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Abstract: This paper presents an experimental study of the self-initiation reaction of n-butyl acrylate
(n-BA) in free-radical polymerization. For the first time, the frequency factor and activation energy
of the monomer self-initiation reaction are estimated from measurements of n-BA conversion in
free-radical homo-polymerization initiated only by the monomer. The estimation was carried out
using a macroscopic mechanistic mathematical model of the reactor. In addition to already-known
reactions that contribute to the polymerization, the model considers a n-BA self-initiation reaction
mechanism that is based on our previous electronic-level first-principles theoretical study of
the self-initiation reaction. Reaction rate equations are derived using the method of moments.
The reaction-rate parameter estimates obtained from conversion measurements agree well with
estimates obtained via our purely-theoretical quantum chemical calculations.

Keywords: free-radical polymerization; spontaneous thermal polymerization; monomer
self-initiation; method of moments; n-butyl acrylate

1. Introduction

Acrylic polymers are used widely in coatings, as adhesives and functional additives. Increasingly
tight limits on volatile organic contents of paints and coatings [1,2] have required the paints and
coatings industries to decrease the level of solvents in their products. To ensure adequate brushability
and sprayability of the low (20–40 wt%) solvent-content paint and coatings, polymers with low
average molecular weights (Mw<10,000) have been produced via high-temperature (120–190 ˝C)
polymerization processes [3–5]. At these high temperatures, secondary reactions such as monomer
self-initiation, β-scission, inter/intra-molecular chain transfer and backbiting reactions are influential
and thus require study [6].

Thermal polymerization of alkyl acrylates in the absence of external initiators has been reported [7].
The occurrence of monomer self-initiation reaction allows one to use less thermal initiators, typically
organic peroxides or azonitriles, which are relatively expensive and as residues can cause defects in the
final product, especially on weathering [8]. Studies using electron spray ionization-Fourier transform
mass spectrometry (ESI-FTMS), nuclear magnetic resonance (NMR) spectroscopy, and macroscopic
mechanistic modeling did not identify the initiating species or the mechanism of initiation in the
spontaneous thermal polymerization [7,9]. However, quantum chemical calculations [10–13] together
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with matrix-assisted laser desorption ionization (MALDI) [14] showed that monomer self-initiation is
one of the likely mechanisms of initiation in spontaneous thermal polymerization of alkyl acrylates.

Polymer characterization studies using spectroscopic methods have been carried out to explore
the dominant polymerization reactions [7,9]. Pulsed-laser polymerization (PLP) and size exclusion
chromatography have been used to study intra-molecular chain transfer to polymer (CTP) reactions
in polymerization of alkyl acrylates [15,16]. The rate coefficients of the propagation reactions of
styrene [17], and methyl methacrylate (MMA) [18], and chain transfer reactions of butyl methacrylate
(BMA) [19] at temperatures above 30 ˝C have been estimated using PLP. Although the propagation rate
coefficient of n-butyl acrylate (n-BA) at 70 ˝C has been calculated using PLP at 500 Hz [20], the presence
of backbiting and β-scission reactions has hindered the prediction of alkyl acrylates’ propagation rate
coefficient at elevated temperatures [21–23]. At temperatures above 30 ˝C, intra- and inter-molecular
CTP reactions in free-radical polymerization of n-BA [24,25] and intra-molecular CTP reactions in
2-ethylhexyl acrylate polymerization [26] have also been studied using NMR spectroscopy. Although
these analytical techniques have been very useful in characterizing acrylate polymers, they alone cannot
conclusively determine reaction mechanisms or estimate kinetic parameters of reactions. Macroscopic
mechanistic modeling combined with adequate polymer sample measurements has proven to be a
powerful tool to estimate the rate coefficients of individual reactions. Macroscopic mechanistic models
have also been used extensively to estimate the rate coefficients of initiation by conventional thermal
initiators, propagation, chain transfer and termination reactions in free-radical polymerization of
acrylates [9,16,27–32]. Kinetic parameters of several reactions in spontaneous thermal polymerization
of n-BA under seemingly oxygen-free conditions (solvent was bubbled with nitrogen but not n-BA,
and a nitrogen blanket was used inside the reactor) were estimated through detailed macroscopic
mechanistic modeling, and the entire initiation was attributed to monomer self-initiation, leading to
an unrealistically-large self-initiation rate coefficient [9]. Styrene and MMA self-initiation apparent
rate coefficients estimated through macroscopic mechanistic modeling have been reported [27,28].
A macroscopic mechanistic model of n-BA spontaneous polymerization, which accounted for initiation
only by the monomer, was used to estimate the n-BA self-initiation rate coefficient from measurements
of conversion under seemingly oxygen-free conditions [9], again leading to a very large reaction rate
coefficient for monomer self-initiation, because the entire monomer conversion was attributed to
initiation only by the monomer [29].

Macroscopic mechanistic polymerization models are more useful than semi-empirical models.
The accuracy of mechanistic polymerization models strongly depends on our quantitative
understanding of individual reactions occurring during the course of polymerization. These models
have been used to study low and high-temperature polymerization reactions of n-BA [33,34].
The method of moments [35–37] or the “tendency modeling” approach [38–41] can be used to
derive rate equationsneeded in macroscopic mechanistic models. Models obtained using the
tendency-modeling rate equations do not account for the number of monomer units in polymer
chains, and therefore they are less complex than models that are based on the method-of-moments
rate equations. Models that are based on the method of moments can be used to estimate kinetic rate
coefficients more accurately. Applications of both types of models can be found in the literature [42–46].

In our previous work, we studied self-initiation of alkyl acrylates such as methyl, ethyl and
n-butyl acrylate as well as methyl methacrylate theoretically using density functional theory [10–13].
We found that self-initiation of alkyl acrylates has three elementary reaction steps in series:

(i) Two monomers react and form a singlet diradical

M`M Ñ ˚MM˚
s (1)

(ii) The singlet diradical then undergoes intersystem crossing to form a triplet diradical:

˚MM˚
s Ñ ˚MM˚

t (2)
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(iii) The triplet diradical finally reacts with a third monomer, leading to the formation of
two mono-radicals:

˚MM˚
t `M Ñ MM˚ `M˚ (3)

We also calculated the kinetic parameters of the three preceding reactions [10–12]. The first
reaction is the fastest reaction, whereas the second reaction is the slowest (rate limiting) reaction.
Therefore, the overall (apparent) self-initiation reaction:

3M
ki
Ñ MM˚ `M˚ (4)

is second order.
In this paper, we experimentally estimate the kinetic parameters (activation energy and frequency

factor) of the overall (apparent) n-BA self-initiation reaction in Equation (4) from monomer conversion
measurements using a macroscopic mechanistic polymerization reactor model guided by our
first-principles investigations of the mechanism. These estimates are compared with our existing
estimates of the same parameters obtained via quantum chemical calculations.

The organization of the rest of this paper is as follows. Section 2 presents the mathematical model.
Section 3 discusses the experimental and analytical procedures. Section 4 describes the parameter
estimation study. Finally, concluding remarks are given in Section 5.

2. Mathematical Modeling

2.1. Reaction Mechanisms

The most likely polymerization reactions occurring in spontaneous thermal solution
polymerization of n-BA in the absence of oxygen are given in Table 1. The reactions include
monomer self-initiation [10–12], secondary and tertiary chain propagation, intra-molecular chain
transfer to polymer (backbiting), inter-molecular chain transfer to polymer, β-scission, chain
transfer to monomer [47], chain transfer to solvent, termination by combination, and termination
by disproportionation reactions [48,49]. While not all of these reactions strongly affect monomer
conversion, the list of the reactions is given here for completeness. For example, no solvent has been
used in the study presented herein. Here, M and S denote the monomer and solvent, respectively.
Un represents a dead polymer chain with n monomer units and a terminal double bond. Dn is a
dead polymer chain with n monomer units but without a terminal double bond. Rn

* represents a
secondary radical with n monomer units. Rn

** is a tertiary radical with n monomer units generated
through intermolecular CTP reactions. Rn

*** denotes a tertiary radical with n monomer units formed
by backbiting reactions. SCB and LCB represent a short and a long chain branching point, respectively.

Table 1. Polymerization reactions [34].

a. Apparent monomer self-initiation reaction

3M ki
Ñ R˚

1 ` R˚
2

b. Propagation reactions

R˚
n ` M

kp
Ñ R˚

n`1

R˚˚
n ` M

kt
p
Ñ R˚

n`1 p`LCBq

R˚˚˚
n ` M

kt
p
Ñ R˚

n`1 p`SCBq

R˚
n ` Um

kmac
Ñ R˚˚

n`m

c. Backbiting reactions (n > 2)

R˚
n

kbb
Ñ R˚˚˚

n
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Table 1. Cont.

d. β-scission reactions (n > 3)

R˚˚˚
n

kβ
Ñ U3 ` R˚

n´3

R˚˚˚
n

kβ
Ñ R˚

n´3 ` U3

R˚˚˚
n

kβ
Ñ Un´2 ` R˚

2

R˚˚˚
n

kβ
Ñ R˚

2 `Un´2

R˚˚
n

kβ
Ñ Un´m ` R˚

m

R˚˚
n

kβ
Ñ R˚

m ` Un´m

e. Intermolecular chain transfer to polymer reactions

R˚
n ` Dm

mktrP
Ñ Dn ` R˚˚

m

R˚
n ` Um

mktrP
Ñ Dn ` R˚˚

m

f. Chain transfer to monomer reactions

R˚
n ` M ktrM

Ñ Dn ` R˚
1

R˚˚
n ` M

kt
trM
Ñ Dn ` R˚

1

R˚˚˚
n ` M

kt
trM
Ñ Dn ` R˚

1

g. Chain transfer to solvent reactions

R˚
n ` S ktrS

Ñ Dn ` R˚
0

R˚˚
n ` S

kt
trS
Ñ Dn ` R˚

0

R˚˚˚
n ` S

kt
trS
Ñ Dn ` R˚

0

h. Termination by coupling reactions

R˚
n ` R˚

m
ktc
Ñ Dn`m

R˚
n ` R˚˚

m
2kt

tc
Ñ Dn`m

R˚
n ` R˚˚˚

m
2kt

tc
Ñ Dn`m

R˚˚
n ` R˚˚

m
ktt

tc
Ñ Dn`m

R˚˚
n ` R˚˚˚

m
2ktt

tc
Ñ Dn`m

R˚˚˚
n ` R˚˚˚

m
ktt

tc
Ñ Dn`m

i. Termination by disproportionation reactions

R˚
n ` R˚

m
ktd
Ñ Dn ` Um

R˚
n ` R˚˚

m
kt

td
Ñ Dn ` Um

R˚
n ` R˚˚

m
kt

td
Ñ Dm ` Un

R˚
n ` R˚˚˚

m
kt

td
Ñ Dn ` Um

R˚
n ` R˚˚˚

m
kt

td
Ñ Dm ` Un

R˚˚
n ` R˚˚

m
ktt

td
Ñ Dn ` Um

R˚˚
n ` R˚˚˚

m
ktt

td
Ñ Dn ` Um

R˚˚
n ` R˚˚˚

m
ktt

td
Ñ Dm ` Un

R˚˚˚
n ` R˚˚˚

m
ktt

td
Ñ Dn ` Um

Inter- and intra-molecular CTP reactions lead to the formation of tertiary radicals, which are
capable of undergoing propagation [50] and β-scission reactions. The β-scission reactions produce
secondary radicals and dead polymer chains with a terminal double bond. This led to the generation
of shorter dead polymer chains, thus lowering the average molecular weight of the polymer product.
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2.2. Rate Equations

Reaction rate equations are derived using the method of moments. We assume that all reactions
given in Table 1 except for the self-initiation reaction are elementary. As expected, accounting
for β-scission and inter-molecular CTP reactions leads to closure problems; that is, a moment of
a chain length distribution depends on a higher moment of the same or different distributions [36].
For example, as the inter-molecular CTP reaction rate coefficient depends on the number of
polymerized monomer units in the dead polymer chains, the zeroth moments of the chain length
distributions of the dead polymer chains depend on their first moments. To address this problem, for
each chain length distribution, a specific distribution model is assumed to derive an approximation that
relates the third moment of the distribution to lower moments of the same distribution. In particular,
chain length distributions of the dead polymer chains with or without a terminal double bond are
assumed to be re-scaled Gamma distributions [51], and the chain length distribution of the tertiary
radicals R˚˚n is assumed to have a normal distribution.

The resulting rate equations; that is, the production rate equations for M, S, R0
*, R1

*, R2
*, R3

*, and
the zeroth, first, and second moments of dead polymer, secondary radical, and tertiary radical chain
length distributions, are given in the Appendix. [X] represents the molar concentration of species
X. δ0

*, δ1
*, and δ2

* are the zeroth, first, and second moments of the secondary radical chain length
distributions. δ0

**, δ1
**, δ2

**, and δ3
** are the zeroth, first, second, and third moments of the chain length

distribution of the tertiary radicals generated by the intermolecular CTP reactions. δ0
***, δ1

***, and
δ2

*** are the zeroth, first, and second moments of the chain length distribution of the tertiary radicals
formed by the backbiting reactions. The jth moments of the chain length distributions of the live and
dead polymer chains are:

δ˚j “
8
ÿ

n“0

nj rR˚ns , δ˚˚j “

8
ÿ

n“1

nj rR˚˚n s , δ˚˚˚j “

8
ÿ

n“1

nj rR˚˚˚n s

λj “

8
ÿ

n“1

nj rDns , Γj “

8
ÿ

n“1

nj rUns

and δ0 “ δ˚0 ` δ˚˚0 ` δ***
0 .

2.3. Batch Reactor Model

Mole balances on all species and balances on the moments lead to a batch reactor model that
consists of 21 first-order ordinary differential equations:

d rJs
dt

“ rJ , rJs p0q “ rJs0

where J “ M, S, R˚0 , R˚1 , R˚2 , R˚3 , δ˚0 , δ˚1 , δ˚2 , δ˚˚0 , δ˚˚1 , δ˚˚2 , δ***
0 , δ***

1 , δ***
2 , λ0, λ1, λ2, Γ0, Γ1, Γ2. All initial

concentrations are assigned to be zero except for that of monomer, which is nonzero and is denoted by
[M]0. The monomer conversion is calculated using:

X “
rMs0 ´ rMs
rMs0

In this model, volume effects and diffusional limitations are ignored as most of conversion
measurements reported herein are below 50%. Also, depropagation is not considered, as it is
insignificant for alkyl acrylate monomers. However, it is significant for methacrylate monomers [5].

3. Experimental and Analytical Procedures

The monomer, 98% n-butyl acrylate stabilized with 50 ppm of 4-methoxyphenol as inhibitor, is
from Alfa Aesar. Batch reactors are 4-inch stainless steel Swagelok tubes (Swagelok Inc., Huntingdon
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Valley, PA, USA), capped at both ends with Swagelok stainless steel caps. The 4-inch length gives a
reaction volume of 4.8 mL. These tubes can withstand pressures up to 3300 psig.

For each set of batch experiments, 30–50 mL of n-BA is dripped through an inhibitor removal
column DHR-4, from Scientific Polymer Products of Ontario, New York, in order to remove the
inhibitor. The inhibitor-free monomer is collected in a 50-mL round-bottom flask equipped with a
standard taper 24/40 ground glass joint. After one hour of UHP nitrogen bubbling, we remove the
needles and wrap the rubber septum tightly with aluminum foil secured with tight rubber bands.
The round-bottom flask with the inhibitor-free, nitrogen-bubbled n-BA, the open reaction tubes, and
the tube caps are then moved to the vacuum-nitrogen-purge chamber of a nitrogen-atmosphere glove
box (LC Technology Solutions, Salisbury, USA). After several vacuum-nitrogen purge cycles, the flask,
tubes and caps are then moved to the main chamber of the glove box, in which oxygen is removed
reactively and water physically from the nitrogen gas inside. The oxygen concentration in the glove
box is kept below 0.1 ppm. Inside the glove box, the sealed flask is then opened and 2.5 mL of monomer
are pipetted into each reaction tube, after which the other end cap is attached and tightened. Upon
removal from the glove box, each reaction tube is weighed, and the weight is recorded. The fluidized
sand bath is then heated to a desired constant reaction temperature. After maintaining the sand bath at
the desired temperature for several hours, two reactor tubes at a time are placed in the sand bath and
are then pulled out of the fluidized sand bath after a specific period of time. The tubes are then cooled
quickly in a cold water bath to stop further polymerization. After drying each tube, the reaction tube
is weighed, and the weight is recorded. If any tube shows a weight loss, the tube is discarded from the
experiment. The content of each tube is then emptied into vials. The time that a reactor tube spends in
the sand bath minus one minute is considered as the reaction time of the reactor tube. Our previous
studies had shown that it takes approximately one minute for the monomer inside a reactor tube to
reach the sand bath temperature.

The conversion in each reaction tube is measured with a gravimetric method. A 57 mm aluminum
dish is weighted (wgt1). Then, 1.5 mL of the reaction mass is pipetted from each vial into the aluminum
dish, and the dish is then weighed (wgt2). Three milliliters of toluene is then added to the reaction mass,
which completely dissolves in the added toluene. Next, the dish is placed in a vacuum oven overnight
at 50 ˝C to allow the solvent and the unreacted monomer to evaporate. The dish is then weighed a third
time (wgt3). The % conversion is calculated using the equation ((wgt1 ´wgt3) ˆ 100)/(wgt1 ´wgt2).

4. Results and Discussion

Parameter Estimation

Rate coefficients of all reactions except for the monomer self-initiation reaction are given in Table 2.

Table 2. Reaction rate coefficient values.

Parameter Frequency Factor Activation Energy
(kJ.mol´1) Ref.

kp 2.21 ˆ 107 L¨mol´1¨ s´1 17.9 [30]
kt

p 1.20 ˆ 106 L¨mol´1¨ s´1 28.6 [49]
kbb 7.41 ˆ 107 s´1 32.7 [33]

ktrM 2.90 ˆ 105 L¨mol´1¨ s´1 32.6 [47]
kt 3.89 ˆ 109 L¨mol´1¨ s´1 8.4 [31]
ktt

t 5.30 ˆ 109 L¨mol´1¨ s´1 19.6 [34]
kβ 1.49 ˆ 109 s´1 63.9 [34]

ktrP 4.01 ˆ 103 L¨mol´1¨ s´1 29.0 [15]
CtrS 1.07 ˆ 102 35.4 [34]
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Table 3. Reaction rate coefficient definitions and correlations [34,48].

kt “ ktc ` ktd

kt
t “ kt

tc ` kt
td

ktt
t “ ktt

tc ` ktt
td

ktd “ δskt

ktt
td “ δtktt

t

kt
td “ δst

b

ktktt
t

ktc “ p1´ δsq kt

ktt
tc “ p1´ δtq ktt

t

kt
tc “ p1´ δstq

b

ktktt
t

ktrS “ CtrSkp

kt
trM “

kt
p

kp
ktrM

kmac “ γkp

The unknown rate coefficient, ki, is estimated from monomer-conversion measurements. Reaction
rate coefficient definitions, correlations and dimensionless kinetic parameter values are provided in
Tables 3 and 4.

Table 4. Dimensionless kinetic parameter values [34,48].

Parameter Dimensionless Value

δs 0.1
δst 0.7
δt 0.9
γ 0.5

The system of ordinary differential equations (ODEs) is integrated numerically using the MATLAB
routine bvp5c. For parameter estimation, the MATLAB function fminsearch, which is based on the
Nelder-Mead simplex algorithm, is used to find the value of ki that minimizes the sum of the squared
errors between measurements and model-predicted values of conversion.
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Figures 1–5 show measurements and model predictions of n-BA conversion at different constant
reactor temperatures (140, 160, 180, 200 and 220 ˝C). At each temperature, ki, is estimated by fitting the
model predictions to the measurements. As can be seen, the model fits the measurements very well at
all four temperatures.Processes 2016, 4, 15 9 of 16 
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The estimated frequency factor and activation energy as well as their 95% confidence intervals
are given in Table 5. As can be seen in this table, the experimentally estimated self-initiation rate
coefficients are in excellent agreement with those calculated using quantum chemical calculations
(within a factor of 2–3 of those reported in [12]).

After 250 min of polymerization at 140 and 160 ˝C, respectively, the conversion is less than 3%
(Figure 1) and less than 8% (Figure 2). Theses indicate that the n-BA self-initiation reaction is slow at
160 ˝C or a lower temperature. However, as temperature increases (Figures 3–5), the contribution of
self-initiation to the polymerization increases (conversion of more than 25% at 180 ˝C, about 40% at
200 ˝C, and about 60% at 220 ˝C, after 250 min of reaction). At 160 ˝C, conversion increases linearly
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from 2.5% to 6.5% between 55 and 220 min. At 180 ˝C, the conversion increases to 25% after 220 min,
and the rate of its increase is slightly higher initially. At 200 ˝C, a 25% conversion is achieved after
110 min. Again, the conversion increases faster initially at 200 ˝C. At 220 ˝C, less than 55 min is
sufficient to achieve a 30% conversion. Figures 1–5 indicate that at 140–220 ˝C the conversion does not
level off during the 250 min, implying that the polymerization can continue beyond 250 min. Figure 7
shows the high sensitivity of the conversion predictions to the self-initiation rate coefficient, implying
the low uncertainty of the estimate of the rate coefficient at each of the temperatures.Processes 2016, 4, 15 11 of 16 
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Table 5. Experimentally-estimated and theoretical values of ki (M´1¨ s´1), Ei (kJ¨mol´1) and
Ai (M´1¨ s´1).

Temperature This Work Theoretical [11] Theoretical [12]

T ki ki ki
413 3.30 ˆ 10´15 2.81 ˆ 10´18 1.04 ˆ 10´14

433 2.20 ˆ 10´14 2.86 ˆ 10´17 4.72 ˆ 10´14

453 4.00 ˆ 10´13 2.37 ˆ 10´16 1.95 ˆ 10´13

473 1.50 ˆ 10´12 1.64 ˆ 10´15 7.11 ˆ 10´13

493 6.80 ˆ 10´12 9.74 ˆ 10´15 2.34 ˆ 10´12

Parameter This Work Theoretical [11] Theoretical [12]

Ei 165.51 ˘ 4.52 172.50 115.00
ln Ai 14.86 ˘ 1.20 9.68 1.38

5. Concluding Remarks

An experimental study of the self-initiation reaction of n-BA in free-radical polymerization was
presented. The frequency factor and activation energy of the monomer self-initiation reaction were
estimated from batch-reactor monomer-conversion measurements from spontaneous polymerization
of n-BA in the absence of oxygen, using a macroscopic mechanistic mathematical model of the reactor.
A comparison of the estimated monomer self-initiation reaction rate constant with estimates obtained
via quantum chemical calculations showed satisfactory agreement. These experimental estimates
quantify, for the first time, the sole contribution of the monomer self-initiation to the initiation of
n-BA polymerization.

When two alkyl acrylate monomers react, they form a diradical that undergoes spin transition
and subsequently reacts with a third monomer and forms two monoradicals, which initiate
polymerization [10–12]. The rate coefficients of alkyl (methyl, ethyl, n-butyl) acrylate monomers have
similar values [10–12]. However, when two methacylate monomers react, they form a singlet diradical
that can undergo three major competing parallel reactions (one generates a dimer and the other two
lead to the formation of monoradicals, which initiate polymerization) [13]. Because of the competing
parallel reaction that generates a dimer, methacylate monomers have slower monomer-initiated
polymerization in comparison with alkyl acrylate monomers.
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Appendix: Reaction Rate Equations

rM “ ´3kirMs
2
´ kp rMs δ˚0 ´ kt

p rMs pδ
˚˚
0 ` δ˚˚˚0 q ´ ktrM rMs δ˚0 ´ kt

trM rMs pδ
˚˚
0 ` δ˚˚˚0 q

rS “ ´ktrS rSs δ˚0 ´ kt
trS rSs pδ

˚˚
0 ` δ˚˚˚0 q

rR˚
0
“ ´kp rMs rR˚0 s ´kmacrR˚0 sΓ0 ´ ktcrR˚0 sδ

˚
0 ´ kt

tc rR
˚
0 s pδ

˚˚
0 ` δ˚˚˚0 q
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rR˚
1
“ kirMs

2
` kp rMs

`“

R˚0
‰

´
“

R˚1
‰˘

´ kmacrR˚1 sΓ0 ` 2kβδ˚˚0

`ktrm rMs δ˚0 ` kt
trm rMs

`

δ˚˚0 ` δ˚˚˚0
˘

´ pktc ` 2ktdq
“

R˚1
‰

δ˚0

´
`

kt
tc ` 2kt

td
˘ “

R˚1
‰ `

δ˚˚0 ` δ˚˚˚0
˘

´ kt
trp

“

R˚1
‰

pλ1 ` Γ1q

rR˚
2
“ kirMs

2
` kp rMs

`

rR˚1 s ´rR
˚
2
‰˘

´ kmacrR˚2
‰

Γ0 ` 2kβ

`

δ˚˚˚0 ` 2δ˚˚0
˘

´ktrP pλ1 ` Γ1q rR˚2 s ´ pktrM rMsq rR˚2
‰

´ pktc ` 2ktdq rR˚2
‰

δ˚0

´
`

kt
tc ` 2kt

td
˘

rR˚2
‰ `

δ˚˚0 ` δ˚˚˚0
˘

rR˚
3
“ kp rMs

`

rR˚2 s ´rR
˚
3
‰˘

` kt
P rMs rR

˚˚
2 s ´kmacrR˚3

‰

Γ0 ´ kbbrR˚3 s ` 2kβδ˚˚0

´ ktrP pλ1 ` Γ1q
“

R˚3
‰

´ pktrM rMsq rR˚3 s ´ pktc ` 2ktdq rR˚3
‰

δ˚0

´
`

kt
tc ` 2kt

td
˘

rR˚3 s
`

δ˚˚0 ` δ˚˚˚0
˘

rδ˚
0
“ 2kirMs

2
´ kmacΓ0δ˚0 ´ kbbδ˚0 ` 2kβ

`

δ˚˚1 ´ 3δ˚˚0 ` 2δ˚˚˚0
˘

´ ktrP pλ1 ` Γ1q δ˚0

`
`

kt
P rMs ` kt

trM rMs
˘ `

δ˚˚0 ` δ˚˚˚0
˘

´ pktc ` ktdq δ˚0
2

´2
`

kt
tc ` kt

td
˘

δ˚0
`

δ˚˚0 ` δ˚˚˚0
˘

rδ˚
1
“ 3kirMs

2
` kp rMs δ˚0 ` kt

p rMs
`

δ˚˚0 ` δ˚˚1 ` δ˚˚˚0 ` δ˚˚˚1
˘

´ kmacΓ0δ˚1 ´ kbbδ˚1

`kβ

`

2δ˚˚˚1 ´ 2δ˚˚˚0 ` δ˚˚2 ´ 5δ˚˚1 ` 6δ˚˚0
˘

´ ktrP pλ1 ` Γ1q δ˚1

`ktrM rMs
`

δ˚0 ´ δ˚1
˘

` kt
trM rMs

`

δ˚˚0 ` δ˚˚˚0
˘

´ pktc ` ktdq δ˚0 δ˚1

´2
`

kt
tc ` kt

td
˘

δ˚1
`

δ˚˚0 ` δ˚˚˚0
˘

rδ˚
2
“ 5kirMs

2
` kp rMs p2δ˚1 ` δ˚0 q ` kt

p rMs
`

δ˚˚2 ` 2δ˚˚1 ` δ˚˚0 ` δ˚˚˚2 ` 2δ˚˚˚1 ` δ˚˚˚0
˘

´kmacΓ0δ˚2 ´ kbbδ˚2 ´ ktrP pλ1 ` Γ1q δ˚2 ` ktrM rMs
`

δ˚0 ´ δ˚2
˘

`kt
trM rMs

`

δ˚˚0 ` δ˚˚˚0
˘

´ pktc ` ktdq δ˚0 δ˚2

´2
`

kt
tc ` kt

td
˘

δ˚2
`

δ˚˚0 ` δ˚˚˚0
˘

`kβ

`

2δ˚˚˚2 ´ 12δ˚˚˚1 ` 26δ˚˚˚0 ` 2
3 δ˚˚3 ´ 5δ˚˚2 ` 37

3 δ˚˚1 ´ 10δ˚˚0
˘

rδ˚˚
0
“ ´kt

p rMs δ˚˚0 ` kmacΓ0δ˚0 ´ 2kβ

`

δ˚˚1 ´ 3δ˚˚0
˘

` ktrP pλ1 ` Γ1q δ˚0 ´
`

kt
trM rMs

˘

δ˚˚0

´2
`

kt
tc ` kt

td
˘

δ˚0 δ˚˚0 ´
`

ktt
tc ` ktt

td
˘

δ˚˚0
`

δ˚˚0 ` 2δ˚˚˚0
˘

rδ˚˚
1
“ ´kt

p rMs δ˚˚1 ` kmac
`

δ˚0 Γ1 ` δ˚1 Γ0
˘

´ 2kβ

`

δ˚˚2 ´ 3δ˚˚1
˘

` ktrPδ˚0 pλ2 ` Γ2q

´
`

kt
trM rMs

˘

δ˚˚1 ´ 2
`

kt
tc ` kt

td
˘

δ˚0 δ˚˚1 ´
`

ktt
tc ` ktt

td
˘

δ˚˚1
`

δ˚˚0 ` 2δ˚˚˚0
˘

rδ˚˚
2
“ ´kt

p rMs δ˚˚2 ` kmac pδ
˚
0 Γ2 ` 2δ˚1 Γ1 ` δ˚2 Γ0q ´ 2kβ pδ

˚˚
3 ´ 3δ˚˚2 q ` ktrPδ˚0

pΓ3 ` λ3q ´
`

kt
trM rMs

˘

δ˚˚2 ´ 2
`

kt
tc ` kt

td
˘

δ˚0 δ˚˚2 ´
`

ktt
tc ` ktt

td
˘

δ˚˚2 pδ˚˚0 ` 2δ˚˚˚0 q

rδ˚˚˚
0

“ ´kt
p rMs δ˚˚˚0 ` kbbδ˚0 ´ 4kβδ˚˚˚0 ´

`

kt
trM rMs

˘

δ˚˚˚0 ´ 2
`

kt
tc ` kt

td
˘

δ˚0 δ˚˚˚0

´
`

ktt
tc ` ktt

td
˘

δ˚˚˚0
`

2δ˚˚0 ` δ˚˚˚0
˘

rδ˚˚˚
1

“ ´kt
p rMs δ˚˚˚1 ` kbbδ˚1 ´ 4kβδ˚˚˚1 ´

`

kt
trM rMs

˘

δ˚˚˚1 ´ 2
`

kt
tc ` kt

td
˘

δ˚0 δ˚˚˚1

´
`

ktt
tc ` ktt

td
˘

δ˚˚˚1
`

2δ˚˚0 ` δ˚˚˚0
˘

rδ˚˚˚
2

“ ´kt
p rMs rδ˚˚˚2 s ` kbbδ˚2 ´ 4kβδ˚˚˚2 ´

`

kt
trM rMs

˘

δ˚˚˚2 ´ 2
`

kt
tc ` kt

td
˘

δ˚0 δ˚˚˚2

´
`

ktt
tc ` ktt

td
˘

δ˚˚˚2
`

2δ˚˚0 ` δ˚˚˚0
˘
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rλ0 “ ktrPδ˚0 Γ1 ` pktrM rMsq δ˚0 `
`

kt
trM rMs

˘

pδ˚˚0 ` δ˚˚˚0 q ` 0.5 pktc ` ktdq δ˚0 δ˚0

` 2
`

kt
tc ` kt

td
˘

δ˚0
`

δ˚˚0 ` δ˚˚˚0
˘

` 0.5
`

ktt
tc ` ktt

td
˘ `

δ˚˚0 δ˚˚0 ` δ˚˚˚0 δ˚˚˚0 ` 4δ˚˚0 δ˚˚˚0
˘

rλ1 “ ktrP
`

δ˚1 pΓ1 ` λ1q ´ δ˚0 λ2
˘

` pktrM rMsq δ˚1 `
`

kt
trM rMs

˘ `

δ˚˚1 ` δ˚˚˚1
˘

` 0.5 p2ktc ` ktdq δ˚0 δ˚1

`
`

2kt
tc ` kt

td
˘ `

δ˚1 δ˚˚0 ` δ˚˚1 δ˚0 ` δ˚1 δ˚˚˚0 ` δ˚˚˚1 δ˚0
˘

`
`

2ktt
tc ` ktt

td
˘ `

0.5δ˚˚0 δ˚˚1 ` 0.5δ˚˚˚0 δ˚˚˚1 ` δ˚˚1 δ˚˚˚0 ` δ˚˚0 δ˚˚˚1
˘

rλ2 “ ktrP
`

δ˚2 pΓ1 ` λ1q ´ δ˚0 λ3
˘

` pktrM rMsq δ˚2 `
`

kt
trM rMs

˘ `

δ˚˚2 ` δ˚˚˚2
˘

` ktc
`

δ˚0 δ˚2 ` δ˚1 δ˚1
˘

` 2kt
tc

`

δ˚2
`

δ˚˚0 ` δ˚˚˚0
˘

` 2δ˚1
`

δ˚˚1 ` δ˚˚˚1
˘

` δ˚0
`

δ˚˚2 ` δ˚˚˚2
˘˘

` ktt
tc
`

δ˚˚2 δ˚˚0 ` δ˚˚1 δ˚˚1 ` δ˚˚˚2 δ˚˚˚0 ` δ˚˚˚1 δ˚˚˚1 ` 2δ˚˚˚0 δ˚˚2 ` 2δ˚˚˚2 δ˚˚0

` 4δ˚˚˚1 δ˚˚1
˘

` 0.5ktdδ˚0 δ˚2 ` kt
td
`

δ˚˚0 δ˚2 ` δ˚0 δ˚˚2 ` δ˚˚˚0 δ˚2 ` δ˚˚˚2 δ˚0
˘

` ktt
td
`

0.5δ˚˚0 δ˚˚2 ` 0.5δ˚˚˚0 δ˚˚˚2 ` δ˚˚2 δ˚˚˚0 ` δ˚˚˚2 δ˚˚0
˘

rΓ0 “ ´kmacδ˚0 Γ0 ` 2kβ

`

2δ˚˚˚0 ` δ˚˚1 ´ 3δ˚˚0
˘

´ ktrPδ˚0 Γ1 ` 0.5ktdδ˚0
2

` 2kt
tdδ˚0

`

δ˚˚0 ` δ˚˚˚0
˘

` 0.5ktt
td
`

δ˚˚0 δ˚˚0 ` 4δ˚˚0 δ˚˚˚0 ` δ˚˚˚0 δ˚˚˚0
˘

rΓ1 “ ´ kmac δ˚0 Γ1 ` kβ

`

2δ˚˚˚1 ` 2δ˚˚˚0 ` δ˚˚2 ´ δ˚˚1 ´ 6δ˚˚0
˘

´ ktrP δ˚0 Γ2 ` 0.5ktdδ˚0 δ˚1

` kt
td
`

δ˚1 δ˚˚0 ` δ˚˚1 δ˚0 ` δ˚˚˚0 δ˚1 ` δ˚0 δ˚˚˚1
˘

` 0.5ktt
td

`

δ˚˚0 δ˚˚1 ` δ˚˚˚0 δ˚˚˚1 ` 2δ˚˚1 δ˚˚˚0 ` 2δ˚˚0 δ˚˚˚1
˘

rΓ2 “ ´ kmac δ˚0 Γ2

` kβ

´

2δ˚˚˚2 ´ 8δ˚˚˚1 ` 26δ˚˚˚0 ` 2
3 δ˚˚3 ´ δ˚˚2 ` 1

3 δ˚˚1

´ 10δ˚˚0
˘

´ ktrP δ˚0 Γ3 ` 0.5 ktd δ˚0 δ˚2

` kt
td
`

δ˚0
`

δ˚˚2 ` δ˚˚˚2
˘

` δ˚2
`

δ˚˚0 ` δ˚˚˚0
˘˘

` ktt
td

`

0.5δ˚˚˚0 δ˚˚˚2 ` 0.5δ˚˚0 δ˚˚2 ` δ˚˚˚0 δ˚˚2 ` δ˚˚0 δ˚˚˚2
˘

where (assuming re-scaled Gamma distributions for the dead polymer chains and a normal distribution
for the tertiary radicals R˚˚n )

λ3 «

ˆ

λ2

λ0λ1

˙

´

2λ0λ2 ´ λ1
2
¯

Γ3 «

ˆ

Γ2

Γ0Γ1

˙

´

2Γ0Γ2 ´ Γ1
2
¯

δ˚˚3 « 3δ˚˚2 δ˚˚1 ´ 2δ˚˚1
3
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