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Abstract: We consider the optimal bail-out dividend problem with fixed transaction cost for a Lévy
risk model with a constraint on the expected present value of injected capital. To solve this problem,
we first consider the optimal bail-out dividend problem with transaction cost and capital injection
and show the optimality of reflected (c1, c;)-policies. We then find the optimal Lagrange multiplier,
by showing that in the dual Lagrangian problem the complementary slackness conditions are met.
Finally, we present some numerical examples to support our results.
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1. Introduction

De Finetti introduced in 1957 the expected net present value (NPV) of dividends paid by an
insurance company as a criterion for assessing its stability. According to this model, the maximum
of the expected NPVs, if it exists, can be a proxy for the insurance company’s value. In some cases
(e.g., due to regulatory issues), the insurance company has to ensure the negative balance protection
and therefore must be rescued by injecting capital. Hence, the company aims to maximize the total
amount of expected dividend payments minus the total expected cost of capital injection while
permanently keeping the surplus process non-negative.

Usually, spectrally negative Lévy processes (Lévy processes with only downward jumps) are used
to model the underlying surplus process of an insurance company, which increases with premium
payments and decreases with insurance payouts. The optimization problem for this model was studied
by Avram et al. (2007), who proved that it is optimal to inject capital when the process is below zero
and pay dividends when the process is above a suitably chosen threshold.

In this paper, we focus on the case when the insurance company pays a fixed transaction cost
each time a dividend payment is made. The fixed transaction cost makes the continuous payment
of dividends no longer feasible, which implies that only lump sum dividend payments are possible.
In this case, a strategy is assumed to have the form of impulse control; whenever dividends are
accrued, a constant transaction cost > 0 is incurred. Unlike the barrier strategies described above,
which are typically optimal for the case without transaction cost, we pursue the optimality of the
reflected (c1, cz)-policies. In these strategies, the surplus process is brought down to c; whenever it
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exceeds the level c; for some 0 < ¢; < ¢z < o0, and pushes the surplus to 0 whenever it goes below 0.
Previously, the version of the de Finetti’s optimal dividend problem with fixed transaction cost and
without bail-outs was solved for the spectrally negative case by Loeffen (2009) and for the dual model
(i.e., spectrally positive Lévy processes) by Bayraktar et al. (2014b).

In this paper, we also propose a model to maximize the value of the insurance company by means
of the dividend payments while keeping the expected present value of the capital injection bounded.
The idea of introducing this constraint is to bound the budget needed for the company to survive and
therefore to reduce the risk faced (e.g., operational risk).

Specifically, we solve the following two problems:

1.  We find the solution to the optimal bail-out dividend problem with fixed transaction cost for the
case of spectrally negative Lévy processes. We show that a reflected (cj, cz)-policy is optimal
(see Theorem 1). We use scale functions to characterize the optimal thresholds as well as the value
function. We prove the optimality of the proposed policy by means of a verification theorem.

2. We solve the constrained dividend maximization problem with capital injection on the set of
strategies such that the expected net present value of injected capital must be bounded by a given
constant. This is an offshoot of Herndndez et al. (2018) for the bail-out case. Using the previous
results, in Theorems 2 and 3, we present the solution when the surplus of the company is modeled
by a spectrally negative Lévy process.

This paper is organized as follows. In Section 2, we introduce the problem. In Section 3, we provide
a review of scale functions and some fluctuation identities of spectrally negative Lévy processes as
well as their reflected versions. In Section 4, we solve the optimal bail-out dividend problem with fixed
transaction cost for the case of a spectrally negative Lévy process. In Section 5, we present the solution
for the constrained bail-out dividend problem. In Section 6, we illustrate our main results by giving
some numerical examples.

2. Formulation of the Problem

Let X = {X; : t > 0} be a Lévy process defined on a probability space (Q), F,P), and let
[ := {F; : t > 0} be the completed and right-continuous filtration generated by X. Recall that a Lévy
process is a process that has cadlag paths and stationary and independent increments. For x € R,
we denote by Py the law of X, where Xy = x. For convenience, we take Py = P, when x = 0.
The expectation operator associated with Py is denoted by E,. We take g = E, where E is the
expectation operator associated with IP.

We henceforth assume that the insurance company’s surplus X is modeled by a spectrally negative
process, i.e., a Lévy process that only has negative jumps. We omit the case when X has monotone
trajectories to avoid trivial cases.

The Laplace exponent of X is given by

2
9(6) = log B[6X:] = 76 + 707 — / (1—e % —0z1(_.-1))TI(dz), 6>0,

(0,00)

where ¢y € R, 0 > 0, and the Lévy measure of X, I, is a measure defined on (0, c0) satisfying
/( a A 22)I1(dz) < oco.
0,00

As is well-known, the process X has bounded variation paths if and only if ¢ = 0 and
/( | zI1(dz) < co. In this case, X can be written as
0,1

Xt =ct— gtr t=> 0/ (1)
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where ¢ := v+ /( | zI1(dz) and S = {S; : t > 0} is a drift-less subordinator. Since we omit the case
01

when X has monotone paths, it is necessary that the constant c is greater than zero. Note that the
Laplace exponent of X, with X as in Equation (1), is given as follows,

P(6) = 0 — /(O s e % )I1(dz), 6> 0.

De Finetti’s Problem with Fixed Transaction Cost and Capital Injection

Let m = {L™, R} be a strategy, where L is left-continuous Py-a.s., and R™ is right-continuous
Py-a.s. Additionally, we assume that L™ and R” are non-negative, and non-decreasing Py-a.s., start at
zero and are adapted to the filtration IF. Then, the controlled process, X™, associated with the strategy
7, is the following

X=Xy —LFT+RF, t>0.

For each t > 0, the quantities L] and R]' represent the cumulative amounts that the insurance
company has paid to its shareholders and has injected, respectively.
The set of admissible policies ® consists of those policies 7t for which X is non-negative and for

x>0,
Ex[/ e’”de} < oo
0

When there is a fixed transaction cost § > 0, we only consider the class of admissible strategies
= {L™,R™} € O such that
LT = ) ALY, t>0,
0<s<t
where AL := Lﬁr — LJ'. We denote this class by ©5 and in the case § = 0, we take @y = ©.
Given an initial capital x > 0 and a policy 7 = {L™,R™} € @, with § > 0, we define the expected
NPV as follows,

, @

o5 A(x) = Ey

A eiqtd <L;T_(S Z 1{AL;T>O}> —AA efqt dR;T

0<s<t

where g > 0, > 0, and A > 0 is the unit cost per capital injected.

Remark 1. Note that in the case of proportional transaction cost the expected NPV changes to

/ e 7d (ﬁL?—zs ) 1{AL5>0}> —A/ e_qthf],
0 ’ 0

0<s<t

Ex

where 0 < B < 1, so by changing 6 and A appropriately we can recover Equation (2).

Hence, the value function we aim to find is
Vs,a(x) := sup vj(x). (3)

Remark 2. Since we want to avoid this function taking the value —oo, we assume that ' (0+) = E[X;] > —oo.
We also assume that A > 1, otherwise the value function will go to infinity since large amounts of dividends
will be paid, given that the company will inject capital at a cheaper cost to bail out.

Note that the problem in Equation (3) was studied by Avram et al. (2007) under the assumption
6 = 0 (see Section 3.2). Therefore, we focus on the optimal control problem when J > 0 (see Section 4).
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3. Preliminaries

In this section, we revise the scale functions of spectrally negative Lévy processes and their
properties (see, e.g., Kuznetsov et al. (2013); Kyprianou (2014)). We also recall well known results
regarding optimal dividend strategies with capital injection for spectrally one-sided Lévy processes
when the transaction cost is equal to 0 (i.e., 6 = 0).

For each g > 0, there exists amap W(?) : R — [0, c0), called g-scale function, satisfying W@ (x) =
0 for x € (—o0,0), and strictly increasing on [0, o), which is defined by its Laplace transform:

/Ooo e W@ (x)dx = 1/1(9)1—11 0 > ®(q), )

where
@(q) :=sup{A > 0:9(A) = q}.
We also define, for x € R,

W(q)(x) = /0 W@ (y)dy, ZW(x):=1+ qW(q)(x),
=@y [F @) _ @
Z (x) : /0 7\ (z)dz x—l—q/o /0 W\ (w)dwdz.
Since W@ is equal to zero on (—o0,0), we have
WP%) =0, zZ@W(x)=1 and ZWx)=x x<o0.

Remark 3.

1. By Equation (8.26) of Kyprianou (2014), the left- and right-hand derivatives of W) always exist on
R\{0}. In addition, as in, e.g., (Chan et al. 2011, Theorem 3), if X is of unbounded variation or the Lévy

measure is atomless, we have W0 € C*(R\{0}).
2. From Lemmas 3.1-3.2 of Kuznetsov et al. (2013), we know

0, if X is of unbounded variation,
wioo) =< 1 o
= if X is of bounded variation,

%, ifo >0,
W(q),(0+) = lim W(q)/(x) =94 % ifo = 0and IT(0,00) = oo,
s g+ 11(0,%9)

2 , ifo=0andI1(0,00) < oo.

3. From Lemma 3.3 of Kuznetsov et al. (2013), We () (x) := e W W@ (x) Ay ((q)) Y, as x T co.
Due to Remark 3, we make the following assumption throughout the paper.

Assumption 1. We assume that either X has unbounded variation or I1 is absolutely continuous with respect
to the Lebesgue measure. Under this assumption, it holds that W(@) is C! in (0, ).

We give the following properties related to Z(?) and W' for later use.

Remark 4.

(i) By Proposition 5.5 in Herndndez et al. (2018), we have that Z() is a strictly log-convex function on (0, o),
forgq > 0.

(ii)) From Lemma 1 in Avram et al. (2007), it is known that W(q)

is a log-concave function on (0, c0).
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We define the stopping times 7,- and 7,+, respectively, as follows,
T, =inf{t>0:X;<a} and T/ :=inf{t>0:X;>a}, ack;

here and further on, let inf @ = co. By Theorem 8.1 in Kyprianou (2014), we have that

W@ (x —b)
—q7 _ NV x=0)
EXF 1%¢«iﬂ W@ (a—b)’
@ fora>band x < a. (5)
E, {e—qrb’l o } =7 (x —b) 7z(q)(a7b)wq (x— ,
{w>7} e (a—b)

3.1. Reflected Lévy Processes
Let S = {S;:t >0} and R® = {RY : t > 0} be defined, respectively, as

Si:= sup (X;vV0) and RY:= sup (—X;V0). (6)
0<s<t 0<s<t

We denote Y := S — X and Y := X + R?, which are strong Markov processes. Observe that the
process R pushes X upwards whenever it attempts to down-cross the level 0; as a result the process
Y only takes values on [0,00). An introduction to the theory of Lévy processes and their reflected
processes can be encountered in Bertoin (1998); Kyprianou (2014).

Let %, be defined as %, = inf{t > 0 : ¥; € (a,00)}, with a > 0. Then, by Proposition 2 in
Pistorius (2004),

W(q ) ( g)

E—X |:e7qf'ai| — Z(q)(a — x) - qw(q) ((,l — ,X')I/V(T/(a), X € [O,a].

We define fora > 0,

H(a) =g [~ = 20 (a) — g @)

Remark 5. Note that, by definition, the function H is strictly positive, strictly decreasing and satisfies

(@) (0)12
lim H(a) =0,  lim H(a) = 1— V7O
a—00 a—0 W(‘i)’(0+)

Therefore, the function H has an inverse from (0,1 — q/(q + I1(0,0))) onto (0, c0) when o = 0 and
I1(0, 00) < o0, and from (0,1) onto (0, c0) otherwise.

Similarly, taking x; := inf{t > 0 : Y; € (b,c0)}, with b > 0, we know from Proposition 2 in
Pistorius (2004) that

_ 70
- Z@(p)

E, [e—q'ﬂ . x<b. ®)
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In addition, we know from (Avram et al. 2007, page 167) that

]Ex|:/[0 ]e*qt dR?} - _z(q)(x) +@(g) 12 (x) — ¥ (0+)

q
) ) '(04)) 27 (x)
:_wm@+zw“hw@,xga

Z@) (b)

where .
k) (2) = 7 () 4 LOH).
q

3.2. Optimal Dividends without Transaction Cost and with Capital Injection

When ¢ = 0, Equation (2) becomes

Op (x) i=vgA(x) = Ey {/0 e 1" dL] —A/O e ¥t de] ,

6 of 24

©)

(10)

for any initial capital x > 0 and admissible policy 7 = {L”,R™} € ©. Consider the strategy
7.0 = {L*, R*0}, which consists in setting reflecting barriers at a and 0, respectively. The controlled
risk process X0 = X — L*Y 4 R%0 is a doubly reflected spectrally negative Lévy process and was
studied by Avram et al. (2007). Intuitively, the process behaves similar to a Lévy process when it is
inside [0, a], but when it tries to cross above the level a or below the level 0 it is forced to stay inside

[0, a]. Using Theorem 1 from Avram et al. (2007), we have that fora > 0 and x € [0, 4],

oo 7@ (x)
—qt a0 _
Ex |:/0 e st :| qW(q) (a)/

oo (@)
Ey [/0 e 7 de/O} = qu(a)Z(q) (x) — k@ (x).

(11)

(12)

Note that the expression in Equation (12) is finite under our assumption that ¢'(0+) > —oo.

Using the expressions above, we can see that, for A > 1,

Z@D(x)Ip(a) + AW (x), if0<x<aq,

x —a+v}(a), ifx >a,

o4 (x) == 03" (x) = {

where

_1-AZW(a)

Ia(a) := TN (@) a>0.

(13)

(14)

Equation (13) suggests that, to find the best barrier strategy we should maximize the function {x.

Thus, we can define the candidate for the optimal barrier by
apn =sup{a >0:7x(a) > {a(x), forall x > 0}.

Remark 6. Note that { : (0,00) — (—o0,0) and satisfies

A—-1 A

and QIL%QA(a) = “B)

lim {4 (a) = >

a—0 ~ gW@(0)

(15)
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Here, in case that X is of unbounded variation, the first equality is understood to be —oo. The barrier level ap,
given in Equation (15), corresponds with the level defined in Avram et al. (2007). Using the definition of the
function H, we have that

dia(e) _ AW (a)

da q[W(ﬂ)(a)]z(H(a) —1/A).

Since H is strictly decreasing, {  has a unique maximum at a that is either a critical point, which is a

solution of H(a) = A or 0 if the right-hand derivative of { p is negative at 0. Therefore, by Remark 5,

; q
0, ifoc =0, I1(0,0) < o0 and A <1+ ,
ap = f ( ) H(O/ oo) (16)
H™Y(1/A), otherwise.

In addition, note that { s is strictly increasing on (0,a,) and strictly decreasing on (a, o0).

Hence, from Avram et al. (2007), we know that the value function in Equation (3) and the optimal
strategy are given by V, := Vy o = v{* and 74, , where v}* and a, are as in Equations (13) and (16),
respectively.

Remark 7. Note that the optimal barrier ay — oo as A — oo.

4. Capital Injection and Fixed Transaction Cost

In this section, we solve the problem in Equation (3) in the presence of a fixed transaction cost
5 > 0. We consider strategies where the capital injection policy is R, given in Equation (6), and the
dividend strategy is the so-called reflected (c1, c2)-policy, defined below.

4.1. Value Function of Reflected (c1, ¢;)-Policies

Let (c1,c2) be a pair such that 0 < ¢1 < ¢;. In this subsection, we define the reflected (c1, c2)-policy,
denoted by 7, )
Lévy process reflected from below 0, so we set

o, and under which we construct the controlled process. Let Y = X + R’ be the

Xt(cl’CZ)’O =Y, fort<T"?,

C1,€2

where T} = inf{t > 0 : Y; > ca}. The process then jumps downward by Y e, — c1 so that
1

X(Cc]l’g)’o = c1. Now, for T;{V? < t < T2 = inf{t > T;"* : Xt(cl’CZ)’O > ¢y}, X(€12)0 is the reflected
T]
(Cl,Cz),O

€1,
TZ

construct the process inductively. The process X(1©2)0 clearly admits the decomposition

process from below at 0 of X; + (¢1 — X;e1e2), and X = c1. By repeating this procedure, we can
1

chl,cz),o — X, — L§C1,Cz),0 + RECI'CZ)'O/ t>0,

where L(12)0 and R(12)0 are the cumulative amounts of dividend payments and capital
injection, respectively.

Let us compute the expected NPV of dividends with transaction costs for this strategy. For this
purpose, we denote

fCLCZ (x) = Ex

- (1,02),0 _
./o e td (Lt 50§<t1{AL§C1'62)'0>0}>]'
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If x < cp, by the Strong Markov Property and Equation (8), we obtain that

Z(‘i)(x)

Z(T(Cz)fcl'cz (C2)~ (17)

1
fclrcz(x) = Ex[e ah :|fcl/52(c2) =

When x > ¢, an amount x — c; is paid as dividends and a transaction cost ¢ is incurred
immediately, so by using Equation (17) we obtain

Z(q)( 1)
fcl,cz(x) =x—c—90 +fC1,Cz(C1) =x—c—0+ ( )fC1 Cz( 2)-
Hence, taking x = ¢, and solving for f;, ¢, (c2) we get
Z@(cy)

fer,e(c2) = (c2 —c1 — 5)Z(q) (c2) — Z@(cy)

Using the aforementioned expression in Equation (17), we have for x < cy,

7@ (x)

fcl,cz(x> = (C2 —C _5) Z(q)(cz) _ Z(q)(cl)‘

(18)
Now, let us calculate the expected NPV of the injected capital denoted by

8Qmﬂx)==Ex{%; ezﬂdRyLQ»ﬂ.

€1,€2

Again, by the Strong Markov Property, noting that T}
Equations (8)-(9), we have for x > 0

= inf{t > 0:Y; € (c2,00)} and

_ €102
8ci,e2 (x) =Ex l:/[o 712 e ¥ dR?] + Ex [e h } 8ci,e2 (Cl)
1

Z@W(x)  zW@(x)

— —k@ k@
() +K ) 7570y Z@e)

8eye0 (c1)-
Thus, setting x = ¢; and solving for g, ¢, (¢1), we obtain

_ (@ 0 (c1) 21 (c2)
gcl,cz(ﬁ)( K (C1)+k ( ) (62)>Z(‘7>(02) Z(q)(cl)

7(q)
. ZW (c1) Z0() ___ y'(04)
= ( 7 (C1)+Z ( ) (C2)> ( )—Z(q)(cl) q .

C1

Putting the pieces together, we obtain

(9)
Geren(x) = —K@ (x) 4 k@ (c) 21 )

Z@)(cp)
@, ZD(e) 29 (cy) P'(0+) | ZW(x)
+<<Zq““+zq“”z@@;>zwwﬁ—§@@n g >ZW@2
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Hence, we have the following result.

Lemma 1. The expected NPV associated with a reflected (c1, c2)-policy is given by

C1,C o
U{S}Az (x) := Ys.A 1,

7_1@1,62),0(9() _ Z(‘?)(x)GA(cl,cz) + Ak(q)(x), ifx <cy,
x—c1—06+0ug) (c1), ifx > cy,

where - B
cp—c—0—A (Z(Q)(CZ) AL (C1)>

7(q) (cz) _ 7@ (Cl)

Ga(er,c2) i= , forallcy > c; > 0. (19)

Remark 8. Note that G is C* on A := {(c1,c2) € R% : ¢; < cp}, and

lim Ga(cq,¢p) = —o0, for ¢c1 > 0 fixed,
caleq

li G , = i G ) __ AN
i Galerer) = lim Galere2) = — g

4.2. Choice of Optimal Thresholds

To choose the optimal thresholds among reflected policies, we maximize the function Gx.
Proposition 1. The function Gy, defined in Equation (19), attains its maximum on A.

Proof. Letc; > 0 be fixed. The first derivative of G5 with respect to c; is given by

__qEa(c1, )W (c2)
e Onl61r2) = () ) - 20 ) @
where
7(4) i 40) _
Fa(ey o) = A S BN (1 Az ) - (2 -1 = 5= A (Z7100) - 27(c)))
2
_ (ZW(c)* S0 (ZW(c2)) () (g
- qW(q) (CZ) -7 (CZ) - (q)(c2 Z (Cl) -7 (Cl)
Z (cz) — ZW(cy)
+ TN (c3) —(ca—c1—9). (21)
On the other hand, taking a = ¢y in Equation (12), we see
29 ) RALICYT )
T (cy) k' (c) >0 and W (Cz)Z (c1) — k' (cy) > 0.
Then, using Equation (10), we have
7(q) 7(q)
Fp(e1,02) < qW(q)(Zj) A qW(q)(Zz) 2@ (er) =KD (cy) | =(c2 — 1 = 8). (22)
Z@(cy)

Therefore, since Clgr})o qW(‘?)(Q) = 30

aforementioned inequality goes to —co as ¢, goes to oo, which implies

(see Remark 3), the right-hand side of the

9c,Ga(c1,¢2) <0, for cp large enough. (23)
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From here and Remark 8, we obtain that there exists c¢* € (c1, o) (that depends on ¢1) such that
Gal(c1,¢2) < Gp(ep,c*), forallcy > 1.

Taking d*(cq) := sup{c* > c1 : Ga(c1,¢2) < Ga(cq,c*) forall ¢ > c1}, with ¢; > 0, we see
d*(c1) < oo for each ¢; > 0, since Equation (23) holds. From Equation (20) and the fact that
9c,Ga(c1,d*(c1)) = 0, it follows that Fa(c1,d*(c1)) = 0 for ¢; > 0. Then, by the definitions of
FA and {p—see Equations (21) and (14), respectively—we get

(1) —e1 = — AZ (@ (1) = Z9 (1)
ZW(d*(c1)) — 2 (c1)

GA(Cl,d*(Cl)) = = gA(d*(Cl)), for each > 0.

Now, let us take ¢; > a (where a, is defined in Equation (14)). Then, using the fact that {5
is strictly decreasing in (a5, 0) (see Remark 6), we have that for any ¢, > ¢; > d*(¢1) it holds that
d* (C_l) <d* (C]) and

Gal(er,e2) < Galer,d™(c1)) = Tald(c1)) < Qald™(e1)) = Ga(cr,d"(c1)).
This implies that the maximum of the function G has to be achieved on the set
{(c1,c2) €ERE ¢y < cpand ¢ € [0,61]}-
Finally, from Equation (22), we obtain

Z\9 (cy) +A sup ZW(cp)

= \Te) 7Z(‘7) _k(q) _ —E =0 , f 0, c
GW@ (cy) et LW @ (cy) (c1) (c1)|—(ca—¢1—96), forcy €0,

FA(Cl, C2) <

Hence, for any c; € [0, c‘l], we can find & > ¢; such that
9c,Ga(c1,¢2)(c1,02) <0, forany0<c¢y < ¢ and0 < ¢y < 6.
Therefore, the function G, attains its maximum on the set
{(c1,¢2) €10,61] x [0,E2] s 1 <2} C A O
Note that by Proposition 1 the set B C A defined as
B:={(c},c;) € A: Ga(ci,c;3) > Galcy,c2) forall (c1,c2) € A},

is not empty. Moreover, since G € C!(.A) and using Equation (14), it follows that

9, Galer,63) = (Gale1,e2) = Qaler)) <0, for (c1,03) € B, (24)

7(q) (C;) — Z(’i)(c{)

with equality if c; > 0, and

9, Gale1,63) = = (Galer,e2) =Qa(e2)) =0, for(cf,c3) € B (25)

2
Z(‘?)(cﬁ) - Z(‘i)(cf)
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Proposition 2. There exists a unique pair (c)*,c2) in B. Furthermore, 0 < ¢ < ap < b < oo, with ay

defined in Equation (16), and the value function associated with the (ci*, c3*)-policy is

yAQ) + AKWD (%), ifx < b,
U;{\[{Cé\ (X) _ ( )gA(CCZC)A (x) l‘fx =6 (26)
’ x—cf 07 (), ifx > ch.

Proof. Let M be the maximum value of G, in B; therefore, for any (cj,c5) € B, we have that
Ca(c3) = M by Equation (25). From Remark 6, we know that { is strictly increasing on (0,4, ) and
strictly decreasing on (a5, 0). If {5 (0) > M, { attains M at a unique c2 > a, and therefore (0, c2")
is the only point that satisfies Equation (24). On the other hand, if {5 (0) < M, { can only attain the
value M at a unique ¢?* < a5 and a unique c5* > a5. Hence, (cf*,c2') is the only point that satisfies
Equations (24) and (25), that is, the only existing point in B. Now, from Lemma 1 and using that

Ga(c, c8) = Za(cd), we obtain the first part of Equation (26). For the second part, let x > c5', then

A LA
Z);-}ACZ (x) =x—cb - 5+vc1 < (M) =x—ch +cb - 5+vcl < (M) =x—ch —Hz;lACZ (). O

1’2

The following properties of v, {* are used below in the verification theorem.

Remark 9. From Equations (10) and (26), we note

UC{\,CQ (x) Z w

SA +ZW (ML (cy),  forx > 0.

cftcp

A
Remark 10 (Continuity /smoothness at zero). Note that for x < 0, vcl 2 (x) =0 sia” (0) + Ax. Therefore,

(i) ?JélA ? is continuous at zero.

(ii) For the case of unbounded variation, we have that

A A
i ch

o2 (04) = WD (0-4)Za(ch) + A = A = 052 (0-),

4.3. Verification

Let us denote by v; o the function given in Equation (26), which is the optimal value function
among reflected policies. We now prove some properties of this function.

Lemma 2. The function v  is C2((0,00)\{c>}) and C}(0, o).

Proof. By Assumption 1, we have that, for each g > 0, the function W) is continuously differentiable
n (0,c0). This implies, by Equation (26), that v 4 is C?((0,0)\{c2}). On the other hand, using
Equation (26), we have that for x < cﬁ\,

1—AZW(c))
(%) = gWD(2)ZA () + AZW (x) = qW () (x) <qw(q>(c2¢) +AZW(x).
This implies that v} Alcd=) = 1. For x > ¢»', we obtain by Equation (26) that

A A
vsa(c)+) =1=10j,(c'—),

which implies the result. O
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Let £ be the operator defined as follows,

LF(x) :=vF'(x) + %ZF”(X) + o )(F(x —2) = F(x) + F'(x)21{g;<1})T1(dz), x>0,

where x € R and F is a function on R such that LF(x) is well defined.

Proposition 3.

1. (L —q)osa(x) =0forx < cb.
2. (L —q)vsp(x) <0forx > ch.

Proof.

1. By the proof of Theorem 2.1 in Bayraktar et al. (2014a), we have that for 0 < x < c%,
/
(£=) (29 + "’(2”) —0 and (£L-g)ZW(x)=0.
This implies that for 0 < x < ¢%,
(£ = q)vs,a(x) = 0.

A
2. Wenote that vs A (y) = u2 (y) for all y > 0, where u% is the barrier strategy at the level a for the
dividend problem with capital injection given by Equation (13). Therefore,

(i) Ifwetakey < x,and Cé\ < x, we obtain
— (04
i) = 20 Wi + A2 + L),
Recall the functions {5 and H are as in Equations (7) and (14), respectively. Then,

d2 x
lim ”21\
ytx dy

(y) = AqWD (x) + qW D' (x) 4 (x)

B W(W(x) W(‘l)(x)
= W(‘l)(x) (1 - A (Z(q)<x) - qW(q) (X> W(q)’(x) ) )

A
2.,,x 2,6
d“uy d

cps A< oy . >0 = Up .
By Proposition 2, we know that ay < ¢ < x. Then, lylgcl a2 (y) >0 a2 (x), since
' (x) < 0 by Remark 6.
(ii) We have fory € [0, cé‘],
CA
duug o) @) A @) o) duj
3 W) = AZP W)+ WD (y)IA(R) = AZD () +qW T (y)Eax) = ),
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which comes from the fact that for x > ¢2 > a,, then {s(c5') > {a(x) by Remark 2. On the
other hand, for y € (c', x], we have, using the fact that {5 (y) > {a(x),
duy @) @)
Ty(y) = AZW(y) + gW T (y)Za(x)
< AZD(y) +qW D () a(y)
1— AZW(y) du?
= AZ®@ w2 — 227 g A
(y) +aW P (y) TN () ay W

(iii) We note that

i) = A (27 + L0 1 20 ez )

< A2 ) + L0 4 20 ez (eh) = (f).

A
This and Point (ii) imply that (42 — u%)(x) > 0.
(iv) We have

Thus, by similar arguments to those in the proof of Theorem 2 in Loeffen (2008), we obtain
the result. O

Lemma 3.

1. For x > 0, we have that vg,A(x) < A.
2. Forx >y > 0, we have that vs 5 (x) —v5A(y) > x —y — 0.

Proof. 1. By Equation (5) together with Equation (26), we note that for x < c2,

vl&,A(x) =A (Z(q) (x) — Mz(q) (C?)) I M

W ()

<A<IP’X |:T0_ <Tc'i,2_\:| +P, [T:g\ <TO_]> = A.

On the other hand, v} , (x) =1 < A for x > ¢4
2. Let us consider cé\ > x > y. We note that

0sa() =05 y) = A (Z7() = Z9 () + (29 (x) ~ ZD(y) ) Cale)

= A (7900 - Z9)) + (29 (x) - 20 ())Gale, f)
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> A (Z7) - Z7(y)) + (29 (x) - 29 (1) Ga(x,y)
x—y—56—A (Z(q)(x) _ZW (y))
Z@(x) — 2@ (y)
=x—y—2J. (27)

=A (290 -Z" ) + (29 (x) - 20 (y))

Now, suppose that x > y > ¢4, then using Equation (26) we obtain

UsA(X) —vsAy) =x—y>x—y—0.
Finally, for the case x > ¢2* >y, by Equation (27), we have
A (%) = Vs A(y) = x =) +05A(D) —vsA(y) Zx— P +(ch —y—6) =x—y—6 O
Now, we proceed to the verification theorem that proves the optimality of the (¢, c2')-policy.

Theorem 1 (Verification Theorem). Let Vs a, v5 4 be as in Equations (3) and (26), respectively. Then,
05 A (x) = Vs a(x) for all x > 0. Hence, the (c*, c&*)-policy is optimal.

Proof. By the definition of Vj o, 05 (x) < Vja(x) forall x > 0. Let us verify that v; A (x) > 0§, (x) for
all admissible 7t € ©; and for all x > 0. Recall that vf{ A is defined in Equation (2). Take r = {L™,R™} €
©; fixed and let (T, ),cn be the sequence of stopping times where T, := inf{t > 0 : X]* > n}. Since
X" = X — L™ 4 R, with X being a spectrally negative Lévy process, it is a semi-martingale and v A
is sufficiently smooth on (0, o) by Lemma 2, and continuous (respectively, continuously differentiable)
at zero for the case of bounded variation (respectively, unbounded variation) by Remark 10, we can
use the change of variables/Meyer-It6’s formula (cf. Theorems II.31 and 11.32 of Protter (2005)) on the
stopped process (e~ 7(tATn) vsA(X{r,);t = 0) to deduce under Py that

AT,
e 1T 5 A (XT ) — Vg A (X) = /0 e (L — q)vs,A (X )ds + MiaT, + Jin, (28)
[ e (XE )RS,
(0,£AT, ] (5,A( s ) s

where M is a local martingale with My = 0, R™¢ is the continuous part of R, and ] is a jump process,
which is given by

]t = Z e T8 (v(;,A(X;Z + A[X + Rn]s) - vé,A(X;Tf + AXS)) 1{A[X+R"]s7é0}
0<s<t
+ ) e P (vsa(XT + A[X + R™]s = ALY) = 05 A(XT + A[X + R™5)) L(arz 10y, fort > 0.
0<s<t

On the other hand, by Part (1) of Lemma 3, we obtain that

S & Oon (G )ARES

+ Y, e Ploga(XE + AX 4 RTs) — 05 a (X + AXs)] 1iaxs R, 20}
0<s<IAT,

<A e PdRI“+A ) e TARI=A e T dRZT.
[0,tATy] 0<s<IAT, [0tAT]
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Similarly, by Part (2) of Lemma 3,

2 e P [Z)g’A(X;T_—i‘A[X + Rn]s - AL?) — ZJ5/A(X;T_ + A[X + Rn]s)]l{ALg'f;éO}
0<s<tAT,

S — Z e_qs AL;T + 5 Z e_qs 1{AL§I>O}
0<s<tATy 0<s<tATy

—_ 3 (L7 =6 Y Tyaprany |
/[O,t/\Tn}e ( ) OS;SS {ALu>O}>

Hence, from Equation (28), we derive that
AT,

05,a(x) = = [ e H(L — q)opn (X )ds — A e ™ dR]
0 [O,t/\Tn]

* /[0 tATy) ¢ *d <L§T -0 Z 1{AL{}>0}> — Miat, + e~ (tATy) Uf5xA(XtHAT,,)-

0<u<s

Using Proposition 3 along with Point 3 in the proof of Lemma 6 in Loeffen (2009), and that
XTI >0as. fors > 0, we observe that

v A (% >/ ~asq (17— 5 Tiarrem | — A dR™ — Myng. + e 9AT) o0 (X7
s,a(x) > ot © <s )y {AL,,>O}> osnry RS AT, +€ sA(XinT,)

0<u<s
Z e_qsd L;T —0 Z 1{AL7T>O} — A dR;T — Mt/\Tn
[0,tATy] 0<u<s " [0tAT,]
A /
4+ e (AT (‘P;OJF) +Z@(cd) (g(cé\))) ) (29)

where the last inequality follows from Remark 9. In addition, by the compensation formula (see, e.g.,
Corollary 4.6 of Kyprianou (2014)), (M, : t > 0) is a zero-mean P-martingale. Now, taking expected
value in Equation (29) and letting (t A T,,) ,* oo Py-a.s., the monotone convergence theorem, applied

/[0 tAT,] ehd (L;T - 2 1{ALZI>0}>] and Fx <A /[0 FAT,] e’ dR?) , gives

0<u<s

separately for E,

vs,A (%) > Ey </[0w) e d <L§T -6 ), 1{AL{[>0}> _A/[Ooo) e dR?) = v A (%).

0<u<s
This completes the proof. [

5. Optimal Dividends with Capital Injection Constraint

In this section, we are interested in maximizing the expected NPV of the dividend strategy subject
to a constraint in the expected present value of the injected capital. Specifically, we aim to solve

Vs(x,K) := sup E,

Te@; 0<s<t

/0 eqfd<L;T—5 ) 1{AL;T>O}>] s.t. Ey [/0 eqthf} <K, (30

for any x > 0 and K > 0. Strategies 77 that do not satisfy the capital injection constraint are called
infeasible. Recall that the insurance company has to inject capital to ensure the non-negativity of the
risk process. Therefore, small values of K require very low dividend payments to keep the risk process
non-negative, or would even make the problem infeasible. In the latter case, we define the value
function as —oo.
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To solve this problem, we use the solution of the optimal dividend problem with capital injection
found in the section above. Thus, for A > 0, we define the function

v5 A (X, K) := 05 5 (x) + AK,

with v , as in Equation (2). It is easy to check that V;(x,K) = sup inf v} , (x, K) since for infeasible
’ TeB; ’
strategies Ar;fo vg A (x,K) = —oo. By interchanging the sup with the inf we obtain an upper bound for

Vs(x,K), the so-called weak duality. Hence, the dual problem of Equation (30) is defined as

VP (x,K) := inf sup viA(x, K) = I{I;% {AK+ sup ng(x)} = 11\21:1 {AK+V5a(x)}, (1)

A20 TE@; ey

with Vj A given in Equation (3). The last equality in Equation (31) is true, since V; o (x) is infinite for
any A < 1; see Remark 2. The main goal is to prove that V5D (x,K) < Vs(x,K).

5.1. No Transaction Cost

In this subsection, we consider the problem in Equation (30) without transaction cost, i.e., § = 0.
For this case, we denote V(x, K) := Vy(x,K) and VP (x,K) := VP (x,K). From Section 3.2, recall that
for each A > 1, the optimal strategy is a barrier strategy, which is determined by a, defined in
Equation (16), and its NPV satisfies V4 = 0", where v is as in Equation (13). Given a barrier strategy
ata > 0and x € [0,a], the expected NPV of the injected capital is given by the function

7(4) (a)

qW(‘ﬂ o 7(q) (x) — k(")(x), (32)

¥i(a) = Ey [ /O e dR?'O] -

with k(@) as in Equation (10). Clearly, if x > a, then ¥, (a) = ¥,(a). We also define

K, := lim Yy(a). (33)

* a—00

Using Equation (12) and the properties of scale functions (see Remark 3 (3)),

Note that K, is the expected present value of the injected capital for the pay-nothing strategy
npn = {0, R"}. Therefore, letting a — oo in Equation (13), it can be verified

0™ (x,K) = A(K = K,).
Hence, if K > K, then for any x > 0,

V(x,K) = sup inf o7 (x,K) > inf 0N (x,K) = 0. 34
(x,K) il;g;\go%(x ) = fnf o™ (x, K) (34)

Conversely, if K < K, the problem in Equation (30) is infeasible, which is verified below.
Lemma4. IfK < K,, then V(x,K) = —oco.

Proof. First, by Remark 7 and Equation (11), it is easy to verify that

lim E, [ / e 1 deA'O} =0, forx>0. (35)
0

A—o0
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Then,

VP(x,K) = Air;f1 {AK + Vp(x)}
= inf {]Ex UOOO e ! deAfO] —i—A(K—‘I’x(aA))}

< lim {Ex UOOO e it deA'O] +A(K‘Yx(aA))} = —oo.

Now, since V(x, K) < VP(x,K) for any x > 0, K > 0, we have the result. [

The next lemma allows us to prove that, when K = K, Equation (34) holds with equality, and it
is used to prove the main result of this subsection.

Lemma 5. Let x > 0 be fixed. The function ¥ is strictly decreasing on (0, c0).

g\ (a)
7(q) (g)

increasing and the lemma is obtained. Now, when x > a > 0, a simple calculation shows that

Proof. First, consider the case when x < a. Then, by Remark 4 (i), we have that is strictly

d¥,(a) Z (a) (W(q)’(ﬂ)z(q) (a) — Q[W(q)(a)]z) 7@ ()W) (a)
do VO] ~ T awa@e

which is strictly negative, by Remarks 3 and 5. From here, we conclude the assertion of the lemma. O
Lemma 6. If K = K, then V(x,K) = 0 and the optimal strategy is the pay-nothing strategy 7tpy.

Proof. By Equation (34), we know that V(x,K) > 0. On the other hand, from Lemma 5 and
Equation (33), we have that A(K — ¥x(a,x)) < 0for all A > 0. Then, using Equations (33) and (35)

VP(x,K) = Ii\gfl {AK+Vp(x)} = zi&fl {Ex [/OOO e 1 deA'O} +A(K‘I’x(a,\))}

< lim E, [ / e 7 dL;’A'O} =0. O
A—o0 0

Now, we define
K = lim Tg (ﬂ).

Using Equation (12), we have that K = oo when the risk process has unbounded variation.
Otherwise, by Remark 3 (2),
/
= —¢'(0
K = L(H (36)
q
and K corresponds to the expected NPV of the injected capital for the strategy 710 (see Equation (4.5)

in Avram et al. (2007)).

Lemma 7. Assume that the risk process X has bounded variation. If K > K, then V(x,K) = K + Vi(x),

with Vi(x) = x+ 1,0’(2+)
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Proof. If the Lévy measure is finite, by Equation (16), we have that a; = 0. The same is true for
the infinite Lévy measure case since H~!(1) = 0 by Remark 5. Using Equation (13) and Remark 6,
we obtain

Vl(x):v(l)(x)zx—i-;—K:x—i-lp/(;H_), forx > 0. (37)
Now, by Equations (31), (36) and (37) and the weak duality, we get
V(x,K) < VP(x,K) < K+00(x) = K+ Vi(x).
Since K > K, 7 is a feasible strategy. Then, using Equation (11), it yields,
V(x,K) > inf {0} (x) + AK} = x + K~ C_l’;((”) + % =K+ Vi(x).
Therefore, V(x,K) = K+ V4 (x). O
We are now ready for the main result of this subsection.

Theorem 2. Assume § = 0 and let V and VP as in Equation (30) and Equation (31), respectively, then
V = VP. Furthermore, if x and K are such that K € (K., K), then

V(x,K) = A*K + V- (x) = E, {/o e it dL?*,O} ) (38)

* _ w—1 L —
where a* = ¥ (K), and A* = @)’

Proof. Lemmas 4, 6 and 7 show imply that Equation (38) holds when x and K are such that K €
[0,K,] U[K, o). Assume now that K € (K, K), then by Lemma 5 the function ¥, is injective, so there
exists a unique a* > 0 such that ¥, (a*) = K. Note that from Equation (16), we have that there exists a
unique A* such that ap« = a*. Then,

VP (x,K) < A*K+ Vps(x)

= A*K+E, [ / e 1 dL‘f*'O} — A*¥, (a%)
0

— E, { / et dL;’*IO} .
0

Meanwhile, since the strategy 77, o is feasible, we see
S ook 0 _ /°° gt 3700 B .
V(x,K) > }\gﬂ {v,""(x) + AK} }\r;fl {Ex [ | e dL} 7| + A(K — ¥ (a ))}

=E, [/ e 7 de*'O} :
0

This implies that VP (x, K) < V(x, K). Finally, the weak duality gives Equation (46). [

5.2. With Transaction Cost

Now, we consider the problem given in Equation (30) with transaction cost 6 > 0. From the
previous section, we know that optimal strategies are (c%, c4')-reflected strategies with (c{, c5') given
in Proposition 2.

Proposition 4. The curve A +— (c&, c4) is continuous and unbounded, for A € [1,00).
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Proof. From Remark 7 and the fact that ay < cé\ (by Proposition 2), we know that cé\ —o0as A — oo,
so the curve is unbounded. To show the continuity of the curve, we consider two cases and use the
implicit function theorem. To this end, suppose first c{* = 0. Defining f(A, c2) := Ga(0,¢2) — {a(c2),
we have f(A,c2) = 0. Then,

0 oG y /
E)TC(A'CQ) = ?;\(O’CA) - gA(Cé\) = _gA(Cé\) >0,

since cé\ > ap. From here, we see that the conditions of the implicit function theorem are satisfied.
Now, if c* > 0, define the function f(A,c1,c2) = (fi(A,c1,¢2), (A, c1,02)) by

fi(A,c1,¢2) := Ga(cr,c2) — Calcr),
fa(A,c1,c2) := Gp(c1,c2) — Calca).

Then, f(A, c#,c5) = (0,0). Again, simple calculations show that the Jacobian determinant of this
system of equations is {, (c£')Z’\ (ci') < 0, since ¢t < ap < c§. Therefore, the curve A — (cf,cd') is

continuous, for A € [1,00). [

Next, we analyze the level curves of the constraint. Let Y, (c1,c2) be the expected present value
of the injected capital under a (cy, ¢;)-reflected policy. Then, the calculations given in the proof of
Lemma 1 show that

?x(cl, C2) L= Ex |:/ e*qt dREC],Cz),O
0

—(q) 20
7@ (x) Z () =2 (1) _ k@) (x), if0<x<ocy,
= Z(q)(CZ) - Zlq)(cl) (39)
29 ()20 (1) =2V ()20 (@) ¢ O04)
ZW (cy) — ZW(cy) g ' '

Remark 11. Note that lign Yy(c1,c2) = Yx(c2), where ¥y is as in Equation (32).
c1—C2

The next lemmas describe some properties of ¥y (c1, ¢2).

Lemma 8. Let x > 0 be fixed.

1. Ifcy > Ois fixed, then the function ¥x(cy, c2), given in Equation (39), is strictly decreasing for all ¢ > ¢q,
and
lim ?x (Cl, Cz) = Kx, (40)

Cp—00

where K, is defined in Equation (33).
2. Ifcy > 0is fixed, Yx(cy, ca) is strictly decreasing for all ¢1 € [0, ¢7).

Proof. Let c; > 0 be fixed. First, assume that c; > x. To show that ¥, (cy,c;) is strictly decreasing, it is
sufficient to verify that

/ (41)
is strictly decreasing, which is true if

2 [2%) - Z0e)] . Z9@) WO ) -7 @) )y
92 [ ZWW(c2) = ZW (cr) ] ZW(ca) — Z(D(cr) (2 (c2) — 2 (c1)]2 .
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Since Z(9) is a strictly log-convex function on [0, c0) by Remark 4 (i),

gW@ () gW@(g)
)

< , d h thaty < g.
Z@() Z@(0) or 17 and ¢ such thaty <g¢

Taking ¢ = ¢, in the inequality above and integrating between c; and ¢y, it follows that

gW @ (c2)[Z (c;) = 7' (e)]
ZW (cp) — Z@D(cy) ’

ZW(cy) < (43)

Then, Equation (43) yields Equation (42) and hence Equation (41) is strictly decreasing. For the
case x > (p, it can be verified that

gW@ () [Z'7 (c2) = ZV(cy)]
ZW(cz) = Z(cy)

_ Z (c1)
- Z@) (cp) — Z@ (1)

(44)

|:Z(q)<C2) —

Then, using Equations (43) and (44), we obtain that ¥ (c1, ¢3) is strictly decreasing for all ¢; €
(¢1,x). Similarly, we obtain Point 2 of the lemma. Now, by L'Hopital’s rule together with Exercise 8.5
(i) in Kyprianou (2014), it is not difficult to see that Equation (40) holds for any ¢; > 0. O

Note that Equation (34) still holds if K > K,.. On the other hand, using that cé\ —ooas A — o
together with Equation (18) we have that

© A A (q)
lim By [ / e dL T 20| = im (B — c — o) Z9(x) =0, (45)
0

A—o0 A—o0 7(q) (cé\) —7(@) (c{\)

by Remark 3 (3).

Remark 12. Using the same arguments as in Lemma 7, we have that ¢} = a; = 0 < ¢} for bounded and
unbounded variation processes. Similarly, if x and K are such that K > ¥y (0,c}) =: K, then Vs(x,K) =
Vs1(x) + K. Note also that K, < K.

Lemma 9. Let x > 0 be fixed. Then, for each K € (K., K), there exist ¢ < ¢ such that the level curve
Lg(¥x) := {(c1,¢2) : Yx(c1,c2) = K} is continuous, contained in the set [0,c] X [c,¢] and contains the
points (0,¢) and (c, 7).

Proof. The continuity of the level curve is obtained as an immediate consequence of the continuity of
¥,.. Observe that, by Lemma 5, we know the existence of ¢ > 0 such that ¥x(c) = K. Meanwhile, from
Lemma 8, we have that there exists ¢ € [¢, o) such that ¥ (0,¢) = K. Now, the fact that the level curve
Lg(¥+) is contained in [0, ¢] x [¢, €] is a consequence of Remark 11 and Lemma 8. [

Remark 13. Lemmas 4 and 9 yield that the parametric curve A — (c2*,c5") and the level curve Ly (¥ ) must
intersect, i.e., there exists A* such that ¥(c{*",c5") = K, for K € (K, Ky].

By similar arguments as in the proof of Theorem 2, by Remarks 12 and 13, and using Equation (45),
we get the following result, whose proof is omitted.

Theorem 3. Assume & > 0 and let Vs and V(SD as in Equations (30) and (31), respectively, then V5 = V(SD .
Furthermore, if x, K are such that

1. K< K,, then Vs(x,K) = —o0;
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2. K=K, then Vg(x,K) = 0;
3. K> K, then Vs(x,K) = Vs1(x) + K; and
4. Ke (Kx,fx), then there exists A* > 1 such that

" 00 AF AF
Vs(x,K) = A*K + Vs o (x) = Ey / e td | LT s 1 e . (46)
0 0<s<t {Ale 2 '>0}

6. Numerical Examples

In this section, we confirm the obtained results by a sequence of numerical examples. Here, we
assume that X is of the form

Nt
Xt—XOZt-l-O.SBt—ZZn, 0<t<oo,

n=1

where B = {B; : t > 0}, N = {N; : t > 0}, and Z = {Z,},>1 are a standard Brownian motion,
a Poisson process with arrival rate A = 0.4, and an i.i.d. sequence of random variables with distribution
Gamma (1,2), respectively, which are assumed mutually independent. Since there is no closed form for
the scale function W% associated with X, we use a numerical algorithm presented in Surya (2008) in
order to approximate the inverse Laplace transform of Equation (4). Similarly, we approximate the
derivatives of the scale functions and use the trapezoidal rule to calculate its integrals.

We first consider the case without transaction cost presented in Section 3.2. In Figure 1 (left),
we plot the function x — V (x) + AK for various values of A and a fixed value of K. For x > x(, where
xo is such that K, = K, its minimum over the considered values of A provides (an approximation
of) V(x,K), indicated by the solid red line in the plot. Since the process has unbounded variation,
then K = co. In Figure 1 (right), we plot, for x > x, the Lagrange multiplier A* given in Theorem 2.
We observe that A* goes to infinity as x | xg and remains always above 1.
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Figure 1. (Left) Plots of x +—  Vj(x) + AK for A = 1,11,...,2,3,...,10,
20,...,100,200,...,1000,2000,...,10,000,20,000 (dotted) for the case K = 2.7. The minimum
of Vo (x) + AK over A is shown in solid bold-face red line. (Right) Plot of the Lagrange multiplier A*
for x > xp, where xp is such that K, = K.

In Figure 2, we show the values of V(x, K) and Lagrange multiplier A* as functions of (x, K). It is
confirmed that V(x, K) increases as x and K increase, while A* increases as x and K decrease.
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10
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Figure 2. Plots of V(x, K) (left); and the Lagrange multiplier A* (right) as functions of x and K.

We now move to the case with transaction cost. First, we illustrate the results shown in Section 4.
In Figure 3 (left), we plot the function x — (A (x) for the values of A = 1,...,9. We also plot its
maximum value attained at a, and the value attained at the corresponding optimal values (c2, c')
with transaction cost § = 0.05. Note that, when A = 1, a, = c{\ = 0 and for the other values of A,
Za(c) = Ca(cd) < Za(ap). In Figure 3 (right), we plot the optimal thresholds a,, cf and , ¢ as

function of A.
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Figure 3. (Left) Plots of x — (p (x) for A =1,...,9 and the corresponding values of a,, c{\ and , cﬁ\ for
6 = 0.05. (Right) Plots of the functions A — ay, c{‘ and, cé‘.

In Figure 4, we illustrate the findings of Section 5.2. This figure is analogous to Figure 1 but with
transaction cost J as above. It can be seen that the change in the function V(x, K) is relatively very
small, but the change in the optimal Lagrange multiplier A* is significant, being smaller in the case of
transaction cost. A similar figure as Figure 2 in the case of transaction cost is omitted since both have
the same shape.
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Figure 4. (Left) Plots of x +—  Vj(x) + AK for A = 1,11,...,2,3,...,10,
20,...,100,200,...,1000,2000,...,10,000,20,000 (dotted) for the case K = 2.7. The minimum
of V5 o (x) + AK over A is plotted in solid bold-face red line. (Right) Plots of the Lagrange multipliers
A* for x > xq, where x is such that K, = K with = 0 and ¢ = 0.05.

7. Concluding Remarks

In this study, we proved that the optimal strategy for the bail-out dividend problem with fixed
transaction costs is given by a reflected (c1, ¢2)-policy. We also characterized the optimal thresholds and
gave a semi-explicit form for the value function in terms of the scale functions. In addition, we used
the previous results to solve the constrained dividend maximization problem with the restriction that
the expected present value of the capital injected is bounded by a given constant. The solution of the
constrained problem can provide the insurance company with a guideline to maximize the profits of
the shareholders taking into account the risk of bail-out losses.

It is a legitimate and interesting question whether the optimal strategy and the associated value
function with transaction costs (i.e., > 0) converge to the corresponding optimal strategy and its
value function without transaction cost as é | 0. Although we conjecture that indeed this is the case,
further investigation is needed.

Another interesting generalization would involve considering fixed and proportional costs for
the capital injection as well. We conjecture that in this case the optimal strategy would consist in a
double band strategy, that is, a band strategy similar to the dividend payment strategy given in this
paper, and a band strategy for the capital injection, which consists in pushing the process to a positive
level each time the surplus process tries to cross below 0. We leave this problem as an opportunity for
future research.
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