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Abstract: In this paper, a four-quadrant Riemann problem for a 2 x 2 system of hyperbolic conserva-
tion laws is considered in the case of delta shock appearing at the initial discontinuity. We also remove
the restriction in that there is only one planar wave at each initial discontinuity. We include the
existence of two elementary waves at each initial discontinuity and classify 14 topologically distinct
solutions. For each case, we construct an analytic solution and compute the numerical solution.
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1. Introduction

In 1977, in doctoral dissertation (thesis advisor, H. Kranzer), Korchinski [1] considered
the Riemann problem (RP) for the system:

{ u + (
Ut + (
They found that the delta function is supported on a discontinuity, which was motivated
by some numerical calculations of the Lax-Friedrich scheme, which was later called a
delta shock.

For a hyperbolic system of conservation laws, the four-quadrant RP is the initial
value problem:

M2)x — 0,
uv), = 0.

M

NI —

Ui+ f(U)x +g(U)y =0 @)
with the initial data U(x,y,0) = U;, i =1,- - - ,4, where i denotes the ith quadrant. Here,
U(x,y,t) = (ul (x,y,t), - ,un(x,y, t))T denotes an n-dimensional vector of conserved
quantities, and f and g are nonlinear fluxes.

Since Zhang and Zheng's illuminating conjecture [2] on the classification and structure
of the solution of four-quadrant RP for 2-D gas dynamics systems in 1990, many studies

have been conducted on simplified gas-dynamics-like models.
In 1994, Tan and Zhang [3,4] studied a four-quadrant RP for a 2-D system:

up + (u?)y + (uv), =0,
{ v + (uo)x + (v2>yy — 0. 3)

In a series of papers, they classified and constructed an analytic solution in the case of
initial data involving four contact discontinuities (4]) [3] and in the case of the initial data
involving rarefaction waves [4]. They found the delta shock in this model independently
of Korchinski, and Tan et al. [5] established the concept of a delta shock. In addition,
Pang et al. [6,7], and Shen [8] considered three constant initial data for the system (3).
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Under the assumption that p = const. = 1, Zhang et al. [9] considered a four-quadrant
RP for pressure-gradient equations (4) of the compressible Euler system:

ur+px =0,
Et + (pu)x + (po)y =0,

where p is the pressure, (u,v) is the velocity, and E = (u? + v?)/2 + p is the energy.
Shen and Sun [10] considered the system (4) with the initial data of three constants in three
fan domains.

Sheng and Zhang [11] solved a four-quadrant RP for a 2-D system, which is called the
transportation equation:

pt + (pu)x + (pv)y =0,
{ (ou)s + (pu?)x + (puv)y =0, ()
(pv)t + (puv)x + (pv?)y = 0.
Cheng et al. [12] considered the RP for the zero-pressure gas dynamics model (5) with three
constant states, and Mach reflection-like configurations appear in some of the solutions.
The 2-D RP for Chaplygin gas dynamics with three and four constant states were
investigated by Wang et al. [13] and Chen and Qu [14], respectively. Shearer [15] studied
the RP for 2 x 2 systems of nonstrictly hyperbolic conservation laws with quadratic nonlin-
earities that are nondegenerate. In addition, Andrianov and Warnecke [16] considered the
RP for compressible duct flows.
Most of the RPs cited above were applied under the following assumption [17]:

(H) Outside a neighborhood of the origin, each jump of the initial data projects
exactly one plane elementary wave.

This is a restricted assumption for systems because an n X n system can generally develop
n waves at each initial discontinuity. Most of the RPs citations below were done without
the above assumption (H).

In a series of papers [18,19], Hwang and Lindquist solved the 2-D RP of the system (6),
which is a generalization of the 1-D Keyfitz-Kranzer-Issacson-Temple model [20-22]:

{ St+fA(SrC)X+fB(SIC)y:O' (6)
(es)t + (cfA(s,0))x + (cfP(s,¢))y = O,

where 1
fs,c) =s*1+k(1-c)(1—-5)], 0<k< 5 fork=A4,B. @)

Under the fundamental assumption of u = v, Sun [23] constructed six topologically
distinct solutions for a nonstrictly hyperbolic system (8) :

pr+ (pu)x + (pu)y =0, ®)
ur+ (%5 )+ (%)y =0

Shen et al. [24] constructed ten solutions for the system (9):
pt + (pu)x + (pu)y =0.

This equation can also be considered to be a simplified gas-dynamics-like model because it
can be derived from 2-D isentropic Euler equations [25]. Because this is an isotropic case
(f = g in Equation (2)), they considered interactions in the 7 > ¢ plane by applying the
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transformation and symmetry. Hwang et al. [26] considered a 2-D RP with three constant
initial data for the system (9). They classified and constructed 12 solutions.

In this paper, our interest is to classify and construct the analytic solution for a
2 x 2 hyperbolic system (9) in the case of initial four-quadrant data without the assumption
(H). We consider Riemann’s initial data involving delta shock. The numerical solution is
also computed for comparison with the analytical solution.

We apply the 2-D direct construction method within the entire plane. This approach
has certain advantages because the wave interactions in the full plane can be seen, and the
constructed analytic solutions can be compared with numerical solutions. The results
show extremely interesting structures of wave interactions of the RP, and the numerical
solution is remarkably coincident with the constructed analytic solution. Because the
theory gives little insight for the qualitative behavior of wave interactions, we need to
construct the solution for each system. Furthermore, since general theory does not exist for
multidimensional system, 2-D RP for systems must be investigated on a case-by-case basis.

In Section 2, preliminaries, including elementary waves, are presented. In Section 3,
the initial data involving the delta shock are formally classified as 52 cases, which results
in 14 solutions. We construct analytic and numerical solutions for each case.

2. Preliminaries

The system (9) is changed to a self-similar form

{ —Cug — nuy + (u?)e + (u?), =0, 10)
—Gpg —npy + (pu)z + (pu)y =0,

through ¢ = x/t, 1 = y/t. The system (10) has two eigenvalues and the corresponding
right eigenvectors:

A= 27_2, Ay = thi—g' r1= (0,17, 1o = (u,p)T. (11)
Then, the A; field is linearly degenerated and the A; field is genuinely nonlinear if 7 # ¢
and u # 0.

From the initial discontinuity between two sides (u;, p;) and (u,, pr) in the counter-
clockwise direction, we use the notation Ry, Ji;, Sir, Sg,, for the rarefaction wave, contact
discontinuity, shock, and delta shock, respectively.

From the Rankine-Hugoniot condition, the contact discontinuity satisfies

dyp — n—u  n—u
== = , 12
T T Ty 12)

which shows that it is directed to the singular point (u;, u;) = (1, u,). Here, J;,(¢) can be
expressed as

Jir (&) = & =u = uy. (13)

Again, from the jump condition, the shock satisfies

dy _n—(utu) p_ pr (14)
¢ ¢ (w+u) uw o’

which shows that it directs to the singular point (u; + uy, u; + u,). The entropy condition
is defined as three characteristic “incoming” lines and the remaining ”outgoing” line.
The shock S, (¢) can be expressed as follows:

Slr(C) : ézul+ur/ % = %/

15
(O<ul<urorul<ur<0for17>f,‘,0<ur<ul orur<u1<0f0r;7<§). (15)
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Again, from the generalized Rankine-Hugoniot condition, the delta shock is directed to
the singular point (u#; + ur, u; + u,). The entropy condition of delta shock implies that all
characteristics on both sides of the delta shock are “non-outgoing” [24]. The delta shock
S5, (&) can be expressed as follows:

S5,(8) » C=u+uy, (u<0<u,fory>¢, u <0<u fory <g). (16)

The delta shock is described in detail in [3,5,24,27,28].
However, because the second characteristic line satisfies

dg _ n—2u

dc &—2u

(17)
which shows that it directs (2u,2u), R;,(&) can be expressed as follows:

R, (&) : &=2u, % = %, (up <u<uforn>¢g u <u<u forn <g). (18)
1
Here, (13), (15), (16), and (18) represent the waves that are parallel to the #-axis. The waves
parallel to the -axis can be described in a similar manner.

3. Construction of the Solution

We consider a four-quadrant RP for system (9). From the entropy condition, all four
characteristics are incoming from both sides of the delta shock. This means that 0 is between
the two states. Thus, we must consider the order of 14, up, us, uy, and 0 because of delta
shock, which brings a total of 5! = 120 cases. The cases including a delta shock are reduced
to 52 cases, which resulted in 14 topologically distinct solutions.

Because we remove the assumption (H), there is one or two waves at infinity for each
discontinuity. Consider the values of u on either side of the initial discontinuity. If they
have the same sign, then we have two waves: a contact shock (JS) or contact rarefaction
(JR). If they have different signs, then we have only one wave: Ss or R.

Because one of the fields of the system (9) is linearly degenerate, contact discontinuity
appears as a solution of the RP. For the numerical solution, to reduce the numerical
dissipations of the contact discontinuity, the flux functions of the semi-discrete central
upwind scheme are modified. Further details can be found in [26,29,30]. In this study,
the computational domain is [—4,4] x [—4,4] and t=0.2,p; = 0.77 fori =1,- - - ,4. We use
1200 x 1200 cells, and the CFL is 0.05.

3.1. Two Delta Shocks

For the classification of waves at the initial discontinuities, we count the exterior waves
that come from the positive #-axis at first, and then at the axes in the counterclockwise
direction. In the classification of the initial data, 21034 and 41032 indicate that uy < u; <
0 <uz <uyanduy <uy <0 <uz < up, respectively.

3.1.1. No Shock Wave

The upper and lower sides of the line 7 = ¢ form a symmetrical structure in each of
the following cases

Casel: JR+Ss+ JR+Ss (21034), S5+ RJ + S5 + RJ (41032)

Case2: JR+Ss+ Ss+ RJ(24103,42103), S5 + RJ + JR + S5(10324,10342)
Case3: Ss;+ R+ R+ Ss (31024, 31042), R + S; + S5 + R (24031, 42031)
Case4: Ss+ R+ R+ Ss (13024, 13042), R + S5 + S5 + R (24013, 42013)

Casel. JR+ S5+ JR+Ss (up <1y <0< uz < uy)
From the initial discontinuity at the positive #-axis, the contact [;, and the rarefaction
R, are developed, and a new state (u,,p,) satisfies 1, = u; and ﬁ—z = % Here, [, is
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directed to the singular point (11,11 ), and the rarefaction R, is directed to the singular
point (2u,2u) for u; < u < uy. From the initial discontinuity at the negative ¢-axis,
the exterior wave connecting states (u2,02) and (u3, p3) is S;,, parallel to the negative
G-axis. In addition, S;,, is directed to the singular point (u2 + u3, up + u3). From the initial
discontinuity at the negative 5-axis, J3. and R4 are developed, and a new state (1, pc)
satisfies u, = uzand 5—2 = 1% Moreover, 3. is directed to the singular point (u3, u3), and the
rarefaction R4 is directed to (2u,2u) for uz < u < u4. From the initial discontinuity at the
positive ¢-axis, the exterior wave connecting states (u4, 04) and (11, 1) is S,, parallel to
the positive ¢-axis. Finally, S;,, is directed to the singular point (u4 + 1, u4 + uq).

The straight delta shock S;,, completely penetrates the rarefaction wave R, at point

2,2
A(2up, uq + up), and then the curved delta shock # = #(¢) from A to B(2u;, M) satisfies

Uuz—uy
dg 1y —(u+us) P _ P2
N 97 == <u<
i = (utus) ¢ =2u, ” i’ Uy <u<uy, (19)
and we obtain
=+ (g_u)z 2uy < & <2u (20)
U Uz — up \2 3) oMz =56 =<0

2_
This straight delta shock S; , meets the contact discontinuity J;, at point C(uy, ui3 _”LZZ ) and

continues to the singular point D(u1 + us, u1 + u3), and has the form

Uy —up

o, (6 (it ug)), 2un < &< ug + s (21)
3=

n—(um +uz) =

By contrast, the delta shock S;,, penetrates the whole rarefaction wave R4, and the

M%Jru% —2u3uy

straight delta shock S5, from the point E(2u3, ) then meets J3, at the point

Up—uy
2_
F(us, u;l 324 ) and continues to the singular point D. The solutions are provided in Figure 1
and show good agreement. The initial condition is u; = —0.15, u = —0.37, uz = 0.43,
uy = 0.56.

ﬁL
3 R

a2 Jia = é
Ua, Pa u, o1
il
uz, P2
/E/‘E"’— 8541
Ue, pi/ U4, 04
JSC Rc4

(a) Analytical solution

Figure 1. Cont.
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(b) Numerical solution

Figure 1. Case 1. JR+ S5+ JR+ S;.

Case 2. [R+ S5+ S5+ RJ (up < ugy < uy <0< u3)
From the initial discontinuity, a delta shock is formed at the negative ¢-axis and
negative #-axis, and contact rarefaction is formed at the positive 7-axis and positive ¢-axis.

The delta shock S;,, penetrates the entire rarefaction wave Ryo. The straight delta shock S,

u%—i—u%—Zuluz . o .
W) meets the contact discontinuity J;, at point C(u1,

and continues to the singular point B(uq + us, u1 + us).
By contrast, the delta shock Ss,, completely penetrates the rarefaction wave Ryy.

2 2
uytuz—2uquy

from point A(2u4,

uq uz—u% )
Up—uz

The straight delta shock S;,, from the point D( ,2u1) meets the contact dis-

Uz—uy
_ 2

M;Z‘iu?,ul), and then continues to the singular point B(u; +
u3, uj + u3). The solutions are shown in Figure 2. The initial condition for the numerical
computation is uq; = —0.37, up = —0.56, uz = 0.15, uy = —0.43.

continuity J;; at point E(

uz, 02

Soa

4,04

Soa
(a) Analytical solution

Figure 2. Cont.
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(b) Numerical solution

Figure 2. Case 2. JR+ S5+ S5 + R]J.

Case3. R+ S5+ S5+ R (uz <ugy <0<uz <uy)

In this case, only one wave is formed at each initial discontinuity. From the initial
discontinuity at the positive -axis, the exterior wave connecting states (u1, 1) and (u, p2)
is the rarefaction Rj, parallel to the positive #-axis. The rarefaction Ry, is directed to
(2u,2u) for up < u < uy. From the initial discontinuity at the negative ¢-axis, the exte-
rior wave connecting states (u,02) and (u3, p3) is Ss,,, which is directed to the singular
point (uy + u3, up + u3). From the initial discontinuity at the negative 77-axis, the exterior
wave connecting states (us, p3) and (us, 1) is Ss34, which is directed to the singular point
(uz + ug, us + ug). From the initial discontinuity at the positive ¢-axis, the exterior wave
connecting states (14, 04) and (u1, p1) is the rarefaction R41, which is directed to (2u,2u)
for uy < u < uy.

The straight delta shock Ss,, meets the rarefaction wave R at point A(2up, uy + uy),

and the curved delta shock 7 = 7(¢) from A to B(0, uJiZ) then satisfies
dn — (u+u3) 0 P2
_ — = < <
B (it ¢ =2u, i upy <u <0, (22)
and we obtain
=t 6 o, <E<0 (23)
n=¢ ” u2<§ MS) , 2up < ¢ <0.

Simultaneously, a new shock and a new contact discontinuity occur at B. This is an
extremely interesting phenomenon in which the delta shock is switched into shock and
contact discontinuity. This new shock satisfies the equations in (22) in 0 < u < u3. Similarly,
this curved shock has the same form as (23), and continues to C(2u3,2u3). In addition,
Jes formed at point B ends at the singular point D(u3, u3) and satisfies

U

n—uz = (E—u3), 0<¢<us. (24)

Up — Uz

By contrast, Ss,, meets Ry at the point E (us + uyg,2uy). The curved delta shock

2
continues to point F( u;‘_3u4,0), and 3, and Sgy (0 < u < u3) are formed at F. This shock
continues to point C, and J3, ends at the singular point D. This contact discontinuity J3,

meets the contact discontinuity J.3 at point D. Both rarefaction waves Rq, and R4 meet at
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the same singular point (2u,2u) for uz < u < uq between C and G(2uy,2u1). The solutions

are shown in Figure 3. The initial condition is 11 = 0.56, uy = —0.37, u3 = 0.43,u4 = —0.15.
WL
£ n=¢
uz, 02
Sou
Ra
us, P3 U4, P04

S

(a) Analytical solution

(b) Numerical solution

Figure 3. Case 3. R+ S5 4+ S5 + R.

Case4.Ss;+ R+ R+Ss (up <uz <0 <uy<up)
As in case 3, only one wave, either a delta shock or rarefaction, is formed at each
initial discontinuity. The straight delta shock Ss,, meets the rarefaction wave Rp3 at point

2
A(uq + up,2uy). The curved delta shock continues from A to B(ul%, 0). Simultaneously,
a new shock and a new contact discontinuity occur at B. This shock formed at point B

2 2
u1+513_32u2u3 . 2113
at the singular point D (11 + u3, uq + u3). Here, J1, formed at point B ends at the singular
point E(uq, uq).

By contrast, Ss,, meets R34 at the point F(2uy, ug + uy). The curved delta shock contin-

2
el ), and J.; and Sy (3 < u < 0) are formed at G. This shock formed

T Uy —uy

completely penetrates the rarefaction wave Rp3 from B to C( ), and ends

ues to point G(0
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2 2 _2
at point G completely penetrates the rarefaction wave R34 from G to H(2u3, %#)

and ends at the singular point D. In addition, J,; formed at point G ends at the sin-
gular point E(uy,u7). The solutions are shown in Figure 4. The initial condition is
up = —0.37, up = 0.56, uz = —0.15, uy = 0.43.

Ui
I_ Sow
3

=&
usz, 02 L, 01 ’
TA
e e
b F 8511
0
1]
G
W, 04
Ras
(a) Analytical solution
4
2 -
7 1
7 /
/
/I/
> 0 / /0"
4
HL
l 1
4 | O 2 4

(b) Numerical solution

Figure 4. Case 4. 55 + R+ R+ S;.

3.1.2. One Shock Wave

Case 5 { JS + Ss + JR + Ss (12034), Ss + RJ + Ss + ST (14032)
"1 JR+Ss+ ]S+ Ss (21043), S5+ S] + Ss + RJ (41023)
Case6.{ JR + Ss + S5+ SJ (21403), JS + S5 + Ss + RJ (41203)
"1 Ss+SJ+JR+ Ss(10234), S5+ R] + JS+ S5 (10432)

Case5. S5+ RJ+ S5+ S (1 <ug <0< ug<up)

From the initial discontinuity, a delta shock is formed at the positive 7-axis and
negative y-axis, and the rarefaction-contact and shock-contact are formed at the negative
n-axis and positive {-axis, respectively. The delta shock S5, completely penetrates the



Mathematics 2021, 9, 138

10 of 22

2.2
us+us—2unu
A M S} 3,2113

= ) meets

rarefaction wave Ry;,. The straight delta shock Ss,, from the point A(
Uyuz— u%
Up—Uq

the contact discontinuity J;3 at point C( ,u3), and then continues to the singular
point B(uj + uz, uj + u3).
By contrast, the delta shock S;,, intersects with the shock Sy at point D(u3 + 4, 14 + uq).

Then, the new delta shock S, , from D to B satisfies

Uz — Uy

17— (uy+uz) = 0 —u4(€7 (1 +us)), up +uz <& < uz+uy. (25)
2
The straight delta shock S;,, meets the contact discontinuity [ at point E( ”LZ‘*_ u:3 ,u1) and

continues to the singular point B. The solutions are shown in Figure 5. The initial condition
isu; = —0.37, up = 0.56, uz = 0.43, uy = —0.15.

7
Sér
£ n==¢&

UZ, p 2 ,,
u,pr
Rap
Ub, O b
Jb3 P
us, 03

So

(a) Analytical solution

(b) Numerical solution

Figure 5. Case 5. S5 + R] + S5 + S].
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Case 6. JS+ S5+ Ss+ R (ug < uq < up <0< u3)

From the initial discontinuity, a delta shock is formed at the negative §-axis and
negative 7-axis, and contact shock and contact rarefaction contact are formed at the positive
n-axis and positive -axis, respectively. The delta shock Ss,, meets the shock S, at point
A(uq + up, us + usz). The new delta shock Ss,; formed at A meets the contact discontinuity

2
J1a at C(uy, 222273 and continues to the singular point B(uq + uz, uq + u3).
By contrast, the delta shock S;,, penetrates the entire rarefaction wave Ryy, and the

Ux—u

2 2
us+us—2uqu
1743 14/27/‘1

P ) then meets the contact disconti-
3 Ug

straight delta shock S, , from the point D(

)
nuity J; at the point E( “LZ“_L[? , 1) and continues to the singular point B(uy + u3, 11 + u3).

The solutions are shown in Figure 6. The initial condition is u; = —0.43, u = —0.37,
uz = 0.15, uy = —0.56.

”LE ”:§

Saz J1a
u,pP1
uz, 02
Sou Ua,Pa”””,'O
AT
E Jai
D/ ud;pd
7 us,P3 / Rua
u4, 04
Sou

(a) Analytical solution

(b) Numerical solution

Figure 6. Case 6. S + S5 + S5 + RJ.
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3.1.3. Two Shock Waves

Case7 : JS+ S5+ ]S+ Ss (12043), S5+ SJ + S5+ SJ (14023)
Case8: ]S+ Ss+ Ss+ SJ (12403, 14203), S5 + SJ + JS + S (10243, 10423)

Case7. ]S+ S5+ JS+Ss (41 <up <0< uy <uz)

From the initial discontinuity, a delta shock is formed at the negative -axis and
positive ¢-axis, and a contact shock is formed at the positive #-axis and negative #-axis.
The delta shock Ss,, meets the shock Sy at point A(uy + up, up + u3). The new delta shock
2

Uil —Uu .
=23} and continues to the
2 U3

singular point B(uj + u3, u1 + u3) without changing the direction because u, = u;.
However, the delta shock S, intersects with the shock S4 at the point D (u3 4 uy, ug + u1).

The new delta shock S;, formed at D meets the contact discontinuity J3. at the point
2
1

Ss,; formed at A meets the contact discontinuity [y, at C(uy,

E(us, ulgl:z‘i_u? ) and continues to the singular point B(uq + us, 7 + u3). The solutions are

shown in Figure 7. The initial condition is u; = —0.37, u, = —0.15, uz = 0.56, u4 = 0.43.

nL
& Saz J1a 7

uz, 02 u,p1

I
oy

Soe
'\LSBM

us, 03 4,04

Jae  Se

(a) Analytical solution

(b) Numerical solution

Figure 7. Case 7. ]S+ S5 4+ JS + S;.
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Case8. ]S+ S5+ Ss+S] (1 <up <uy <0< uz)
From the initial discontinuity, a delta shock is formed at the negative §-axis and
negative y-axis, and a contact shock is formed at the positive r-axis and positive ¢-axis.

The delta shock Ss,, meets the shock S at point A(u; + up, up + u3). The new delta shock

uq lefué

———) and continues to the
2 U3

Ss,; formed at A meets the contact discontinuity [, at C(uy,

singular point B(uj + u3, uj + u3).
By contrast, the delta shock S, , intersects with the shock S, at point D (us + ug, ugy + 7).

2
The new delta shock S;,, formed at D meets the contact discontinuity [ at E(us, uf::‘i u?l )

and continues to the singular point B(u1 + u3, 11 + u3). The solutions are shown in Figure 8.
The initial condition is u; = —0.56, u; = —0.43, uz = 0.15, uy = —0.37.
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& Saz J1a 7
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uz, 02 Ua,Pa ug,pP1
Sos ~ (.)
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U4, 0d
p D Sua
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U4, 04
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(a) Analytical solution
4
2 —
> 0f
| N
2k
-4 I 1 1 1
4 2 0 2 4

(b) Numerical solution

Figure 8. Case 8. JS+ S5+ S5 + S]J.
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3.2. One Delta Shock
3.2.1. No Shock Wave

Case : { JR+JR + R+ S5 (32104), Ss+ R+ RJ + RJ (34102)
"1 R+Ss+JR+]JR (20341), R] + RJ + Ss + R (40321)

Case9. R+ S5+ JR+JR (12 <0< uz <uy <uyp)

From the initial discontinuity at the positive 77-axis, the exterior wave connecting states
(u1,p1) and (uy, p2) is the rarefaction Ry,. The rarefaction Ry, is directed toward (2u,2u)
for up < u < uy. From the initial discontinuity at the negative ¢-axis, the exterior wave
connecting states (1, 02) and (u3, p3) is the delta shock Ss,,. The delta shock S;,, is directed
to the singular point (1, + u3, 12 + u3). From the initial discontinuity at the negative 7-axis,
the contact discontinuity J3. and rarefaction R.4 and (i, pc) between J3. and R4 satisfy
U, = uz and ﬁ—z = Z—i Here, J3. is directed toward the singular point (u3,u3), and the
rarefaction Ry is directed toward (2u,2u) for uz < u < uy. From the initial discontinuity
at the positive ¢-axis, the contact discontinuity J;; and the rarefaction R;; and a new state
(ug,pq) between Ju; and Ry are formed. The state (uy, py) satisfies uy; = 1y and 5—; = %
In addition, Jy, is directed toward the singular point (u4,14), and the rarefaction Ry is
directed toward (2u,2u) for uy < u < uy. The delta shock Ss,, meets the rarefaction wave

Ry, at point (2uy, up + u3). Then, a curved delta shock continues toward point A (0, usu_%uz ).
Simultaneously, J.3 and Sy, (0 < u < u3) are formed at A. This curved shock continues
toward point B(2u3,2u3), and J.3 ends at the singular point C(u3, u3). By contrast, both R1,
and R4 meet at (2u,2u) for uz < u < uy between B(2u3,2u3) and D(2uy,2uy). In addition,
J44 penetrates the entire rarefaction wave, R.4. The straight contact discontinuity continues
2u3u47u§
Uy
and ], meet at their singular point C. Both rarefaction waves Rj; and R;meet at (2u,2u)
foruy < u < uy between D and E(2u1,2u7 ). The solutions are shown in Figure 9. The initial

condition is u; = 0.56, u, = —0.15, uz = 0.37, uy = 0.43.

from (2us, ) toward C(u3, u3). Consequently, three contact discontinuities .3, J3,

WL
Rz
3

Uz, 02

NP

113, 03 Uc,0c 4,04

JBC Rc4

(a) Analytical solution

Figure 9. Cont.
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EN
Ny =
X O
~
I

(b) Numerical solution
Figure 9. Case 9. R+ S5 + JR + JR.

3.2.2. One Shock Wave
13402

JS+ JR+ R+ S5 (13204),
R+ Ss+JS+ JR (20413),
JS+ JR+ R+ Sz (31204),

Case 10 : {

Case 11 : {
JR+ ]S+ R+ S5 (21304),

Ss+R+RJ+S]
RJ+S]+Ss+R
Ss+R+RJ+S]
RJ+SJ+Ss+R
Ss+R+SJ+R]

40213
31402
40231

40132
43102
40312

Caselz:{ R+ S5+ JR+JS (20134), S]+ RJ + S5 + R

Case 13 - { JR+]JS+ R+ S5 (23104), S5+ R+ S]+R]J
| R+Ss+JR+]JS (20314), S]+RJ+Ss+R
Case10. S5+ R+ RJ+S] (ug < uz <uy <0< up)
From the initial discontinuity, a delta shock is formed at the positive #-axis, and a rar-
efaction is formed at the negative ¢-axis, and the rarefaction-contact and shock-contact are
formed at the negative 77-axis and positive ¢-axis, respectively. The delta shock Ss,, meets
the rarefaction wave Rpj3 at point A(uy + up,2u3). Then, the curved delta shock continues

(13204)

(20413)

(31204)

R+ S;+ ]S+ JR (20431),
(21304)

(20134)

(23104)

)

NN N N N N N

)
)
)
)
41302)
)
)
)

2
Uy

TP 0). A new shock and a new contact discontinuity are formed at B,

toward point B(

24 .2
R 2
to D(uy + u3,u1 + u3), and J;, continues from point B to point E(u1, 17). By contrast, .4
intersects with S at point F(u4, us + u1) and the new contact discontinuity J,; from F ends
at their singular point E, which equals the singular point of J;; and Ji,. Therefore, the three
contact discontinuities meet at the singular point E. The shock S.(= Syy) completely
penetrates Rz, and then stops at the singular point D. The solutions are shown in Figure 10.
The initial condition is u; = —0.73, u; = 0.15, uzg = —0.56, u4 = —0.25.

and this curved shock ends at point C( ). Then, S,3 continues from point C
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=
\. 1
RNV

2,02 u, Pt

Ras

(a) Analytical solution

(b) Numerical solution

Figure 10. Case 10. S5 + R + R] + SJ.

Case11. R+ S5+ JS+ JR (up <0< uy < uz < uq)

From the initial discontinuity, rarefaction is formed at the positive 77-axis, and a delta
shock is formed at the negative ¢-axis, and contact shock and contact rarefaction are formed
at the negative 5j-axis and positive ¢-axis, respectively. The delta shock S;,, meets the
rarefaction wave Ry, at point A(2uy, up + u3), and the curved delta shock continues toward
point B(0, %) Simultaneously, Sy (0 < 1 < u3) and J,3 occur at B. The curved shock
continues from B toward C(2u3,2u3). In addition, J,3 formed at point B ends at the singular
point D(us, u3).

By contrast, J;; meets S.4 at point E(uz + ug,us) and Jg. at the singular point D.
Therefore, three contact discontinuities J.3, 3., and ], meet at their singular point D.
The shock S.;(= S¢4) meets the rarefaction wave Ry at point F(u3 + u4,2uy), and the
curved shock continues toward C. Both rarefaction waves Rip and R;; meet at (2u, 2u) for
uz < u < uy between C and G(2u1,2u1). The solutions are shown in Figure 11. The initial
condition is u; = 0.56, uy = —0.15, uz = 0.43, uy = 0.21.
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uz, 02

S

113, 03 Uc,Pc s, 04

JSC Su

(a) Analytical solution

(b) Numerical solution

Figure 11. Case 11. R+ S5 + JS+ JR.

Case12. S5+ R+ SJ+ RJ (ug < uy <uz <0< up)

From the initial discontinuity, a delta shock is formed at the positive #-axis and
rarefaction is formed at the negative §-axis; in addition, shock-contact and rarefaction-
contact are formed at the negative 5-axis and positive {-axis, respectively. The straight

delta shock S;,, meets Rp3, and then a curved delta shock continues toward A( ulu_%uz, 0).
The new shock formed at A completely penetrates Ry3 and stops at the singular point
B(uq + us, u1 + uz). Moreover, J1, formed at point A ends at the singular point C(u1, u1).
However, the shock Sz, completely penetrates the rarefaction wave Ryy from D to the

24,2
point E(%ﬁflu‘}, 2u1) and it stops at the singular point B. In addition, J.4 completely

penetrates Re.(= Ryy) from F(u4,2uy) to G and satisfies

dg  n—u [
i = g_ K <u<
AT 7 =2u, 1w uy < u<u. (26)
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which gives
2

6:17—4’774, 2ug <1 < 2u4. (27)
)
The straight contact discontinuity J,; continues from G( 2““;‘*4 M, 2u;) to C, satisfying
N—u = (—wu1), 2u1 <y <uy. (28)

Ug — Uy

Here, J,; meets [1, and [ at their singular point C. The solutions are shown in Figure 12.
The initial condition is u1 = —0.43, up = 0.15, uz = —0.37, uy = —0.56.

WL
£ Sou 77=§

| e
Ros ,/,,,, iy |
/l C uﬂy P d d
:
ll3,- p 3 *uc, p .
(a) Analytical solution
4
2 -
> 0 %
LL
_4_4 ‘ | (l) ; 4

(b) Numerical solution
Figure 12. Case 12. S5+ R+ S] + R].
Case13. S5+ R+ SJ+ RJ (ug < uz <up <0< up)

In this case, the exterior waves at the initial discontinuity are exactly the same as those
in case 12. The upper structures are also extremely similar to those in the previous case.
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By contrast, both Rp3 and Ry; meet at (2u,2u) for uz < u < u; between B(2uy,2uq)
and D(2us,2u3). The shock S3. meets Ry at (u3 + uy4,21y4), and the curved shock then
continues toward point D. Here, J.4 penetrates the entire rarefaction R4y and the straight

contact discontinuity continues from (W, 2uy ) to C(uq, uq), which is a singular point
of three contact discontinuities Ji,, J;1, and J,;. In case 12, the shock S3, completely
penetrates the rarefaction Ry, but Sz, partially penetrates Ry; in case 13. This difference
makes them topologically distinct. The solutions are shown in Figure 13. The initial
condition is u1 = —0.37, up = 0.15, u3 = —0.43, uy = —0.56.

WL
E Son 77=§

u, P2 u,P1r -

/ ,/’/
Ros / /A//O
) /j?‘lle, Oe

//@/C W, P4 Ju

-

S
,,//il3y 03 Ue, Pe 4, 04

7
S

SSC JC4

(a) Analytical solution

EN
)
X o=
N~
IS

(b) Numerical solution

Figure 13. Case 13. S5+ R+ S] + R].

3.2.3. Two Shock Waves
Case 14 - JS+JS+ R+ S5 (12304), S5+ R+ S] + SJ (14302)
"1 R+Ss+]JS+]JS (20143), SJ+ SJ + Ss + R (40123)
Case14. [S+ ]S+ R+ S5 (u1 <uy<uz <0< u4)
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From the initial discontinuity, a contact shock is formed at the positive #-axis and
negative ¢-axis, and rarefaction and delta shock are formed at the negative y-axis and
positive ¢-axis, respectively. In addition, ], intersects with S, at point P(uy + up, up)
and the new contact discontinuity J,. occurs from P to A(uq,u1). The shock Sp(= S.p)
continues from P without changing the direction because u, = u, and u;, = uy. This shock
Sep meets the shock Sy3 at the point Q (11 + 1, upy + u3), and the new shock S,3 is formed at
Q and ends at the singular point H(u; + u3, u1 + u3). By contrast, S5, meets R34 at the point

2
R(2uy, tg + u1), and the curved delta shock is then from R to S(0, —L—). Simultaneously,

7 U1 —Uy
Je1 and Sy (u3 < u < 0) are formed at S. The curved shock from S to T and the straight

2 2
uy+us—2uzy . .
W) and meets S.3 at the singular point

H(uy + uz, u; + u3). However, the new contact discontinuity J,; is from S to A and meets
two contact discontinuities J;, and J, at their singular point A(u1, u1). The solutions are
shown in Figure 14. The initial condition is u; = —0.56, up = —0.43, u3 = —0.37, u4 = 0.15.

”L
£ Saz Jia p=¢&

shock continues from the point T(2u3,

u, P2 |Us Q3 u, Q1
Job — :R Soun
Shs 4 Q
7 ’ "1”13, 03 w, 04
Ras
(a) Analytical solution
4
L
~ o}
.2 =
A Iz ‘ 0 ; 4

X

(b) Numerical solution

Figure 14. Case 14. ]S+ JS + R + S;.
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