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Abstract: In this paper we present the analogous electrical model for analyzing and
determining the precise time dependence of concentrations in general first and zero order
chemical reactions. In addition, the applicability of this analogous electrical model for
investigating the optical and bio chemical processes is also presented. By constructing the
proper analogous electrical circuit experimentally or with the help of special electrical
software, the time behavior of the analyzed parameter even for extremely complicated
processes can be obtained.
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1. Introduction

The kinetics of chemical reactions is usually described by a set of differential equations where the
rate of the reaction is a function of concentration. The general form is defined by [1]:

r:ZI:klljlc;” 0

where r is the rate (the time derivative of the concentration), ¢ is the concentration, n is a constant
named the reaction order and £ is the rate constant. The multiplication index j is related to the number
of components taking part in the reaction and the summation index / is related to the number of
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possible chemical combinations. The rate equation can be used to analyze a temporal progress of a
chemical kinetic reaction and to define, for instance the concentrations or pressures values taking part
within the reaction chain. Most of the kinetic reactions can be decomposed using a much simpler
equations than the general form and accept the behavior of the first and second orders differential
equations or a set of such equations. The simple linear differential equations are very easy to solve, but
a set of inter connected differential equations, which represent a series of reactions that might be in
equilibrium, can pose a serious obstacle for a solution [1,2]. However, the analogous approach can be
applied for solving this case, whereas each component of the analyzed system is represented by a
single electrical element. This appropriate element is selected in such a way that its voltage-current
graph is similar to the velocity graph of the chemical concentration counterpart (including the differential
relations). Such an approach had been tested before on mechanical, hydraulic [3], thermodynamics
systems [4,5], Proton Electron Membrane (PEM) fuel cells [6] as well as on conducting polymer
electrodes in electrolyte solutions [7].

In this paper, we present how a voltage can be used as analogous, among other for analyzing
the concentration of chemical kinetic reactions either by building a compatible electrical circuit and
measuring its output voltage time behavior or by using special electrical software [8]. By that, one may
know the time behavior of the concentration, at the equivalent chemical kinetics reaction. A simulation
tool such as PSpice software offers a friendly interface in which one may choose different electrical
elements (i.e., power/current sources, dependent sources, resistors and capacitors) and drop them along
the interface, while properly connecting them to each other. Then, the values of each electrical element
in the circuit should be defined. Finally, voltage/current probes should be placed at points of interest
along the circuit, whereas the simulation results will appear in a graph indicating the voltage/current as
a function of time at all indicated probes.

In addition, the analogous electrical model can be adapted also to other fields such as the rate
equation of atoms concentrations in laser as well as to investigate the time dependence of concentration
in biological and biochemical problems which are usually very difficult issue to handle. In order to
solve those problems a steady state assumption must be used [9,10]. Applying the suggested model,
for this type of reactions will generate the time dependence of the concentrations without any
assumptions. Please note that the proposed analogous electrical model is linear and simple and thus it
is suitable for analyzing zero or first orders chemical kinetic reactions.

Moreover, If a scientist would like to investigate a physical or chemical processes whose
parameters are unknown, he can build an analogous electrical circuit and study the output of this
circuit by changing the value of one of its components (as a resistor). The output voltage (which is
analogous to the examined parameter) will be obtained as fast as the speed of light. On the other hand,
the scientist may use the “hardware solution” of the analogous electrical model in order to either learn
about the behavior of differential equations having one or more symbolic parameters (i.e., one or more
of the process parameters are unknown) or to avoid the computational cost caused by solving complicated
equations. In Section 2 we present the simulation modeling of the analogous electrical model, while in
Section 3 we present the results and discussions. The paper is concluded in Section 4.
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2. Simulation Modeling

In this section, we present the analogous quantities of the electrical model related to the chemical
kinetic equations. The solution of the electrical circuit is achieved either by proper electrical simulation
software or by building the circuit experimentally and measuring its output. This procedure provides a
precise solution of the material concentrations as a function of time in the examined chemical reaction.
The proposed analogous model, described by Equations (2—6) defines the chemical components (i.e.,
left side of the equations) versus its analogous electrical elements (i.e., right side of the equations) is
as following:

c, [dleTV ()
1

k< 2C (3)

me g “

Vv, C (5)

Vyvei (6)

where, c is concentration in general and [A] is concentration of material A in moles per unit volume, V
is the voltage, k is the reaction rate constant, R is the electrical resistance, C is the capacitance, m is the
amount of moles, ¢ is the electrical charge, V) is the volume of the reaction, v is the reaction’s velocity
which is equal to v = d[4]/d¢ and i presents the current.

At first, we should examine the consistency of this analogous electrical model where:

=3 (7)
By applying the analogous model one may derive:

_4
V=c ®)

And this corresponds to the basic relation of a capacitor. Another example for the consistency of
this model is:

. dq
] =—
dt ©)

This relation equals to the definition of an electrical current. By applying the model one
obtains that:

0" i (10)

Since Vj is a constant, this relation can be rewritten as:

podfm)_de
e\ v, ) dt (11)
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Indeed this is the definition of the reaction’s velocity. Thus, it may be concluded that
chemical kinetic reactions can be represented by a simple capacitor—resistor circuit, which is very
simple to solve. By measuring or calculating a certain voltage over an electrical parameter, one may
know the behavior of the materials concentration as a function of time at the required examined
chemical component.

Figure 1 presents the analogous model for the most general first order reactions (i.e., reactions whose
differential equation is linear). The analogous circuit should be drawn according to the following rules:

1. For each chemical element a different analogous circuit should be drawn.
The circuit is drawn only according to the chemical reaction equations.

3. First a capacitor is drawn. The voltage upon this capacitor (¥¢) will be analogous to the
concentration of the certain element.

4. Each arrow getting out of this element in its chemical reaction equation will be represented by
a resistance in parallel to the capacitor. This is because each resistance is drawing current from
the capacitor, an effect that is analogous to the “chemical current drawing”, i.e., the
dec;)mposition of one element and the creation of a new one. The value of each such resistance
is e

5. Each arrow pointing toward our element will correspond to a controlled current source, parallel
to the resistance and the capacitor. Each current source like this will provide current to the
capacitor, a phenomenon that is analogous to “chemical reaction” supplied by the decomposing
element for the creation of a new element. The value of the current will be &;V; which is written
in the base of this arrow while pointing toward the new element.

Figure 1. A sketch of the most general first order chemical kinetic reaction.

In Figure 2 we present the analogous electrical circuit corresponds to the most general first order
chemical reaction shown in Figure 1. Figure 2a presents the analogous electrical model for the
chemical reaction of element X;, while Figure 2b,c present the analogous electrical model for the
chemical reactions of elements X, and X3, respectively. Please note, that the symbol of the current
source represents a controlled current source. This current source is proportional to a voltage applied at
different branch along the circuit.
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Figure 2. The analogous electrical circuits correspond to the most general first order
reaction. (a) Analogous electrical model for chemical reaction of element X;. (b) and
(¢) analogous electrical model for chemical reactions of elements of X, and X3, respectively.
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3. Results and Discussion
3.1. Chemical Kinetics Reactions

In order to substantiate the theory, we examined the applicability of the proposed method in the
most common chemical reactions based on the analogous relations presented by Equations (2-6).
Figure 3 shows the analogous electrical circuit corresponds to the zero order chemical kinetic reaction.

Figure 3. The analogous electrical circuit for zero order reactions.

AD) C  Veu

The electrical solution for this circuit is:

. dv,
lc = C% = —ls (12)
Thus
i
Vour () = Ve = Vo — =t (13)
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where Vou(?) is the desired output and V., is the initial voltage on the capacitor. After applying the
analogous model, Vou(f) corresponds to the concentration [4] and V.o corresponds to the initial
concentration of the decomposing material, thus:

[4] = [A]o— kt (14)

According to the dimensional analysis of the analogous model, the dimensions of & and = are
c

compatible. In addition, since LIPIN VLV = v the units of k£ and v are the same and equal to the chemical
¢ 0
reaction velocity (i.e., concentration/time).

In Figure 4 we present the analogous electrical circuit corresponds to the first order reactions.

Figure 4. The analogous electrical circuit for the first order reactions represented by a
resistor-capacitor circuit.

The solution of this electrical circuit is:

t
Vout (t) = Vc,Oe_ﬁ (15)

Which is exactly the solution for the first order reaction that equals to:
[A] = [Alpe ™" (16)

Figure 5 presents the analogous electrical circuit corresponds to the reversible reactions.

Figure 5. The analogous electrical circuit for reversible reactions.

- VB +
ib l¢ +
Ro N
Vin — Rf VC:: C Vout

Where, Vi, is analogous to the initial concentrations of A and B.
Vin © [A]o + [Blo (17)

The differential equation describes the electrical circuit of Figure 5 is:
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SRS VRN N s
dt dt C\Rp, R¢ CRy,
Using the analogous table one may see that:
1/1 1
E<R—D+R—f><:>kb+kf (19)
1
C_Rb & ky (20)

Thus, Equation (18) is exactly identical to the differential equation of the reversible chemical
reaction and therefore the analogous solution is identical as well. Thus the solution is:

t(1 1

[, 1 dmr)
Vin |CR, T TR, € d

v, = 4 (21)

1/1 1
E(R—;R—f)

Therefore, the equilibrium constant in this case is equal to:

[B] _ [Alo — [A] _ [Alo Vin
Koy =5 = = -1 —-1 22
KV R VY R V' v, 22
From Equations (21) and (22) for t— o one may get:
R, ks
R_f And k_b (23)

Thus, the equilibrium constant converges to the analogous constant of the electric circuit. The
voltages of Vg and V¢ represent the analogous time behavior for the concentration of material B ([B])
and A ([4]), respectively. One may see, that this circuit represents a more generalized case than the

k
previous one. For the case where R,— o (i.e., for k, = 0, the reaction becomes A = B) and there is a
complete converges to the first order reaction (as seen in the previous model shown in Figure 4).

A triple consecutive reaction described by A IE B k—c> C has been chosen. The reaction constants used
in the simulations are: ky = 0.1 [min '], k. = 0.05 [min'], [4]o = 1, [B]o = 0, [C]o = 0. Figure 6 shows
the analogous electrical circuit used for this reaction. Va, Vg and V¢ are the analogous voltages of
concentrations [4], [B] and [C], respectively. The circuit is designed according to Figures 1 and 2. The
output of the electrical simulation software is shown in Figure 7. The solid line presents the
concentration of element A, while the dashed and the dotted lines present the concentrations of
elements, B and C, respectively. According to [1], one may see the complete compatibility between the
desired output and simulation results.
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Figure 6. The analogous electrical circuit describing a triple consecutive reaction of
concentrations [4], [B] and [C] used in the simulation software.
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Figure 7. The output voltage (i.e., concentration) of elements [A], [B] and [C] as
function of time.

Typical consecutive reaction
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In [2] an experimental data was given for the vapor phase decomposition of ethylene oxide into
methane and carbon monoxide at 414.5° ¢ is shown in Scheme 1.
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Scheme 1. Vapor phase decomposition of ethylene oxide into methane and carbon monoxide.

The given data is related to the total pressure dependence upon time and since the reaction takes
place in a vapor phase one may apply the ideal gas law:

PV = nRT (24)
P = cRT (25)

where, P is the pressure, ¢ is the concentration, 7 is the temperature and R is related to the gas
constant. Thus, the total pressure is proportional to the total concentration. The model shown in
Figure 4 was constructed and the concentrations of CH4 and CO (the voltages that correspond to CHy
and CO elements) were added. The obtained total pressure is:

P(t) = Pye ® 4+ 2Py(1 — e ) = Py(2 — e7¥t) (26)
The rate constant k& (%) was adjusted in the electrical circuit in order to obtain compatibility with

experimental reference data. The constant that gave good compatibility was k = 0.0123 [min '], which
is indeed the correct rate constant of this reaction. Figure 8 shows the compatibility between
the experimental reference data and the measured analogous output (i.e., voltage) related to the
adjusted rate constant. The experimental data and the measured voltage were drawn in solid and
dashed lines, respectively.

Figure 8. Vapor phase decomposition of ethylene oxide. A comparison between
experimental data and simulation results acquired using the analogous electrical model.
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3.2. Opto-Chemical Analysis

The analogous electrical model for measuring and calculating the precise time behavior of
concentration in general chemical reaction has been shown in Section 2 and Section 3.1. Nonetheless,
the suggested model can be extended for investigation of optical and bio chemical processes.

The rate of the induced emission or absorption influenced by the power of the radiation'® can be
described by:

A

- 8mhtg,

i f g —vp) p(v)dv (27)
0
where 4,, 1s the wavelength of the radiation, y, is the spontaneous lift time of the level, g(v — v,) 1s the

chart of the atoms level spectral reaction, p(v) is the spectral structure of the illuminating radiation
J

m3 hz

having units of [ ], v is the radiation frequency and v, is the atom’s resonant frequency.

h = 6.626 x 107* [J'sec] is the Planck’s constant. The common case is related to a narrow band
illumination described by:

p() = p,6(v' —v) (28)

where d(v') is the delta function of Dirac. In this case the rate ; will be:

3
m

L= 8mhtg,

g —vp)py (29)

In the investigated example, a pressure broadening is assumed and thus g(v — v,) is:

Av
g —vy) = : o2
— )2 4 (22 30
271((1) Up) +(2)> (30)
where Av, = and 7., = YMET_ and M are the atom’s radius and mass, respectively, P is the
T 16VmPa?
col

pressure in the tube and 7 is the temperature. In the experimental simulation we assumed that the
material is illuminated at a radiation frequency that is near the resonant frequency of the atom v,
and thus:

vVMkEkT
g(U—Uo)z9(0)=m (31)

This model is applied on a four level laser configuration as illustrated in Figure 9.

Figure 9. The energy model of a four level laser.
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Where R is pumping rate of the laser. The material is illuminated with monochromatic radiation
with frequency close to v3, = v3 — vy and thus the induced emission and absorption occurs between the
second and the third energy levels. The rate equations’ are as follows:

dN; Ny
dt Top3
dN. N N.
2= 2 2 _WN, + W,N, (33)
dt Tops  Tsp2
dt Top2z  Tsp1
dN, N
—2=_1 _RN, (35)
At Tepq

where N; and 1, are the concentration of the atoms and the relaxation time related to the spontaneous
process at the i energy level, respectively. Another essential equation is related to the material
conservation defined by:

N=N0+N1+N2+N3 (36)

Figure 10 shows the analogous electrical circuit of a four level laser configuration.

Figure 10. The analogous electrical model of atoms concentrations at each one of the four
levels of the laser.
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3.3. Bio Chemical Applications
3.3.1. Bio Chemical Analysis of Kinetics of Cell’s Membrane

In this section, we analyzed the time behavior of concentrations flowing through a membrane. The

definition of flux, J is:

;| dm
] A=A Cuf

where u is the mobility, C is the concentration, f'is a force, / is the current, 4 is the membrane area and
m 1s the mass of the material. We will investigate two types of forces, a force coming from electrical
potential as well as a force coming from a chemical potential (diffusion). The force coming from
electrical field acting on a single ion is [11,12]

ZF dy

f= ~ N, dx (38)

Where Z is the valence of the material, F' is Faraday’s constant, Ny is Avogadro constant and y is the
electrical potential. The diffusivity is defined as:
uRT

=N (39)
where 7 is the temperature and R is the gas constant. Thus:
J=-C EZF e (40)
RT  dx
The flux coming from diffusion:
__wkrdc__ dc
/= N, dx b dx (41)

We will assume that the concentration of the material is changed linearly between the two sides of
the membrane as illustrated in Figure 11, thus:

(-G

J=-D (“2)

where Ax is the width of the membrane.

Figure 11. Schematic sketch of the concentration distribution assumption.

N
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The analyzed case is a membrane separating between two cells, whereas each cell contains different
concentrations of NaCl. We will denote the concentration of Na and Cl in the left cell as [Na']; and
[CI], respectively and [Na'], and [C1 ], for the right side, respectively. In our system, we chose the
interesting case where only the Na can penetrate the membrane and the Cl cannot. Due to the
diffusion, atoms of Na will penetrate the membrane and electrical field will develop. Eventually this
field will stop the diffusion potential and the membrane will be charged with electrical charge
according to the law of Gauss. Thus, producing an electrical field of:

_dp_o
E=—=- (43)

where o is the surface charge, ¢ is the dielectric constant of the membrane and v is the electric potential.
ZeV, ZeV,
A A

a ([Na*], = [CI"];) =

([Na*]; = [CI7];) (44)

Vi is the volume of the cell, 4 is the cross section area of the membrane and e is the electron charge.
The mass as a function of the concentration is:

m = CV,M,, (45)
where M,, is the molar weight of the material. The equation for the total flux is:
dC ZFCdy
=-D|\———5— 46
J b (dx RT dx) (36)
With our assumptions one may write the following set of equations:
[Na*], + + + + - (47)
dt = —K;([Na*], — [Na™]; )- Kp[Na*],([Na™], — [CI7]; )
[Na*]; — + + + + - (48)
==t = Ky([Na*], = [Na*], ) + Ko[Na*To([Na*], = [CIT, )
whereas K; and K, can be defined as:
AD
Kj=—— (49)
M, Vo Ax
2
= DFZ<e (50)
eM,,RT
The material conservations law is:
Na* Na*
[Na*], _ _[Na*l, s

dt dt

As shown before, the flux coming from the electrical field is proportional to the multiplication
between the electrical field and the concentration. The concentration of [Na'], was taken since the
right side of the membrane will be occupied only by Na" and the left side by C1". No Na" will be near
the membrane’s left side due to the rejection of the electrical field. Because of this reason, Cl appears
at the membrane’s right side. Equations (47) and (48) are being easily modified according to the
analogous electrical model. Thus, the analogous electrical circuits can be illustrated according to
Figure 12. All the capacitors capacity is V.
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Figure 12. The analogous electrical circuits of concentrations [Na']; and [Na'], related to
the flow through cell’s membrane.
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If the membrane is made out of metal, the equations become much simpler, since no electric

potential exists between the two cells:

[Na+]2 _ + +
dr —K;([Na*], — [Na™]; ) (52)
Na*],

[ Zt] = K,([Na*], — [Na*]; ) (53)

The conservation of material;

= — 54
dt dt ©4)

The analogous circuit for this case is illustrated in Figure 13.

Figure 13. The analogous electrical circuit of concentrations [Na']; and [Na'], that are
related to a flow through a metallic membrane.
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3.3.2. Osmosis Kinetics

In this case, we investigate an osmosis system in which the intermediate membrane is penetrable
only for water. The schematic sketch of the system is illustrated in Figure 14.

Figure 14. Schematic sketch of the osmosis system. The intermediate membrane is
penetrable only for water.

Water Solution

1 2

In the left cell, there is only water while on the right cell there is water and dissolved solid. In this
system the flux is [11,12].
du V, dP
J = cuf =pyu <E + @E) (55)

where p is the chemical potential (diffusion), P is the pressure, ny’ is the number of water moles
in cell number two, V> is the volume of the second cell and py, is the specific weight of water. We
will assume that between the two cells there is a linear change of the chemical potential and the
pressure. Thus:

dp  pa — i

or 56
dx Ax (56)
ap _ P~ P (57)
dx Ax

where, Ax is the width of the membrane. The chemical potential can be described using a known
relation of:

p = us + RTIny" (58)
where " is the molar fraction of water defined by:
nW
XY= (59)

n" is the number of moles of water and #° is the number of moles of the dissolved solid. Thus:
XW
o — My = lis + RTInyY — us — RTInyY = RTIn"%; (60)
1
Since in the left cell (i.e., cell number 1) there is only water y{° = 1. Thus, Using
X2 +x; =1 (61)

One may write
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2 — 1 = RTIn(1 — x3) = RTx; (62)
Now, we shall explore the pressure difference between the two cells:
P, — Py = g(pzhy — p1hy) (63)

where £, h, are the heights of the water level in each cell and p is the specific weight. Approximately,
one may write:

P2 = P1 = Pw (64)
where py, is the specific weight of water. Since:
Myyn"
Pw="—7 (65)

while M} is the molar weight of water and V is the volume. Specifically in our case V;, V> denote the
volumes of the left and right cells, respectively. Using

- %4
= (66)
The obtained heights are thus:

MW w

= 2w (67)
pr1
MW w

, = v (68)
prZ

where S is the surface area of water in the cell. We will assume that the cell has the same diameter and
thus, §) = S, = S. Approximately:

ny +n; = ny (69)

And the flux equations are:
wany _up,ARTn; — gAuMy

"2 g T T Mwhx + g (' —ni) (70)
dnY up,ARTn;  gAuMy

w____ - — _ W, W _ W

"2 Tae T T T Myax Axs  (amz —m) (71)

n3 is constant for the process and thus the equations may rewritten as:

W w
%=:—;+K2n‘f’—% (72)
dny  dn?
dc  dt (73)
where,
_ up,ARTn;

LT T MEAx 74
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_ gAuMg
27 AxS

(75)

Those equations can convert into the electrical circuits according to the aforementioned analogous
electrical model. The equivalent circuits are illustrated in Figure 15.

Figure 15. The analogous electrical circuit of number of moles n}’ and n}’ that are related
to the osmosis system analysis.

+ V2 K 1 VZ K 2 anllv
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Note that the capacitor whose voltage is analogous to the concentration n¥’ has the capacity of 75,
while the capacitor whose voltage is analogous to the concentration n}” has the capacity of V.

4. Conclusions

In this paper, we have presented the analogous electrical model for analyzing and determining the
time dependence of variety of applications in the fields of chemistry, biology, bio-chemistry and
optics. The main advantage of this analogous model is that it makes easier to investigate chemical or
physical processes whose parameters are unknown, by applying the proper analogous electrical circuit.
The latter allows one to study the output of this circuit by changing the value of one of its components
(i.e., aresistor). In addition, the analogous electrical system can be synthesized with the help of several
software packages, which were originally written for electrical engineering applications. Our duality
model can open a window for such design techniques in many fields instead of dealing directly with
differential equations. The output voltage (which is analogous to the analyzed parameter) will be
obtained as fast as the speed of light. The analogous model for the chemical reactions, opto-chemical
analysis and biochemical applications were demonstrated and discussed.
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