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Abstract: China’s bond market has been ranked third globally; however, China’s corporate bonds are
significantly less liquid than its stocks. Liquidity risk is an important component in China’s corporate
bond spreads. In this paper, we propose a stochastic liquidity discount factor model to evaluate the
liquidity risk premium and its term structure in China’s corporate bond market. The Monte Carlo
simulation technique is used to quantify the impact on the liquidity premium of various liquidity
factors: the liquidity level, liquidity volatility, liquidity shock, and the liquidity elasticity. Our findings
conclude that the liquidity level is the most significant component of a liquidity premium. The impact
on the liquidity premium of other liquidity factors is all conditional on the liquidity level. In addition,
the impact of liquidity shocks and volatility is also subject to the market’s equilibrium mechanism.
Further, the term of a bond affects the premium both directly and indirectly through its influence on
a bond’s liquidity.

Keywords: corporate bonds; stochastic liquidity discount; liquidity premium; liquidity spread;
Merton model

1. Introduction

The study of the liquidity effect in corporate bonds originates from the study of the
credit spread puzzle. Although tax, systematic risk, and default event risk explain the credit
spread puzzle to a large extent, liquidity has been recognized as an important component of
a credit spread (Driessen 2005; Elton et al. 2001; Longstaff 2005). Various empirical studies
have shown that the liquidity premium is a nontrivial component of a corporate bond yield
(Acharya 2013; Bai 2019; Chen 2018 2007; Houweling 2005; Lin 2011). However, Richardson
and Palhares (2018) examined U.S. corporate bonds and concluded that there was no evidence
of a liquidity premium in credit markets. This motivated us to explore whether a liquidity
premium exists in Chinese corporate bonds.

According to the Morningstar news, the Chinese bond market was the world’s second
largest at the end 2020. The total value of Chinese bonds reached about USD19 trillion,
representing 15% of the global bond market. However China’s corporate bonds are signifi-
cantly less liquid than its stocks. Wu (2022) showed that the liquidity premiums were the
main aspects of the spreads in China’s corporate bonds, using a regression model between
the spreads and various observed liquidity-related variables. Although their research is
concurrent with ours, it would be meaningful to investigate the liquidity premium in
Chinese corporate bonds from different liquidity perspectives to provide an insight into
the liquidity premium in Chinese corporate bonds.

The data for our research were the corporate bond trade data from the China Stock
Market and Accounting Research (CSMAR) database1 and the corporate bond information
data from the RESSET Database2, which is a professional financial data provider. The
data we used were from 2007 to 2013, which were appropriate to investigate the liquidity
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risk, because the time period included the liquidity shock during the 2008 financial crisis.
As pointed out by Pastor and Stambaugh (2019), the market liquidity estimation is more
precise over a period that includes a financial crisis rather than normal times.

For our research, we propose a stochastic liquidity discount model by incorporating a
stochastic liquidity discount factor into the Merton (1974), the first structural credit risk
model, which has served as the foundation for all other structural models. Credit risk
models are usually used to evaluate the liquidity premiums in corporate bonds, including
structural credit risk models and reduced form credit risk models. In a reduced form
credit risk model, the liquidity is a latent factor with an ambiguous economic meaning.
Duffie (1999) made the first attempt to use a reduced form credit risk model to study the
liquidity effect on corporate bond prices by proposing a new concept of a default and
liquidity-adjusted short-term interest rate. Jarrow (2001) introduced liquidity risk to a
reduced form risk model and interpreted the liquidity premium as a “convenient yield”.
Driessen (2005) and Longstaff (2005) explicitly modeled the liquidity effect by assuming
liquidity followed a specific stochastic process.

In contrast, in a structural credit risk model, liquidity has a clear economic meaning,
although it is usually assumed to be a constant or following a deterministic distribution. For
example, Tychon (2005) and Zheng (2006) assumed liquidity was a constant. Ericsson (2006)
assumed that bondholders were subject to exogenous liquidity shocks, under which bonds
are sold immediately at a discounted price in a perfectly liquid market, and the discount
factor was uniformly distributed between 0 and 1. Fu (2012) assumed that exogenous
liquidity shocks followed a Poisson process, and the discount factor was a constant.

Following Ericsson (2006) and Fu (2012), we assume that bondholders in an imperfect
market have to sell bonds immediately at a fraction of their price in a perfectly liquid market
and assume the fraction follows a stochastic process. Li (2021) used a similar idea and
defined illiquidity as the value that bondholders must give up for bond liquidation, and
they assumed credit risk and liquidity risk events followed a deterministic joint distribution.
Our proposed model is based on the Merton model and incorporates a stochastic liquidity
discount process into it with the following features. First, the proposed stochastic liquidity
discount process evolves within a reasonable range subject to an upper bound and a lower
bound. Second, the liquidity level, liquidity risk, and liquidity elasticity are specifically
parameterized in the model in order to investigate their individual impact on the price
of a corporate bond. To be more specific, the liquidity level is defined as the long-term
value of the liquidity with an upper and lower limit; the liquidity risk is represented by
the liquidity shock intensity and liquidity volatility; and the mean reversion speed of the
liquidity process denotes the liquidity elasticity.

Based on the Monte Carlo simulations and our data, there exists a significant liquidity
premium in China’s corporate bond prices. Our research not only confirms the conclusions
of Dick-Nielsen (2012) that liquidity premiums will increase dramatically in a liquidity crisis,
but it also finds that the liquidity level is the most critical factor determining the liquidity
premium. The influence of the liquidity shock, liquidity volatility, liquidity elasticity, and
a bond’s term on the liquidity premium is conditional on the liquidity level. The effect
of the liquidity volatility is significant while the liquidity volatility is relatively high at a
normal liquidity level; otherwise, it is negligible at an abnormal liquidity level. This result
is consistent with the empirical result of Bongaerts (2017) based on U.S. corporate bonds
that liquidity risk carries an economically negligible risk premium. In addition, the effect
of the liquidity shocks and liquidity elasticity are constrained by the liquidity market’s
balancing mechanism.

We also explore the impact of the term on China’s corporate bonds’ liquidity premium.
The term of a bond has a twofold effect on the liquidity premium. On the one hand, the
term of a bond determines the length of time in which a bond is subject to liquidity shocks.
This is called the direct effect. On the other hand, the term of a bond also changes its
liquidity profile in terms of the liquidity level, liquidity volatility, and liquidity intensity
and, therefore, indirectly affects the liquidity premium. This is called the indirect effect of a
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bond’s term. In terms of the direct effect, we found the term structure of a liquidity yield
spread to be convex and monotonically decreasing, and the liquidity premium dominated
the yield spread of a short-term corporate bond, which was consistent with the results of
(Zheng 2006; Ericsson 2006; Fu 2012). In addition, the ratio of the liquidity yield spread
to the gross yield spread also had a convex and monotonically decreasing term structure,
while the term structure of the liquidity price spread was concave and monotonically
increasing. When considering the comprehensive effect of the term of a bond, the liquidity
premium of a short-term bond significantly decreased, and the liquidity premium of a
long-term bond dramatically increased.

The rest of paper is organized as follows. In Section 2, we introduce a bond price
model with a liquidity effect. Then we incorporate a stochastic liquidity discount process
into the model in Section 3. Section 4 describes the Monte Carlo simulation algorithm.
Section 5 explains the parameter specifications and presents the calibrated parameter values.
Numerical analysis results are presented in Sections 6 and 7 concludes the paper.

2. The Bond Price Model with Liquidity Effect

Structural credit risk models date back to (Merton 1974) who first proposed a structural
model to price corporate bonds based on the Black–Scholes model (see Black 1973). In the
Merton model, a corporate capital structure is composed of equity and zero-coupon bonds,
the capital market is perfect and complete, corporate assets can be traded continuously, and
their values follow a stochastic process in a risk-neutral probability measure Q expressed as

dVt = rVtdt + σvVtdZv
t , (1)

where Vt is the value of corporate assets, r is the constant risk-free interest rate, σv is the
volatility of corporate assets, and Zv

t is a standard Brownian motion in Q measure. From the
aforementioned assumptions, a corporate bond is a portfolio consisting of a long position
of a risk-free bond and a short position of a European put option based on the corporate
assets. The price of the corporate bond is given by

P(t, T) = VtN
(
− d1(Vt, T − t)

)
+ Fe−r(T−t)N

(
d2(Vt, T − t)

)
, (2)

where F is the face value of a zero coupon corporate bond, T is the maturity of a zero-
coupon corporate bond, N(·) is the cumulative distribution function of a standard Gaussian

distribution, and d1,2(Vt, T − t) =
ln(Vt/F) + (r± 1

2 σ2
v )(T − t)

σv
√

T − t
.

In the Merton model, the corporate bond market is liquid, and there is no liquidity
risk premium in corporate bond prices. However, the realistic corporate bond market is
imperfect. In an imperfect market, when the bondholders do not encounter any liquidity
shock during the entire lifetime of their bonds, and the corporate assets exceed the face
value of the bonds, then, the bonds will not default, and the bonds’ cash flow at maturity
will be given by

CFT = FI{τc>T,τl>T} = FI{VT≥F,τl>T}, (3)

where I{·} is an indicator function, τc is a default time, and τl is a liquidity shock time.
When the bondholders do not encounter a liquidity shock, but the corporate asset value is
less than the face value of the bonds, then, the bonds will default, and the cash flow of the
bond at maturity will be

CFT = VT I{τc≤T,τl>T} = VT I{VT<F,τl>T}. (4)

However, if the bondholders encounter a liquidity shock during the life of their bonds,
then, the bondholders are assumed to sell their bonds immediately at a fraction of the price
of the bonds if sold in a perfect liquid market, and the cash flow of the bonds will become

CFτl = ατl P(τl , T), (5)
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where P(τl , T) is the bond price in a perfect market at the time of a liquidity shock, and ατl

is the fraction. The bond prices in an imperfect market are less than their prices in a perfect
market, because the bondholders obtain liquidity at a cost in an imperfect market. With
this said, we have 0 < ατl < 1.

Using the principle of risk-neutral valuation, the price of corporate bonds in an
imperfect liquid market is:

PI(t, T) = Fe−r(T−t)EQ
[

I{VT≥F,τl>T}

∣∣∣Gt

]
+ e−r(T−t)EQ

[
VT I{VT<F,τl>T}

∣∣∣Gt

]
+

ertEQ
[
e−rτl ατl P(τl , T)I{t≤τl≤T}

∣∣∣Gt

]
,

(6)

where Gt is the filtration comprised of both the default and liquidity information, and EQ[·]
is the expectation under Q measure.

To investigate the liquidity effect on the price of a corporate bond, we made two
additional assumptions: (1) a liquidity shock is independent of credit risk; and (2) a
liquidity shock follows an exponential distribution with liquidity intensity λl . Then, the
price of a corporate bond in an imperfect market is expressed as

PI(t, T) = e−λl(T−t)P(t, T) + EQ
[(

e−r(τl−t)ατl P(τl , T)I{t≤τl≤T}
)∣∣∣Gt

]
. (7)

It is clear that the fraction, αt, is a critical factor in understanding the liquidity effect on the
price of a corporate bond in an imperfect market.

3. Stochastic Liquidity Discount Process

Bondholders might encounter a liquidity shock before the maturity of their purchased
corporate bonds for many reasons, including portfolio rebalancing, risk management,
and/or other unexpected liquidity demands. In a perfect market, a liquidity shock has
no impact on bond prices. No matter when bondholders encounter liquidity shocks,
they are able to sell their bonds at P(t, T), the price in a perfect market. However in an
imperfect market, bondholders subject to liquidity shocks bear a liquidity cost, which can
be measured by (1− αt)P(t, T) at time t, for 0 ≤ t ≤ T. In a sense, the value of αt should
reflect the liquidity demand and supply. When bondholders encounter a liquidity shock,
their demand for liquidity will increase. Under this circumstance, bondholders are willing
to sell their bonds at a reasonable cost to meet their liquidity demand, which implies αt
might decrease. In other words, αt does reflect the liquidity demander’s cost of realizing
the liquidity and liquidity provider’s revenue of providing the liquidity.

We propose a stochastic process for αt, because economic factors, which cause liquidity
shocks and, therein, increase the bondholders’ opportunity cost of holding bonds and
change the structure of the liquidity supply, are dynamic in nature. In addition, it is rea-
sonable to assume that there exists a market rebalancing mechanism between the liquidity
demand and supply that leads to a long-term equilibrium level of liquidity. When the liq-
uidity is above the long-term level, a decease in liquidity demand and increase in liquidity
supply will exert a downward-pulling force toward the long-term level; while, when the
liquidity is below the long-term level, an increase in the liquidity demand and a decrease
in the liquidity supply will pull the process up toward the long-term value. Therefore, the
dynamics of αt can be expressed by a mean-reversion stochastic differential Equation (SDE)
with an upper bound and a lower bound in [0, 1], as shown in the following equation:

dαt = κα(φα − αt)dt +
√

σα(ᾱ− αt)(αt − α)dZα
t , (8)

where κα ≥ 0 is the mean reversion speed that reflects the liquidity elasticity, σα is the
volatility of the liquidity, ᾱ ≤ 1 is the upper bound of αt , α ≥ 0 is the lower bound of αt, and
α < φα < ᾱ is the long-term equilibrium level of the liquidity. The upper and lower bounds
depend on the bond market environment and bond characteristics. When αt is equal to



Risks 2022, 10, 130 5 of 16

either the upper or lower bound, σα = 0, and the evolution of αt is completely controlled
by the deterministic term in which the mean reversion ensures that αt never exceeds either
the upper or lower bound. Zα

t is a standard Brownian motion in the real-world probability
measure. From Equation (8), we can see that σα ≥ 0 measures the uncertainty of the change
in αt. When σα > 0, the random change in αt , liquidity level, and liquidity risk together
contribute to the liquidity effect. When σα = 0, there is only a deterministic change in αt,
and the liquidity effect is driven by the deterministic liquidity change.

It is certain that αt is a variable that cannot be directly observed in the market; therefore,
we propose using bid-ask spreads to derive αt. The usual bid-ask quotes posted by dealers
in the corporate bond market are limited; moreover, they are only valid for a limited
period of time (see Jankowitsch 2011). Therefore, an estimate of the bid-ask spread in (Roll
1984) can be used instead. Let st denote one half of the bid-ask spread at time t and be
estimated by

st =
√
−Cov(∆pt, ∆pt+1), (9)

where Cov(x, y) is the covariance function of two random variables x and y, and ∆pt =
lnPI(t, T)− lnPI(t− 1, T) is the difference of the logarithm in the consecutive bond prices.
As proven by Hasbrouck (2007), there is a relationship between the bond price PI(t, T) and
the middle price Mt of the bid and ask prices at time t as follows:

lnPI(t, T) = lnMt − st, (10)

Using the middle price as a proxy for the bond price in a perfect market, the price in an
imperfect market is given by

PI(t, T) = e−st P(t, T), (11)

which implies that
αt = e−st . (12)

4. Monte Carlo Simulation

Considering the complexity of the SDE in Equation (8) for αt, the formula for pricing
corporate bond with liquidity effect in Equation (7) does not have an analytic solution.
Therefore, corporate bond prices are computed using the Monte Carlo simulation technique.
Let

X = ατl P(τl , T)e−r(τl−t) I{t≤τl≤T}. (13)

The Monte Carlo simulation algorithm for EQ[X|Gt] is as follows.

(1) Simulate a liquidity shock time τl using τl ∼ Exp(λl).
(2) Simulate a random variable ε1 using ε1 ∼ N(0, 1), and calculate the corporate asset

value at the time of liquidity shock τl as Vτl = Vte(r−0.5σ2
v )(τl−t)+σvε1

√
τl . Then P(τl , T)

is calculated by Equation (2).
(3) Simulate the path of αu for t ≤ u ≤ τl , using the Milstein Scheme

αu+∆u = αu + µ(αu)∆u + σ(αu)ε2
√

∆u +
1
4

σα(ᾱ + α− 2αu)(ε
2
2 − 1)∆u, (14)

where ε2 ∼ N(0, 1), µ(αu) = κα(φα − αu), and σ(αu) =
√

σα(ᾱ− αu)(αu − α). We
choose ∆u to be a week and the initial value of αt to be φα. Based on the simulated
path, ατl is simulated as α

t+b τl−t
∆u c∗∆u

, where b·c is the largest integer function.

(4) Compute X using Equation (13).
(5) Repeat steps 1 − 4 for n times and obtain a sample with size n of X, denoted by

{x1, x2, · · · , xn}. EQ[X|Gt] is estimated by the sample mean x̄(n), which is

x̄(n) =
1
n

n

∑
i=1

xi, (15)
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and the two-sided confidence interval of EQ[X|Gt] with a degree of confidence 1− π
is given by [

x̄(n)− t1− π
2 ,n−1

S(n)√
n

, x̄(n) + t1− π
2 ,n−1

S(n)√
n
]
, (16)

where t1− π
2 ,n−1 is 1− π

2 percentile of t−distribution with degree of freedom n− 1,
and S(n) is the sample standard deviation given by

S(n) =

√
1

n− 1

n

∑
i=1

[xi − x̄(n)]2. (17)

Given an allowed error in the Monte Carlo simulation ε, the number of samples in the
Monte Carlo simulation, n, should satisfy the condition:

t1− π
2 ,n−1

S(n)√
n

< ε. (18)

For the Monte Carlo simulation, we need to specify the values of a series of parameters,
including the risk-free interest rate r, corporate asset value Vt at time t, volatility of the
corporate asset σv, liquidity shock intensity λl , and the parameters in the SDE for αt. The
next section outlines in detail how to obtain these parameters and their descriptive statistics.

5. Parameter Specification
5.1. The Data

The parameters of the model were estimated using Chinese financial market data. The
data used for numerical analysis included interest rates, corporate liabilities, corporate
market values, daily stock returns, corporate bond information, corporate bond daily trades,
and the tick data of corporate bond trades. The data of the interest rates, corporate liabilities,
corporate market values, daily stock returns, and corporate bond daily trades were from
Wind3. The interest rates included the Interbank Overnight Repo Rate (IORR) and the
Shanghai Interbank Overnight Offered Rate (SHIBOR). The former is the trade volume
weighted daily, and the latter is quoted daily. The corporate liabilities were the book values
of the current liabilities and long-term liabilities obtained from quarterly financial reports.
The tick data of corporate bond trades were from CSMAR. The corporate bond information
from RESSET included the bond code, the stock code of the bond issuer, bond maturity,
bond issue date, bond issue term, and the bond issue amount. The period of the data was
from 12 October 2007 to 31 December 2013.

5.2. Risk-Free Interest Rate

In financial practice, short-term interest rates with low credit risk are normally used as
the risk-free interest rate. In the Chinese financial market, both the IORR and SHIBOR can
be used as the risk-free interest rate. The difference between these two rates is usually small.
The SHIBOR is not a collateralized rate, while the IORR is collateralized by government
bonds and has a smaller credit risk premium; thus, the IORR is usually lower than the
SHIBOR. In addition, the SHIBOR is quoted by members, while the IORR is determined by
actual market trades that more accurately reflect real fund costs in the market. Therefore,
we used the IORR as a proxy for the risk-free interest rate. Table 1 displays the descriptive
statistics4 of the IORR during the same period as our corporate bond trade data.

Table 1. Statistics of the IORR.

Mean SD 1
Percentile

0% 10% 30% 50% 70% 90% 100%

IORR 2 2.41 1.22 0.81 1.10 1.77 2.27 2.82 3.76 11.74
1 SD represents standard deviation; 2 Interest rates are expressed in percentages.
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5.3. Corporate Asset Value

Given the face value F of a corporate bond, its corresponding corporate asset value at
time t (denoted by Vt) is determined by the asset–liability ratio

Vt =
F
ηt

, (19)

where ηt is the corporate asset–liability ratio at time t, which is estimated by the ratio of
the total corporate debt to the total corporate asset value at that time. Usually the total
corporate asset value can be calculated either by summing up the market value of equity
and debt or by summing up the book value of equity and debt. Following (Eom 2004),
we used the book value of debt and corporate capitalization to calculate the value of the
corporate assets, and the quarterly asset–liability ratios per company were calculated. The
mean and the cross section statistics of the computed ratios are shown in Table 2.

Table 2. Statistics of the corporate asset–liability ratio.

Mean SD
Percentile

0% 10% 30% 50% 70% 90% 100%

ηt 0.35 0.17 0.02 0.14 0.23 0.33 0.46 0.60 0.81

5.4. Volatility of Corporate Assets

The volatility of a corporate asset cannot be directly observed. Jones (1984) used the
volatility of a corporate stock to calculate the volatility of a corporate asset by the following
ratio between them:

σv =
E

EvV
σe, (20)

where σv is the volatility of a corporate asset, σe is the volatility of a corporate stock, E is the
corporate capitalization, and Ev is the derivative of the corporate capitalization with respect
to the corporate asset value, calculated based on the model in (Merton 1974) as follows:

Ev = N
(
d1(Vt, T)

)
, (21)

where T is the term of the corporate debt and is calculated as the weighted average of the
current liabilities and long-term liabilities. The term of the current liabilities is assumed
to be 0.5 year. Table 3 lists the term, amount, and number of issues of various corporate
bonds. Based on Table 3, the issue amount weighted term of China’s corporate bonds was
6.23 years during the period of the available data. The term of a corporate debt T was,
therefore, calculated as

T =
0.5× CL + 6.23× LL

CL + LL
, (22)

where CL and LL are that company’s outstanding amount of current liabilities and long-term
liabilities, respectively.

Table 3. Terms of corporate bonds.

Term * 2 3 4 5 6 7 8 10 15

Issue number 2 49 3 262 16 76 18 46 3

Issue amount 5.20 80.94 0.85 387.06 15.34 90.11 19.87 153.31 9.50
* Terms are expressed in years. Issue amounts are denoted in billiion Chinese Yuan (CNY).
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The calculation of σe is based on the daily yields, expressed as

σe =

√
365

m− 1

m

∑
i=1

(ui −
1
n

m

∑
i=1

ui)2, (23)

where m is the number of daily yields in a quarter, and ui is the daily yields approximated by

ui = ln(
Ps

i
Ps

i−1
), (24)

where Ps
i is the stock close price on trade day i.

Because σv in Equation (20) cannot be solved explicitly, the Newton–Raphson iteration
method was used to approximate it. In the process of iteration, the initial value of σv was set
to be σe multiplied by the leverage ratio, the risk-free interest rate in Equation (21) was set
to be the mean value of the IORR 2.41%, and the convergence tolerance was set to 1× 10−4.
The mean of the quarterly volatilities per company was calculated; then, the cross-section
statistics were obtained and are shown in Table 4, based on the computed mean values.

Table 4. Statistics of volatility.

Mean SD
Percentile

0% 10% 30% 50% 70% 90% 100%

σe 0.54 0.09 0.26 0.43 0.50 0.55 0.57 0.62 1.07
σv 0.36 0.12 0.08 0.21 0.30 0.36 0.43 0.49 0.91

5.5. Liquidity Shock Intensity

Liquidity shocks are assumed to be exogenous and to follow an exponential distri-
bution with parameter λl . The mean of the time to a liquidity shock is equal to 1/λl . At
the same time, the time to a liquidity shock is equal to the holding period of bonds. This
indicates that the liquidity shock intensity is equal to the reciprocal of the mean of the
holding periods of the bonds (see He 2014). The holding period of the bonds is measured
by the reciprocal of the bonds’ yearly turnover. Therefore, the liquidity shock intensity is
obtained using the time series of the bonds’ yearly turnover. The estimated liquidity shock
intensity is in the physical probability measure.

The liquidity shock intensity used for pricing a corporate bond with the liquidity
effect in Equation (7) should be measured in the risk-neutral probability measure. A simple
way to estimate the liquidity shock intensity in the risk-neutral probability measure is to
assume that the ratio of liquidity shock intensities in two probability measures is equal to
the ratio of credit risk intensities in two probability measures. Driessen (2005) used 104
U.S. firms’ bond prices and default rates between 1991 and 2000 and estimated that the
ratio of credit risk intensities under two probability measures for AA-, A-, and BBB- rated
firms were approximately 1.83, 2.61, and 2.37, respectively. Giesecke (2011) used value
weighted default rates for U.S. nonfinancial bonds from 1866 to 2008 and estimated that the
mean of the ratio was equal to 2.04. They also claimed that the pricing of credit risk by the
financial markets was remarkably consistent over time. Following their research results,
in this paper we assumed that the ratio of the liquidity shock intensity under Q measure
and P measure was equal to 2.00. Based on this assumption, the statistics of liquidity shock
intensities under the risk-neutral probability measure were obtained and are shown in
Table 5. We can see that the mean is much greater than the median, and the liquidity shock
intensity is therefore right-skewed.
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Table 5. Statistics of the liquidity shock intensity in the risk-neutral measure.

Mean SD
Percentile

0% 10% 30% 50% 70% 90% 100%

λl 0.61 0.99 0.00 0.00 0.09 0.30 0.65 1.35 7.92

5.6. Parameter Calibration

The generalized moment method (GMM) was used to estimate the parameters κα, φα,
and σα in the SDE for αt, which was discretized by the Euler Scheme as

αt+∆t − αt = κα(φα − αt)∆t +
√

σα(ᾱ− αt)(αt − α)∆t ε3, (25)

where ε3 follows a standard normal distribution. Following (Chan 1992), the approximate
moment conditions based on the Euler Scheme are

E


αt+∆t − αt − κα(φα − αt)∆t(

αt+∆t − αt − κα(φα − αt)∆t
)
αt

σα(ᾱ− αt)(αt − α)∆t−
(
αt+∆t − αt − κα(φα − αt)∆t

)2(
σα(ᾱ− αt)(αt − α)∆t−

(
αt+∆t − αt − κα(φα − αt)∆t

)2
)

αt

 = 0. (26)

The weekly time series of αt were obtained using Equation (12), in which the weekly
half bid-ask spreads were estimated by Equation (9) following the method in (Roll 1984)
and using the tick data of the corporate bond trades, which included at least two pairs of
prices (∆pt, ∆pt+1) in a week. ᾱ is the maximum of αt during the sample period, and α
is the minimum. The descriptive statistics of the five parameters were calculated and are
shown in Table 6. We can see that the values of parameters φα, ᾱ, and α do not change much
above the 10th percentile, while the values of σα and κα have a large standard deviation
and are right skewed.

Table 6. Statistics of the parameters in the SDE of αt.

Mean SD
Percentile

0% 10% 30% 50% 70% 90% 100%

φα
1 99.55 0.86 90.49 99.08 99.61 99.77 99.88 99.95 99.99

α 2 99.99 0.08 98.87 99.99 100.00 100.00 100.00 100.00 100.00
α 3 97.38 2.48 81.55 94.11 96.84 98.12 98.85 99.65 99.95
σα 31.88 103.60 0.43 3.50 8.14 12.14 18.05 39.88 1029.347
κα 27.53 75.54 0.12 3.91 10.43 17.30 25.37 36.79 976.75

1,2,3 φα, α, and α are expressed in percentages.

6. Numerical Analysis

Based on the Monte Carlo simulation algorithm in Section 4, we used different per-
centiles of the parameter values specified in Section 5 as different scenarios to compute
bond prices and analyze the effect of different liquidity profiles on the bond prices.

6.1. Existence of a Liquidity Premium

A liquidity premium can be expressed as a liquidity price spread and a liquidity yield
spread. A liquidity price spread (LPS) is the difference between the bond prices with and
without the liquidity effect. A liquidity yield spread (LYS) is the difference between two
yields with and without the liquidity effect. In the Monte Carlo simulation, the number of
simulations was determined by setting π = 95% and ε = 0.01 for the face value of a bond
equal to 100. The bond term was set to 6.23 years, which is the issue amount weighted
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average term of long-term corporate bonds in China’s market. The other parameters in the
model were either the sample mean value (Case 1) or the median value (Case 2).

In Case 1, the corporate bond price was equal to 80.51 without the liquidity effect
and 80.06 with the liquidity effect, and the corresponding yield rate was 3.48% and 3.57%,
respectively. Therefore, the liquidity premium was 0.45 in the price spread and 0.09% in
the yield spread. In the Merton Model, without the liquidity effect, the credit yield spread
(which is the difference between the bond yields with and without credit risk) was 1.07%.
The sum of the liquidity yield spread and the credit yield spread gave the gross yield
spread of 1.16%. The credit yield spread accounted for 92.24% of the bond’s gross yield
spread, and the liquidity effect accounted for 7.76%.

In Case 2, the median of the interest rate was 2.27%, the corporate bond price was
equal to 81.74 without the liquidity effect and 81.55 with the liquidity effect, and the
corresponding yields were 3.24% and 3.27%, respectively. Therefore, the liquidity premium
was 0.19 in the price spread and 0.03% in the yield spread. The credit yield spread was
0.97%; together with the liquidity yield spread of 0.03%, the bond gross yield spread was
1.00%. The percentage of the credit yield spread in the bond gross yield spread was 97.00%,
and the percentage of the liquidity yield spread was 3.00%.

In both cases, the liquidity premium was much higher than the simulation error 0.01,
which means that the liquidity premium was not caused by the simulation error. It can be
concluded that there exists an economically and statistically significant liquidity premium
in the corporate bond market in China. In addition, the difference between the liquidity
premiums in Case 1 and Case 2 shows that the liquidity premium might be subject to the
market environment and the bonds’ characteristics.

6.2. The Effect of Liquidity Level, Risk, and Elasticity

The liquidity effect can be attributed to the liquidity level, liquidity risk, and liquidity
elasticity. The liquidity level is represented by the long-term value φα, the upper limit ᾱ, and
the lower limit α. The liquidity risk comes from uncertainties of the liquidity shocks and
random changes in the liquidity level, reflected by the liquidity intensity λl and liquidity
volatility σα, respectively. The mean reversion speed κα reflects the liquidity elasticity. Since
the liquidity risk and elasticity are constrained by the liquidity level in the liquidity SDE
in Equation (8), we decomposed the liquidity premium by first analyzing the liquidity
level effect and then analyzing the effect of the liquidity risk and elasticity at different
liquidity levels.

To analyze the effect of a liquidity level, the long-term value φα, upper limit ᾱ, and
lower limit α were set as different percentiles (such as 0%, 10%, 30%, 50%, 70%, 90%,
and 100%) as listed in Table 6. The bond term was 6.23 years, and the other parameters
were set at their mean value. Table 7 shows that when the liquidity level was very high
(represented by the 100th percentile), the liquidity premium was too small to be considered.
The liquidity premium increased when the liquidity level decreased. When the liquidity
level changed from the 100th to the 10th percentile, the liquidity premium increased slowly;
however, when the liquidity level changed from the tenth to the zero percentile, the liquidity
premium increased sharply. This is explained by the fact that the long-term value, upper
limit, and lower limit above the tenth percentile did not change significantly, as shown in
Table 6. In addition, if the zero percentile of the liquidity level indicates a liquidity crisis,
then the simulation result verifies the empirical research by (Dick-Nielsen 2012) that the
liquidity premium increases sharply in a liquidity crisis. Table 7 also reveals that the
percentage of the liquidity yield spread in the bond gross yield spread, denoted as LYSR,
was normally less than 20% but exceeded 50% in a liquidity crisis.
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Table 7. The effect of the liquidity level on liquidity premium.

Level Percentile 0% 10% 30% 50% 70% 90% 100%

LPS 7.50 0.96 0.48 0.27 0.16 0.05 0.01
LYS 1 1.57 0.19 0.10 0.05 0.03 0.01 0.00

LYSR 2 59.47 15.08 8.55 4.46 2.73 0.93 0.00
1, 2 LYS and LYSR are expressed in percentages.

The liquidity risks include the uncertainties of the liquidity demand and the liquidity
level, indicated by the liquidity intensity λl and the liquidity volatility σα, respectively. The
larger the λl , the more frequent the liquidity shock, and the stronger the liquidity demand
of the bondholders. When a liquidity shock occurs, the bondholders sell bonds to meet
their liquidity demand. The fluctuation in the liquidity level at the time of selling the bonds,
determined by the liquidity volatility σα, leads to a liquidity risk for bondholders. Table 8
summarizes our numerical analysis results.

Table 8. The effect of the liquidity risk on the liquidity premium.

Level

Risk Percentile of λl
1 Percentile of σα

30% 50% 90% 100% 0% 10% 50% 90% 100%

0% 3.29 2 6.49 7.67 7.67 7.50 7.48 7.49 7.51 7.70
(0.67) 3 (1.35) (1.61) (1.61) (1.57) (1.57) (1.57) (1.57) (1.61)

10% 0.43 0.84 0.98 0.96 0.72 0.72 0.76 1.05 2.24
(0.09) (0.17) (0.20) (0.19) (0.14) (0.14) (0.15) (0.21) (0.45)

30% 0.21 0.41 0.48 0.46 0.31 0.30 0.34 0.52 1.20
(0.04) (0.08) (0.10) (0.09) (0.06) (0.06) (0.07) (0.10) (0.24)

50% 0.12 0.24 0.28 0.27 0.18 0.19 0.20 0.31 0.72
(0.02) (0.05) (0.06) (0.05) (0.04) (0.04) (0.04) (0.06) (0.14)

70% 0.08 0.14 0.16 0.16 0.10 0.10 0.11 0.18 0.44
(0.02) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.04) (0.09)

90% 0.02 0.05 0.06 0.05 0.04 0.04 0.05 0.06 0.13
(0.00) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.03)

100% 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.03
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.01)

1 The zero and tenth percentiles of λl are equal to zero and not considered. 2 The numbers without parentheses
are the liquidity price spread. 3 The numbers in parentheses are the liquidity yield spread as a percentage.

From Table 8, we can see that the effect of both the liquidity intensity and the liquidity
volatility on the liquidity premium was minimal when the liquidity level was very high,
represented by the 90th to 100th percentiles. The effect of the liquidity risks on the liquidity
premium depended on the liquidity level. In this sense, the liquidity levels have a first-
order effect on the liquidity premium, and the liquidity risks have a second-order effect on
the liquidity premium.

Table 8 also reveals that the effect of the liquidity shocks on the liquidity premium
at a given a liquidity level will not monotonically increase with the increase in the liq-
uidity intensity, and the effect reached its maximum when the liquidity intensity was at
the 90th percentile. This might be the mean-reversion property and the upper bound
and lower bound of liquidity set in the model, to take into account the bond market’s
ability to maintain the equilibrium of liquidity demand and supply. When the liquidity
demand of the bondholders increases, the liquidity supply will increase for an increased
liquidity premium. The increase in liquidity supply restrains the continuous increase in the
liquidity premium.

To be more specific, when the liquidity level was greater than the zero percentile,
the effect of the liquidity volatility on the liquidity premium increased when the liquidity
volatility increased. Specifically, when the percentile of the liquidity volatility was between
zero and the fiftieth, the effect was small. In contrast, when the liquidity volatility exceeded
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its 50th percentile, then the liquidity volatility began to strongly affect the liquidity pre-
mium. The extent of the effect even doubled when the liquidity volatility exceeded its
90th percentile. On the other hand, when a liquidity level was at the zero percentile, the
liquidity volatilities at different percentiles had a similar impact on the liquidity premium.
Therefore, it can be concluded that the effect of the liquidity volatility on the liquidity
premium occurs when a liquidity level is not abnormal, and the liquidity volatility is high.
This result provides more information than the empirical finding by (Bongaerts 2017) that
the risk premium caused by the liquidity risk of a corporate bond is insignificant.

The liquidity elasticity, which is the ability to revert to the long-term value, is reflected
by a mean reversion speed. The higher the mean reversion speed, the larger the liquidity
elasticity. Table 9 shows the effect of the liquidity elasticity on the liquidity premium at
different liquidity levels. Similar to the effect of the liquidity volatility, the effect of the
liquidity elasticity also depended on the liquidity level. When the liquidity level was either
high or low, the effect of the liquidity elasticity was weak. Interestingly, the effect of the
liquidity elasticity was U-shaped. When the mean reversion speed was either low or high,
its effect on the liquidity premium was significant.

Table 9. The effect of the liquidity elasticity on the liquidity premium.

Elasticity
Level 0% 10% 30% 50% 70% 90% 100%

0% 7.69 1 2.19 1.17 0.71 0.43 0.12 0.02
(1.61) 2 (0.44) (0.24) (0.14) (0.09) (0.02) (0.00)

10% 7.65 1.89 0.98 0.60 0.35 0.11 0.01
(1.60) (0.38) (0.20) (0.12) (0.07) (0.02) (0.00)

50% 7.51 1.14 0.57 0.33 0.20 0.07 0.01
(1.57) (0.23) (0.11) (0.07) (0.04) (0.01) (0.00)

90% 7.51 0.89 0.42 0.25 0.15 0.05 0.01
(1.57) (0.18) (0.08) (0.05) (0.03) (0.01) (0.00)

100% 7.70 2.32 1.24 0.73 0.45 0.14 0.02
(1.61) (0.47) (0.25) (0.15) (0.09) (0.03) (0.00)

1 The numbers without parentheses are the liquidity price spread. 2 The numbers in parentheses are the liquidity
yield spread as a percentage.

6.3. Term Structure of the Liquidity Premium

In this section, we examine whether the term of a bond affects the liquidity premium.
Theoretically, a bond’s term might have a twofold effect on the liquidity premium. First, a
bond’s term determines the length of time in which a bond is subject to liquidity shocks.
We call this the direct effect. Second, the term of a bond also changes its liquidity profiles,
which affect the liquidity premium. We call this the comprehensive effect of a bond’s term.

At the pricing time t, the time to maturity is T− t, and the expected number of liquidity
shocks is (T− t)λl . The longer the bond term, the higher the number of expected liquidity
shocks. To examine the direct effect, we set all other parameters at their mean value, and
the liquidity premium was computed with various bond terms. Figure 1 shows the term
structure of the liquidity premium.

Firstly, the term structure of the liquidity premium was conditional on the liquidity
level. The effect of the bond terms on the liquidity premium increased when the liquidity
level decreased. When a liquidity level changed from the tenth to the zero percentile,
the term structure curve of the liquidity premium dramatically shifted upward. When a
liquidity level exceeded its 70th percentile, the effect of the term on the liquidity premium
was very minimal and, therefore, not shown in Figure 1.

Secondly, the term structure of the liquidity yield spreads was decreasing and convex,
as shown in the left panel of Figure 1. This is consistent with the findings of (Driessen
2005) and of (Ericsson 2006). The percentage of the liquidity yield spread in the gross yield
spread of a short-term bond was very high, as presented in the right panel in Figure 1. This
indicates that liquidity instead of credit risk dominates the yield spread of a short-term
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bond. This result is consistent with the conclusion of (Zheng 2006; Fu 2012). In addition,
the term structure of the percentage of the liquidity yield spread in the gross yield spread
was also decreasing and convex.

At last, in contrast to the term structure of the liquidity yield spread, the term structure
of the liquidity price spreads in the middle panel was concave with the strongest effect
occurring when a bond term was at approximately five years. In addition, the lower the
liquidity level, the more concave and the stronger the effect of the bond term on the liquidity
price spread.

Figure 1. The direct effect of the bond term on the liquidity premium.

To examine the comprehensive effect of the term of a bond on its liquidity premium,
we used six one-factor linear regressions to model the change in liquidity profiles as the
bond’s term changed. The one-factor linear regression is

y = c + β(T − t), (27)

where y is the liquidity shock intensity λl , long term value φα, upper limit ᾱ, lower limit
α, liquidity volatility σα, or mean reversion speed κα. Table 10 lists the values of c and β
for each of y. We can see that the term of a bond significantly affected its liquidity shock
intensity, long-term value, liquidity volatility, and lower limit.

In particular, the significant negative effect of a bond’s term on liquidity intensities
indicates that, the longer the term, the smaller the liquidity shock intensity. This result
coincides with our intuition that a long-term bond is usually bought and held to maturity.
The significant negative effect of the term of a bond on its long-term value and lower limit
confirms the negative correlation between a bond’s term and liquidity, as concluded by
(Tychon 2005; He 2014). In addition, the term of a bond positively and significantly affected
the liquidity volatility.

Table 10. The effect of the bond term on the liquidity premiums.

λl φα ᾱ α σα κα

c 1.06 *** 1 99.92 *** 100.00 *** 99.82 *** −35.20 * 4.38
(0.00) 2 (0.00) (0.00) (0.00) (0.09) (0.77)

β
−0.08 *** −0.06 ** −0.00 −0.43 *** 11.70 *** 4.04

(0.00) (0.03) (0.48) (0.00) (0.00) (0.11)
1 “***, **, *” denote significance of 1%, 5% and 10% respectively. 2 The numbers in parentheses are p-values.

Based on the one-factor linear regression models for the four liquidity parameters that
changed significantly with a bond’s different terms, we calculated the bond term-adjusted
liquidity shock intensity, long-term value, liquidity volatility, and lower limit. The term
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structure of the liquidity premium was constructed with these four bond term-adjusted
parameters, and the other parameters were set as their mean value. The structure of
the liquidity premium with all parameters set at their mean value is also depicted for
comparison, as shown in Figure 2.

It can be seen that the term structure of the liquidity yield spreads became irregular
after considering the comprehensive effect of the bond terms on the liquidity premium.
Generally speaking, the term structure of the liquidity price spreads was exaggerated after
considering the comprehensive effect of bond terms.

In addition, the liquidity premium of a bond with a term of less than five years
decreased after considering the comprehensive effect, represented by the solid line staying
below the dashed line in both the liquidity yield spread plot and the liquidity price spread
plot. The liquidity premium of a bond with a term of longer than five years increased after
considering the comprehensive effect; in other words, the solid line is above the dashed
line when the bond term is greater than five years. This might be explained by the practice
that long-term bonds are usually put into buy and hold portfolios, and the direct effect of
the term of a bond on the liquidity premium is therefore marginal. The comprehensive
effect takes into account a bond term’s negative effect on the liquidity, and the liquidity
premium of a long-term bond, therefore, increases.
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Figure 2. The effect of bond term on liquidity premium.

7. Conclusions

This paper investigated the magnitude of the liquidity premium and the impact of
various liquidity factors on the liquidity premium in China’s corporate bond market, based
on China’s corporate bond trade data and the corporate bond information data from
2007 to 2013. For these research goals, we incorporated a stochastic liquidity discount
process into the Merton model and built a corporate bond pricing model in an imperfect
liquidity market.

In the proposed model, three main liquidity risk factors (liquidity level, liquidity risk,
and liquidity elasticity) were defined and parameterized. Their impact on the liquidity
premium was investigated one by one. Our research confirmed that there exists a significant
liquidity premium in China’s corporate bond market. Among the three liquidity risk factors,
the liquidity level played the most important role in determining the liquidity premium.

The effect of the liquidity risk (in terms of liquidity shocks and liquidity volatilities),
liquidity elasticity, and the bond term was conditional on a bond’s liquidity level. The
effect of the liquidity shocks was subject to the liquidity level and the market’s equilibrium
mechanism in the liquidity demand and supply. The effect of the liquidity volatility was
significant when the liquidity volatility was relatively high at a normal liquidity level and
was trivial at an otherwise abnormal liquidity level because of the dominating effect of
an abnormal liquidity level. Especially in a liquidity crisis, the liquidity level will cause a
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dramatically increased liquidity premium. In addition, the effect of the liquidity elasticity
on the liquidity premium appeared to be U-shaped because of the market’s equilibrium.

The bond terms had a twofold effect on the liquidity premium, namely, a direct
effect and a comprehensive effect. The direct effect considers the fact that the term of a
bond directly determines the number of liquidity shocks the bond is exposed to, while
the comprehensive effect takes into account the changes in the liquidity profiles caused
by different bond terms. The direct effect led to a convex and decreasing term structure
curve of the liquidity yield spreads. The term structure of the liquidity yield spread as
a percentage of the gross yield spread was also convex and decreasing. In addition, the
liquidity yield spreads dominated the gross yield spread of a short-term bond. When using
term-adjusted parameters to consider the comprehensive effect of the term, the liquidity
premium of a short-term bond became smaller, while the liquidity premium of a long-term
bond became dramatically higher.

To summarize, our research makes three main contributions to the current literature.
First, by incorporating a stochastic liquidity process into the Merton model, this paper
proposed a feasible method to price corporate bonds in an imperfect liquidity market. We
also acknowledge the limitation of the proposed approach. There is no closed form solution,
and we resorted to the Monte Carlo simulation. We leave this issue to a future work and
will continue to explore stochastic liquidity dynamics for pricing corporate bonds with
liquidity risk.

Second, in addition to confirming the existence of a liquidity premium in China’s
corporate bond market, our analysis provided a deep understanding of the liquidity
premium from different perspectives of liquidity. Our findings, based on the data containing
a liquidity shock during the subprime mortgage crisis from 2007 to 2010, have important
implications for the liquidity premium during the current pandemic-induced liquidity
shock period. Dienemann (2021) estimated that the pandemic-induced shock to market-
wide liquidity has a magnitude of about six standard deviations. It is worth considering
the corporate bond liquidity under such a stressed condition in the future.

Third, the term structure of the liquidity effect was studied. The direct and indirect
impacts on the liquidity premium of the term of a bond were quantified. Although we
acknowledge that our results were based on China’s corporate bond data and should be
interpreted with caution, they provide indicative information to companies in need of direct
financing, especially in the post-pandemic period with a pandemic-induced liquidity shock.
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