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Abstract: We derive a Hattendorff differential equation and a recursion governing the evolution
of continuous and discrete time evolution respectively of the variance of the loss at time ¢ random
variable given that the state at time ¢ is j, for a multistate Markov insurance model (denoted by Z(Tt(j )).
We also show using matrix notation that both models can be easily adapted for use in MATLAB for

numerical computations.
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1. Introduction

The original Hattendorff theorem in Hattendorff (1868) states that in a life insurance
policy, the losses in different years are uncorrelated and have zero means, hence the
variance of the total loss is the sum of variances of the losses in individual years. This
result has had a revival in modern-day actuarial mathematics with a flavor of stochastic
processes or a martingale approach as seen in Gerber (1979, 1986), Papatriandafylou and
Waters (1984), Ramlau-Hansen (1988), Norberg (1992). Furthermore, the theorem has been
mentioned in classic textbooks such as Bowers et al. (1986). An explicit integral formula for
the variance of the loss at time ¢ random variable ZU't(] ), given that the state at time £ is j, was
derived in Wolthuis (1987). Furthermore, Norberg (1995) and Asmussen and Steffensen
(2020) derive differential equations for higher-order moments and variances in a more
abstract setting. More recently in Bladt et al. (2020) a matrix representation was carried out
to obtain representation formulas for all higher-order moments for the loss at time ¢ of the
random variable L;. In this paper, however, we explicitly derive models for the continuous
and discrete time evolutions of the variance of L; under a much more general benefit and
premium structure that is adaptable for numerical computation.

The main goals of this paper are as follows:

1. Explicitly derive a differential equation, which we name as the Hattendorff differential
equation that governs the continuous time evolution of the variance of the loss at time ¢

random variable given that the state at time ¢ is j (denoted by ZO't(j ) ), for a general setting
of benefits and premiums in the setting of a multistate Markov insurance model.
2. Explicitly derive recursions for the discrete time evolution of the variance of the loss
at time t random variable 20't(] ) (both annual and /1 —yearly cash flows), for a general
setting of benefits and premiums in the context of a multistate Markov assumption.
3. Develop a matrix representation of the continuous time differential equation as well
as the discrete time recursion (both annual and h—yearly cash flows) that allows for
the use of MATLAB or similar software for ease of computation of Z(Tt(/ )
of a backwards in time differential equation or a recursion.

4. Demonstrate the setup of the computations in the form of two examples in Section 6.

as the solution

Risks 2021, 9, 169. https:/ /doi.org/10.3390/risks9090169

https:/ /www.mdpi.com/journal/risks


https://www.mdpi.com/journal/risks
https://www.mdpi.com
https://orcid.org/0000-0003-1680-6706
https://doi.org/10.3390/risks9090169
https://doi.org/10.3390/risks9090169
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/risks9090169
https://www.mdpi.com/journal/risks
https://www.mdpi.com/article/10.3390/risks9090169?type=check_update&version=3

Risks 2021, 9, 169

20f19

Since the derivation of the models is a big task, we focus mainly on the derivation
of the continuous and discrete time models in this paper for a general setup of benefits

and premiums. The actual computation of 2 ( ) for all time t is a matter of solving a
system of coupled differential equations. We tackle that issue in a separate paper in the
future with numerical computations. However, we do demonstrate the usefulness of the
two models derived by setting up the differential equation and the recursion respectively,
for two situations. To our knowledge, this is the first time a general insurance model that is

conducive for computation of the variance of loss (7( /) has been derived.

In line with (Dickson et al. 2020, chp. 8), we con51der a multistate model with m + 1
states labeled as 0, 1, . . ., m with instantaneous transitions possible between pairs of states.
We use Y (t) to represent the state at time instant . {Y(#)};>¢ is a stochastic process for
t > 0 (continuous or discrete time depending on when we choose to make observations),
with Y(t) = i to mean that the individual is in state i at age x + ¢ (initial age is taken as x).
We refer to Appendix A for notation and assumptions used in this paper.

We end this section by stating some /1—yearly relationships between the LE ) and LE ) W
which can be easily derived by drawing a timeline for the interval [t,t + /] and marking
out the outgo and income:

+ U L0y npW iy (E+ k) = k given Y(t) = . 1)

' (j
LEJ) o" (hB,’ ! t+h T Lin

t+h

As a result, the h—yearly relationship between Vt( »

expected value of Equation (1) as follows:

and V i, can be derived by taking the

4 y L .
= o Z px+t t+h + Sg—z + Vt(+)h) - hpt(])' 2)

The paper is organized as follows. In Section 2, we explicitly derive discrete recursive

2,)

relationships for 2o,
()

evolution of Z(Tt using the h—yearly recursion derived in Section 2. In Section 4, we restate
all the theorems with matrix notation. In Section 5, we briefly discuss possible terminal
conditions that can be used to back-propagate the Hattendorff recursion and differential
equation derived in Section 3. In Section 6 we apply the continuous time differential
equation and the discrete time recursion to the disability insurance model to demonstrate
how to set up the differential equation and the recursion respectively for computation
using software. Finally, we conclude with some remarks in Section 7.

In Section 3, we derive the differential equation describing the

()

2. Discrete Recursion for 20,
In this section, we derive several discrete recursions for the variance ZO't(] ). First,

i)

we derive an h—yearly recursion for %c,

Theorem 1. Assume that Notation A1, Assumption Al and Notation A2 are true. Then, the fol-
lowing h—yearly recursion of 2(71‘(] ) holds.

k ik il ik )72
Z px+t cal '2‘7t(+)h + gé:l hpi(-H’ hpic+t02h [(Wfiﬁ - Wfi% : ®)

Proof. Since,

(L§f>)2 ( nrB® 4 g0 | p®

1P with probability ;p/
t+h trh T t+h) t ,  with probability ppy 4,
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we know that
N2 =k k ik k M\ 2
(L) = Bk (0t s+ 15100
I e (k) i\ 2
= kgo |:hpx+t v Oppn t px-H( Vien T T ) ]'

Pt(j)) and 20 k) _ = Var(L £+)h)

k _ h (jk)
where T = o"(hB®) + 5 Opn =

t+h
Since the expected value is given by

. m ik .
E(Lg])) =Y WPt (v Vt(+24 + TJk)’
k=0

we have

(rs) = (B ovth 7))

Thus,
260) = Var(LD) = E(Lp)z _ (E(Lm))Z
= 2 px+t02h 2 t+)h
2
+ ): hpx+t( Vt(fh + TJk) (Z px+t( t+h + T]k)>
= Z px+t02h 2 t(Jkr)h
2
m . N2 m . .
+ Z hPQkH(U’k) - <kz hpick-s-tu]k)
0

. N\ 2
= E px+t02h 2 t+h+2hpx+t(u]k_u]l) ,

where Uk = o' Vt(& + T/¥. Here, we have used the fact that Y, hpikﬂ = 1in the last step

above.
Noting that
ik i _ [y 0 (k) (jk) (b
ur—ul=o {(Vtﬂq — Vi h(Bt+h t+h) S St+h}
we have

k
2 Px+t o2 t(+)h

k ! k i 12
+k2#hpx+thpx+tv (v, = v, + (B, - B, + 85 - sUh ]
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So,
2 () _ N~k on 2 (%) _ i ]?
oy = ZhPx+t‘v t+h+2hpx+t hPx+tU [(Wt+h_wt+h

k=0
]
(1)

Next, we obtain an annual recursion for 20,’’ as a corollary.
t Y-

Corollary 1. Assume that Notation Al, Assumption Al and Notation A2 are true. Then the

following annual recursion for zat(j ) holds:
l
Z Pl o 2‘7t+1 T E px+t Phas? [(Wt(ﬂ) Wt(i”

_ i 22 2 2 (jk) (j1) 12
= picjﬂv ‘7t+1 + E prrtv ‘Tt+1 + Z F’x+t Px+tv [(Wtil - Wt]+1
K2

Proof. The proof follows by substituting # = 1 in Theorem 1. [

Finally, we derive an explicit annual relationship for (7( 7 that mirrors the traditional
Hattendorff recursion for the alive-dead model.

Theorem 2. Assume that Notation Al, Assumption Al and Notation A2 are true. Then the

following explicit annual relationship holds for 0'(] ):

2 () _ 2 2 _(7) 2 2_(k)
Opem =0~ pr+t+1 Ois t Z o™ (H px+t+z> Z px+t+n 1° ‘Tt+n

ik (j1) 12
Z 2 <H px+t+z> Z px+t+n 1 px+t+n 1 [(Wt(-]i-n) - Wt-]’r})’l

n=1

Proof.

2 () _ jj 2.2 2 2 (k)
Op " = Pxti? t+1+sz+tv T4

(=

k 12
+ ;Pﬁt Px+tv [ Wt(jrl) Wt(ii
k2l

2 () _ 2 2 (J) 2 (k)
T = px+t+1v +2px+t+1v ‘7t+2

(=

ik 72
+ Z px+t+1 px+t+1v {(Wt(iz) - Wt(i%}
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2 _(j) 2. 2,0) 2 (k)
O = px+t+2v Opiz T Z Px+t+zv Ut+3

(=

1
+ 2 Px+t+2 px+t+20 [(Wt(Jr?z Wt(i%:|

2 () _ ji 02 .2 2. 250
Ot¥m = Pxtt+m? ‘7t+m + Z px+t+m COtm+1
k#}
(jk) G 12
+ ]; px+t+m px+t+mv [(Wt+m+1 Wi

The theorem then follows by recursive substitution of the equations above. O

3. Hattendorff Differential Equation
()

In this section, we derive a continuous time differential equation satisfied by ?c,

Theorem 3. Assume that Notation A1, Assumption Al and Notation A2 are true. Then 2(Tt(j )
satisfies the following differential equation:

d
Ezgt( =26+ Y., W) =Y. W2 ot
k#j k#j
N 2
- ZVert (W(]] t(]l)) .
I#]

Proof. Let us reconsider Theorem 1:
2,00 _ i 22, 22, k) _ D12
(Tt] = hP;]HU t+h + Z Px+tv t+h + thert hPertv (Wt—]&-h - Wt-]i-h] .
kAl
k%/
With a bit of algebra, we have

() (7) jj
§ tih 20,/ _ 2 [1—hl7g+t02h]

h — Tt+h h

ik il
et on 2 (k) K 1Prest o[ 0 ]2
-2 Z v ‘Tt+h_k§1h X+ ; v [(Wt+h _WtJrh} :

k=0
k2]

Of course, we will let i approach zero and determine the limit of this expression.
To organize our thoughts, note that
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ik
. hPxtt ik . iii . ik
Iim —— = ,  lim =1, and lim =0.
h—0 Harrr I 1P np P

We will first tackle the limit of the first term on the right. Please note that

d 4 2y = d (672{5}1) 52 _ g2

dh dh
We will also need to recall Kolmogorov’s Forward Equations. That is,
d i
7 (th ) = Z { th F‘x+t —tPx ‘uert}

k#j
and hence

an (hpyﬂ) = k; [hPi+th]+t+h - hPy+tV;+t+h} :
j

We determine the following limit by applying L’'Hospital’s Rule.

1- hpgﬂvzﬂ {1 - hpx+te Zéh}
lim+———= = 1lim
h—0 h h—0 h

. . . , - —
- /%13(1) B [hpy+t(—25v2 ) + 07 g(hp£c+t?‘x]+t+h - hpgc]+tyic+t+h)]
k#j

=20+ Z I’lirt
j#k

As h approaches 0, we have

hP h
lim Z ;H o2 t+h = Z:uert t

h—)Ok 0
k#j
d
2 = (20 + Z P‘x+t k;: F‘Ht t
j
WPkt Pt ) v 3® g W) _ (il
: X X
- ,1113(‘) kgf A ((Vt+h ) +h(B t+h Bt+h) + (St+h o St+h))
ik
=(20+ Z Viwrt 2 F‘x+t t
= =
i ii iy 2
,l;yx“( Vt())+(5§ﬁ>75§m)>
j
=(20+ Z P‘x+t Z P*H»t
k#j k#j
~yl, (Wm t(ﬂ))?
7]

This proves the theorem. [

4. Matrix Representation

In this section, we rewrite some of the theorems in Sections 2 and 3 using the matrix
notation introduced in Notation A3. This makes the equations look more elegant.



Risks 2021, 9, 169

7 of 19

First, we use matrix notation to restate Theorem 1.

Theorem 4. Assume that Notation A1, Assumption A1, Notation A2 and Notation A3 are true.
—

Then the following h—yearly recursion for 20y holds:

2 o — i
2 2 2 2
0= 0" yPxit “0pn + 701y,

Proof. The proof follows by applying matrix notation in Notation A3 to Theorem 1. [

We obtain the following corollary for annual recursion using # = 1 in Theorem 4.

Corollary 2. Assume that Notation A1, Assumption A1, Notation A2 and Notation A3 are true.
—_—

The following annual recursion for >c} holds:

— = — —

—
2 2 2 24 2.4 2 2
01= 0" Pyyt- “0p11 + “03 =707 1 +1Expt 0141 .

Next, we obtain the matrix version of Theorem 2.

Theorem 5. Assume that Notation A1, Assumption A1, Notation A2 and Notation A3 are true.
—

Then the following explicit relationship for %o} holds:

2 _om 2 Nom 24
01= TBait 20res + ) Brs 20y -
=0
Proof. Using the recursion from Corollary 2 we have
— — — — —

2 2 2 2.4 _2 2 2 d
0= 0" - Pyyt “0p1 + “03 1= 1Exqt “0p41 + “07 4

— —_  — —_—

2 2 2 24 _2 2 2 4
Orp1= 0" Prypi1 “0ri2 + “01 0= 1Exrt11 “0h2 + 045

— —  — — —

2 2 2 24 _ 2 2 2 4
Otp2= 0" - Pyypyo “0p13 + 7075 3= [Extr42 “0143 + 0743

The theorem follows by recursively substituting these expressions into the first equation. [
Finally, we rewrite Theorem 3 in matrix form.

Theorem 6. Assume that Notation A1, Assumption A1, Notation A2 and Notation A3 are true.
ﬁ
Then, 20y satisfies the following differential equation.
d — — 7
i (zUt) = My 201 — Hstt
Proof. The theorem follows by applying Notation A3 to Theorem 3. [

5. Terminal Conditions

In this section, we introduce terminal conditions and outline the steps involved to
—

compute %0y numerically.
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5.1. N Year Term or Endowment Insurance

We consider end conditions for an N year term (no survival benefit) or endowment
insurance (survival benefit). In this case, all benefits at the end of the term are certain and
—_—

—_—
hence the variance equals 0. That is, 2o5= 0 .

5.1.1. Annual Case

For yearly cash flows, we have s = N — f in Theorem 5

— — N—-t-1 -
2 2 2 2 2
0t = N—iExtt “ON + Z T Exqt (Tﬂrl“
1=0
p— *
= 1 Extt 20314 *)
1=0
— N—t-1 —
2 d

_ 2 2 d
=041 + 1Extt "1 141
1=1
—  N=t-2 —
=257 . + Z 2 Fayt20f Letp=1-1
=0 p+1tx+t Otypio p=
p=0
24 NN 2 24
=*0ia+ ), 1B tp By 1 0py o
p=0
24 2 N2 2 d
=701 T1Exrt pExti41 Tt pio
p=0
— —
zz(fﬁrl 2Bt t 20141 follows from (*).

Thus,

2 24 op 2
O =011 F1Bxtt "0 - (4)
This equation can be used to go backwards in time recursively.  Note:

—
d

—
t+1V= |11 v©), 41 v, ., 1 V()| is needed to calculate 2‘7t+1 so this is coupled with
the recursion for ;1 V.

We also note that from Equation (*) above we obtain the generalization of the scalar
Hattendorff relationship that is widely celebrated to the multistate case.

Theorem 7. Assume that Notation A1, Assumption Al, Notation A2 and Notation A3 are true.
Furthermore, assume an N— year term insurance for the multistate model for yearly cash flows.
Then, the following relationship generalizes the discrete Hattendorff theorem for the alive-dead

model:
—  N-—t-1 -

2 2 2 4
o= ), Bt ’0fyg -
1=0

5.1.2. Continuous Case
Recall that the Hattendorff differential equation derived earlier in Theorem 3 is

i — ?
2 2
o 0= Myt “0r — Poris -
—
2 —

For an N year term or endowment insurance, “ony= 0 , so we can use this fact to solve
the differential equation backwards in time with this as end conditions.
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In general, we will need to use Matlab or similar software to compute the solution.
Let ®(t,tp) be the fundamental solution, which can be computed separately and
stored, as follows.

d .
73 (@t h0)) = Muyr - O(tfo);  with  ®(to, to) = Lt (5)
Please note that ®(t, tj) is invertible for all £ > 0.
Additionally,
— — ¢ —
2= (1, tg) 20n, —/t Dty + £ — s, to) . ds.
0

In other words,

— — .t —
2g1,= ®71(t, to) 207 +D (1, to)/ D(tg +t —s,ty) ul, ds.
Ji
—
Again, for an N year term or endowment insurance, 2ony= 0, so with t = N above,

we have the following;:

— ot —

20'150: <I>_1(t, to) / D(tg+t —s,tp) ,’l/l',i(Jrs ds.

Jtg
The above equation generalizes the scalar Hattendorff equation to the multistate continuous
case, so we state it as a theorem below:

Theorem 8. Assume that Notation A1, Assumption A1, Notation A2 and Notation A3 are true.
Furthermore, assume an N — year term insurance for the multistate model for continuous cash flows.
Then, the following relationship generalizes the discrete Hattendorff theorem for the alive-dead

model:
— t —

20}0: o1 (t, to) / Cp(to +t—s, to) IuiJrS ds. (6)

fo

—
We can use any of the quadrature approximation formulas to compute 203, as a
—

function of ty (or 20y as a function of #) in Equation 6. Alternatively, the solution of the

differential equation in Equation (5) can be directly computed backwards in time using
—
2

MATLAB or similar software with the terminal conditions “ony= 0 .

Please note that

@7t tg) = ¢ P, ] (1 ko),
where | is a matrix.

5.1.3. Alive-Dead Model Continuous Case

The discrete case for Hattendorff recursion is well known for the alive-dead model.
We choose m = 0 in Theorem 3 to derive the scalar counterpart of Theorem 3 as follows:

d

a(szt) = (20 + patt)?0r — Pt (St — ¢V)? (7)
Let
T
Then,
t t
i(zm)f Jg@otpesdds _ = Jyg (ZHVHS)dSP‘xH(St — V)%,

dt
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whose solution is

t
201, = 20 Uz(tito)t—tgpx—l—to +/t Uz(uftO)u—tOPxHO(Su —uV)?)du.
0

For an N year term or endowment insurance:

Thus,

U'NZO.

2 ! 2 7
O'to — 0 (uf 0)
to

u—toPx+tg (Su - uV)2>du/

which can again be computed using any of the quadrature approximation formulas.
Alternatively, the differential equation (Equation (7)) can be directly solved backwards in
time using the terminal condition 2oy = 0.

5.2. Whole Life Insurance
We now specialize the previous results for the case of whole life insurance both for
discrete and continuous time.

5.2.1. Annual Case

For yearly cash flows, we have the following:

— — N—-t-1 -

22 2 2 2 4
o= N_Bxit 2on + Y TExrs 20f g 8)
1=0

For whole life insurance, it is reasonable to assume that as N approaches infinity,
4)

|3 Exrs 2on || = 0.

Then we have the following generalization of Hattendorff equation for the multistate
insurance model:

— (¢S] d—)

2 w2 2

o= ZlEHf Otii+1 -
1=0

N
To compute 207, we could choose N large enough and compute the backward recursion

given by Equation (8) backwards in time with the end condition ZUN:F.

5.2.2. Continuous Case

We recall the variation of parameters solution formula for the differential equation
given by Equation (5):

— — —

t
201,= D L(t,tg) 2or +@ (1, to)/t D(t+tg —s,ty) ul,s ds.
0

—
We can reasonably assume that [|®~1(t,t9) 20t || — 0 ast — oo, especially since
Ot tg) = e~ 2(t=t) [, 1 ](t,tg). Then, we have the following:

geel

—
201,= @71 (t, 1) / D(t+tg — s, ty) ul, s ds.

to
We can use quadrature formulas to compute the above equation. Alternatively, we
could also choose T large enough and just simulate the solution of the ordinary differential

— —
equation given by Equation (5) backwards in time with 2c7= 0 as end conditions. This,
in turn will be a good approximation.
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The above work illustrates that we have extended the Hattendorff differential equa-
tion that describes a life that makes transitions to multiple states. During that process,

a Hattendorff recursion for the annual and i —yearly evolution of 20}(]' ) for annual cash and
h—yearly cash flows respectively, along with terminal conditions has been developed.

6. Examples

In this section, we demonstrate how we can set up the recursion or differential equation
as the case might be, with two examples. We have deliberately chosen not to carry out
computations because software such as MATLAB or something similar can be used to
compute solutions of differential equations and recursions very easily given the terminal
conditions. The goal is to use the given basis in the examples to set up the differential
equation or recursion for the model illustrated in Figure 1. We have deliberately avoided
explicit numerical calculations as it is our intention to demonstrate numerical experiments
in a future paper.

In both examples in this section, we use the disability income insurance model shown
in Figure 1, where state 0 is the “alive” state, state 1 is “disabled” where the disability is
temporary that can be moved out of, and state 2 is “Dead”. State 0 and 1 can be visited
multiple times (indicated by the double arrow); however, state 2 is an absorbing state,
i.e., once in state 2, the process terminates. We also use the standard actuarial mathematics

halo notation where y/ stands for the force of transition for a life aged x from state i to
state j, @) .t is the expected present value of benefit for a life aged x for being in state j at

time ¢ that was initially in state i where the benefit is paid immediately, and A} 4t is the
expected present value of a transition benefit for a life aged x that was originally in state i
at time 0 and has transitioned to state j at time t. The values chosen for the insurance basis
in both problems are typical values in actuarial mathematics. Our main goal in this section
is to demonstrate the usefulness of the two models derived by showing that they can be
rewritten in the form of coupled differential or difference equations that can be used for
computations easily.

0 1
Alive Disabled
2
Dead

Figure 1. Temporary disability income insurance model.

6.1. Example 1: Continuous Time Disability Income Insurance Model

Consider a disability income insurance model with the following transition rates:
P‘%H = 0.05, P‘%H = 0.25¢, .“%8+t =025, jghy, = 0.04t.

The valuation force of interest is 5%. You are also given:

a% =5.1716, a%h = 0.8430, A% = 0.6980, ) = 4.8201, A% = 0.7350,
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2% = 2.4769, a% = 02012, A% =0.8659, ai) =0.1051, a3 = 1.8528, AL =0.9017,

and
1072 = 0.18314, 19p% = 0.06181.
A 10-year health insurance product has the following features:

- The product is issued to lives aged 60 in the healthy state.
- The product pays a death benefit of 5000 at the moment of death.

- The product pays a continuous disability benefit at a rate of 750 per year while the
insured is temporarily disabled.

- Net premiums are payable continuously while the insured is healthy.
- The product pays an endowment of 1000 if the person lives beyond 10 years.

The net premium can be computed using the Equivalence Premium Principle that is
assumed to be at a rate of P = 695.64.

By Thiele’s differential equation, we have the following:

4 (vO) =6y 4P 1 (5 v - vO) B (50 4 v yO))

= (0.05) - V(0 + 695.64 — {0.05(0 + v —, vy 4 0.025¢(5000 + V) — tv(°>)}

= 695.64 4 V(9 (0.05 + 0.05 + 0.025¢) — 0.05; V(1) — (0.025¢)(5000)
= 695.64 + V(9 (0.1 4 0.025¢) — 0.05 -, V(1) — 125¢.

We also have the following for tV(l):
Please note that ;V(2) = 0 for all t > 0.

(V) =60 B {8 (507 4 v v D) 4l (502 4 v - D))
= (0.05) - vV 4750 — {0.025(0 +,vO© —,v() 4+ 0.04£(5000 — tV<1))}
= (0.05 +0.025 + 0.04¢) - V1) —0.025,V(©) — 750 — 200¢
= (0.075+0.04¢) - , V1) —0.025,V() — (750 — 200¢).

Thus, Thiele’s differential equation can be written as
Since tV(z) = 0 for all f > 0 we have no need for a differential equation.

N —125¢
695.64 — (750 + 200¢) |’

4
dt

V()

V()
v

V()

| 0.1+0.025¢ —0.05
N —0.025 0.075 + 0.04¢

Terminal Conditions: 10V(0) = 1000 (Endowment)
] VW =0

Now let us consider Hattendorff’s differential equation.
Recall that 6 = 0.05s026 = 0.1.

Now,

(0) (0)
[ [l ] [
ar 20} = ~He0+t (20 + Moot T Heore)  —Heore ZUt

2,2 0 0 20 2,2

t t

0 ! ol
Y40 V%H(Vtil; - (V{l; - S%ll;»z
Y41 ;ué(l)+t(vt(2) (Vt(l) - szz)))z
Y 1E0 4 (V v, —87))?
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Additionally,
01 02 10 12
s = 0,5%) = 5000, = 0,5 = 5000,
and ‘ ‘
Wt(]l) _ VtU) _ SE]l).

Therefore,
L[ 0.1+ 0.05 + 0.025¢ —0.05 —0.025¢t 1 [ 20"
| | = ~0.025 0.1+0025+0.04t —0.04t || 251

2,2 0 0 0.1 2,(2)

t t

0.05(v% — vV2 1 0.025¢(5000 + V) — v,2))2
— | 0.025(v" — v©2 1 0.04¢(5000 + V) — V)2
0

Terminal Conditions are as follows:

o) =2l =%of) =0

We end the example by stating the following:

1. V() can be solved by solving Thiele’s differential equation backwards in time with
terminal conditions. The solution can be stored in memory.

2. Z(Tt(] ) can be solved by solving Hattendorff’s differential equation backwards in time with
terminal conditions. This step will require the solution of Thiele’s differential equation.

3.  Both the previous steps can be easily accomplished using MATLAB or similar software.

6.2. Example 2: Discrete Time Disability Income Insurance Model

Here are the assumptions for this case.

1.  Assume same y’s as in Example 6.1.

2. Assume an annual premium of P = 700 paid at the beginning of year; 10-year term;
policy issued to 60-year-old.

3. Death benefit at end of year of death (state 2) = 5000; S\ = S\1%) = 5000.

4.  Disability benefit at end of year if disabled (state 1) at end of year is Bt(i)l = 750.

5. Premiums paid at beginning of year if healthy.

6. Endowment of 1000 in healthy state 0 at t = 10.

To compute probabilities, we will use Kolmogorov’s equations. Please note that

_ 10 11 12
tPeo = | tPey tPe0 tPg0

2
tPe0  tPs0 tPe0r

00 01 02
tPgy  tPe0 tPéO]

and
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[ _1%2(1)+t - V2(2J+t Vg(lJTt V%éﬂ
Qo0+t = | Heout M0+t — Ho0+t :u6OELt
20 21 ey |
L He0+t H60++ Heo+t — Moo+t
[ —0.05 — 0.025¢ 0.05 0.025¢
= 0.025 —0.025 — 0.04t 0.04¢
I 0 0 0

Kolmogorov’s equations are as follows:

d

a(tpm) = Pe0Qs0+£; oPeo = I3,

fort=1,2,3,...,9,10. This can be solved easily using MATLAB. Next, we compute the
recursion for the policy value ; V). That is,

2
k k k
VO = Z P%H : v(Bth + 5531) + Vt(+)1) - Pt(O)
k=0
0 00 0 1 01 1
= P28+t : U(Bt(+)1 + S§+1) + Vt(Jr)l) + vpgé+t(Bt(+)1 + S£+1) + Vt(+)1)

2 02 2
+opB (BE, + 5% + vy — 700

0 1 2
= UP28+tVt(+)1 + Upg(lJ+tVt(+)1 + vpgé+tvt(+)1 + UP2(1)+t(750) + UP%H(E’OOO) — 700

0 1
= UP28+tVt(+)1 + UP2(1J+tVt(+)1 + UPg(lJ+t(750) + UP%H(WOO) — 700,

and
2
k 1k k 1
v = Z P%H 'U(Bt(Jr)l + SEH) + Vt(+)1) - Pt( )
k=0
0 11) ., (1 2
= vpéngtVt(Jr)l + vpéO-‘ZtVt(Jr)l + UP%%+tVt(+)1 +UP%8+t(0) + vpé(1)+t(750) + UP%%H(WOO)-
\W_/
—0

Since ;V(@) = 0 for all + > 0 there is no need for a recursion. Thus, we have the
following recursion:

(VO 12V opd.,(750) + vp%, ,(5000) — 700
VO | =0Peors | VD | + | oply,(750) + vpis, ,(5000) ,
Vv 1V 0

with the following terminal conditions for policy values:

10V© 1000
wv® =1 0 |.
10V®@ 0
N
Next, we compute the recursion for 204.
Recall the following;:
.
25— 2Ut(0),2at(l),20t(2)}

and
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208 — [2Ut(0),d,2 (1) 2 (Zd)}

From Corollary 1,
%0, t =2 Y 2 el (WEE — W),
k£l
where
_ /(0 (0) (00) __ 1,(0)
Wt+1 Visi + B =S = Vi
WL, = Vi3, 750 0= Vi3 70,
and
_ (2 (2 (02) _
Wt+1 = Vi + By — Sppp = —5000.
Thus,
2 _(0)d 20,00 01 (0 (1) o5gy2 00 02 /0 5500 20,00 02 /(1) | 5osgy2
o " =0 (PeostPeort(Vigh — Vi )=+ Poo+tPeo+t(Vigq + )2+ 0% (P24 P60 44 t1 T )%)-
We also have the following:
1),d
2‘7t< =2 ZP%HP%H(W}H Wt+1) ,
kAl
where
_ /(0 (0) (10) _ 1,(0)

Wt+1 Vt+1 + Bt+1 - St+1 - Vt+1f

wil, = v 1750 —0= v 4750
1= Vi t+1 ,

and
2 2 12
Wt+1 = Vt(+)1 + Bt(+)1 - SEH) = —5000.
So,
1),d 0
Z‘Tt( M — Uz(P%8+tP%(l)+t(Vt(+)1 - Vt(+)1 —750)% + p%8+tpé%+t(vt(+>1 +5000) + UZ(P%(l)thPé%H(Vt(Jr)l +5750)2).
Additionally,
zat(z)’d =0.

—
The recursion for 2¢; is given by

2,0
2 1 2 2 a4
o= fot( )| =0 Peott “0r41 + "7 -
2
2‘7t( )
—
Terminal conditions: 2079= 0 .

We end the example by stating the following:

P; is obtained from solving the Kolmogorov equations in forward time with
initial conditions.
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2. 4V is obtained from solving the annual recursion for V(1) backwards in time with

terminal conditions.
— —

3. 20y is obtained from solving the annual recursion for 20, backwards in time with
terminal conditions.

4. All the previous three steps can be easily accomplished using MATLAB or
similar software.

7. Conclusions

In this paper, we have explicitly derived a Hattendorff differential equation that
describes the continuous time evolution of the variance of the loss at time ¢ random variable
given that it is in state j denoted by zat(] ) for continuous cash flows, along with terminal
conditions. In addition, we have also derived a Hattendorff recursion for the annual and
h—yearly evolution of Z(Tt(] ) for annual cash and h—yearly cash flows respectively, along
with terminal conditions. Both derivations were carried out in the general setting of a
multistate Markov insurance model. In both cases, the equations are coupled with policy
values which are in turn solutions of either the Thiele’s differential equation in continuous
time or a policy value recursion in discrete time.

We have also developed a matrix notation to easily adapt the differential equation
and recursion for programming into MATLAB or similar software. We have shown the
adaptation and closed form expressions for the differential equation and recursion for two
examples. Differential equations and recursions are easily solved using MATLAB and
hence, the setting lends itself into easily programmable calculations for zat(] ),

We conclude by stating that all four objectives stated in the beginning of this paper
have been achieved. In addition, to our knowledge, such an explicit derivation of both
the continuous and discrete time models governing the evolution of zat(] ) that is very
conducive for computations on MATLAB has not been shown before. In a future paper, we
will demonstrate the use of the development in this paper to create numerical routines that

can be adapted for a variety of insurance problems.
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Appendix A. Assumptions and Notations

We introduce the following notation for states i and j and ages x > 0 as in
(Dickson et al. 2020, chp. 8):

Notation Al.
1. 4pl = Pr[Y(x+t) = j|Y(x) = i]. This is probability that state of the process at time t is j
given that the state at time 0 is i.
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ipl = PrlY(x+s) = iforalls € [0,t]|Y(x = i)]. This is the probability that the state
resides continuously in state i from time O to time t.
.. ij
Force of transition: 3 = lim,_,q+ WPE fori # j.
L(j)

Future loss random variable for a policy which is in state j at time t

(] )= E [L( )] Expected present value of the future loss random variable at time t given that
the state at time t is j.

(Tt2 W = Var[LEj )]. Variance of future loss random variable at time t given that the state at
time t is j.

For simplicity of notation, we will simply write Y (t) instead of Y (x + t), with the as-

sumption that the policyholder is of age x at ¢t = 0. We also make the following assumptions
as in (Dickson et al. 2020, chp. 8):

Assumption Al.

1.

(Markovian assumption) For any states i, j and times t and t + s, the conditional probability
Pr(Y(t+s) = j|Y(t) = i] is well defined and is independent of the knowledge of the process
before time t.

The probability of two or more transitions in a time lnterml hiso(h).

For all states i and j and all ages x > 0, we assume that ¢ px is a differentiable function of t.
For simplicity, we assume that there are no expenses although expenses can be easily incorpo-
rated into the formulation.

For simplicity, we assume a constant interest rate i although a variable interest can be easily
incorporated into the formulation.

We also make the following assumptions and notation on the payments for h—yearly

cash flows:

Notation A2.

1.

We assume that for the discrete time payments, the payments depend at most on the state of
the process Y (t) at the start and end of the period between cash flows.

hPt(j ) amount of premium payable at the start of the interval (t,t + h) given that Y (t) = j.
Pt(] Visa premium rate which is differentiable with respect to t.

hBt( +)h_ benefit payable at the end of the interval (t,t + h) given that Y (t +h) = k. Bt(k) isa

benefit rate which is differentiable with respect to t. Additionally, for consistency we have

hm BEJF)h = —Pt(k).

We allow for the mathematical possibility that Bt(i)h and Pt(k) both exist in the time interval
(t,t + h) as benefit rate at the end given Y (t + h) = k and premium rate at the beginning
given Y (t) = k respectively, with the understanding that one or both can be zero for a given
state k.

SEH)[ lump sum benefit payable at the end of the interval (t,t + h) if Y(t + j) = k, given

that Y (t) = j. Here we allow SE{H{ to be differentiable with respect to t and allow j = k as a

mathematical possibility as well, with the assumption that for small h, S, Ui )h = hBt(Qh, and
hence

(i)

0; lim M_B()

1 S(]])
1m h—=0 h

=
We include terms of the form St]] for symmetry in the derivation, with the understanding

that St(jj ) = 0 since St(j K is in principle, a benefit paid upon transition from state j to state k
with j # k, and hence is equal to zero when j = k.
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jk) (k) (k) _ gUk) (k) _ 14 (k) _ 00 _ (k)
5. Wedefine t+h_Vt+h+hBt+h Sipa and W,’ ,lg(‘)wwh_vt -5/,
We introduce some matrix and vector notation that will be useful in Section 4.
Notation A3.
1. Represent the variance vector as
— — T
=Var(L)= [2Ut(0)’2gt(1)""/2gt(m) .
2. Let the (i, j)th element of the matrix ;P be given by
(hPJH-t) hPx+t
3. In this light, we have
2 () _ LA 2h wUk) (1) y2
Obn = V’”( t+h ) =v Z px+thpx+t ern — Wekn)™
where .
LEQ: =0 Wt(Hi with probability hp;kﬂ and ) WP, =1
k=0
4. Define the vector of variance of losses as
N —
0)d 2 _(1)d T
:Var(L’Z): {Zat( ) ,2O't( ) , ...,zat(m) } .
—
5. Define the j-th element of the vector y? L4 a8
a ()2
{P‘x+t} Zyx+t - W2
il
6.  Define the (i, j)—th element of the matrix My ¢ as
ik e
26 + ! ifi =
(Mx+t)ij — { i Zk;él Myt f ‘ J .
Mt ifi#]
7. Mis in terms of known matrices. That is, define
Vgt = Z Vx+tr
then define the (m + 1) x (m + 1) transition intensity matrix
i, ifi=]
{Qust}y; = e
g ‘ux—l-t lfl 7& ]
So,
Mt = 2641 — Qe
where 1,11 represents the (m + 1) x (m + 1) identity matrix.
8. Define the matrix discount factor as

2 21
TExyt = 07 1 Pryt.
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The matrix discount factor can be factored. Recall that
2Byt = 0"y Py

and
2 2n
aBxpr = 07 Prys.

Therefore,

2 2 2m 2h
mEX—l-t : nEx+t+m =0 me+t Y an+t+m

2
=0 (m+n)me+t 1 Pytitm

2(m+n)

=70 manPxit

_2
- m+n]Ex+t'

Since v and p satisfy |v| < 1 and |nPZ+t‘ < 1, we have the following:

i 2
Ay e =0
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