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Abstract: Profitably managing inventories is always a big challenge for retailers in the current context
of transparent and competitive business. A general retailer always needs to handle both deteriorating
and non-deteriorating products simultaneously to run a business. Deterioration of products some-
times impacts a retailer’s profits badly—a situation which can be alleviated by implementing proper
preservation technology. In addition, to improve profits and minimize costs, a retailer always seeks
some credit facilities (e.g., advance payment, trade credit facilities, etc.) from the supplier to continue
the business smoothly with minimum investment. Advance payment is renowned for preventing the
possibility of business orders being canceled and helping the retailer to minimize the risk of investing
significant amounts at a single time. The foremost objective of this research is to analyze the facilities
of advance payment and preservation technology investment and concurrent attempts to deal with
shortages. This study shows that, given the presence of preservation technology, the result of case II is
68.06% higher than that of case I, whereas when preservation technology is absent, the result of case
II is 71.93% higher than that of case I. The managerial insights of this analysis reveal that preservation
technology attempts to prolong product life by preventing deterioration, which contributes to the
retailer’s profitable business. On the other hand, in the case of an advance payment scheme, although
the costs are relatively high, the study emphasizes the importance of the advance payment facility as
it limits the risk of order cancellation and makes business more flexible for both supplier and retailer.
The proposed model is solved by the classical optimization technique. Some theoretical derivations
with numerical analysis support the model and provide some managerial insights for practitioners.

Keywords: inventory; deterioration; advance payment; partially backlogged; preservation technology

1. Introduction

Over the century, determining the order quantity of products (or lot size) for industries
has been the prime concern of inventory researchers. In inventory research, the author of [1]
first anticipated a simple economic order quantity model with consideration of holding
cost and ordering cost to determine an inventory’s order quantity. Over the years, many
inventory researchers have tried to modify great work represented by Harris [1], but very
few have successfully incorporated economic and non-economic attributes in the EOQ
model of [1,2]. Usually, there are many factors (e.g., deterioration, demand, credit policy,
etc.) affecting inventory models in daily life. So, a sustainable inventory has become a
challenge for today.
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The deterioration of products means the decay, spoilage, obsolescence, evaporation,
or degradation of product quality [3]. This is very common in the food industry, where
about 20% of food does not reach customers’ tables due to spoilage [4]. Most of the
products deteriorate over time, so preventing deterioration is always a crucial issue for the
retailer. Sometimes the mentioned attributes do harm to the retailer’s reputation and social
status. Thus, the significance of product deterioration has received much more attention
nowadays in contemporary research [5,6]. Recent advancements in technology provide
some flexibilities to the retailer for curbing the deterioration of products by implementing
preservation technology [7–9]. For instance, a deep fridge can slow down the process of the
melting of ice cream. Thus, reducing the deterioration of products increases the profits of
the retailer.

Enticing customers to make purchases by providing multiple offers is a strategy
practiced scrupulously in today’s contemporary transparent and competitive markets.
However, credit strategy is one strategy (e.g., trade credit policy, advance payment, etc.)
pursued to sustain the markets [10]. Due to the uncertain nature of demand and different
risk factors (e.g., lack of labor, weather problems, pandemics, etc.), it is almost impossible
for the supplier to predict how many customers will order a given item. Thus, to avoid
cancellation of orders and control default risk to entice customers, advance payment is a
well-known business tool. The authors of [7] suggested that advance payment could be an
extension to their model which used preservation technology to arrest the deterioration of
products. In advance payment, the retailer has to pay a fraction of the cost before receiving
the product, and the remainder is to be paid at the time of delivery of the products [11–13].
Both players almost equally benefit from the advance payments system, and it is most
suitable for businesses where huge payments are required. Our research objective is to
explore how efficiently the combination of preservation technology and advance payment
scheme works in building a sustainable and profitable business. The main contributions of
this study based on this objective are as follows:

1. This study discusses how preservation technology can play an important role in
preserving products.

2. This allows the retailer to enjoy an optimum advance payment scheme when he
cannot invest huge amounts in business and seek offers from the suppliers.

3. This study frames some ordering and investment decisions that can allow the prof-
itable preservation of products so that the retailer does not have to make continuous
investments, supporting knowledge of how to manage a harmonic relation between
the simultaneous investment in preservation and the offer enjoyed from the supplier.

This paper comprises 8 sections. In Section 2, a brief literature review has been
presented. In Section 3, the problem description, notations, and assumptions are set out,
and in Section 4 the mathematical formulation, together with some propositions (theoretical
derivations), of the model is represented. Section 5 consists of numerical illustrations, and
in Section 6 a sensitivity analysis is performed. Finally, Section 7 presents managerial
insights, and conclusions and future prospects are described in Section 8.

2. Literature Review

This section contains a brief literature review on preservation technology (PT) and
advance payment according to the joint pricing inventory model.

2.1. Traditional Inventory System

The authors of [14] pioneered the classical inventory model, the focus of which is
constant demand. Several researchers have tried to extend the idea of [15] by incorporating
numerous marketing parameters.

In [16], a model with a constant deterioration rate for the perishable items and compen-
sation of the purchasing cost prior to receiving the products was established. Quite a few
years later, Skouri and Papachristos anticipated a decaying model for constant deterioration,
ordering decisions, capital constraints, and shortages [17]. The authors of [18] anticipated
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an economic order quantity model with consideration of linear type demand with credit
policy and expiration dates for perishable product items. Price is always a vital factor to con-
trol the demand of the customers. Considering price-dependent demand, many researchers
projected their models. In [19], a pricing model for partially backlogged shortages under
two-levels of trade credit policy was considered, and Mashud [20] discussed an inventory
model with consideration of numerous price-dependent demands under shortages. Most
of these studies considered price-sensitive demand but none of them considered a combi-
nation of advertisement frequency and price of products simultaneously. The authors of [3]
formulated a model which joined the effect of pricing strategies and advertisement policy
for deteriorating items, with preservation technology used to curb deterioration. In [21], a
model was designed on the basis of considerations of price and advertisement-dependent
demand for non-instantaneous decaying products. The combination of advertisement,
pricing, and preservation with advance payments is rare in the previous literature. It
should also be noted that there are lots of other factors responsible for customer demand.
Ignoring this gap for now, however, this study proposes to consider constant demand, with
the main focus being on payment systems and preservation technologies.

2.2. Inventory Model with Preservation Technology (PT)

Deterioration of products means decay, evaporation, and loss of utility that results in
the loss of qualities that were present in products’ original conditions. It is also measured
by injuries due to transportation, poor handling, etc., and applies to products that have lost
their marginal value or have broken. A model was framed in [16] using an exponentially
deteriorating inventory, and Mashud et al. [22] anticipated an economic order quantity
model for numerous deteriorating items, while Mashud and Hasan [23] predicted the
combined effects of advertisement and the price of products for a deteriorating model. To
curb the deterioration, a number of energy and eco-friendly strategies have been discussed
over the years. In this continuation, G. Li et al. [8] projected an inventory model using
PT for non-instantaneous decaying items and projected two different models based on
a non-instantaneous period, showing how preservation technology can help to optimize
profit. However, the study also shows that investment in preservation has certain limits
beyond which profits may decrease, while this proposed study considers preservation
technology for deteriorating items. The main difference is that here we have used an
advance payment scheme which was absent in [8]. After that, estimating the importance of
PT on product degradation, the authors of [24] regarded two individual preservation rates
and formulated an inventory model with selling price-dependent demand, whereas the
authors of [7] formulated a carbon-emitting inventory model with consideration of PT for
defective items. All the research on preservation technology and deteriorating items has
mainly focused on optimal decisions regarding the efficient use of preservation technology
but rarely considered any payment scheme, which has created a gap. It is often seen that
some traders do business with a small amount of capital, so it becomes challenging for
them to make large investments while purchasing products. An advance payment scheme
offered by the supplier can help these traders to complete payment by paying a portion of
the total purchase price in a few installments. The benefit of the supplier, in this case, is
that there is no risk of cancellation of the order and at the same time they are able to build
up the confidence of customers towards them, which plays a significant role in retaining
customers. Considering this concept, we have tried to fill the research gap in our proposed
study by projecting an advance payment scheme.

2.3. Inventory Model with Advance Payments and Shortages

Different payment systems have been generally used in inventory management over
the years. Advance payments mean that a supplier offers a retailer recompense for a
certain portion of the purchase cost before receiving the products to confirm the order
as well as to provide some relaxations in payments for the retailer. Considering advance
payments, Teng et al. [25] considered an inventory model aimed at deteriorating items
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using expiration dates of products, while Taleizadeh et al. [11] advanced an inventory
model with considerations of incremental discounts and shortages. The authors of [26]
anticipated a model for constant demand for decaying items under shortages and partial
advance payment and partial trade-credit policy, while Taleizadeh [27] anticipated a supply
disruption scenario with an advance payment scheme and price-sensitive demand under a
shortage. In [27], a lot sizing model with disruptions is illustrated to solve a real problem
and some optimal decisions regarding inventory management were presented. In [28],
a partial upstream and partial downstream advance payment scheme is presented for
partial back-ordering and a full back-ordering case for a single warehouse. A closed form
solution has been derived in [28] to show the advantages of advance payment. After that,
the authors of [13] extended the consideration of a single-warehouse to a two-warehouse
situation and provided a mathematical model with advance payments and trade credit
policy for shortages. However, in this paper, no advanced technology or strategy was used
to curb deterioration. More related literature is detailed in Table 1.

Table 1. Prior studies along with the related issues.

Authors Shortage Deterioration Preservation
Technology

Advance
Payment

Mashud et al. [13] + + − +
Tiwari et al. [19] + + − −

G. Li et al. [8] + + − −
Teng et al. [25] + + − +

Lashgari et al. [26] + + − +
Maiti et al. [29] + − − +

Chen and Teng [30] − + − −
Taleizadeh [31] + + − +

Khedlekar et al. [32] − + + −
Shah and Vaghela [33] − + − −

Tavakoli and Taleizadeh [34] + + − +
Taleizadeh [27] + + − +
Mishra et al. [2] − + + −

Mashud et al. [35] + + − −
Noori-daryan et al. [36] − − − −

Soni and Suthar [37] + + − −
R. Li et al. [38] + + + +
Das et al. [39] − + − −

This study + + + +
Note: ‘+’ = present, ‘−’ = absent.

3. Problem Description, Assumptions, and Notations
3.1. Problem Description

The goal of all entrepreneurs is to maximize profits in today’s competitive business
world or to minimize the total cost of the chain. Retailing is a distribution system that
structures a huge piece of the supply chain. Retailers purchasing products from suppliers
and then selling them to customers is a natural process. Here is an explanation of how a
retailer uses different customer management techniques and technologies to make a profit
in business as well as retain the customer for a long time. After purchasing products from
the supplier, the retailer stores them in his warehouse until they are sold. At this time, some
products are perishable for a variety of reasons, so he uses preservation technologies for
long-term preservation. The problem is to determine the costs for a whole cycle and the
factors that influence whether costs go up or down.

3.2. Assumptions

The following assumptions are used in the development of the model:

• The demand for the product follows a constant pattern;
• Due to impatient customers, the demand during stockout is partially lost;
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• The backlogged demand is satisfied with the arrival of the next lot;
• The products are deteriorating in nature;
• There is no replacement of deteriorated items;

Preservation technology is applied to reduce the existing rate of deterioration. The
reduced deterioration rate is a function of the preservation technology cost ξ such that:

m(ξ) = K
(

1− e−ξx
)

, x ≥ 0

where x is the coefficient which is representing the efficiency of preservation technology
and K is the highest reducible rate of deterioration.

4. Model Formulation

In this section, based on the advance payment strategy, there are two cases. Section 4.1
considers the case when advance payment is absent; Section 4.2 considers the case with
advance payment.

4.1. Case I (Without Advance Payment)

In the beginning, the retailer orders the products from the supplier. The supplier then
starts delivering the products during the lead time and the delivery of the total amount
of ordered products is completed at t = 0. In this case, the supplier does not offer any
advance payment opportunity to the retailer, so the retailer has to pay the entire purchase
price at once after the full delivery of the ordered products. Initially, with full stock in
hand, the retailer starts to sell products to the customers. Due to customer demand and
deterioration, the inventory starts to decline over time and the stock runs out at t = t1 (See
Figure 1). As a result, some customers switch to other shops to purchase products, and
the retailer sees a loss in demand. Here, the retailer focuses on preservation technology to
preserve products for a long time with optimum investment to secure a good profit margin.

Figure 1. Graphical representation of the proposed inventory model for Case I.

The rate of change of inventory during the positive stock period [0, t1] and shortage
period [t1, T] is governed by the differential equations:

dI1

dt
(t) + (θ −m)I1(t) = −D, 0 ≤ t ≤ t1 (1)

dI2

dt
(t) = −δD, t1 ≤ t ≤ T (2)
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With conditions:

I1(0) = S, I1(t1) = 0, I2(t1) = 0, I2(T) = −R

By solving Equations (1) and (2), and using the given conditions, we get:

I1(t) =
D

θ −m

(
−1 + e(θ−m)(t1−t)

)
(3)

I2(t) = δD(t1 − t) (4)

Using I1(0) = S Equation (3), the retailer’s initial stock is obtained.

S =
D

θ −m

[
e(θ−m)t1 − 1

]
(5)

Using I2(T) = −R in Equation (4), the amount of shortage is obtained.

R = δD(T − t1) (6)

Thus, the total ordered amount per cycle is:

Q = S + R =
D

θ −m

[
e(θ−m)t1 − 1

]
+ δD(T − t1) (7)

Ordering cost: The retailer has to spend some money to process the order depending
on the type of material, the quantity ordered, and the source of the supplier. Let co be the
order cost per cycle. Then:

OC = co (8)

Purchase cost: If the purchase price per unit of product is cp, then the retailer’s total
purchase cost for Q quantity of product will be:

PC = cpQ = cp

[
−D

θ −m
+

D
θ −m

e(θ−m)t1 + δD(T − t1)

]
(9)

Holding Cost: Holding cost is the cost of keeping the goods in the warehouse from
the time they are received until all the products are sold. If the holding cost per unit time is
ch, then the total holding cost for storing the products in the warehouse from time 0 to t1
will be:

HC = ch

t1∫
0

I1(t)dt = ch
D

(θ −m)2

[
−1− t1(θ −m) + e(θ−m)(t1)

]
(10)

Shortage Cost: At the point when the interest for a product surpasses its provided
amount, a shortage happens. We can see from this figure that the shortage starts at time t1.
If cs be the shortage cost per unit, then the total shortage cost is:

SC = cs

T∫
t1

−I2(t)dt = csδD
[

t1
2

2
− t1T +

T2

2

]
(11)

Lost Sale Cost: This refers to the cost associated with a situation when retailers lose
opportunities to sell because products are out of stock. If cl be the lost sale cost per unit,
then the total lost sale cost is:

LSC = cl

∫ T

t1

(1− δ)D dt = cl(1− δ)D[T − t1] (12)
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Preservation Cost: This refers to the cost of investing in preservation technology to
reduce product degradation. If ξ be the preservation technology cost per unit time, then
the total preservation cost can be written as:

PRC = ξT (13)

Finally, total cost is the summation of all costs, i.e.:

X = OC + PC + HC + SC + LSC + PRC. (14)

Therefore, the total cost per cycle is:

TC(ξ, T) =
X
T

=
1
T


c0 + cp

{ −D
θ−m + D

θ−m e(θ−m)t1

+δD(T − t1)

}
+ch

D
(θ−m)2

[
−1− t1(θ −m) + e(θ−m)(t1)

]
+csδD

[
t1

2

2 − t1T + T2

2

]
+cl(1− δ)D[T − t1] + ξT

 (15)

Proposition 1. The cost function TC(ξT) in Equation (15) states the convexity in T for any
specific ξ > 0 and entails a unique solution T∗.

Proof. Differentiating the cost function TC(ξT) in Equation (15) with respect to T, we get:

∂TC
∂T

=

 1
T2

 ch
D

(θ−m)2 − c0 − cp
D

θ−m

[
e(θ−m)t1 − 1

]
+ ch

Dt1
(θ−m)

+ch
De(θ−m)(t1)

(θ−m)2 − csDδ t1
2

2 − clδDt1 + cpδDt1


+ csDδ

2 + 1
T cl Dt1

 (16)

To evaluate the value of T, ∂TC
∂T = 0. Then we get:

T =
−λ2 ±

√
(λ22 − 2CsδDλ1)

CsδD

where

λ1 =

 ch
D

(θ−m)2 − c0 − cp
D

θ−m

[
e(θ−m)t1 − 1

]
+ ch

Dt1
(θ−m)

+ch
De(θ−m)(t1)

(θ−m)2 − csDδ t1
2

2 − clδDt1 + cpδDt1

 and λ2 = cl Dt1.

Ignoring the negative value, the required value of T is considered as follows:

T =
−λ2 +

√
λ22 − 2CsδDλ1

CsδD
= T∗ (17)

Now differentiating Equation (16) with respect to T we get:

∂2TC
∂T2 =

2
T3

 c0 + cp
D

θ−m

[
e(θ−m)t1 − 1

]
+ ch

D
(θ−m)2 e(θ−m)(t1) + csδDt1

2

+clDt1(δ− 1)− cpδDt1 − ch
D

(θ−m)2 [1 + (θ −m)t1]

 (18)

Expanding Equation (18) in Taylor’s series (similar to [36]) and then substituting the
value of T = T∗, we get:[

∂2TC
∂T2

]
T=T∗

=
2

T∗3

[
c0 + (1− δ)

(
cp − cl

)
Dt1 + csδDt1

2 ]. (19)
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�

Lemma 1. The total cost function TC(ξT) in Equation (15) is strictly convex when[
c0 + (1− δ)

(
cp − cl

)
Dt1 + csδDt1

2 ] > 0.

Proof. Since all the parameters are always assumed to be positive and the per unit
purchase cost Cp obviously greater than the per unit lost sale cost Cl , we consider that[

c0 + (1− δ)
(
cp − cl

)
Dt1 + csδDt1

2 ] > 0.

If this condition is true, then the Equation (19) implies that
[

∂2TC
∂T2

]
T=T∗

> 0 and hence

satisfies the sufficient condition for the convexity of TC(ξT). �

Proposition 2. The cost function TC(ξT) in Equation (15) states the convexity in ξ for any specific
T > 0 and entails a unique solution ξ∗.

Proof. Similar to the proof of Proposition 1. �

Proposition 3. The cost function TC(ξT) in Equation (15) indicates the convexity in (ξT) and
entails a unique solution (ξ∗T∗).

Proof. Let us define the cost function Equation (15) as follows:

TC(T) =
φ1(ξ, T)
φ2(T)

(20)

where

φ1(ξ, T) =


c0 + cp

{ −D
θ−m + D

θ−m e(θ−m)t1

+δD(T − t1)

}
+ch

D
(θ−m)2

[
−1− t1(θ −m) + e(θ−m)(t1)

]
+csδD

[
t1

2

2 − t1T + T2

2

]
+cl(1− δ)D[T − t1] + ξT

 and φ2(T) = T > 0. (21)

According to Theorems 3.2.9 and 3.2.10 in [14], the fractional cost function in Equa-
tion (20) is strictly pseudo-convex if φ1(T) is non-negative, differentiable, and strictly
convex, and φ2(T) is positive, differentiable, and concave.

Now taking the first order derivative of φ1(T) with respect to T, we have:

∂φ1(T)
∂T

= cpδD + csδD(T − t1) + cl(1− δ)D + ξ (22)

To find the value of T, place ∂TC
∂T = 0, which implies that:

T = ω− ξ

csδD
= T∗ (23)

where ω =
δ(cst1+cl−cp)−cl

csδ .
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Now substituting the value of T in Equation (21), we get:

φ1(ξ) =



c0 + cp

{ −D
θ−m + D

θ−m e(θ−m)t1

+δD
(

ω− ξ
csδD − t1

) }
+ch

D
(θ−m)2

[
−1− t1(θ −m) + e(θ−m)(t1)

]
+csδD

[
t1

2

2 − t1

(
ω− ξ

csδD

)
+

(
ω− ξ

csδD

)2

2

]
+cl(1− δ)D

[
ω− ξ

csδD − t1

]
+
(

ξ ∗
(

ω− ξ
csδD

))


(24)

which becomes the function of ξ.
Let us take the first derivative of Equation (24) with respect to ξ, we get:

∂φ1(ξ)

∂ξ
=


− 1

csδ

[
cpδ + cl(1− δ) + ξ

D

]
+ t1

2

−kxD e−ξx

(θ−m)2

[
cp − cht1 +

2ch
(θ−m)

]
− kxD

(θ−m)
e−ξx+(θ−m)t1

[
cpt1 −

(cp−ch)t1
(θ−m)

− 2ch
(θ−m)2

]
 (25)

Equate this to zero for finding the value of ξ = ξ∗.
Now differentiating Equation (25) with respect to ξ, we get:

∂2φ1(ξ)

∂ξ2 =



kx2D e−ξx

(θ−m)3

[(
cp − cht1

)
(θ −m) + 2ch

]
+2kx2Dt1

(
kt1e−ξx − 1

) e−ξx+(θ−m)t1

(θ−m)3

[ (
cp − ch

)
(θ −m)

+2ch − cp(θ −m)2

]
+2k2x2Dt1

e−2ξx+(θ−m)t1

(θ−m)4

[(
cp − ch

)
(θ −m) + 3ch − cp(θ −m)2

]
−
{

1
csδD + 2k2x2D e−2ξx

(θ−m)4

[(
cp − cht1

)
(θ −m) + 3ch

]}


(26)

Then, after the submission of the value of ξ = ξ∗ in Equation (26), we simply write
this as follows: [

∂2φ1(ξ)

∂ξ2

]
ξ=ξ∗

= F1(ξ
∗)− F2(ξ

∗) (27)

where

F1(ξ
∗) =


kx2D e−ξ∗x

(θ−m)3

[(
cp − cht1

)
(θ −m) + 2ch

]
+2kx2Dt1

(
kt1e−ξ∗x − 1

)
e−ξ∗x+(θ−m)t1

(θ−m)3

[ (
cp − ch

)
(θ −m)

+2ch − cp(θ −m)2

]
+2k2x2Dt1

e−2ξ∗x+(θ−m)t1

(θ−m)4

[(
cp − ch

)
(θ −m) + 3ch − cp(θ −m)2

]


and

F2(ξ
∗) =

1
csδD

+ 2k2x2D
e−2ξ∗x

(θ −m)4

[(
cp − cht1

)
(θ −m) + 3ch

]
.

�

Lemma 2. The total cost function TC(ξ, T) in Equation (15) is strictly convex if F1(ξ
∗) > F2(ξ

∗)
is satisfied.

Proof. If we notice both the functions F1(ξ
∗) and F2(ξ

∗), it is clearly observed that F1(ξ
∗) is

the summation of some larger positive terms in comparison to F2(ξ
∗). Therefore, we can

say that F1(ξ
∗) > F2(ξ

∗). This condition implies that
[

∂2φ1(ξ)
∂ξ2

]
ξ=ξ∗

> 0 and declares the

convexity of TC(ξ, T) for optimum ξ∗ and T∗. �
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4.2. Case II (With Advance Payment)

In this case, there is an option for the retailer to accept the offer of an advance payment
scheme proposed by the supplier, so the retailer does not need to pay the entire purchase
price at once during the full delivery of the ordered product. He pays β part of the total
purchased price in N number of installments within the lead time Lt, which is presented
in Figure 2, and the remaining (1− β) portion is to be paid at the time of receipt of the
ordered products. The interest rate imposed on this pre-payment is τ. At t = 0, the
retailer’s warehouse becomes full of stock. After that, the inventory gradually starts to
decline because of deterioration and customer demand and then finally becomes a vacuum
at t = t1. Therefore, shortage of products is seen during [t1, T].

Figure 2. Graphical representation of the proposed inventory model for Case II.

Capital cost:

CC = τ

[
βcpQ

N

(
Lt

N

)
(1 + 2 + . . . . . . + N)

]
=

(
N + 1

2N

)
βLtτcpQ

=

(
N + 1

2N

)
βLtτcp

{
−D
θ−m + D

θ−m e(θ−m)t1 + δD(T − t1)
}

(28)

Then the total cost per cycle becomes as follows:

TC =
X
T

, where X = OC + PC + HC + SC + LSC + PRC + CC

TC =
1
T



c0 + cp

{ −D
θ−m + D

θ−m e(θ−m)t1

+δD(T − t1)

}
+ch

D
(θ−m)2

[
−1− t1(θ −m) + e(θ−m)(t1)

]
+csδD

[
t1

2

2 − t1T + T2

2

]
+ cl(1− δ)D[T − t1] + ξT

+
(

N+1
2N

)
βLtτcp

{ −D
θ−m + D

θ−m e(θ−m)t1

+δD(T − t1)

}


(29)

Proposition 4. The cost function TC(ξ, T) in Equation (29) states the convexity in T for any
specific ξ > 0 and entails a unique solution T∗.

Proof. The proof of this proposition is similar to that of Proposition 1. �
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Proposition 5. The cost function TC(ξ, T) in Equation (29) states the convexity in ξ for any
specific T > 0 and entails a unique solution ξ∗.

Proof. Same as Proposition 4. �

Proposition 6. The cost function TC(ξ, T) in Equation (29) states the convexity in (ξ, T) and
entails a unique solution (ξ∗, T∗).

Proof. Similar to that of Proposition 3. �

5. Numerical Illustrations

Some necessary data related to this model have been collected to validate the proposed
model in real life. Profits are then numerically evaluated using those data which we have
described in this section as examples. However, the total solution procedure is being
visualized with the help of an algorithm.

5.1. Algorithm (For Case I)

Due to the high non-linearity in the cost function, a heuristic approach is presented in
this section for Case I when taking single decision variables and another is taken as fixed.

Step 1: Plug in all the associated values of the parameters.
Step 2: When the situation

[
c0 + csδDt1

2 + (1− δ)
(
cp − cl

)
Dt1

]
> 0 holds, there exists

T∗ for each cycle; if this form satisfies, proceed to Step 3; otherwise, proceed to Step 7.

Step 3: Check T =
−λ2+

√(λ2
2−2CsδDλ1)

CsδD = T∗ with the help of Equation (17).
Step 4: When T∗ accomplishes the sufficient condition for the optimum result indicated in

Equation (19), then T = T∗ is the optimal outcome which minimizes Equation (15); if
not, proceed to Step 7.

Step 5: The order quantity can be determined from Q∗ = D
θ−m

[
e(θ−m)t1 − 1

]
+ δD(T − t1).

Step 6: The total cost is calculated from Equation (15), and T∗ is premeditated
from Equation (17).

Step 7: End.

5.2. Case I (Without Advance Payment)

Example 1. The following input parameters are considered for the model when an advance payment
scheme is absent. Let co = 300, D = 79.500, δ = 0.6, θ = 0.4, t1 = 0.8, ch = 3, cp = 15,
cs = 2, cl = 1.5, k = 0.1, x = 0.5.

Then, by solving Equation (15) with the assistance of Lingo 17 software, the optimum
values are Q∗ = 240.260, T∗ = 4.319, ξ∗ = 3.414, and TC∗ = 1102.281.

Figures 3 and 4a,b show the concavity of the total cost function graphically.

Example 2. When no steps have been taken to reduce the deterioration, i.e., when preservation
technology is not applied:

By substituting ξ = 0 in Equation (15), the optimum values are:

Q∗ = 247.351, T∗ = 4.414 and TC∗ = 1107.993.
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Figure 3. The relationship between T, ξ, and TC.

Figure 4. Total cost function (TC) regarding: (a) replenishment cycle (T); (b) preservation technology
cost per unit time (ξ).

5.3. Case II (With Advance Payment)

Example 3. Considering the same input parameters for Example 1 and some following additional
parameters for the model when an advance payment scheme is present. Let β = 0.4, Lt = 0.6,
τ = 0.1, N = 4.

By solving Equation (29) with the assistance of Lingo 17 software, the optimum
values are:

Q∗ = 72.081, T∗ = 0.802, ξ∗ = 6.793, and TC∗ = 1852.487.

Figure 5 shows the concavity of the total cost function graphically.
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Figure 5. The relationship among T, ξ, and TC.

Example 4. When no steps have been taken to reduce the deterioration, i.e., when preservation
technology is not applied:

By substituting ξ = 0 in Equation (29), the optimum values are:

Q∗ = 75.054, T∗ = 0.802 and TC∗ = 1904.953.

5.4. Comparative Study

Figure 6 represents a comparison between the results of the model with advance
payment and without advance payment. It can be seen that the costs incurred in each
situation of case II are higher than in case I. This is because the retailer gets the benefit
of paying in advance in a few installments, meaning that he does not have to pay the
entire amount at once. In return, however, he will have to pay a certain amount as interest,
based on the number of installments, which reduces the total cost of the business. From
Figure 6, we can see that the result of case II is 68.06% higher than case I when preservation
technology is present. Next, the situation with no investment in preservation technology
displays a 71.93% increase in case II from case I. Overall, the highest cost is seen in both
cases when preservation technology is not used, this being 2.83% higher in case II and
0.52% higher in case I.
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Figure 6. Comparison between the models with advance payment and without advance payment.

6. Sensitivity Analysis

The sensitivity analysis is performed in this section (Figures 7–13). The total costs, re-
plenishment cycles, preservation technology costs, and lot sizes are derived when different
related parameters vary from −30% to 30%.

Figure 7. The relationship among δ and TC, T, ξ, Q.
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Figure 8. The relationship among θ and TC, T, ξ, Q.

Figure 9. The relationship among t1 and TC, T, ξ, Q.

Figure 10. The relationship among ch and TC, T, ξ, Q.
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Figure 11. The relationship among cp and TC, T, ξ, Q.

Figure 12. The relationship among cs and TC, T, ξ, Q.

Figure 13. The relationship among cl and TC, T, ξ, Q.
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From Figure 7, the total cost, preservation technology cost and lot size are swelling
steadily, owing to the augmentation of δ. On the other hand, the replenishment cycle is
declining slowly, owing to the growth of δ. So, δ has both positive and negative impacts on
the determined values. In reality, when a shortage is increased, the retailer does not need
to hold the products. As a result, he can save some expenses which later decrease the cost
to the retailer.

From Figure 8, we see that total cost, preservation technology cost, replenishment
cycle and lot size are increasing gradually due to the rise of θ. As the deterioration of
products always decreases the amount of stock which has some value, it increases total
costs; it is also observed that when the rate of deterioration increases, the preservation
technology cost correspondingly increases.

Figure 9 shows that total cost, preservation technology cost, replenishment cycle, and
lot size increase gradually due to the increment of t1. With the increase of initial time, the
deterioration period increases, and consequently the cost of preservation technology rises.
As the non-shortage time or initial time augmented the order quantity, this also amplified
because the chance to obtain the products at the right time upsurged.

Figure 10 shows that total cost, preservation technology cost, replenishment cycle, and
lot size increase gradually due to the increment of ch. From Figure 10, it is clear that when
per unit holding cost increases, the total cost for the retailer also increases. As holding cost
increases, it also means that the retailer holds the products for more time than is usual and
consequently increases the preservation technology cost.

Figure 11 shows that total cost, preservation technology cost, replenishment cycle, and
lot size increase gradually due to the increment of cp. From Figure 11, it can be noticed that
any increase in purchase cost will increase the total cost, and as the purchase cost increases,
the retailer sets the selling price high. As a result, the length of total cycle length also
increases. However, the preservation technology investment also needs to be implemented
for a longer time.

Figure 12 shows that total cost and preservation technology cost are increasing gradu-
ally due to the increment of cs. However, the opposite can be noticed for the total order
quantity. On the other hand, the replenishment cycle and lot size are shrinking due to the
growth of cs. A significant impact is noticed for preservation technology investment, while
a stable intensification is noticed for the replenishment cycle.

Figure 13 shows that total cost and preservation technology cost are increasing grad-
ually due to the increment of cl . Since the retailer is unable to satisfy some demand, as a
result, the customers move to other sources, so some additional amounts are added to the
total cost. On the other hand, replenishment cycle and lot size are decreasing due to the
increment of cl .

7. Managerial Insights

Deterioration of products is always an essential issue in proper inventory management.
An advance payment scheme and preservation technology provide some flexibility to the
retailer in order to deal with customers to secure a good profit margin. This study provides
some managerial insights for the practitioners as follows:

(i) One can quickly know how much and for how long one will have to invest in preser-
vation technology to reduce product deterioration.

(ii) An advance payment system creates flexibility for the retailer to deal with customers
efficiently, although the capital is slightly lower compared to the general case. More-
over, advance payment always requires the retailer to complete the purchase in time,
as some parts of the purchase cost have already been deposited in the supplier’s
account. Thus, it sometimes helps to make a rigid decision in purchasing items
from suppliers.

In addition, the simultaneous integration of preservation technology and an advance
payment scheme will provide unique outputs in ordering decisions and logistics management.
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8. Conclusions and Future Prospects

An inventory model for a retailer with constant demand under an advance payment
policy has been proposed in this paper. To manage deterioration, a preservation technology
has been successfully implemented which provides some managerial insights for the retailer.
Preservation technology allows a lengthened product life and works successfully to curb
deterioration. This model reveals some pricing strategies and gives a clear idea about how
advertisement frequency can affect a retailer’s profits. Under the intensification of retailer
profit, advance payment has been successfully implemented, and showed a significant
result that helps to reduce the default risk and cancellation of orders. Some significant
results have been developed considering a simultaneous investment in preservation and
an advance payment scheme with the effect of advertisement. Prior studies also provide
some theoretical analysis to validate the model with a numerical sensitivity analysis of
key parameters.

This model can be extended in numerous ways; for instance, one can develop this
model by implementing a trade credit policy (single- [40] or two-level [3]). It will be an
exciting extension if environmental [7] factors can be added to the proposed model. One
might also include stochastic deterioration [41] and a multi-item deteriorating inventory in
the model [42].
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Notations

Notations Description
D Demand rate
m Reduced deterioration rate
K Highest reducible rate of deterioration
x Efficiency of preservation technology
θ Deterioration rate, 0 ≤ θ ≤ 1
R Amount of shortage
S Initial stock
Q Total ordered quantity per cycle
co Order cost per cycle
cp Purchasing cost per unit
ch Holding cost per unit time
cs Shortage cost per unit
cl Lost sale cost per unit
δ Backlogging parameter
t1 Time at which inventory level becomes zero
β Part of the purchase cost must be paid before delivery
Lt Lead time



Processes 2022, 10, 546 19 of 20

τ Interest rate of the capital cost
N Number of instalments that need to be prepaid
Decision Variables
T Replenishment cycle
ξ Preservation technology cost per unit time
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