Jullr < gy 16DE () (10)

Moreover, if « > 1 then

==

TIX
loo < 16D u ()] v (11)

[ i
[(a) (0 =1)g+1)7

Proposition 6. ([25], Proposition 3.3) Let 0 < « < 1land1 < p < co. Assume that o > % and the sequence

{ux} converges weakly to u in Hy", i.e., ux — u. Then uy — win C¥ ([0, T],RN), ice., ||u — x|l — O,
as k — oo.

In our study in this paper, we use Hilbert space H* = Hg'z with the inner product and the
following corresponding norm

T T
(u,0) = /(u(t),v(t))dt—l—/((‘jD‘t"u(t) S Do (1)) dt, Vu,v € H
0 0

and

2

T T
fulle = o = { [P+ [15Dtu@Par |, vue B (12)
0 0

In view of (11), we have that, fort € [0,T] and p =g =2

[l < G lloDull2 < & lull, (13)

Definition 5. Let X be a Banach space with | : X — R differentiable. It can be said that | satisfies the
Palais—Smale (PS)-condition if for all sequence (uy) in X which J (uy) is bounded and ]’ (u,) — 0as n — oo
possesses a convergent subsequence.

Definition 6. Let X be a Banach space and | : X — R differentiable and ¢ € R. It can be said that | satisfies
the (PS) -condition if the existence of a sequence (uy) in X such that

J(un) = ¢, ] (un) =0
as n — oo, implies that c is a critical value of ].
Remark 1. It can be remarked the (PS)-condition implies the (PS), condition for each c € R.

Lemma 2. [23] Let X be a Banach space with a direct sum decomposition X = X1 & Xp and k := dim X, < oo.
Let ] € C! (X, R) with ] (0) = 0, satisfying the (PS)-condition, we assume that, for p > 0,
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0,u e Xy, [Jull, <p, (14)

<
> OueXy, [jul,<p

In addition, we assume also that | is bounded below and infy | < 0. Thus | has at least two non
zero critical points.

3. Mains Result

We establish the existence of at least two non zero weak solutions to problem (1) via Brezis and
Nirenberg’s Linking Theorem.

Definition 7. A function u € H* is said to be a weak solution of problem (1) if the identity

T T
/ (D% (1) Do (1)) dt + = 221”( 1) (&) dt+/(VF(t,u(t)),v(t))dt:O
0 0

11]

holds for any v € H* .
Consider the functional | : H* — R defined by

T T u'(t;)
%Of‘cD‘t"u(tszt—f—OfF(t,u H)dt+ 3N Y, f I (s (15)
= (u) + J2 (u)
where
1 T
=3[ 15 ?‘(Idt+/Ftu ) di (16)
0
and

N L
%ZZ / Ijj (17)

i=1j=

—_

Proposition 7. The functional | is continuously differentiable on H* and

T T
i (u),v>:/ SD8u (1) Dio (£) di + ZZI,]< (1)) (1) dt—i—/(VF(t,u(t)),v(t))dt (18)
0 0

11]

Proof. The proof of this proposition is very simple, we omit it. [

It is clear that, the critical points of | are weak solutions of (1). Now, we give the proof of our
main results.

Proof of Theorem 1. We apply Lemma 1 to J. Knowing that H* is a Banach space and ] € C! (H*,R)
(see Proposition 5). By (15), it can be easily checked that functional J satisfies J (0) = 0. We decompose
the proof of the theorem into the following three steps.

Stepl We get (h1) or (h2) implies that

J () = +o0, (19)

1]l =0
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and ] (u) is bounded below on H*. To this end, for any 0 < € < v, (h1) implies that there exists 6 > 0

such that
F(tu(t)) > (y—e)|ul*, VueRN with [u| >4 andaete[0,T]. (20)
Let as = max,|<sa (|ul) ; in view of (A), one can get
F(tu) 2 —a ()b (6) 2 —asb (1) + (v — &) [P = (v~ )2, -
Vu € RN with |u| > 6 and a.e.t € [0, T].
Then it follows from (20) and (21) that
F(t,u) > (y—¢) |ul* — (y —€) 6% —ash (t), Yu € RN with |u| > 6 andaet € [0,T]. (22
Thus, by (16) and (22), we have
T ) T
i (u) = ;f |6 D% (t)] dt+fF(t,u(t))dt
T T
>3 [ |5Dpu () dt + (v —e) [ |u () dt
0 0
(23)

—(’y—e)ézT—a(;fTb(t)dt

> min {4, (7~ >}|\ Ia
—(’y—s)ézT—a(;Ofb

for all u € Hy. For any z € R, we set

Tﬁlz
K(7) = (/ I (5) ds) %, forall T3> 1.
0

By (h3)

0

T712
= 7 %zl (T_lZ) + i ( / I; (s) ds) i1
1

Tz
= V1 (71'/ (/ L (s)ds) —Tflzl,‘j (le)) <0

0
so that K is non-increasing in [1, 00). Therefore, for any |z| > 1, we have K (1) > K (|z]), that is

z 2| 'z
/ lij (s) ds > / Lij (s) ds | 2|7 = cij || (24)

(=)

where ¢;; = inf|;|_; f I;j (s) ds > 0 by (h4) Thus, it follows from (15), (16), (18), (23) and (24) that
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(1))

J) = min{d, (3 - )}l - (=0T —as [0+ bENL Ty [ty
me{%w—a}wmawv—a#T—%fwt CLEN o (1) o
> min {3, (7~ ) bl — 32Ny £ [ ()2~ (o —em—azsofbt

> min {3, (v}l = b Ky 58 [ (][ — (7 - )T —as [ o ()

Then in view of (25), for any v > 0, choosing 0 < & < -. The following two cases may occur.

_1
’YTZ,wecanget'y—s>%,so

min{é,(’y—s)} = %

Casel ¢y > % choosing € =

Thus, it follows from (25) that

J(0) > 3 [l - ZZ%W\

11]

2N

T

W <7+;> 52T—a5/b(t) dt
0

So (H1) yields that (19) holds, i.e.,

J(u) = o, as|Jufl, — co.

@ ok,
2

Case2 y < } choosing ¢ = L2 Tt follows from (H2) that

y—e== ( + 5222c1,>> gzzzcl]>o (26)

i=1j=1 i=1j=1

ande>0.Since7—s§%—s<%,wehave

min {3, (=)} = (v =e).

Thus, it follows from (19) and (20) that

T
K —(y —8)52T—a5/b(t)dt

Jw) > (o |- g}:%@w ut ()],
24
> (r—¢)|lu ||1x 22‘31]6%’ " ( + ‘:ZZZQ]>5T
11] i=1j=1

T
—as | b(t)dt
/

which combined with (H2) yields that (19) holds, i.e.,

J(u) = oo, as ||u||, — oo.

la

Therefore, (H1)or (H2) implies (19). Thus, J (1) is bounded below on H*.
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Step 2 We prove that (H1) or (H2) implies that | (u) satisfies the (PS) condition. Suppose that
{uy} is a sequence in H* such that J (1,) is bounded and J' (u,) — 0as n — co. Then {u, } is bounded
on H{. In fact, if {u, } is an unbounded sequence, without loss of generality we assume that ||, |, — o0
as n — oo. By Step 1, we know that (H1) or (H2) implies (19). Thus J (1,) — oo, which contradicts
the boundedness of | (u,) . Since{u, } C H* is bounded and H*" is a reflexive Banach space and so by
passing to a subsequence (for simplicity denoted again by {u, }) if necessary, by Proposition 6, we may
assume that

uy — u, weakly in H%,

(27)
uy — u, stronglyin C ([0, T],RN)
By (18), we have
T
' () = J' () =) = [ (5D (6) = §Dfu (1)t
’ 1 N L
Lk [ (ol (1)) = 1 (' (1)) ] (a (5) = (1) ) at
T
—l—/(VF(t n (£) = VE (t,u (1)), un (£) — u (£)) dt,
TO
> [ [§Dtua (6) — §DEu (1) at
0
N L . , . .
+% ;]; [ (i (1)) = 1 (' (1) )| (e () = (1)) at
T
+/(VF(t,un () = VE (& u (1)), un (£) — u (1)) dt,
0
One has .
Of 15D% 1, (£) — §D%u ()|> dt < (J' (wn) — J' (1), 1t — 1)
TZ Ly X [y (s (8)) = Iy (' ()] (i, (1) — u' (1))t (28)
—Of (VE (t,un () = VF (t,u(t))), un (£) —u(t))dt
By (27), we know that
T
/ it (1) — u ()2 dt — 0, as 1 — oo (29)

and forany i € A, j € B, we have that u}, (t;) — u' (t;) ,as n — 0. In fact

wh () = ()] < [un (1) —u ()| foranyi€ A, je B,

Thus, it follows from the continuity of all I;; that

Mz

i{ ( )_I ( (]))] (“:« (tj) —u (tj)> — 0, as n — co. (30)

1j=1
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In view of (A) and (27), we have

T
/(VF (t,uy (t) — VF (t,u(t))), un (t) —u(t))dt =0, asn — . (31)
0

Since J' (1) — 0, then using (28), (30) and (31), we have that

T
/ SD%uy (£) — §D%u ()2 dt — 0, as n — co. (32)
0

By (29) and (32), one has ||u,; — u||, — 0, which means that | () satisfies the (PS)—condition.
Step 3 We prove that (H3) implies that (14) holds for some p > 0. To this end, it follows from

(13), (17) and (h5), that

1NL 2, 2 22 2
<Y Y Retud? ull?

1
= SNLEw*ug? |Jully (33)

where y = max;e 4 jep {pij} -Let

k
Xz—{z m sin (mwt) ; ameRN},

where a,, = (al, a%,...,a}) with al, =1fori=1,...,N.and X; be the orthogonal complement of

X5 in H*. Then dim X, < oo and H* = X1 ® X5 .
If (H3) holds, we will consider X, with k > 1. When u € X,, we have

T 2
[ lu () dt = fz Vot (t | fZl 1( o, sm(mwt)) dt
* - . (34)
=[N, (Zm:O (ai,)” sin? (mwt) + Yk o Z]-:O,j#m aﬁna} sin (mwt) sin (]wt)) dt
0
On the other hand, one has
Lo
(35)

T
/sin(mwt) sin (jwt) dt =
0 0, other wise.
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So, in view of (34) and (35), we have

T
[P ar = ZZ()2 allheb (36)
0

zlm

Also, For all u € X, and by Proposition 3, one has §D{u (t) = ¢Dju (t) and

T

SDSul (1) = §Dful (1) = ﬁ% (Of (t—s) "k _oal, sin (mws) ds)

<1 4 f(t —s5) Yk _gal, (mws)ds
_F(l—a)dt m=0"m
1 [ 2w

r(1—0<} dtz a (mw) (k=)

T d-—a)T(1—2) Yk _oal, (mw)t ¢

— 1 k i 1-«a
- T (2 _ 06) Zm:O am (TﬂCU) t

which implies

T
2
Of’(c) | dt < (F(Z uc) fzz 1(2 (;ﬂ) m2w2+zm OZ] O]#mm]w a a>t2(1 a)dt
. —2u
(F ) (er(n:O (a;n) m2w2+2m OZ] =0,j#m m]w a, a]) g 2u
32«
< (ﬁ) (2k +1) R T
(37)
By (16) and (h2), for all ||u||, < p, we have
1/ r
h(w) = E/ |6Df‘u(t)|2dt+/F(t,u(t))dt (38)
0 0
1/ 1 1\
< = ca 25, tyg2. 2 L / 2 '
< 20/ 505w (1) dt — 2 M (r(z_a)) O (1) dt

By (15), (33), (36)—(38), we have

1 e 2 19722 1\ p 2
J () < 3 [ J5Dfu () dt = 3A0? (it ) [ I ()"
+%NLk2w2V§2 lullz. , (39)
1 1 T3 ™1 1
gj(m_@) (2K + 1) K2a? RN (1) T (14
+3NLR g ||ull;,

2
for all u € X;. Therefore, by the fact1 < (ﬁ) forua € (%, 1],2k+1 < 2k+2,N > 1, (36), (37)
and (39), we have
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1 3—2u

2
J(u) < (1"(2—0()) (2k + 1) Kw zg o

2
—%/\kzsz(kH) T (r(zl—a))

—l—%LNZ (k+1)KPw?ET

1 LN (2k + 1) k*w* 52 o
T(2—a) Mo 3 " 2a

+
2 3—2u
(1> (2k+2) P

= \re=o 3-2a
LN+ T (1)2
4 T (2—a)
+LIN? (k4 1) RaPu?T (1 )2
1 o\t —w)
1 2 44 3—21x
2k? (k4 1) 7 ( 1 )2
<
= T F(Z—oc)

T2 20 1 ) ) 5 T2—21x
2 = L 2L
x[3_2 /\N+ N?u@? + Nkwy§3 Zoc]

Thus

k2k 2 2
J () < BEPNE (L)

| (40)
220 2—2u
x 4T — A+ LNpg? + 4L g Eot |

forall u € X, with ||u||, < p. Thus, (H3) implies that J (1) < 0 forall u € X, with [Ju||, < p.
In view of (22) by choosing ¢ = , we get

T
15D (1) |2dt+/P (t,u (t)) dt
T
cp 4
1D ()2 dt + 2/ 0|2 dt
0

ZT—ats/b(t)dt
0

>m1n{ }|| 12— Lot —aJ/b (41)

N~

Ji(u) =

N~

O\H St~

M=
>,

forallu € H* Since b € L' ([0, T],RT), then J (u) > 0forall u € X; with ||u||, < p for p large enough.
Thus, (H3) implies that (14) holds for p large enough.

Moreover, it follows from (h2) that F (,0) = 0 for a.e. t € [0, T].Thus, (h2) implies ] (0) = 0
Now if infg« ] > 0, by Step 3 we have that all u € X, with ||u||, < p are minima of ], which implies
that | has infinitely many critical points. If infye | < 0, then it follows from Lemma 2 that | has at
least two nonzero critical points. Therefore, problem (1) has at least two nonzero weak solutions in H*.
The proof of Theorem 1 is complete. [
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Example 1. Leta = 3, T = 271, N = 1 and k = 1. Consider the boundary value problem of the fractional
differential equation with impulsive effects

3 3
Dt (CODfu (t)) = —VF(t,u), t € [0,2m],

o (iof (50h) () = 3106 (), i=1,j=1 “)

u(0)=u(2m) =0,
1
where I;j (s) = % (0.0005) s., Direct computation shows that ¢ = (2?()§)ﬁ ~18 w=1,(h3),(h4) and (h5)
1
1
i =1 =
hold with vy;; = 5 and p 2000°
Case 1 Assume that F of (42) is

2
(e+2) (jul® = Jul), Jul>1,

F(t,u) =
571187 (¢ +1) (Jul* = [u*), Jul <1,

we have that condition (A) holds with a(|u|)
= 7(t+2). Direct computation

where t € [0,2m]. In this case,
max {[ul* + |, (2|u* +2|ul ) 4[ul’ +2[ul 4[u| +2} and b(t)

shows that (h1) holds with «y = 1 since, we have

N =

Moreover, direct computation shows that (h2) holds with A = 9.46 and
A >9.45+24.89 u ~ 946,

F\%) = —5.71187 (t + 1) , then by choosing e = yg5 such

whereT (2 —a) =T (3) ~ 0.91. Since limy,,| ¢ ,|2

that F (t,u) < —5.71187 |u|*.
Thus, by F (t,0) = 0, (H1) and (H3) holds. According to Theorem 1, the problem (42) has at least two

non zero weak solutions.
Case 2 Assume that F of (42) is

(t4+8) (P 1u1), Jul > 1,
F(t,u) =
9.77 (£ + 0.605) (|u|4 - |u|2), u| <1,

where t € [0,27]. In this case, we have that condition (A) holds with a(|ul)
max{|u|4—|— |u|2,(2\u|2+2|u|>,4|u|3—|—2|u\,4\u|—0—2} and b (t) = 10(t+1). Direct computation

shows that (h1) holds with v = 1, since
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and
006593 ~ )"y % < o < |
Moreover, direct computation shows that (h2) holds. Since

F(t,u)
|u|—0 |1,1|2

— —9.77 (t +0.605) .

Therefore, by choosing & = %, we have F (t,u) < —5.71187 |u|* .Then, by F (t,0) = 0, (H2) and
(H3) holds. According to Theorem 1, the problem (42) admits at least two nonzero weak solutions.

4. Conclusions

Fractional differential equations have recently proved to be valuable tools for modeling many
phenomena in various fields of science and engineering. Indeed, one can find many applications in
viscoelasticity, electrochemistry, control, porous media, electromagnetic, etc., for example, see [1-19].
Moreover, recently, the existence of solutions of boundary value problems for fractional differential
equations have widely been studied in many papers and we refer the reader to the papers [3-18].
In this work, we can extend the previous mentioned works for proving the existence of at least two
non zero weak solutions to a new class of impulsive fractional boundary value problems via Brezis
and Nirenberg’s Linking Theorem. Finally, an example is presented to illustrate our results. In the next
work, we will try to prove the existence of three different weak solutions of the p-Laplacian fractional
for an overdetermined nonlinear fractional partial Fredholm—Volterra integro-differential system by
using variational methods combined with a critical point theorem due to Bonanno and Marano.
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