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Abstract

:

In this paper, motivated by the recent result of Sezen, we introduce the notion of fuzzy triple controlled bipolar metric space and prove some fixed point results in this framework. Our results generalize and extend some of the well-known results from the literature. We also explore some of the applications of our key results to integral equations.
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1. Introduction


In their pioneering works, Schweizer and Sklar [1] introduced the notion of continuous triangular norm, and Zadeh [2] provided the theory of fuzzy sets. Using the ideas of Zadeh, in the paper [3], Kramosil and Michalek defined the fuzzy metric space. A modified definition of fuzzy metric spaces is given in the paper of George and Veeramani [4]. After that, Grabiec [5] obtained the well-known fixed-point theorem of Banach to fuzzy metric spaces in the sense of Karamosil and Michalek. Similarly, an extension of the fuzzy Banach contraction theorem to fuzzy metric space in the sense of George and Veeramani was obtained by Gregori and Sapena [6]. Recently Mutlu and Gürdal [7] introduced bipolar metric spaces. Bartwal, Dimri and Prasad [8] introduced fuzzy bipolar metric space and proved some fixed-point theorems in this context. On bipolar metric spaces and fuzzy metric spaces, see [2,9,10,11,12,13,14,15,16].



Recently, Sezen [17] considered some fixed-point results in controlled fuzzy metric spaces. Motivated by Sezen [17], in this paper, we prove fixed-point theorems on fuzzy triple controlled bipolar metric spaces. Using the obtained results, we give an application to the existence and uniqueness of the solution of some classes of integral equations.




2. Preliminaries


In this section, we introduce some basic definitions and auxiliary results.



Definition 1

([4]). Let Θ be a non-empty set. An ordered triple   ( Θ , Π , ∗ )   is called a fuzzy metric space if Π is a fuzzy set on    Θ 2  ×  ( 0 , ∞ )    and * is a continuous τ-norm satisfying the following conditions for all   ϑ , φ , ζ ∈ Θ   and   τ , ς > 0  :




	(i) 

	
  Π ( ϑ , φ , τ ) > 0  ;




	(ii) 

	
  Π ( ϑ , φ , τ ) = 1   iff   ϑ = φ  ;




	(iii) 

	
  Π ( ϑ , φ , τ ) = Π ( φ , ϑ , τ )  ;




	(iv) 

	
  Π ( ϑ , ζ ,  τ + ς  ) ≥ Π ( ϑ , φ , τ ) ∗ Π ( φ , ζ , ς )  ;




	(v) 

	
  Π ( ϑ , φ , . ) : ( 0 , ∞ ) ⟶ ( 0 , 1 ]   is continuous.











Definition 2

([8]). Let Λ and Θ be two non-empty sets. A quadruple   ( Λ , Θ ,  Π ϱ  , ∗ )   is said to be fuzzy bipolar metric space, where * is a continuous τ-norm and   Π ϱ   is a fuzzy set on   Λ × Θ × ( 0 , ∞ )  , satisfying the following conditions for all   τ , ς , γ > 0  :




	(FB1) 

	
   Π ϱ   ( ϑ , φ , τ )  > 0   for all   ( ϑ , φ ) ∈ Λ × Θ  ;




	(FB2) 

	
   Π ϱ   ( ϑ , φ , τ )  = 1   iff   ϑ = φ   for   ϑ ∈ Λ   and   φ ∈ Θ  ;




	(FB3) 

	
   Π ϱ   ( ϑ , φ , τ )  =  Π ϱ   ( φ , ϑ , τ )    for all   ϑ , φ ∈ Λ ∩ Θ  ;




	(FB4) 

	
   Π ϱ   (  ϑ 1  ,  φ 2  ,  τ + ς + γ  )  ≥  Π ϱ   (  ϑ 1  ,  φ 1  , τ )  ∗  Π ϱ   (  ϑ 2  ,  φ 1  , ς )  ∗  Π ϱ   (  ϑ 2  ,  φ 2  , γ )    for all



   ϑ 1  ,  ϑ 2  ∈ Λ   and    φ 1  ,  φ 2  ∈ Θ  ;




	(FB5) 

	
   Π ϱ   ( ϑ , φ , . )  :  [ 0 , ∞ )  ⟶  [ 0 , 1 ]    is left continuous;




	(FB6) 

	
   Π ϱ   ( ϑ , φ , . )    is non-decreasing for all   ϑ ∈ Λ   and   φ ∈ Θ  .











Definition 3.

Let Λ and Θ be two non-empty sets. Let   λ , α , β : Λ × Θ → [ 1 , ∞ )   be three non-comparable functions. A quadruple   ( Λ , Θ ,  Π ϱ  , ∗ )   is said to be fuzzy triple controlled bipolar metric space, where * is a continuous τ-norm and   Π ϱ   is a fuzzy set on   Λ × Θ × ( 0 , ∞ )  , satisfying the following conditions for all   τ , ς , γ > 0  :




	(FCB1) 

	
   Π ϱ   ( ϑ , φ , τ )  > 0   for all   ( ϑ , φ ) ∈ Λ × Θ  ;




	(FCB2) 

	
   Π ϱ   ( ϑ , φ , τ )  = 1   iff   ϑ = φ   for   ϑ ∈ Λ   and   φ ∈ Θ  ;




	(FCB3) 

	
   Π ϱ   ( ϑ , φ , τ )  =  Π ϱ   ( φ , ϑ , τ )    for all   ϑ , φ ∈ Λ ∩ Θ  ;




	(FCB4) 

	
   Π ϱ   (  ϑ 1  ,  φ 2  ,  τ + ς + γ  )  ≥  Π ϱ   (  ϑ 1  ,  φ 1  ,  τ  λ (  ϑ 1  ,  φ 1  )   )  ∗  Π ϱ   (  ϑ 2  ,  φ 1  ,  ς  α (  ϑ 2  ,  φ 1  )   )  ∗  Π ϱ   (  ϑ 2  ,  φ 2  ,  γ  β (  ϑ 2  ,  φ 2  )   )    for all    ϑ 1  ,  ϑ 2  ∈ Λ   and    φ 1  ,  φ 2  ∈ Θ  ;




	(FCB5) 

	
   Π ϱ   ( ϑ , φ , . )  :  [ 0 , ∞ )  ⟶  [ 0 , 1 ]    is left continuous;




	(FCB6) 

	
   Π ϱ   ( ϑ , φ , . )    is non-decreasing for all   ϑ ∈ Λ   and   φ ∈ Θ  .











Remark 1.

Taking   λ  (  ϑ 1  ,  φ 1  )  = α  (  ϑ 2  ,  φ 1  )  = β  (  ϑ 2  ,  φ 2  )  = 1  , we obtain the definition of fuzzy bipolar metric space [8].





Example 1.

Let   Λ = { 1 , 2 , 3 , 4 }  ,   Θ = { 2 , 4 , 5 , 6 }   and   λ , α , β : Λ × Θ → [ 1 , ∞ )   be three non-comparable mappings defined as   λ ( ϑ , φ ) = ϑ + φ + 1  ,  α  ( ϑ , φ )  =  ϑ 2  + φ + 1   and   β  ( ϑ , φ )  =  ϑ 2  + φ − 1  . Let    Π ϱ  : Λ × Θ ×  ( 0 , + ∞ )  →  [ 0 , 1 ]    be defined by


       Π ϱ   ( ϑ , φ , υ )  =   min { ϑ , φ } + υ   max { ϑ , φ } + υ   ,      








for all   ϑ ∈ Λ  ,   φ ∈ Θ   and   υ ∈ ( 0 , + ∞ )  . Then   ( Λ , Θ ,  Π ϱ  , 🟉 )   is a fuzzy triple controlled bipolar metric space with the continuous τ-norm 🟉 such that   σ ∗ ϱ = σ ϱ  . Now,


      λ ( 1 , 2 )     = 4 , λ ( 1 , 4 ) = 6 , λ ( 1 , 5 ) = 7 , λ ( 1 , 6 ) = 8 , λ ( 2 , 2 ) = 5 , λ ( 2 , 4 ) = 7 ,          λ ( 2 , 5 ) = 8 , λ ( 2 , 6 ) = 9 , λ ( 3 , 2 ) = 6 , λ ( 3 , 4 ) = 8 , λ ( 3 , 5 ) = 9 , λ ( 3 , 6 ) = 10 ,          λ ( 4 , 2 ) = 7 , λ ( 4 , 4 ) = 9 , λ ( 4 , 5 ) = 10 , λ ( 4 , 6 ) = 11 ,      










      α ( 1 , 2 )     = 4 , α ( 1 , 4 ) = 6 , α ( 1 , 5 ) = 7 , α ( 1 , 6 ) = 8 , α ( 2 , 2 ) = 7 , α ( 2 , 4 ) = 9 ,          α ( 2 , 5 ) = 10 , α ( 2 , 6 ) = 11 , α ( 3 , 2 ) = 12 , α ( 3 , 4 ) = 14 , α ( 3 , 5 ) = 15 ,          α ( 3 , 6 ) = 16 , α ( 4 , 2 ) = 19 , α ( 4 , 4 ) = 21 , α ( 4 , 5 ) = 22 , α ( 4 , 6 ) = 23 ,      










      β ( 1 , 2 )     = 2 , β ( 1 , 4 ) = 4 , β ( 1 , 5 ) = 5 , β ( 1 , 6 ) = 6 , β ( 2 , 2 ) = 5 , β ( 2 , 4 ) = 7 ,          β ( 2 , 5 ) = 8 , β ( 2 , 6 ) = 9 , β ( 3 , 2 ) = 10 , β ( 3 , 4 ) = 12 , β ( 3 , 5 ) = 13 , β ( 3 , 6 ) = 14 ,          β ( 4 , 2 ) = 17 , β ( 4 , 4 ) = 19 , β ( 4 , 5 ) = 20 , β ( 4 , 6 ) = 21 ,      











Axioms (FCB1)–(FCB3), (FCB5) and (FCB6) are easy to verify; we only prove (FCB4). Let    ϑ 1  = 1 ,  φ 2  = 4 ,  φ 1  = 2   and    ϑ 2  = 3  . Then


       Π ϱ   ( 1 , 4 , υ + ς + γ )      =   min { 1 , 4 } + υ + ς + γ   max { 1 , 4 } + υ + ς + γ            =   1 + υ + ς + γ   4 + υ + ς + γ   .      











Now,


       Π ϱ   ( 1 , 2 ,  υ  λ ( 1 , 2 )   )      =   min  { 1 , 2 }  +  υ  λ ( 1 , 2 )     max  { 1 , 2 }  +  υ  λ ( 1 , 2 )              =   1 +  υ 4    2 +  υ 4             =   4 + υ   8 + υ   ,      










       Π ϱ   ( 3 , 2 ,  ς  α ( 3 , 2 )   )      =   min  { 3 , 2 }  +  ς  α ( 3 , 2 )     max  { 3 , 2 }  +  ς  α ( 3 , 2 )              =   2 +  ς 12    3 +  ς 12             =   24 + ς   36 + ς        











and


       Π ϱ   ( 3 , 4 ,  γ  β ( 3 , 4 )   )      =   min  { 3 , 4 }  +  γ  β ( 3 , 4 )     max  { 3 , 4 }  +  γ  β ( 3 , 4 )              =   3 +  γ 12    4 +  γ 12             =   36 + γ   48 + γ   .      











Clearly,


        1 + υ + ς + γ   4 + υ + ς + γ   ≥    4 + υ   8 + υ       24 + ς   36 + ς       36 + γ   48 + γ    ,      








for all   υ , ς , γ > 0  . So,


       Π ϱ   ( 1 , 4 , υ + ς + γ )  ≥  Π ϱ   ( 1 , 2 ,  υ  λ ( 1 , 2 )   )  🟉  Π ϱ   ( 3 , 2 ,  ς  α ( 3 , 2 )   )  🟉  Π ϱ   ( 3 , 4 ,  γ  β ( 3 , 4 )   )  .      











On the same steps, one can prove the remaining cases. Hence,   ( Λ , Θ ,  Π ϱ  , 🟉 )   is a fuzzy triple controlled bipolar metric space.





Example 2.

If we take minimum τ-norm instead of product τ-norm in Example 1, then   ( Λ , Θ ,  Π ϱ  , 🟉 )   is not a fuzzy triple controlled bipolar metric space. For instance, let    ϑ 1  = 1 ,  φ 2  = 4 ,  φ 1  = 2  ,    ϑ 2  = 3   and   τ = 0.02 , ς = 0.03 , γ = 0.04   with   λ , α , β : Λ × Θ → [ 1 , ∞ )   be three non-comparable mappings defined as   λ ( ϑ , φ ) = ϑ + φ + 1  ,  α  ( ϑ , φ )  =  ϑ 2  + φ + 1   and   β  ( ϑ , φ )  =  ϑ 2  + φ − 1  , then


       Π ϱ   ( 1 , 4 , 0.02 + 0.03 + 0.04 )  =   1 + 0.09   4 + 0.09   = 0.2665 ,      











and


       Π ϱ   ( 1 , 2 ,   0.02   λ ( 1 , 2 )   )  =   1 +   0.02  4    2 +   0.02  4    = 0.50124 ,      










       Π ϱ   ( 3 , 2 ,   0.03   α ( 3 , 2 )   )  =   2 +   0.03  12    3 +   0.03  12    = 0.6669 ,      










       Π ϱ   ( 3 , 4 ,   0.04   β ( 3 , 4 )   )  =   3 +   0.04  12    4 +   0.04  12    = 0.7502 .      











Clearly,


       Π ϱ   ( 1 , 4 , 0.02 + 0.03 + 0.04 )      ≱  Π ϱ   ( 1 , 2 ,   0.02   λ ( 1 , 2 )   )  🟉  Π ϱ   ( 3 , 2 ,   0.03   α ( 3 , 2 )   )           🟉  Π ϱ   ( 3 , 4 ,   0.04   β ( 3 , 4 )   )  .      











Hence,   ( Λ , Θ ,  Π ϱ  , 🟉 )   is not a fuzzy triple controlled bipolar metric space with minimum τ-norm.





Definition 4.

Let   ( Λ , Θ ,  Π ϱ  , ∗ )   be a fuzzy triple controlled bipolar metric space. The points belong to   Λ , Θ   and   Λ ∩ Θ   are called left, right and central points, respectively, and sequences that belong to   Λ , Θ   and   Λ ∩ Θ   are named left, right and central sequences, respectively.





Lemma 1.

Let   ( Λ , Θ ,  Π ϱ  , ∗ )   be a fuzzy triple controlled bipolar metric space such that


       Π ϱ   ( ϑ , φ , κ τ )  ≥  Π ϱ   ( ϑ , φ , τ )       








for   ϑ ∈ Λ , φ ∈ Θ  ,   τ ∈ ( 0 , + ∞ )   and   κ ∈ ( 0 , 1 )  . Then   ϑ = φ  .





Proof.

We have


      Π ϱ   ( ϑ , φ , κ τ )  ≥  Π ϱ   ( ϑ , φ , τ )   for   τ > 0  .     



(1)







Since   κ τ < τ   for all   τ > 0   and   κ ∈ ( 0 , 1 )  , by (FCB6), we have


      Π ϱ   ( ϑ , φ , κ τ )  ≤  Π ϱ   ( ϑ , φ , τ )  .     



(2)







From (2), (3) and the definition of fuzzy triple controlled bipolar metric space (see (FCB2)), we obtain   ϑ = φ  . □





Definition 5.

Let   ( Λ , Θ ,  Π ϱ  , ∗ )   be a fuzzy triple controlled bipolar metric space. A sequence   {  ϑ η  } ∈ Λ   converges to a right point φ if    Π ϱ   (  ϑ η  , φ , τ )  → 1   as   η → + ∞  , for all   τ > 0  . Similarly, a right sequence   {  φ η  }   converges to a left point ϑ if    Π ϱ   ( ϑ ,  φ η  , τ )  → 1   as   η → + ∞  , for all   τ > 0  .





Definition 6.

Let   ( Λ , Θ ,  Π ϱ  , ∗ )   be a fuzzy triple controlled bipolar metric space. Then, we have the following:




	(i) 

	
Sequence   (  ϑ η  ,  φ η  ) ∈ Λ × Θ   is named as a bisequence on   ( Λ , Θ ,  Π ϱ  , ∗ )  .




	(ii) 

	
If both   ϑ η   and   φ η   converge, the sequence   (  ϑ η  ,  φ η  ) ∈ Λ × Θ   is said to be a convergent sequence. If both   ϑ η   and   φ η   converge to some center point, bisequence   (  ϑ η  ,  φ η  )   is said to be a biconvergent sequence.




	(iii) 

	
A bisequence   (  ϑ η  ,  φ η  )   on fuzzy triple controlled bipolar metric space   ( Λ , Θ ,  Π ϱ  , ∗ )   is said to be a Cauchy bisequence    Π ϱ   (  ϑ η  ,  φ ω  , τ )  → 1   as   η , ω → + ∞  , for all   τ > 0  .











Definition 7.

The fuzzy triple controlled bipolar metric space   ( Λ , Θ ,  Π ϱ  , ∗ )   is said to be complete if every Cauchy bisequence in   Λ × Θ   is convergent in it.





Proposition 1.

In a fuzzy triple controlled bipolar metric space, every convergent Cauchy bisequence is biconvergent.





Proof.

Let   ( Λ , Θ ,  Π ϱ  , ∗ )   be a fuzzy triple controlled bipolar metric space and a bisequence   (  ϑ η  ,  φ η  ) ∈ Λ × Θ   such that    ϑ η  → φ   as   η → + ∞   and    φ η  → ϑ   as   η → + ∞  , where   η ∈ Θ   and   ϑ ∈ Λ  . Since   (  ϑ η  ,  φ η  )   is a convergent Cauchy bisequence, we obtain


   Π ϱ   (  ϑ η  ,  φ ω  , τ )  → 1    as    η → ∞ ,  



(3)




for all   τ > 0  . Now, from (1), we conclude that


   Π ϱ   ( ϑ , φ , τ )  = 1 ,  








for all   τ > 0  . Therefore, by (FCB2), we obtain that the bisequence   (  ϑ η  ,  φ η  )   is biconvergent. □





Proposition 2.

In a fuzzy triple controlled bipolar metric space, every biconvergent bisequence is a Cauchy bisequence.





Proof.

Let   ( Λ , Θ ,  Π ϱ  , ∗ )   be a fuzzy triple controlled bipolar metric space, and bisequence   (  ϑ η  ,  φ ω  ) ∈ Λ × Θ   converges to a point    ϑ 0  ∈ Λ ∩ Θ   for all   η , ω ∈ N   and   τ > 0  . By (FCB4), we have


      Π ϱ   (  ϑ η  ,  φ ω  , τ )      ≥  Π ϱ   (  ϑ η  ,  ϑ 0  ,  τ  3 λ (  ϑ η  ,  ϑ 0  )   )  ∗  Π ϱ   (  ϑ 0  ,  ϑ 0  ,  τ  3 λ (  ϑ 0  ,  ϑ 0  )   )           ∗  Π ϱ   (  ϑ 0  ,  φ ω  ,  τ  3 λ (  ϑ 0  ,  φ ω  )   )      











As   η , ω → ∞  , we obtain


      Π ϱ   (  ϑ η  ,  φ ω  , τ )  ≥ 1  for  all   τ > 0  .     











This implies that    Π ϱ   (  ϑ η  ,  φ ω  , τ )  → 1   for all   τ > 0  . Hence,   (  ϑ η  ,  φ η  )   is a Cauchy bisequence. □





Lemma 2.

Let   ( Λ , Θ ,  Π ϱ  , ∗ )   be a fuzzy triple controlled bipolar metric space and   μ ∈ Λ ∩ Θ   is a limit of a sequence then it is a unique limit of the sequence.





Proof.

Let   {  ϑ η  } ∈ Λ   be a sequence. Suppose that   {  ϑ η  } → φ ∈ Θ   and also   {  ϑ η  } → μ ∈ Λ ∩ Θ  ; then, for   τ , ς , γ > 0  , we have


      Π ϱ   ( μ , φ ,  τ + ς + γ  )  ≥  Π ϱ   ( μ , μ , τ )  ∗  Π ϱ   (  ϑ η  , μ , ς )  ∗  Π ϱ   (  ϑ η  , φ , γ )      











As   η → ∞  , we obtain


      Π ϱ   ( μ , φ ,  τ + ς + γ  )  ≥ 1 ,     








which implies that   μ = φ  , i.e., sequence   {  ϑ η  }  , has a unique limit. □





Definition 8.

A point   ϑ ∈ Λ ∩ Θ   is said to be a fixed-point of the mapping Γ if   ϑ = Γ ϑ  .






3. Main Results


In this section, we prove the extension of some well-known fixed-point theorems to fuzzy triple controlled bipolar metric spaces.



Theorem 1.

Let   ( Λ , Θ ,  Π ϱ  , ∗ )   be a complete fuzzy triple controlled bipolar metric space with three non-comparable functions   λ , α , β : Λ × Θ → [ 1 , ∞ )   such that


       lim  τ → ∞    Π ϱ   ( ϑ , φ , τ )  = 1  for  all   ϑ ∈ Λ , φ ∈ Θ  .      



(4)







Let   Γ : Λ ∪ Θ → Λ ∪ Θ   be a mapping satisfying




	(i) 

	
  Γ ( Λ ) ⊆ Λ   and   Γ ( Θ ) ⊆ Θ  ;




	(ii) 

	
   Π ϱ   ( Γ  ( ϑ )  , Γ  ( φ )  , κ τ )  ≥  Π ϱ   ( ϑ , φ , τ )    for all   ϑ ∈ Λ , φ ∈ Θ   and   τ > 0  , where   κ ∈ ( 0 , 1 )  .









Additionally, assume that for every   ϑ ∈ Λ  , we obtain that


       lim  η → ∞   λ  (  ϑ η  , φ )    and    lim  η → ∞   λ  ( φ ,  ϑ η  )  ,      








exist and are finite. Then Γ has a unique fixed point.





Proof.

Fix    ϑ 0  ∈ Λ   and    φ 0  ∈ Θ   and assume that   Γ  (  ϑ η  )  =  ϑ  n + 1     and   Γ  (  φ η  )  =  φ  n + 1     for all   η ∈ N ∪ { 0 }  . Then we obtain   (  ϑ η  ,  φ η  )   as a bisequence on fuzzy triple controlled bipolar metric space   ( Λ , Θ ,  Π ϱ  , ∗ )  . Now, we have


      Π ϱ   (  ϑ 1  ,  φ 1  , τ )  =  Π ϱ   ( Γ  (  ϑ 0  )  , Γ  (  φ 0  )  , τ )  ≥  Π ϱ   (  ϑ 0  ,  φ 0  ,  τ κ  )      








for all   τ > 0   and   η ∈ N  . By simple induction, we obtain


      Π ϱ   (  ϑ η  ,  φ η  , τ )  =  Π ϱ   ( Γ  (  ϑ  n − 1   )  , Γ  (  φ  n − 1   )  , τ )  ≥  Π ϱ   (  ϑ 0  ,  φ 0  ,  τ  κ η   )      



(5)




and


      Π ϱ   (  ϑ  n + 1   ,  φ η  , τ )  =  Π ϱ   ( Γ  (  ϑ η  )  , Γ  (  φ  n − 1   )  , τ )  ≥  Π ϱ   (  ϑ 1  ,  φ 0  ,  τ  κ η   )      



(6)




for all   τ > 0   and   η ∈ N  . Let   η < ω   for   η , ω ∈ N  . Then,


      Π ϱ   (  ϑ η  ,  φ ω  , τ )  ≥      Π ϱ   (  ϑ η  ,  φ η  ,  τ  3 λ (  ϑ η  ,  φ η  )   )  🟉  Π ϱ   (  ϑ  η + 1   ,  φ η  ,  τ  3 α (  ϑ  η + 1   ,  φ η  )   )           🟉  Π ϱ   (  ϑ  η + 1   ,  φ ω  ,  τ  3 β (  ϑ  η + 1   ,  φ ω  )   )           ≥  Π ϱ   (  ϑ η  ,  φ η  ,  τ  3 λ (  ϑ η  ,  φ η  )   )  🟉  Π ϱ   (  ϑ  η + 1   ,  φ η  ,  τ  3 α (  ϑ  η + 1   ,  φ η  )   )           🟉  Π ϱ   (  ϑ  η + 1   ,  φ  η + 1   ,  τ   3 2  β  (  ϑ  η + 1   ,  φ ω  )  λ  (  ϑ  η + 1   ,  φ  η + 1   )    )           🟉  Π ϱ   (  ϑ  η + 2   ,  φ  η + 1   ,  τ   3 2  β  (  ϑ  η + 1   ,  φ ω  )  α  (  ϑ  η + 2   ,  φ  η + 1   )    )           🟉  Π ϱ   (  ϑ  η + 2   ,  φ ω  ,  τ   3 2  β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )    )           ≥  Π ϱ   (  ϑ η  ,  φ η  ,  τ  3 λ (  ϑ η  ,  φ η  )   )  🟉  Π ϱ   (  ϑ  η + 1   ,  φ η  ,  τ  3 α (  ϑ  η + 1   ,  φ η  )   )           🟉  Π ϱ   (  ϑ  η + 1   ,  φ  η + 1   ,  τ   3 2  β  (  ϑ  η + 1   ,  φ ω  )  λ  (  ϑ  η + 1   ,  φ  η + 1   )    )           🟉  Π ϱ   (  ϑ  η + 2   ,  φ  η + 1   ,  τ   3 2  β  (  ϑ  η + 1   ,  φ ω  )  α  (  ϑ  η + 2   ,  φ  η + 1   )    )           🟉  Π ϱ   (  ϑ  η + 2   ,  φ  η + 2   ,  τ   3 3  β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  λ  (  ϑ  η + 2   ,  φ  η + 2   )    )           🟉  Π ϱ   (  ϑ  η + 3   ,  φ  η + 2   ,  τ   3 3  β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  α  (  ϑ  η + 3   ,  φ  η + 2   )    )           🟉  Π ϱ   (  ϑ  η + 3   ,  φ ω  ,  τ   3 3  β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  β  (  ϑ  η + 3   ,  φ ω  )    )           ≥  Π ϱ   (  ϑ η  ,  φ η  ,  τ  3 λ (  ϑ η  ,  φ η  )   )  🟉  Π ϱ   (  ϑ  η + 1   ,  φ η  ,  τ  3 λ (  ϑ  η + 1   ,  φ η  )   )  🟉 ⋯          🟉  Π ϱ   (  ϑ  ω − 1   ,  φ  ω − 1   ,  τ   3  ω − 1   β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  ⋯ λ  (  ϑ  ω − 1   ,  φ  ω − 1   )    )           🟉  Π ϱ   (  ϑ ω  ,  φ  ω − 1   ,  τ   3  ω − 1   β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  ⋯ α  (  ϑ ω  ,  φ  ω − 1   )    )           🟉  Π ϱ   (  ϑ ω  ,  φ ω  ,  τ   3  ω − 1   β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  ⋯ β  (  ϑ ω  ,  φ ω  )    )  .     











Now, applying (5) and (6) on each term of the right-hand side of the above inequality, we obtain


      Π ϱ   (  ϑ η  ,  φ ω  , τ )      ≥  Π ϱ   (  ϑ 0  ,  φ 0  ,  τ  3  κ η  λ  (  ϑ η  ,  φ η  )    )  🟉  Π ϱ   (  ϑ 1  ,  φ 0  ,  τ  3  κ  η + 1   λ  (  ϑ  η + 1   ,  φ η  )    )           🟉 ⋯ ⋯ 🟉  Π ϱ   (  ϑ 0  ,  φ 0  ,  τ   3  ω − 1    κ ω  β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  ⋯ β  (  ϑ ω  ,  φ ω  )    )  .     











From (4), as   η , ω → ∞  , we obtain


      Π ϱ   (  ϑ η  ,  φ ω  , τ )  ≥ 1  for  all   τ > 0  .     











Therefore, bisequence   (  ϑ η  ,  φ η  )   is a Cauchy bisequence. Since   ( Λ , Θ ,  Π ϱ  , ∗ )   is a complete space, bisequence   (  ϑ η  ,  φ η  )   is a convergent Cauchy bisequence. According to Proposition 1, the bisequence   (  ϑ η  ,  φ η  )   is a biconvergent sequence.



As bisequence   (  ϑ η  ,  φ η  )   is biconvergent, there exists a point   μ ∈ Λ ∩ Θ   which is a limit of both sequences   {  ϑ η  }   and   {  φ η  }  . By Lemma 2, both sequences   {  ϑ η  }   and   {  φ η  }   have a unique limit. From (FCB4), consider


      Π ϱ   ( Γ  ( μ )  , μ , τ )      ≥  Π ϱ   ( Γ  ( μ )  , Γ  (  φ η  )  ,  τ  3 λ ( μ ,  φ η  )   )  ∗  Π ϱ   ( Γ  (  ϑ η  )  , Γ  (  φ η  )  ,  τ  3 α (  ϑ η  ,  φ η  )   )         ∗  Π ϱ   ( Γ  (  ϑ η  )  , μ ,  τ  3 β (  ϑ η  , μ )   )      








for all   η ∈ N   and   τ > 0  . As   η → ∞  , we have


      Π ϱ   ( Γ  ( μ )  , μ , τ )  → 1 ∗ 1 ∗ 1 = 1 .     











From (FCB2), we obtain   Γ ( μ ) = μ  . Let   ν ∈ Λ ∩ Θ   be another fixed point of  Γ . Then


      Π ϱ   ( μ , ν , τ )  =  Π ϱ   ( Γ  ( μ )  , Γ  ( ν )  , τ )  ≥  Π ϱ   ( μ , ν ,  τ κ  )      








for   κ ∈ ( 0 , 1 )   and for all   τ > 0  . By Lemma 1, we obtain   μ = ν  . □





Example 3.

Let   Λ = [ 0 , 1 ]  ,   Θ = { 0 } ∪ N − { 1 }   and   λ , α , β : Λ × Θ → [ 1 , ∞ )   be three non-comparable mappings defined as   λ ( ϑ , φ ) = ϑ + φ + 1  ,  α  ( ϑ , φ )  =  ϑ 2  + φ + 1   and   β  ( ϑ , φ )  =  ϑ 2  + φ − 1  . Define    Π ϱ   ( ϑ , φ , τ )  =  τ  τ + | ϑ − φ |     for all   τ > 0   and   ϑ ∈ Λ   and   φ ∈ Θ  . Clearly,   ( Λ , Θ ,  Π ϱ  , ∗ )   is a complete fuzzy triple controlled bipolar metric space, where * is a continuous τ-norm defined as   σ ∗ ϱ = σ ϱ  .



Define   Γ : Λ ∪ Θ → Λ ∪ Θ   by


   Γ  ( μ )  =       μ 2  ,     if   μ ∈ [ 0 , 1 ]  ,       0 ,     if   μ ∈ N − { 1 }  ,        








for all   μ ∈ Λ ∪ Θ  . Clearly, all the hypotheses of Theorem 1 are satisfied. Hence Γ has a unique fixed point, i.e.,   μ = 0  .





Theorem 2.

Let   ( Λ , Θ ,  Π ϱ  , ∗ )   be a complete fuzzy triple controlled bipolar metric space with three non-comparable functions   λ , α , β : Λ × Θ → [ 1 , ∞ )   such that


       lim  τ → ∞    Π ϱ   ( ϑ , φ , τ )  = 1  for  all   ϑ ∈ Λ , φ ∈ Θ  .      



(7)







Let   Γ : Λ ∪ Θ → Λ ∪ Θ   be a mapping satisfying




	(i) 

	
  Γ ( Λ ) ⊆ Θ   and   Γ ( Θ ) ⊆ Λ  ;




	(ii) 

	
   Π ϱ   ( Γ  ( φ )  , Γ  ( ϑ )  , κ τ )  ≥  Π ϱ   ( ϑ , φ , τ )   , for all   ϑ ∈ Λ , φ ∈ Θ   and   τ > 0  , where   κ ∈ ( 0 , 1 )  .









Then Γ has a unique fixed point.





Proof.

Fix    ϑ 0  ∈ Λ   and assume that   Γ  (  ϑ η  )  =  φ η    and   Γ  (  φ η  )  =  ϑ  η + 1     for all   η ∈ N ∪ { 0 }  . Then, we obtain   (  ϑ η  ,  φ η  )   as a bisequence on fuzzy triple controlled bipolar metric space   ( Λ , Θ ,  Π ϱ  , ∗ )  . Now, we have


      Π ϱ   (  ϑ 1  ,  φ 0  , τ )  =  Π ϱ   ( Γ  (  φ 0  )  , Γ  (  ϑ 0  )  , τ )  ≥  Π ϱ   (  ϑ 0  ,  φ 0  ,  τ κ  )      








for all   τ > 0   and   η ∈ N  . By simple induction, we obtain


      Π ϱ   (  ϑ η  ,  φ η  , τ )  =  Π ϱ   ( Γ  (  φ  η − 1   )  , Γ  (  ϑ η  )  , τ )  ≥  Π ϱ   (  ϑ 0  ,  φ 0  ,  τ  κ  2 η    )      



(8)




and


      Π ϱ   (  ϑ  η + 1   ,  φ η  , τ )  =  Π ϱ   ( Γ  (  φ η  )  , Γ  (  ϑ η  )  , τ )  ≥  Π ϱ   (  ϑ 0  ,  φ 0  ,  τ  κ  2 η + 1    )      



(9)




for all   τ > 0   and   η ∈ N  . Let   η < ω  , for   η , ω ∈ N  . Then,


      Π ϱ   (  ϑ η  ,  φ ω  , τ )  ≥      Π ϱ   (  ϑ η  ,  φ η  ,  τ  3 λ (  ϑ η  ,  φ η  )   )  🟉  Π ϱ   (  ϑ  η + 1   ,  φ η  ,  τ  3 α (  ϑ  η + 1   ,  φ η  )   )           🟉  Π ϱ   (  ϑ  η + 1   ,  φ ω  ,  τ  3 β (  ϑ  η + 1   ,  φ ω  )   )           ≥  Π ϱ   (  ϑ η  ,  φ η  ,  τ  3 λ (  ϑ η  ,  φ η  )   )  🟉  Π ϱ   (  ϑ  η + 1   ,  φ η  ,  τ  3 α (  ϑ  η + 1   ,  φ η  )   )           🟉  Π ϱ   (  ϑ  η + 1   ,  φ  η + 1   ,  τ   3 2  β  (  ϑ  η + 1   ,  φ ω  )  λ  (  ϑ  η + 1   ,  φ  η + 1   )    )           🟉  Π ϱ   (  ϑ  η + 2   ,  φ  η + 1   ,  τ   3 2  β  (  ϑ  η + 1   ,  φ ω  )  α  (  ϑ  η + 2   ,  φ  η + 1   )    )           🟉  Π ϱ   (  ϑ  η + 2   ,  φ ω  ,  τ   3 2  β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )    )           ≥  Π ϱ   (  ϑ η  ,  φ η  ,  τ  3 λ (  ϑ η  ,  φ η  )   )  🟉  Π ϱ   (  ϑ  η + 1   ,  φ η  ,  τ  3 α (  ϑ  η + 1   ,  φ η  )   )           🟉  Π ϱ   (  ϑ  η + 1   ,  φ  η + 1   ,  τ   3 2  β  (  ϑ  η + 1   ,  φ ω  )  λ  (  ϑ  η + 1   ,  φ  η + 1   )    )           🟉  Π ϱ   (  ϑ  η + 2   ,  φ  η + 1   ,  τ   3 2  β  (  ϑ  η + 1   ,  φ ω  )  α  (  ϑ  η + 2   ,  φ  η + 1   )    )           🟉  Π ϱ   (  ϑ  η + 2   ,  φ  η + 2   ,  τ   3 3  β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  λ  (  ϑ  η + 2   ,  φ  η + 2   )    )           🟉  Π ϱ   (  ϑ  η + 3   ,  φ  η + 2   ,  τ   3 3  β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  α  (  ϑ  η + 3   ,  φ  η + 2   )    )           🟉  Π ϱ   (  ϑ  η + 3   ,  φ ω  ,  τ   3 3  β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  β  (  ϑ  η + 3   ,  φ ω  )    )           ≥  Π ϱ   (  ϑ η  ,  φ η  ,  τ  3 λ (  ϑ η  ,  φ η  )   )  🟉  Π ϱ   (  ϑ  η + 1   ,  φ η  ,  τ  3 λ (  ϑ  η + 1   ,  φ η  )   )  🟉 ⋯          🟉  Π ϱ   (  ϑ  ω − 1   ,  φ  ω − 1   ,  τ   3  ω − 1   β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  ⋯ λ  (  ϑ  ω − 1   ,  φ  ω − 1   )    )           🟉  Π ϱ   (  ϑ ω  ,  φ  ω − 1   ,  τ   3  ω − 1   β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  ⋯ α  (  ϑ ω  ,  φ  ω − 1   )    )           🟉  Π ϱ   (  ϑ ω  ,  φ ω  ,  τ   3  ω − 1   β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  ⋯ β  (  ϑ ω  ,  φ ω  )    )  .     











Now applying (5) and (6) on each term of the right-hand side of the above inequality, we obtain


      Π ϱ   (  ϑ η  ,  φ ω  , τ )      ≥  Π ϱ   (  ϑ 0  ,  φ 0  ,  τ  3  κ  2 η   λ  (  ϑ η  ,  φ η  )    )  🟉  Π ϱ   (  ϑ 0  ,  φ 0  ,  τ  3  κ  2 η + 1   λ  (  ϑ  η + 1   ,  φ η  )    )           🟉 ⋯ ⋯ 🟉  Π ϱ   (  ϑ 0  ,  φ 0  ,  τ   3  ω − 1    κ  2 ω   β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  ⋯ β  (  ϑ ω  ,  φ ω  )    )  .     











From (7), as   η , ω → ∞  , we obtain


      Π ϱ   (  ϑ η  ,  φ ω  , τ )  ≥ 1  for  all   τ > 0  .     











Therefore, bisequence   (  ϑ η  ,  φ η  )   is a Cauchy bisequence. Since   ( Λ , Θ ,  Π ϱ  , ∗ )   is a complete space, bisequence   (  ϑ η  ,  φ η  )   is a convergent Cauchy bisequence. According to Proposition 1, the bisequence   (  ϑ η  ,  φ η  )   is a biconvergent sequence. As bisequence   (  ϑ η  ,  φ η  )   is biconvergent, there exists a point   μ ∈ Λ ∩ Θ   which is a limit of both sequences   {  ϑ η  }   and   {  φ η  }  . By Lemma 2, both sequences   {  ϑ η  }   and   {  φ η  }   have a unique limit. From (FCB4), consider


      Π ϱ   ( Γ  ( μ )  , μ , τ )      ≥  Π ϱ   ( Γ  ( μ )  , Γ  (  ϑ η  )  ,  τ  3 λ ( Γ  ( μ )  , Γ  (  ϑ η  )  )   )           ∗  Π ϱ   ( Γ  (  φ η  )  , Γ  (  ϑ η  )  ,  τ  3 α ( Γ  (  φ η  )  , Γ  (  ϑ η  )  )   )           ∗  Π ϱ   ( μ , Γ  (  ϑ η  )  ,  τ  3 β ( μ , Γ  (  ϑ η  )  )   )  ,     








for all   η ∈ N   and   τ > 0  . As   η → ∞  , we have


      Π ϱ   ( Γ  ( μ )  , μ , τ )  → 1 ∗ 1 ∗ 1 = 1 .     











From (FCB2), we get   Γ ( μ ) = μ  . Let   ν ∈ Λ ∩ Θ   be another fixed point of  Γ . Then


      Π ϱ   ( μ , ν , τ )  =  Π ϱ   ( Γ  ( ν )  , Γ  ( μ )  , τ )  ≥  Π ϱ   ( μ , ν ,  τ κ  )      








for   κ ∈ ( 0 , 1 )   and for all   τ > 0  . By Lemma 1, we obtain   μ = ν  . □





Example 4.

Let   Λ = [ 0 , 1 ]  ,   Θ = { 0 } ∪ N − { 1 }   and   λ , α , β : Λ × Θ → [ 1 , ∞ )   be three non-comparable mappings defined as   λ ( ϑ , φ ) = ϑ + φ + 1  ,  α  ( ϑ , φ )  =  ϑ 2  + φ + 1   and   β  ( ϑ , φ )  =  ϑ 2  + φ − 1  . Define


       Π ϱ   ( ϑ , φ , τ )  =  e  −    ( ϑ − φ )  2  τ    ,   ∀   ϑ ∈ Λ , φ ∈ Θ , τ > 0 .      











Then   ( Λ , Θ ,  Π ϱ  , ∗ )   is a complete fuzzy triple controlled bipolar metric space with product τ-norm. Define   Γ : Λ ∪ Θ → Λ ∪ Θ   by


   Γ  ( μ )  =        1 −  2  − μ    3  ,     if   μ ∈ [ 0 , 1 ]  ,       0 ,     if   μ ∈ N − { 1 }  ,        








for all   μ ∈ Λ ∪ Θ  . Let   ϑ ∈ [ 0 , 1 ]   and   φ ∈ N − { 1 }  , then


       Π ϱ   ( Γ  ( ϑ )  , Γ  ( φ )  , κ τ )      =  Π ϱ     1 −  2  − ϑ    3  , 0 , κ τ           =  e  −      1 −  2  − ϑ    3   2   κ τ              ≥  e  −    ( ϑ − φ )  2  τ             =  Π ϱ   ( ϑ , φ , τ )  .      











Therefore, all the hypotheses of Theorem 2 are satisfied. Hence Γ has a unique fixed point, i.e.,   μ = 0  .





Theorem 3.

Let   ( Λ , Θ ,  Π ϱ  , ∗ )   be a complete fuzzy triple controlled bipolar metric space with three non-comparable functions   λ , α , β : Λ × Θ → [ 1 , ∞ )   and   Γ : Λ ∪ Θ → Λ ∪ Θ  , a mapping satisfying




	(i) 

	
  Γ ( Λ ) ⊆ Λ   and   Γ ( Θ ) ⊆ Θ  ;




	(ii) 

	
For   ϑ ∈ Λ , φ ∈ Θ   and   τ > 0 ,  Π ϱ   ( ϑ , φ , τ )  > 0 ⇒  Π ϱ   ( Γ  ( ϑ )  , Γ  ( φ )  , τ )  ≥ Π  (  Π ϱ   ( ϑ , φ , τ )  )   , where   Π : ( 0 , 1 ] → ( 0 , 1 ]   is an increasing function such that    lim  η → ∞    Π η   ( κ )  = 1   and   Π ( κ ) ≥ κ   for all   κ ∈ ( 0 , 1 ]  .









Then Γ has a fixed point.





Proof.

Let    ϑ 0  ∈ Λ   and    φ 0  ∈ Θ   such that   Γ  (  ϑ η  )  =  ϑ  η + 1     and   Γ  (  φ η  )  =  φ  η + 1     for all   η ∈ N ∪ { 0 }  , then   (  ϑ η  ,  φ η  )   be a bisequence on fuzzy triple controlled bipolar metric space   ( Λ , Θ ,  Π ϱ  , ∗ )  . By the definition of (FCB2) for all   τ > 0   and condition b, we have


      Π ϱ   (  ϑ η  ,  φ η  , τ )  ≥  Π η   (  Π ϱ   (  ϑ 0  ,  φ 0  , τ )  )      



(10)




and


      Π ϱ   (  ϑ  η + 1   ,  φ η  , τ )  ≥  Π η   (  Π ϱ   (  ϑ 1  ,  φ 0  , τ )  )  .     



(11)







Let   η < ω  , for   η , ω ∈ N  . Then


      Π ϱ   (  ϑ η  ,  φ ω  , τ )  ≥      Π ϱ   (  ϑ η  ,  φ η  ,  τ  3 λ (  ϑ η  ,  φ η  )   )  🟉  Π ϱ   (  ϑ  η + 1   ,  φ η  ,  τ  3 α (  ϑ  η + 1   ,  φ η  )   )           🟉  Π ϱ   (  ϑ  η + 1   ,  φ ω  ,  τ  3 β (  ϑ  η + 1   ,  φ ω  )   )           ≥  Π ϱ   (  ϑ η  ,  φ η  ,  τ  3 λ (  ϑ η  ,  φ η  )   )  🟉  Π ϱ   (  ϑ  η + 1   ,  φ η  ,  τ  3 α (  ϑ  η + 1   ,  φ η  )   )           🟉  Π ϱ   (  ϑ  η + 1   ,  φ  η + 1   ,  τ   3 2  β  (  ϑ  η + 1   ,  φ ω  )  λ  (  ϑ  η + 1   ,  φ  η + 1   )    )           🟉  Π ϱ   (  ϑ  η + 2   ,  φ  η + 1   ,  τ   3 2  β  (  ϑ  η + 1   ,  φ ω  )  α  (  ϑ  η + 2   ,  φ  η + 1   )    )           🟉  Π ϱ   (  ϑ  η + 2   ,  φ ω  ,  τ   3 2  β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )    )           ≥  Π ϱ   (  ϑ η  ,  φ η  ,  τ  3 λ (  ϑ η  ,  φ η  )   )  🟉  Π ϱ   (  ϑ  η + 1   ,  φ η  ,  τ  3 α (  ϑ  η + 1   ,  φ η  )   )           🟉  Π ϱ   (  ϑ  η + 1   ,  φ  η + 1   ,  τ   3 2  β  (  ϑ  η + 1   ,  φ ω  )  λ  (  ϑ  η + 1   ,  φ  η + 1   )    )           🟉  Π ϱ   (  ϑ  η + 2   ,  φ  η + 1   ,  τ   3 2  β  (  ϑ  η + 1   ,  φ ω  )  α  (  ϑ  η + 2   ,  φ  η + 1   )    )           🟉  Π ϱ   (  ϑ  η + 2   ,  φ  η + 2   ,  τ   3 3  β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  λ  (  ϑ  η + 2   ,  φ  η + 2   )    )           🟉  Π ϱ   (  ϑ  η + 3   ,  φ  η + 2   ,  τ   3 3  β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  α  (  ϑ  η + 3   ,  φ  η + 2   )    )           🟉  Π ϱ   (  ϑ  η + 3   ,  φ ω  ,  τ   3 3  β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  β  (  ϑ  η + 3   ,  φ ω  )    )           ≥  Π ϱ   (  ϑ η  ,  φ η  ,  τ  3 λ (  ϑ η  ,  φ η  )   )  🟉  Π ϱ   (  ϑ  η + 1   ,  φ η  ,  τ  3 λ (  ϑ  η + 1   ,  φ η  )   )  🟉 ⋯          🟉  Π ϱ   (  ϑ  ω − 1   ,  φ  ω − 1   ,  τ   3  ω − 1   β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  ⋯ λ  (  ϑ  ω − 1   ,  φ  ω − 1   )    )           🟉  Π ϱ   (  ϑ ω  ,  φ  ω − 1   ,  τ   3  ω − 1   β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  ⋯ α  (  ϑ ω  ,  φ  ω − 1   )    )           🟉  Π ϱ   (  ϑ ω  ,  φ ω  ,  τ   3  ω − 1   β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  ⋯ β  (  ϑ ω  ,  φ ω  )    )  .     











Now applying (10) and (11) on each term of the right-hand side of the above inequality, we obtain


      Π ϱ   (  ϑ η  ,  φ ω  , τ )      ≥  Π η   (  Π ϱ   (  ϑ 0  ,  φ 0  ,  τ  3 λ (  ϑ η  ,  φ η  )   )  )  🟉  Π η   (  Π ϱ   (  ϑ 1  ,  φ 0  ,  τ  3 λ (  ϑ  η + 1   ,  φ η  )   )  )           🟉 ⋯ ⋯ 🟉  Π η   (  Π ϱ   (  ϑ 0  ,  φ 0  ,  τ   3  ω − 1   β  (  ϑ  η + 1   ,  φ ω  )  β  (  ϑ  η + 2   ,  φ ω  )  ⋯ β  (  ϑ ω  ,  φ ω  )    )  )  .     











As   η , ω → ∞  , we have    Π ϱ   (  ϑ η  ,  φ ω  , τ )  → 1   for all   τ > 0  . Apply the same lines of the proof of Theorem 1 here. We have, if   μ ∈ Λ ∩ Θ   is a unique limit of sequences,   {  ϑ η  }   and   {  φ η  }  , then we have to show  μ  is a fixed point of  Γ . Since we have    Π ϱ   (  ϑ η  , μ , τ )  → τ   for all   τ > 0   and    Π ϱ   (  ϑ  η + 1   , Γ  ( μ )  , τ )  =  Π ϱ   ( Γ  (  ϑ η  )  , Γ  ( μ )  , τ )  ≥ Π  (  Π ϱ   (  ϑ η  , μ , τ )  )  ≥  Π ϱ   (  ϑ η  , μ , τ )   , it follows that    ϑ  η + 1   → Γ  ( μ )   , which implies that   Γ ( μ ) = μ  . □





Example 5.

Let   Λ = { 2 , 4 , 5 , 6 } , Θ = { 1 , 2 } , σ ∗ ϱ = σ ϱ   for all   σ , ϱ ∈ [ 0 , 1 ]   and   λ , α , β : Λ × Θ → [ 1 , ∞ )   be three non-comparable mappings defined as   λ ( ϑ , φ ) = ϑ + φ + 1  ,  α  ( ϑ , φ )  =  ϑ 2  + φ + 1   and   β  ( ϑ , φ )  =  ϑ 2  + φ − 1  . Define


       Π ϱ   ( ϑ , φ , τ )  =   min { ϑ , φ } + τ   max { ϑ , φ } + τ    for  all   ϑ ∈ Λ , φ ∈ Θ   and  for  all   τ > 0  .      











Then   ( Λ , Θ ,  Π ϱ  , ∗ )   is a complete fuzzy triple controlled bipolar metric space. Now, define   Π : ( 0 , 1 ] → ( 0 , 1 ]   such that   Π  ( κ )  =  κ   . Clearly,   Π  ( κ )  =  κ    satisfies the conditions of the Π function.



Let   Γ : Λ ∪ Θ → Λ ∪ Θ   be a mapping such that   Γ ( 2 ) = Γ ( 4 ) = Γ ( 1 ) = 2 , Γ ( 5 ) = Γ ( 6 ) = 4  . Then all the conditions of Theorem 3 are satisfied. The fixed point of Γ is   ϑ = 2  .





Theorem 4.

Let   ( Λ , Θ ,  Π ϱ  , ∗ )   be a complete fuzzy triple controlled bipolar metric space with three noncomparable functions   λ , α , β : Λ × Θ → [ 1 , ∞ )   and   Γ : Λ ∪ Θ → Λ ∪ Θ  , a mapping satisfying the following:




	(i) 

	
  Γ ( Λ ) ⊆ Θ   and   Γ ( Θ ) ⊆ Λ  ;




	(ii) 

	
For   ϑ ∈ Λ , φ ∈ Θ   and   τ > 0 ,  Π ϱ   ( ϑ , φ , τ )  > 0 ⟹  Π ϱ   ( Γ  ( φ )  , Γ  ( ϑ )  , τ )  ≥ Π  (  Π ϱ   ( ϑ , φ , τ )  )   .









Then Γ has a fixed point.





Proof.

The proof of the theorem follows along the lines of the proof of Theorem 3 and Theorem 2. □






4. Application


In this section, we study the existence and uniqueness of the solution of an integral equation as an application of Theorem 1.



Theorem 5.

Let us consider the integral equation


      ϑ  ( ρ )  = ϱ  ( ρ )  +  ∫   Ξ 1  ∪  Ξ 2    Ω  ( ρ , ς , ϑ  ( ς )  )  d ς ,   ρ ∈  Ξ 1  ∪  Ξ 2  ,      











where    Ξ 1  ∪  Ξ 2    is a Lebesgue measurable set. Suppose




	(T1) 

	
  Ω :  (  Ξ 1 2  ∪  Ξ 2 2  )  ×  [ 0 , ∞ )  →  [ 0 , ∞ )    and   b ∈  L ∞   (  Ξ 1  )  ∪  L ∞   (  Ξ 2  )   ;




	(T2) 

	
There is a continuous function   θ :  Ξ 1 2  ∪  Ξ 2 2  →  [ 0 , ∞ )    and   κ ∈ ( 0 , 1 )   such that


      | Ω ( ρ , ς , ϑ ( ς ) ) − Ω ( ρ , ς , φ ( ς ) ) | ≤ κ θ ( ρ , ς ) ( | ϑ ( ρ ) − φ ( ρ ) | ) ,      








for   ρ , ς ∈  Ξ 1 2  ∪  Ξ 2 2   ,




	(T3) 

	
   sup  ρ ∈  Ξ 1  ∪  Ξ 2     ∫   Ξ 1  ∪  Ξ 2    θ  ( ρ , ς )  d ς ≤ 1  .









Then the integral equation has a unique solution in    L ∞   (  Ξ 1  )  ∪  L ∞   (  Ξ 2  )   .



Proof.

Let   Λ =  L ∞   (  Ξ 1  )    and   Θ =  L ∞   (  Ξ 2  )    be two normed linear spaces, where    Ξ 1  ,  Ξ 2    are Lebesgue measurable sets and   m (  Ξ 1  ∪  Ξ 2  ) < ∞  .



Consider    Π ϱ  : Λ × Θ ×  ( 0 , ∞ )  →  [ 0 , 1 ]    by


      Π ϱ   ( ϑ , φ , τ )  =  e  −    sup  ρ ∈  Ξ 1  ∪  Ξ 2     | ϑ  ( ρ )  − φ  ( ρ )  |   τ    .     








for all   ϑ ∈ Λ , φ ∈ Θ  . Define   λ , α , β : Λ × Θ → [ 1 , ∞ )   as three non-comparable mappings defined as   λ ( ϑ , φ ) = ϑ + φ + 1  ,  α  ( ϑ , φ )  =  ϑ 2  + φ + 1   and   β  ( ϑ , φ )  =  ϑ 2  + φ − 1  . Then   ( Λ , Θ ,  Π ϱ  , 🟉 )   is a complete fuzzy triple controlled bipolar metric space. Define a mapping   Γ :  L ∞   (  Ξ 1  )  ∪  L ∞   (  Ξ 2  )  →  L ∞   (  Ξ 1  )  ∪  L ∞   (  Ξ 2  )    by


     Γ  ( ϑ  ( ρ )  )  = ϱ  ( ρ )  +  ∫   Ξ 1  ∪  Ξ 2    Ω  ( ρ , ς , ϑ  ( ς )  )  d ς ,   ρ ∈  Ξ 1  ∪  Ξ 2  .     











Now, we have


      Π ϱ   ( Γ ϑ  ( ρ )  , Γ φ  ( ρ )  , κ τ )      =  e  −  sup  ρ ∈  Ξ 1  ∪  Ξ 2      | Γ ϑ ( ρ ) − Γ φ ( ρ ) |   κ τ              =  e  −  sup  ρ ∈  Ξ 1  ∪  Ξ 2       | ϱ  ( ρ )  +   ∫   Ξ 1  ∪  Ξ 2    Ω  ( ρ , ς , ϑ  ( ς )  )  d ς − ϱ  ( ρ )  −  ∫   Ξ 1  ∪  Ξ 2    Ω  ( ρ , ς , φ  ( ς )  )  d ς  ) |    κ τ              =  e  −  sup  ρ ∈  Ξ 1  ∪  Ξ 2      | ϱ (  ∫   Ξ 1  ∪  Ξ 2    Ω  ( τ , ς , ϑ  ( ς )  )  d ς −  ∫   Ξ 1  ∪  Ξ 2    Ω  ( τ , ς , φ  ( ς )  )  d ς |   κ τ              ≥  e  −  sup  ρ ∈  Ξ 1  ∪  Ξ 2       ∫   Ξ 1  ∪  Ξ 2     | Ω  ( ρ , ς , ϑ  ( ς )  )  − Ω  ( ρ , ς , φ  ( ς )  )  |  d ς   κ τ              ≥  e  −  sup  ρ ∈  Ξ 1  ∪  Ξ 2       ∫   Ξ 1  ∪  Ξ 2     κ θ  ( ρ , ς )  ( | ϑ  ( ρ )   −  φ  ( ρ )  | ) d ς    κ τ              ≥  e  −  sup  ρ ∈  Ξ 1  ∪  Ξ 2       ∫   Ξ 1  ∪  Ξ 2     κ θ  ( ρ , ς )  ( | ϑ  ( ρ )   −  φ  ( ρ )  | ) d ς    κ τ              ≥  e  −  sup  ρ ∈  Ξ 1  ∪  Ξ 2      | ϑ ( ρ ) − φ ( ρ ) |  τ             =  Π ϱ   ( ϑ , φ , τ )  .     











Hence, all the hypotheses of Theorem 1 are verified, and consequently, the integral equation has a unique solution. □








5. Conclusions


Motivated by the recent result of Sezen [17], we introduce the notion of fuzzy triple controlled bipolar metric space. In these spaces, we proved some fixed-point results in this framework. Our results generalize and extend some of the well-known results from the literature. In addition, as an application of our results, we show that some classes of integral equations have a unique solution. The examples that are given have the role of strengthening the obtained results.



We find it interesting to research, in future works, other conditions that would guarantee the existence of fixed points in fuzzy triple controlled bipolar metric spaces.
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