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Abstract: The main aim of this research paper is to introduce a new extension of the Gauss hypergeo-
metric function and confluent hypergeometric function by using an extended beta function. Some
functional relations, summation relations, integral representations, linear transformation formulas,
and derivative formulas for these extended functions are derived. We also introduce the logarithmic
convexity and some important inequalities for extended beta function.

Keywords: classical Euler beta function; gamma function; Gauss hypergeometric function; confluent
hypergeometric function; Mittag-Leffler function
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1. Introduction and Preliminaries

The theory of special functions, especially extensions of beta function, gamma function,
hypergeometric functions has been one of the fastest rising investigate a topic in mathemat-
ical science because scientific researchers feel it is important to study the behavior of special
functions with extended domains. Special functions are naturally generalizations of the
elementary functions and they play a vital role in the solution of the differential equations
due to which study of the generalizations of the special functions always important. In the
past years, many extensions, properties, and applications of special functions have been
discussed by many researchers and authors [1,2]. Here, we aim to study some results of
the extended beta function and hypergeometric functions by using Wiman’s function.

To obtain our main results, we require prior knowledge of some special functions.
First of all, throughout this present paper, there is a need to note the following notations:
R(z) represents the real part of any complex number z, C represents a set of complex
numbers, and R represents a set of positive real numbers.

Classical Euler beta function and gamma function are defined as [3]:

1
Blnwa) = [ #0711 - el 1)
0
where R(y1) and R(y2) > 0;

M) = [ e lear, @)
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where R(y1) > 0.
Gauss hypergeometric function » Fj is defined as [4]:
2 (po)k(p1)i 2*
F 7 7 ;Z == F 7 7 ;Z == 7 N T4 3
2F1(po, p1,p2;2) = F(po, p1, p2;2) k;) (e K ®)

where (1), represents the Pochhammer symbol defined below:

(), = LR _ 1 k=0;ueC\{0},
Wi () B u(u+1)---(u+k—-1) keNueC

Series representation and integral representation of Gauss hypergeometric function
o F; is defined as [4]:

= B(r1+mn,rp —r1) z"
r L) — = 4
(70,71,7’2,2) H;O B(ﬁ,i’z _71) (T’O)nn!/ ( )
where R(r;) > R(r1) >0and | z |< 1.
F(ro,r1,12;2) = / #1711 — )21 — ze) TTod, (5)
B(ri,r2 —11)
Confluent hypergeometric function is defined as [4]:
0 7k
1F1(pl/ er ) — pl/ PZ/ Z k k|- (6)

Series representation and integral representation of confluent hypergeometric function
is defined as [4]:

[e¢]
7’1 +n,rp—1r1) 2"
rlrrZI Z s (7)
= B(ry,ra—ry) n!
where R(r2) > R(r1) > 0;
D(ry,1;2) = / - 1 £Hr2= n-let gy (8)
71, 2 —11)

One parameter Mittag-Leffler function and two parameter Mittag-Leffler function
(Wiman'’s function) is defined as [5-7]:

o 7k
E TR ©)
n kzo (ky, +1)°
where R(y;) > 0and z € C;
00 k
E,, (10)
Y1 .1/2 ](Z%] 1-' kyl +y2)

where R(y1) >0, R(y2) > 0and z € C.

Since 1900, many researchers have been working on extensions of special functions.
Chaudhry is one of the mathematician who continuously worked on extensions of beta
function and other special functions. In 1997, Chaudhry et al. extended the classical
Euler beta function defined in Reference [8], and then, in 2004, he used this extended beta
function to generalize the Gauss hypergeometric function and confluent hypergeometric
function as [9]:

-y
B(y1,v2 y / =11 — 1o g, (11)
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where R(y1) > 0, R(y2) > 0and R(y) > 0;
2 B(r1+mn,1p—r1;1) z"
Fi(ro,11,72;2) = r0)n—, 12
r(ro, 11,72, 2) n;O Blr,r — 1) (ro)n— (12)
wherer > 0, R(r2) > R(r) >0, |z |< 1;
X B(ry+n,rp—ryr) 2"
(11, ryyz) = Y, DL ) 13)

= B(r,rn—r) n!

where ¥ > 0and R(r;) > R(r1) > 0.

Remark 1. If we set r = 0 in (12) and (13), we get Gauss hypergeometric function and confluent
hypergeometric function given by (4) and (7), respectively:

Fo(ro,11,12;2) = F(ro, 1,12, 2), (14)

and
Dq(rq,10;2) = D(r1,72;2). (15)

Subsequently, Ozergin et al. [10] have used confluent hypergeometric function to
extend classic Euler beta function; moreover, the latter function was then exploited to
generalize hypergeometric functions as follows:

1 —u
Bl(lul'uZ)(]/L]/z) = /O tyl_l(l - t)y2_11F1 (”Luz} t(l—t))dt' (16)

where R(y1), R(y2) > 0, R(uq1) > 0, R(up) > 0and R(u) > 0;

oo p(r1,12) k
(r1,r2) B; (p1+k p2—p1) Z
Fr 7 7 ;2) = T (17)
(Po, p1, P23 %) k;) Bpurap) P

where R(p2) > R(p1) >0,|z|<landr > 0;

oo pl(rir) k

(r112) ) B; (1tkp—p1)z
b ,P2,2) = E —, 18
P P pE) = Blpup2—p1) k! (18)

where R(pz) > R(p1) > 0and r > 0.

Later, in 2014, Choi et al. [11] defined a generalization of extended beta function
reported in (11), using it to broaden the definition of extended hypergeometric Gauss
function and extended confluent hypergeometric as follows:

l —u v
B(iy1, y2; 4;0) :/0 111 — t)yrle(T_W)dt, (19)
where R(y1), R(y2) > 0, R(v) > 0and R(u) > 0;
& B(ry +k,rp—rq;1,5) z*
FT,S(rOI rlerIZ) - kg%) B(Tl,rz _ 7’]) (7’0)kﬁr (20)

where R(r;) > R(r1) >0,r>0,s>0and |z |< 1;
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o0 . k
Z B(ri+k,rp—ry;1,8) 2 1)

D 5(r1,12,2) = g
s ) =  B(ri,rz—r) K

where R(ry) > R(r1) > 0,s > 0and r > 0.

Remark 2. Ifwe set r = 0 and s = 0 in (20) and (21), we get Gauss hypergeometric function and
confluent hypergeometric function given by (4) and (7), respectively:

Foo(ro,r1,12;2) = F(ro, 11,12 2), (22)
and
Do (r1,12;,2) = D(r1,12;2). (23)

In 2018, Shadab et al. [12] extended classic Euler beta function using one parameter
Mittag-Leffler function; this generalization was then exploited to expand hypergeometric
function of the Gauss and confluent hypergeometric function, thus allowing to study
various properties and relationships of these functions:

1 —
By (y1,2) :/O tyl—l(l—t)yz—lEu(t(l_yt))dt, (24)

where R(y1), R(y2) > 0, (1) > 0and R(y) > 0

ad (m+kmrn-—r Zk
Pr,a(VOrrlerI Z l 2 1)

B(ry, 12 —11) (ro)kﬁl =
where R(r;) > R(r1) > 0,0 >0,r >0and |z |< 1;

r1+k rp—11)z k

B(ri,r2—11) k' (26)

Dy (r1,72;2 Z
where R(r2) > R(r1) > 0,& > 0and r > 0.

Remark 3. (i) If we set &« = 1 in (25) and (26), we get extended Gauss hypergeometric function
and extended confluent hypergeometric function given by (12) and (13), respectively:

Fr,1<r01 71,7”2,'Z> - FV(FOI 7’1,7’2,'Z), (27)

and
D, 1(r1,12;2) = Pr(r1,712;2). (28)

(ii) If we set « = 1 and v = 0 in (25) and (26), we get Gauss hypergeometric function and confluent
hypergeometric function given by (4) and (7), respectively:

Fo(ro,11,72;2) = F(ro,11,712;2), (29)
and
Do (r1,12,2) = P(11,712;2). (30)

Very recently, Goyal et al. [13] introduced an extension of the beta function using the
Wiman function, thus studying various properties and relationships of that function:

() e y2-1 -1
B(leuz)(yl’yz) :/O (1 = )27 By <_”(t(1 — 1)) )dt, (31)
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where min{R(y1), ®(y2)} > 0, R(u1) > 0,R(uz) > 0, u > 0 and E,, u,(z) is 2-parameter
Mittag-Leffler function given by (10).

In this paper, we discuss convexity and inequalities related to extended beta function
given in (31). Now, we give some definitions about convex functions and show some results.

Definition 1. (References [14,15]) Let Y be a convex set in a real vector space, and let
g:Y — (—00,400) be a function. Then, g is called convex on'Y if the inequality

g(Bx1 + (1= B)x2) < Bg(x1) + (1 — B)g(x2) (32)

holds for any x1,x, € Y and B € [0,1].

The function g is concave if the function —g is convex.

The function g is called logarithmically convex (or logarithmically concave, respectively) on Y
if g > 0andlog g ( —logg, respectively) is convex (or concave, respectively) on Y.

Lemma 1. (References [16-18]) (Chebyshev’s integral inequality)
Let f1, fo : [c,d] C (—o0, +00) — (—00,400) be integrable functions. Assume that:

[1(x) = AWIR(x) = W] 20, Vxy € [cd].

Let h(x) : [c,d] C (—o0,+00) — (—00, +00) be a positive integrable function. Then:

/C " h)fy () / dh(x)fz(x)dxg / ) / AW A, (33)

Lemma 2. (References [19,20]) (Holder Inequality) Let 01 and 0, be positive numbers such that

11
o1
oo,

Let f1, fo : [c,d] — (—00, 400) be integrable functions. Then

d d o\ d o\ %
[ A< ([ aema)" ([ aeea)". (34)
2. Inequalities of Extended Beta function BEL? ) (y1,92)

Theorem 1. Assume that:

*  X,Y,Xx1,Y1 are non-zero and non-negative numbers such that (x — x1)(y —y1) >0,
e uy€[0,1]anduy € 10,1].

Then,

Bl (1) Bl ) (19) < B (o) B( ) (1,0) ©5)

(1,17

Proof. Let f1, f», f3 : [0,1] — R U0 be functions such that

fi(t) =) f(1) = (1— 1)),

folt) = 1701 — )0V, (—u(e(1 - 1))

Since

A = (x =2t 8, and (1) = (v — ) (1 - HY,
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functions f1 and f; have the same monotonicity (increasing or decreasing) on [0,1] as

(x—x1)(y—y1) =20
Then, applying Chebyshev’s inequality given in (33), to f1, f2, and f3, we have:

f pr— 1 = 1Eu1 uz( u(t(1—1)~ >dt f - 1 t)yilEul,uz <7u(t(1 — t))71>dt

36
Jo B = Y By (—u (61— 1) 7 ) [ £ t)yrlEul,uz (—u(ta—1)")a (36)
Then, from definition of extended beta function (31), we get our desired result:
(1) g () g
B(ul,uz)( x,y1) - B (u1, uz)( 1Y) < B(Hl uz)( v,y)- B (u1, llz)( X1, Y1)-
O
Corollary 1. Assuming that x,y > 0, uy € [0,1] and uy € [0,1], then:
2
Bl ]2 Bl (5 3) By () @

Proof. Put y; = x and x; = y in theorem (1). Using symmetry property of extended beta

() g

function B (i utz) (x,y) = By uz) (v, x), we get our desired result:

() SR () B
[B(ulﬂlz)(x’y)] = B(Ml uz) (,x) - B (u1,12) v y)-
O
Theorem 2. The map (x,y) — B((Zi u2)
with uy € [0,1] and uy € [0,1]. Moreover:

x,v) is logarithmically convex on Rt x Rt VY u > 0,
y 8 Y

2
(1) X1+x2 Yy1+y2 (u) (1)
{B(ul,uz) (2 AT )] < B(ulluz)(xllyl) : B(Ml,uz)(leyz) (38)

Proof. Let (x1,y1), (x2,y2) € RT x R and leta,b > 0 witha+b = 1.
After some algebraic manipulation on the left-hand side terms of the extended beta
function (31), we get

()

B y(@(x1,y1) +b(x2,y2)) = By, ) (ax1 + bxa,ay1 + bya)

(1,12

Moreover, using definition of the extended beta function (31), we can write
(up,u2

1
1) )(axl + bxy, ayy + by,) = /0 taxl+bx271(1 _ t)ay1+by271Eu1/u2 (—u(t(l _ t))_l)dt,'

4

1
B{)) 1y (01 + bz, ayy +bya) = [ #O1Dg021) (1 el =D(g — gyt

B (e = 0)™)]" [Bugua (-1 = 1))t

!
1
Bl . (ax1 + by ayy + bys) = /0 [t"l’l(l — )y (—u(t(l - t))”)} :

. {txrl(l —1elg, (-u(t(l - t))*l)] “at.
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Putting 6 = % and 0, = %, Holder inequality (34) gives:

Bng,u )(axl + bxy, ayy + byy) < [/ A S 11—1141 uz( u(H(1— t))_l)dt] .

{/ p2-1(1 - g, uz( u(t(1— t))l>dt]b = {BEZi,uz)(ﬂ’yl)r' [BEEE’MZ)(Xzfl/z)]b-

Then, from Definition (1), the function BEZl) ) (x,y) is logarithmically convex on

R* x RY.
Ifa = b= 1, we get our desired result:

2
() X1+Xx2 1ty (u) (u)
{B(ul’uz) < 2 7 2 )] = B(”lfllz) (x1,51) - B(“lﬂlz) (2, 2)-
O

3. Extension of Gauss Hypergeometric Function and Confluent
Hypergeometric Function

In this section, we introduce a new extension of Gauss hypergeometric function and
confluent hypergeometric function by using extended beta function given in (31). In
integral representation of Gauss hypergeometric function and confluent hypergeometric
function, we introduce Wiman's function as a kernel.

Definition 2. A new extended Gauss hypergeometric function P((rrl) rz)(po, p1, p2;2) is defined
as follows:

(p1+n,p2—p1) n
B, ”) (P0)n—, (39)

£ -
( T )(PO/ P1, p2/ ;0 Plz P2 — Pl)

where RX(p2) > R(p1) >0, RN(r1) >0,R(r2) >0, >0,|z|< land BEZ rz)(xl,xz) extended

beta function.

After substitution of beta function value in terms of gamma function
T()r'(y)
Tx+y)’

in the above definition, we have another representation of a new extended Gauss hyperge-
ometric function (39):

B(x,y) =

r & ol
((rl),,z)(POI p1,p2;2) = (Pl)((;;zz)ﬁl Z Po)n (rz rz)(pl +n,py— pl)—' (40)

Definition 3. A new extended confluent hypergeometric function @&2 ") (p1,p2;2) is defined
as follows:
) (1 1,p2 = 1) o

B(pi,p2—p1)  n

o) (p1,p2iz) Z it rz (41)

where R(pz) > R(p1) > 0, R(r1) > O,R(r2) > 0, v > 0and B((:z rz)(xl,xz) extended

beta function.

After substitution of beta function value in terms of gamma function, in the above
definition, we have another representation of a new extended confluent hypergeometric
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function (41):

(r)
(b(71/72

T(o )T (0r — 11) B + — [ 42
I‘(pl)r(m — pl) HZ:O (r],rz)(Pl n,p2 Pl) o 42)

where R(p2) > R(p1) >0, R(r1) > 0,R(r) > 0and r > 0.

(1 p2rz) =

Definition 4. (New) A new form of beta function is defined as:

BEH) m(PLEmpa—p1)

-B
B(p1,p2 — p1) (rir2

) (P14 1, p2 = p1). (43)

Using the above relation, we have a new form of extended Gauss hypergeometric func-

tion F((:l) ) (po, p1, p2; z) and extended confluent hypergeometric function @E:i ) (p1,p22):

n

ad z
F) Z 1’1 (P, P2 — P1)(P0)na, (44)

(71 72) (pOI pl/ PZ/

and
n

ad z
¢Erf rp) (P P2:2) ; (rr) (P11 P2 = p1) o (45)

Remark 4. We know that Gauss's hypergeometric function does not change if the py and py param-
eters are swapped while keeping p, fixed. This symmetric property with respect to the parameters
po and p1 can also be deduced from the new extended Gauss hypergeometric function (39):

((rl)rz)(p()/ plr er ) ((r)rz)(plr PO; er ) (46)

Then, replacing po with py in (39), from above property (46), we have

0 o B ) (p1+1,p2 = p1) 2

_ V1 Vz
(71 72)(190/ pl/ P2/ ) - pl, pz — pl)

((rz ry) (PO + 1, p2 = po) 2"

B(po, p2 — po)

Em E,M

(47)

The beta function (43) can be rewritten in a similar form:

BE;),Q)(PO +n,p2 = po)

B(po, p2 — po)

=B{) (po+n,p2 = po)- (48)

Using the above relation (48), we can rewrite extended Gauss hypergeometric function
(( 1) ) (Po, P1, p2; 2) in a similar form:

) z"
o) (PO 1,92 = po) (p1)n - (49)

(71 72) (pOI pl/ PZ/ )

r

|
il agk:
i&*

Then, from above definitions and relation (44), (46) and (49), we get

(1) il
8(71,72)(p0 +n,pa— PO)(Pl)nE =

[7e

((1) )(P0,P1,P2;Z) =

=
Il
o

B (p1+npa— P (50)

(71,1’2)

|
agk

3
Il
o
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Remark 5. (i) If we set rp = 1in (39) and (41), then, we get a new extension of Gauss hypergeo-
metric function and confluent hypergeometric function given by (25) and (26), respectively:

F((fl),l) (po, p1, p2;2) = Frri(po, 1, p2; 2); (51)

and
<1>Er3 1) (P1 P2:2) = Py (P1, P2;2)- (52)

(ii) If we set r1 = rp = 1in (39) and (41), then we get extended Gauss hypergeometric function
and extended confluent hypergeometric function given by (12) and (13), respectively:

F((lr,)l)(pO’ P, pz;Z) = Fr(pO/ p1, PZ}Z); (53)

and
q’g?l)(m,pz;Z) = O, (p1, p2;2)- (54)

(iii) If we set r1 = 1o = 1and v = 0 in (39) and (41), then we get Gauss hypergeometric function
and confluent hypergeometric function given by (3) and (6), respectively:

F((f,)l)(po, p1,p2:z) = F(po, p1,p2;2); (55)
and

d>§(1)?1)(p1, p2;z) = ©(p1, p2; 2). (56)

Theorem 3. Consider F((:l) ") (po, p1, p2;z) and CI>E2 r2) (p1, p2; z) functions. Then, the following
functional relations hold:

(1)

((7’1) rz) (pO/ pll P2/ ) == %F((:l)/rZ) (PO/ Pl + 1/ Pz + 1/ Z)

(p2—p1) £0)

+ P1 (71 T2

)(Pof p1,p2+1;2), (57)

where R(p2) > 0,R(p1) >0, RN(r1) > 0,RN(r2) >0,r >0and |z |< 1.
(2)

Ez ) (P1p2iz) = % Ez (P11 p2+1;2)
+ (pzp_lpl)q>(ﬁ)r2)(p1,p2+1,~z), (58)

where R(py) > 0,R(p1) >0, R(r1) > 0,R(r2) > 0andr > 0.

Proof. Using the following known relation from Reference [13]:

Bl ) = Bl ya +1) + Bl 1+ 1 ya), (59)



Mathematics 2021, 9, 2944

10 of 21

in (39), we get

(<rl) 72) (pO/ pll p2/ )

I
gk

(r)
B, . (p1+n+1,
(m»( i)

p2—p1)+ BEn) R (PLEmp2—pr+1) ) o
B(p1,p2—p1) !

B(p1,p2 — p1)

(r)
o) B (p1+n+1pp—p1)\ on
§ : (pO)n ( (rr2) 71’1! +

n=0
o (r) _
+ ) (po)n Bl (P mp2 =1 ) 22 -
=0 B(p1, p2 — p1) n!
(r)
— Mi(l’o)n B(’lrz)(p1+n+1p2_p1) 7_'_
B(pr,p2—p1) = B(p1+1,p2 —p1) n!

B(prp2—p1+1) i B(n)rz)(lernpz*lerl) z
B(pr,p2—pm1) = B(p1,p2—p1+1) n!

Then, using the value of beta function in terms of gamma function together with (39),
allow us to get the desired result.

Similarly, using (59) in (41) and following the same rule that led to the result (57), we
obtain the desired statement (58), and the Theorem is fully proved. [

Remark 6. (i) From (46), we observe that, for F " rz) (po, p1, P2; z), another functional relation
that also holds is:

)

(71 )

y(po 1 p2iz) = %F((:f,rz)(m,pw1,pz+1;2)
(P2 = po) ()

+ Po (71 12

) (P1 po,p2 +12). (60)
(ii) If we used (46) on the right-hand side of (60),

we obtain another functional relation for F((:l) ) (po, p1, p2;2):

y(po 1 p2iz) = % E) (Po+1p1p2+1:2)

(P2 = po) ()
Po (71 )

()

(71 12

+ ) (Po,p1,p2+1;2). (61)

Theorem 4. Consider F((:l) ) (po, p1, p2;z) and ol )(pl, p2; z) functions. The following Sum

(7
relations hold:

(1)

((rl)rz)(PO' p1p2z) = (p2—p1)), (;Z;> ) ((Zl)rz)(POr pr+1p+k+1z), (62
k=0
where R(pz2) > 0,R(p1) >0, R(r1) > 0,R(r2) >0,r>0and |z |< 1
(2)
(r)

o (P ()
@ (P1p2z) = (p2— pl)k;)m%l oy (PLHK P2+ K +1;2), (63)

where R(pz2) > 0,R(p1) >0, R(r1) > 0,R(rp) > 0andr > 0.
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Proof. Using the following known relation from Reference [13]
Bl oy 1ry2) = Y Bl (1 + k2 +1), (64)
=0

Uuq,up

in (39), we have

F (po, Pl/ Pz;Z) =

(r1,r2)

°°Zko o (PLER K 2 —p1 1) o
— Z 1s 2) (po)ni' _

=0 B(p1,p2 — p1) n!

i i Bg:l),m)(f?l +n+kpr—p1 —I—l)( ) 2\

k=0 \ n=0 B(p1,p2 — p1) Poln

B(pi+kp2—p1+1) i BEZ,rZ)(Pl+k+ﬂ/P2—P1+1)( i
Blpur—p) = Bm+kp—pi+1) O

k=0

Moreover, from (39)

B(p1,p2 —p1) (ryr2)

((rl)rz)(p()/ pl/ PZ/ ) - Z
k=0

Using value of beta function in terms of gamma function and value of gamma function in
terms of Pochhammer symbol in the above equation, we get our desired statement:

(F(j:)lk)«tl Fgl)m (Po,p1+1Lp2+k+1z).

() )(pOrplprI ) (Pz—pl)z

(7 g =
Similarly, using (64) in (41) and following the same rule getting to result (62), we
obtain the desired statement (63), and the Theorem is fully proved. O

Remark 7. (i) From (46), we observe that, for F((:l ") (po, p1, p2; 2), another summation relation

that also holds is:
(65)

E) )(PorperZ/ (P2 = po Z, pz o :1,2)(P1,P0+1 p2+k+1;z).

(71 2

(ii) If we used (46) on the right-hand side of (65), we obtain another summation relation for

) (po, p1,p2;2):

(1’1,}’2)

(66)

FD(poprpziz) = <P2—P0)Z(;p§zkl ((rl)rz)(Po—i—l p1.p2+k+1z2).
k=0

(71 r2)
() )(p1, p2; z) functions. The following Sum

Theorem 5. Consider F((:l),rz) (po, p1, p2;2) and <I>(:1,r2

relations hold:

(1)
> — v+ 1) B + k1)
( ) (pOr P1,p2,2 ) == Z (pl k'pB2<P1,);2 Ep;l) )P((rl),r2)(p01 p1 +k/ P1 +k+ 1;2)1 (67)

1,1
(1 2) =
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where R(pz) > 0, R(p1) >0, R(r1) >0, R(r2) >0, >0and |z |< 1.

(2)

(r) (p1=p2+ DiB(p1 + k1) o) ‘
Pl P172%) = kgo KB ) (PR PR LZ), (68)

where R(pz2) > 0, R(p1) > 0, R(r1) >0, R(r2) > 0andr > 0.

Proof. Using the following known relation from Reference [13]:

o (2)k
BEm) uz)(ylf —1) = k;) il Bézz,uz)(yl +k1), (69)
in (39), we get

F((rrl,rz)(l’of p1,p2:2) =

(o] (pO)n 0 (1 + P] — p2)k (’,) Zn
- B +n+k1) )= =

n;OB(pLPZ_Pl) Z k! (r1,72)<P1 n ) .
_ y Bt kDAt P i P1+k—|—n1)( Ve
- B(p1,p2 —p1) k' = B(p, +k 1) Podn-r =

k=0
o (1= P2+ DiB(p1 + K1) L)
= ki +k+1;z
kZO KB, p2 — p1) F. o (po.p1+k pr ).

Similarly, using (69) in (41) and following the same rule getting to result (67), we
obtain the desired statement (68), and the Theorem is fully proved. [

Remark 8. (i) From (46), we observe that, for function P((:l) ) (po, p1, p2; 2), another summation
relation that also holds is:

£ (Po —p2+ iB(po + k1) (r) ,
Firury (PP P232) = kzo KB, pa—po) L (PUPOTRpo kA TZ). (70)

(ii) If we used (46) on the right-hand side of (70),

we have another summation relation for F((:l) ") (po, p1, P2 2):

((rl) ) (o, p1,p2;2) =

= (po—p2+1)kB(po+k,1) ()
F +k,p1, 0 +k+1;z2). 71
kg) k!B(po, p2 — po) (rl,rz)(po P1,Po ). (71)

Theorem 6. Consider F((:l) ) (po, p1, P2 2) and @é:i rz)(pl, p2;2z) functions. The following re-
sults hold:
(1)

k
(r) (prtlp2—p1—1+k) .
F(rl,rz)(po’ Pu p2/ ; ( ) (pl/ P2 — pl) F(ﬁ,rz) (pOr p1+ I, p2 + k,Z), (72)

where R(pz) > 0,R(p1) >0, R(r1) > 0,N(r2) >0,r >0k e Nand|z|<1.

(2)

k
o) (mtlp—pr1—1+k) .
i) (P1:P2%) I;O ( ) B(p1,p2 — p1) q)(rl m(Ptlp+kz),  (73)
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where R(pz) > 0,R(p1) >0, R(r1) > 0,R(r2) >0,r > 0andk € N.
Proof. Using the following known relation from Reference [13]:
50 -
B, ) (V1 42) Z < ) oy W1+ Ly +k=1), (74)
in (39), we have
F(V . —
" ,2)(;90, PlzPZ/Z) -
0 k k "
= Y B +tn+Lpp—p1+k=1)|—
; p1,p2_pl lZQ(Z) 7172 pl p2 pl ) n|
k ) o
= —— B +n+lp—pr+k—1 >_
;( ) B(p1, p2 — p1) WX%)( (r1,12) P1 p2 —p1 )(Po)nn!
_ i() (prtLpr—p1—1+k) i Erl)rz)(P1+n+le—P1+k—l)7
= B(p1,p2 = p1) i=0 Blpr+Lpp—pr—1+k)  nb
From (39), we get our desired result:
k
£ N — K\ B(p1+Lpa—p1—1+k) () .
Firory) (PO P P23 2) = l;) (l) Blopa—pr) e PPl p2tkz).

Similarly, using (74) in (41) and following the same rule getting to result (72), we
obtain the desired statement (73), and the Theorem is fully proved. [J

Remark 9. (i) From (46), we observe that, for F((:l) ) (po, p1, P2; 2), the following result holds:

K (k\ B(po+1,p2—po+k
F((,,r]),rz)(PO/PLPz;Z):Z<l> (p%(po,zi;;z) )F((:])’rz)(pl,po+l,p2+k;z). (75)

(i) If we used (46) on the right-hand side of (75), we have another result for F((:l) . )( Po, P1, P2;2):

k
£ B(po+1,p2—po+k) () :
(71 rz)(PO/ p1, p2/ Z < > (pO/ P2 — PO) F(rl 72)(p0 + l/ P1, P2 +k,Z)- (76)

Theorem 7. Consider F((r)r )(po, p1,P2;z) and @EQ r2) (p1, p2; z) functions. The following inte-
gral representations hold:

(1)

Fo) ) (popr paiz) = (77)

= o [ T A= (L= zt) PO, (—r(H(1— 1) T dt,
B(Plr}”z—m)/o ( ) (1 —zt) 1:2< r(t( ) )

where R(p2) > R(p1) >0, R(r1) > 0,R(r) >0,r>0and | z |< 1.
(2)

o) (p1p2iz) = (78)
1

— S o P A P (<= ) )
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where R(pz2) > R(p1) >0, R(r1) > 0,R(r2) > 0andr > 0.

Proof. Using the following known relation from Reference [13]:

1
B ) = [ #0710 = 0 By (—u(e(1 = 1)t 79)

in (39), we have:

EQ) o (Po, b1, p2iz) =

e Bl ([ o)
- —i (/ t#1=1(1 — yr--1g, rz( (t(l—t))l)t"dt>f;

B(p1, p2

Changing the order of integration and summation, we get:

B (Po, pLp22) =

_ o B ) t)n
= Blor o0 — 1) (1 — )P lErr —r(t(1—t 1dt n(z
B(Pllpz - 1) /0 (1-1) 1 z( r(t(1—1)) ) n;)(l?o) o
Since .
(1—zt)” Z "<, (80)

the last expression becomes the searched result:

((71) 72) (pOr Pl/ P2/ )

— S P A ) M (<6 )

Similarly, using (79) in (41) and following the same rule getting to result (77), we
obtain the desired statement (78), and the Theorem is fully proved. [

Remark 10. From (46), we observe that, for F((rrl) ) (po, p1, p2; 2), the following integral represen-
tation holds:

o (Po, P p2;z) = (81)

= m /0 tPo—l(l - t)Pz—Po—l(l —zt)"PE, ) (—r(t(l _ t))ﬂ)dt.

Corollary 2. Consider F((rrl) ) (po, p1, p2;z) and <I>g2 ) (p1, p2; z) functions. The following inte-
gral representations hold:

(1)

20 _ 2 7 2p1—1 . 2py—2p1—1
Py (Popp22) = g [ (cos (1) (sin ()22

—r

Eviry ( (cos (x))2(sin (x))2> ((1 — z(cos (x))z)_po)dx- (82)
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(2)
, ) 3 P o
@t (prp2) = g [ (eos (1)1 (sin ()
—r z(cos (x))?
E(( (0 P(sin <x>>2)e ax. (83)

Proof. The corollary is easily proved by choosing t = cos? (x) in (77) and (78). O

(r)

Corollary 3. Consider F" ) (po, p1, p2;2) and qb(: )(pl, p2,z) functions. The following inte-

(r1, Fs
gral representations hold: ] v
(1
F(V) (PO/ p1, pZ;Z) — ; /% (Sin (x))2p171(COS (x))2P2*2P1*1 .
(r1,r2) B(Pl/ P2 — Pl) 0
7 — i 2y=po
Enr < (cos ()2 (sin (x))2> (1 z((sin (x))*) )dx. (84)
2)
o (p1,p2z) = 2 /% (sin (x))*"1 ! (cos (x))?P2 211,
(rir2) B(p1,p2 = p1) Jo
—r z(sin (x))2
£ (e ) )
Proof. The corollary is easily proved by choosing t = sin? (x) in (77) and (78). [
Theorem 8. The Mellin Transformations for P((:l) ") (po, p1, p2;z) and CIDEZ ) (p1, p2; z) are given by:
(1)

F[()rl'YZ)(s)B(Pl +5,p20—p1+5)
B(p1,p2 —p1)

where R(pz2) > R(p1) >0, R(r1) >0,R(rp) >0,s>0,r>0and | z |< 1.
(2)

M{ED) (po pr poi2)is} =

r1,12)

F(po, p1+5,p2 +2s;z), (86)

(r1,r2)
(n .oy — Lo (s)B(p1+8,pa—p1+5s) .
M{P ,02,2);8F = b +5s,p2 +2s;z2), 87
{ (71,72)(P1 p2;2);s} B(p1, p2 — p1) (7 p2 ) (87)

where R(pz2) > R(p1) >0, R(r1) > 0,R(rp) > 0,5 > 0andr > 0.

Proof. From the definition of Mellin Transformation, we have:
M{F((rrl),z)(lﬂof P1,p2:2);s} = /0 VS_lF((:l),rZ)(PO, p1, p2; z)dr.
Using (77) on the right-hand side, we have
MIEL (o ppa)s) = [ Agm s [ 07— ) R
(71,72) 0, P1,FP2,4), 0 B(pl, pz — Pl) 0

Err (—r(t(l - t))*l)dt}rsfldr
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Interchanging the order of integrations, the last expression reads as:

1 T e _
M{F((rrl),rz)(po’pl’pz;z);s} p— m/{) th 1(1_t)l’2 p1 l(l—Zi’) po .

oo

Letv = ﬁ Then:

1
(Po,p1,p2;2);8} = B(plplz—pl)/o 1Sl (] — p)P2mPits Tl (] gy PO

[/oo vs_lErl,m(v)dv} dt

0

(71,72)

From the known result in Reference [21]:
{172 () = /O #1E, (—t - rt_l)dt, (88)
and, using it with r = 0 in the above equation, we get

M{F((:1),Vz) (po, p1, p2; z);8} =

1 1
e e tP1+S—1 1 _ t PZ—P1+S—1 1 _ Zt —Po I-\(i'],rz) s dt _
B(P1,P2—P1)/O (1-1) ( ) Po[Ty 7 (s)]

B(py +s,p2 — p1+s) [LtPts—I(1 —¢)p2—pits=1(1 —z¢)=Po

(r1,12)
- T dt =
B(p1,p2 — p1) /o B(pr+s,p2—p1+5) [Ty "% (s)]

dt.

B(p1+s,p2—p1+ S)T(()”'TZ)(S) /1 tprrs—l(] — pyp2=pits=l(] — zp)~po
B(p1,p2 — p1) 0 B(py +5,p2— p1+59)

Finally, from integral representation of Gauss hypergeometric function (5), we get our
desired result:

F(()rl’rZ)(s)B(Pl +5s,p2—p1+59)
B(p1, p2 — p1)

M{F((r) )(Po,m,;?z;z);s} = F(po, p1 + 5, pa + 25;2).

r.r

Similarly, using Mellin transformation, Equation (78), and following the same rule
getting to result (86), we obtain the desired statement (87), and the Theorem is fully
proved. [

Remark 11. (i) From (46), we observe that, for F((:l) ") (o, p1, p2; 2), the following Mellin repre-
sentation also holds:

Fé’l’rZ)(s)B(po +s,p2—po+9)
B(po, p2 — po)

M{F((fl),z) (po,p1, P2;2)is} = F(p1,po+s,p2+2s;2). (89)

(ii) Using symmetric property of Gauss hypergeometric function F(p,, p1, p2;z) = E(p1, po, p2; 2)
on the right-hand side of (89), we have another Mellin representation for F((:l) ) (po, p1, p2;2):

(r1,12)
(r) Iy "% (s)B(po+s,p2— po+s)
MAF  P1,P2;2);8} =

{ (PO P1,p2 Z) S} B(pO;PZ — pO)

(rl ,}’2)

F(po +s, p1, p2 +2s;2). (90)
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Theorem 9. The Pfaff’s transformations for F((rrl) ) (po, p1, p2; 2) is given by:

(1)
— r V4
((,1),2) (po, p1,p2;2) = (1 —2) ’“OF((VBI,Z) (po, P2 =P P2 1>, 1)
where R(p2) > R(p1) >0, R(r1) > 0,RN(r2) >0,7r > 0and | 25 [< 1.
(2)
_ r V4
((7’1)72) (p()/ pll P2/ ) (1 - Z) plF((Tl),I’Z) (PZ - POI Plx PZ/ Z_1>/ (92)
where R(p2) > R(p1) >0, R(r1) > 0,RN(r2) >0,7r > 0and | 25 [< 1.

Proof. From (77), we deduce:

F((:l),rz) (po,p1,p2;2) =
1 1 )
— - . p*l _ p2—p 1 B 5 B - )
B(p1, p2 — p1) /ovl (1= o) (1 = 20) TE,p, (=r(0(1 — 0)) ) do.

Letv = 1 — t. After some algebraic manipulation, the last expression reads as:

1—z(1—f)] P =(1—2)P (1+ ~ t>_p0.

z

Thus, we get our desired result (91):

£ ~pop() 2
(71 r2) (Pop1/p2;2) = (1-2) pOF(Vlr’Z) <P0/ P2 = Pi.p2i z—1 >

From (46) and (91), we deduce that:

0 —p gl L Z
(rlrz)(pO/PLPZ/ ) (1_2) plF(rl,rZ) <p1/p2_p0’p2’z_1>'

Moreover, using same property (46) on the right-hand side of the above equation, we
get our statement (92):

zZ
((m)rz)(po' P1,p2;2 ) <1 —z)” plF((f)rz) (PZ ~ Po P P2 z— 1>‘

O
Theorem 10. The Euler’s transformation for F((:l) ) (po, p1, p2; 2) is given by:

((Vl) ra) (PO; P1,p2;2 ) (1 — Z)pZ—P(]—pl F((r)

r.r2

) (P2 = po, P2 — p1, p2;2), (93)
where R(p2) > R(p1) >0, R(r1) > 0,R(r2) > 0,7 >0and | z |< 1.

Proof. From (91) and (92), we obtain:

z _ z
(1—-2)" POF((,l),z) (po, P2 — p1 P2 z—l) =(1-2) plF((:f,,z) (Pz = Po, 1, P2; z—l>
Now, replacing po with po — pg and z with =5, we complete the theorem’s proof:

((71) ) (pOI P1,p2;2 ) (1 — Z)pZ—Po—pl F((r)

r.r

)(Pz — Po, P2 — P1, P2 Z)-
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Remark 12. Using (46) on the right-hand side of (93), we deduce another Euler’s transformation
for F " 72) (Po, p1, p2;2)

((,1),2) (po, p1,p2;2) = (1= Z)’”Z‘Pﬂ‘plP((,’l),,z) (p2 = p1, P2 — Po, p2; 2)- (94)

Theorem 11. For CIDEQ ) (p1, p2; z), we obtain the extension of Kummer transformation:

g,} ) (P1/P2;2) = €& Erz ) (P2 = P1 P2 —2), (95)

where R(pz) > 0,R(p1) >0, R(ry) > 0,R(rp) > 0andr > 0.

Proof. From (78), we get:

(r) R 1 ! =11 _ ,\p2—p1—1,zu _ _ -1
q)(rl,r2)(p1’p2fz) - B(PIIPZ _Pl)~/0 urt (1 u) 2 e Erl,rz( V(M(l u)) )du

Let u =1 — t. After some algebraic manipulation, the last expression becomes:

o ( z) = Z; ! tr2=P1=1(1 — ) —1e 2E —r(H(1— If))_1 d
(V1 ) P1,P2;2 (pl, - pl) 0 e 1,72 r u.

Then, from (78), we obtain our statement (95). [

Theorem 12. Consider CDE:E ) (p1, p2; z) function. The following relation holds:
/0 Zole Erz rz)(pl’Pz’ z)dz =T(po) ((Tl)fz)(PO' P2 = pup2il), ©6)

where R(pz2) > 0,R(p1) >0, R(po) >0, R(r1) >0, R(r2) > 0andr > 0.

Proof. Replacing z by —z in (95), we can write

Erz rz)(pl/pZI _Z) e Z Erz rz)(pZ_PLPZ/ )

Multiplying by zP0~! and integrating the above equation with respect to z from z = 0
toz = oo, we get:

R e S

1,12

Using (41) on the right-hand side of last expression, we obtain:

0 0 —p1+n,p1)n
Po-1gp (r) . _ / Po—1,— rl rz pZ P1 z"
/0 z ( rr )(P1,P2, 2)dz 0 ° ; B(p2 — p1,p1) ™
Then, changing order of integration and summation, we can read:
/'°° 2010 (py, pa 2 i fl fz )(p2—prtm, Pl)/ Lpo—1,-24,
0 Pl = B(p2—pupi)nt Do

From definition of gamma function and from its relation with Pochhammer symbol

I'(n+po) = (po)al(po),
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we obtain:

00 1 (r) _°° (r1,r PZ_P1+”P1)
/ozpo o) (P12 2 —Z 12

= B(p2—p1,p)n! (Po)uT (po)-

Finally, from (39), we get our desired result:

/O 2 Erzrz)(pl,pz,—Z)dz— I'(po) ((,1),2)(?70/?2—?71/?2;1)-
m

Remark 13. Using (46) on the right-hand side of Equation (96), we get another relation for

Oy (P10 P232)

/0 z”O*ldDE:z,z)(pl'PZ? —2z)dz = T(po) ((,frz)(Pz—Pl,Polpzl ) (97)

Theorem 13. Consider F((:l) ) (o, p1, p2;z) and (DE:i ) (p1, p2; z) functions. The following dif-

ferentiation formulas hold:
(1)
A" g

ED (opy )y = P )

PP (ot i), 09
where R(pz2) > R(p1) >0, R(r1) > 0,R(rz) >0,r>0m>0and |z |< 1.
(2)

am (P1)m g (r)
ﬁ{®(71 rz)(p1/p2/ 2)} = (Pz)mq)(ﬁ,fz)

(p1+m,pp+m;z), (99)

where R(pz2) > 0,R(p1) >0, R(r1) > 0,R(rp) > 0,m > 0andr > 0.

Proof. Let % be the m-th derivative with respect to the variable z. Differentiating (39),

we obtain
ﬁ{ ") ( LR BErl)rz)(pl"'”PZ 1) 2"
T () (PO PL P2:2) } = dz’”n;o o 7= P,
that is:
a” e NECE = E,l) oy (PLH 1, P2 = p1) g
az i (P P1e P22} = n;n B(p1,p2 — p1) (p0>"nl(n —m)!
Replacing n — m with m, we can read:
o B 3
dzm{ (r1 ) (POI p1,pP22)} = mZ::O (’1/72)(;;/:;'_”;/1?)’2 p1) (Po)zm%m!.

Using the property of Pochhammer symbol (po),.x = (po)m(po + k)m, and after
manipulation, we obtain:

(r)
dm | e B (pr+mtm, pa — 1) 2"
dzm{ ((rl)rz)(po pup2z)} = () {2 n) (Po+m)m 3 m! (Po)m-

=0 B(p1 +m,p2 —p1)
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By exploiting (39), we get our statement:

am .
7{P((r1),r2)(?’0r p1,p2z)} =

dzm

(Po)m (P1)m p(r)

(p2)m (Vlrfz)(p0+m'p1+mrl92+m;z),

Similarly, following the same rule getting to result (98) applied in (41), we obtain the
desired statement (99), and the Theorem is fully proved. O

Corollary 4. If we consider m = 1 in (98) and (99), we get following derivative formulas:

d
E{F((fl)m(ioor P1p2;z)} = %F&)m(m +1Lp+1,p2+12); (100)
d
@), (p1,p2i2)} = %q’éff,rz)(m +1,p2+1;2). (101)
Remark 14. Using (46) on the right-hand side of the (98), we can write another derivative formula
for EJ) . (po, pr, p2i2)

(P0)m(p1)m ()

dm
g Fly (Porpro i)} = H AR

dzm V- (rra )(Pl +m,po+m,py +m;z). (102)

4. Conclusions

We conclude our analysis by mentioning that the results obtained in this paper are
new and potentially useful. First, we have investigated some inequalities of the extended
beta function. Then, we have introduced a new extension of Gauss hypergeometric and
confluent hypergeometric function and investigated some properties of these extended
functions. We are also trying to find certain applications of the results obtained here in some
significant research areas, such as statistics, physics, engineering, applied mathematics,
and computer algebra. In the future, we will work on matrix forms of these extended
functions and also try to develop algorithms for these extended functions by using maple
computer software.
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