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Abstract: To solve a number of technological issues, it is advisable to use mathematical modeling,
which will allow us to obtain the dependences of the influence of the technological parameters of
chemical and thermal treatment processes on forming the depth of the diffusion layers of steels
and alloys. The paper presents mathematical modeling of diffusion processes based on the existing
chemical and thermal treatment of steel parts. Mathematical modeling is considered on the example
of 38Cr2MoAl steel after gas nitriding. The gas nitriding technology was carried out at different
temperatures for a duration of 20, 50, and 80 h in the SSHAM-12.12/7 electric furnace. When
modeling the diffusion processes of surface hardening of parts in general, providing a specifically
given distribution of nitrogen concentration over the diffusion layer’s depth from the product’s
surface was solved. The model of the diffusion stage is used under the following assumptions:
The diffusion coefficient of the saturating element primarily depends on temperature changes; the
metal surface is instantly saturated to equilibrium concentrations with the saturating atmosphere; the
surface layer and the entire product are heated unevenly, that is, the product temperature is a function
of time and coordinates. Having satisfied the limit, initial, and boundary conditions, the temperature
distribution equations over the diffusion layer’s depth were obtained. The final determination of the
temperature was solved by an iterative method. Mathematical modeling allowed us to get functional
dependencies for calculating the temperature distribution over the depth of the layer and studying
the influence of various factors on the body’s temperature state of the body.

Keywords: steel; diffusion layer; hardening; surface hardness; nitriding; mathematical modeling

1. Introduction

The widespread use of chemical-thermal treatment in various technology fields is
explained by the fact that most machine parts and various mechanisms operate under wear,
cavitation, cyclic loads, and corrosion at cryogenic or high temperatures, which maximum
stresses occur in the surface layers of metal.

Chemical-thermal treatment of metals and their alloys for their surface hardening
and protection against surface corrosion increases the reliability and durability of machine
parts [1–5]. Parts such as bushings, pipes, washers, screws, gaskets, axles, shafts, gear
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shafts, plungers, rods, crankshafts and camshafts, rings, spindles, screws, mandrels, rails,
gear rings, semi-axles, gears, hydraulic cylinders, machine tool and turbine parts, as well
as tools, punching tools, etc., need surface hardening. There are currently many surface
hardening methods based on applying coatings or changing the surface condition. Among
them, chemical-thermal treatment is widely used, which is used for alloys of both ferrous
and non-ferrous metals.

The essence of the chemical-thermal treatment process is the saturation of the surface
layers of the product with one or several elements at once combined with a certain heat
treatment, which, depending on the type of chemical-thermal treatment, can be performed
before and after saturation of the surface. Therefore, in chemical-thermal treatment, the
structure and properties of the part’s surface are due to both changes in the chemical
composition of the surface and heat treatment.

The purpose of chemical-thermal treatment is to obtain a hard and wear-resistant
surface of the part while maintaining a sufficiently plastic and viscous core matrix. De-
pending on the element that saturates the surface of the product, the following types of
chemical-thermal treatment are distinguished:

• Cementation is carbon saturation. As shown in [6–8], cementation is particularly
appropriate for achieving a large depth of steel products’ carburization. The disadvan-
tage of this method is the high labor intensity and poor variability of the conditions
of carburization. The purpose of cementation is to create a stable, protective layer on
the metal product’s surface, increasing strength characteristics (including hardness
and wear resistance). The main disadvantage of carburizing is the high complexity
of the process.

• Nitriding is nitrogen saturation. Due to the increase in the specific volume of steel in
the surface layer during nitriding and surface quenching, large internal compressive
stresses occur. They help to reduce the tensile stresses from the external load during
the operation of the part. As a result, the part’s endurance, i.e., the ability to withstand
a large number of repeated loads, increases, as shown in [9–12]. The nitriding process
also has some technological advantages over carburizing: After nitriding, no quench-
ing is required. The process temperature is 350–400 ◦C lower than during carburizing.
As a result, the warping of the parts during nitriding is less. A serious disadvantage
of nitriding is the long duration of this process. The nitriding cycle lasts up to two
days. Besides, for nitriding, it is necessary to use expensive alloy steels, and therefore
nitrided parts are obtained as 2–3 times more expensive than conventional ones.

• Nitrocementation (cyanidation) is the simultaneous saturation of carbon and nitrogen.
The process of nitrocementation and cyanidation, as noted in [13–15], is carried out at
relatively low temperatures, which contributes to less intensive wear of the equipment
used and does not lead to significant deformations of the processed parts. Simultane-
ously, performing technological operations in such modes eliminates the need to cool
the processed product to low temperatures. After cyanidation, the steel’s austenitic
structure becomes more stable, which improves the hardenability of individual sec-
tions of the material subjected to such treatment. It is particularly due to the cyanized
material properties that low-alloy steels can be quenched in oil. The most significant
drawback of such a type of nitrocementation as cyanidation is the high toxicity of
the production components. For saturation with nitrogen and carbon, sodium and
calcium cyanide salts are used, which are extremely toxic substances.

• Boriding is boron saturation. The most promising method of chemical-thermal treat-
ment is boriding [16]. Boriding metals and alloys make it possible to obtain diffusion
layers on their surface, which have many valuable operational properties. Thus, dur-
ing the diffusion saturation of boron in steel structure, iron borides FeB and Fe2B with
high hardness are formed, contributing to increasing the wear resistance and heat
resistance of products operating in various conditions. The main purpose of surface
boriding is to increase the wear resistance of products’ surfaces during operation in
aggressive and abrasive environments at temperatures up to 800 ◦C.
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• Silicification is the saturation of silicon. Silicification is carried out in powdered
mixtures, gas, and liquid media. The silicified layer has high corrosion resistance in
ordinary seawater and acid resistance in nitric, sulfuric, and hydrochloric acids [3].
Silicification also increases the heat resistance of steel to 700–750 ◦C. The disadvantage
of silicifying steel is that it is almost impossible to obtain a uniform surface that will
not have pores.

• Diffusion metallization is saturation with chromium, aluminum, etc. As shown in [17],
the result of such treatment is a physical strengthening of the layer, an increase in its
heat resistance, and an increase in resistance to the corrosion process—the surface is
less worn during operation.

Regardless of the specific type of chemical-thermal treatment, three physical and
chemical processes occur simultaneously during this treatment:

1. Dissociation [1] is the decomposition of the molecules of the saturating medium to
obtain the necessary element in the active atomic (ionized) state.

2. Adsorption [18] is the absorption by the surface of the atoms (ions) of the saturat-
ing element, that is, the formation of a chemical bond between these atoms (ions)
and the surface.

3. Diffusion [1,19] is the saturating element’s movement into the metal’s depth (product).
In this case, a diffusion layer is formed, the concentration of elements in which differs
from the initial one. So, the main process in chemical-thermal treatment is diffusion.

To form a layer on the surface of the appropriate composition and a certain depth,
the part is placed in an environment rich in the element that should saturate the surface.
The composition of the medium, the temperature, and the chemical-thermal treatment
process’s duration must be carefully controlled.

The slowest of these processes is diffusion, the rate of which is known to increase
exponentially with increasing temperature. Therefore, the determining factor for obtaining
the necessary depth of the diffusion layer is the temperature. The diffusion layer’s depth
also depends on the process’s duration [1,3,7,8]. As shown in previous works [7,8], the
diffusion rate at the penetration of diffusing atoms into the solvent lattice will be higher if
solid solutions of introduction are formed during the interaction and much lower if solid
solutions of substitution are formed. The diffusing element concentration on the surface
depends on the influx of atoms of this element to the surface and the rate of diffusion
processes, i.e., removing these atoms into the metal. The thickness of the diffusion layer de-
pends on the heating temperature, the duration of exposure at saturation, and the diffusing
element’s concentration on the surface. The higher the diffusing element’s concentration
on the part’s surface, the higher the layer thickness. The higher the temperature of the
process, the greater the diffusion rate of the atoms, and consequently, the thickness of the
diffusion layer increases.

Diffusion that causes phase recrystallization (with the formation of new phases) is
often called reactive or reactive diffusion. This diffusion type occurs when steel is saturated
with carbon, nitrogen [20,21], chromium, silicon, etc.

Diffusion in metals is based on an atomic process. Each free atom makes more or
less random movements, that is, a series of jumps between different equilibrium positions
in the lattice [22]. The concept of “diffusion” is applied not to individual atoms’ move-
ment but the macroscopic flow of substances. Macroscopic movements of matter are the
result of a huge number of small movements of individual atoms. The driving force of
diffusion is the gradient of the chemical potential, which various reasons can cause. For
chemical-thermal treatment, the gradient of the chemical potential is determined by the
concentration gradient.

Diffusion in a two- or multi-component system is possible only if one component is
soluble in the other.

To form a representation of the diffusion process in a crystalline body (metal), a
large number of possible diffusion mechanisms are proposed; there are four main mecha-
nisms [19,22–24]:
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1. Cyclical (exchange). When this mechanism is implemented, several atoms (three or
more) located approximately in a circle move in concert so that the entire ring of atoms
returns to one interatomic distance. A special case of the cyclic mechanism is the
exchange mechanism, in which there is a direct exchange of places of two neighboring
atoms. These mechanisms are unlikely in crystals with a structure with dense packing
of atoms because they cause a strong distortion of the lattice at atoms’ transition sites.

2. Crowdion mechanism. In this case, an extra atom appears in a more or less densely
packed series of atoms. Each atom of this series, up to a distance of about ten
interatomic distances from the extra atom, is displaced by some distance from the
equilibrium position in the lattice. The crowdion configuration can move along this
row. The distortion propagates along the line, and the displacement energy of the
atoms is small.

3. Vacancy mechanism (diffusion by vacancies). In any crystal lattice, especially at
elevated temperatures, there are vacancies. Vacancies open the way for easy dif-
fusion due to the exchange of an atom with a vacancy. The transition of atoms to
vacant positions is equivalent to moving in the opposite direction of atoms’ move-
ment. The vacancy mechanism is realized in self-diffusion and the formation of solid
substitution solutions. The Kirkendahl effect is a convincing confirmation of the
vacancy mechanism of diffusion [24], which is found in most pairs of metals with
face-centered cubic and volume-centered cubic lattices and practically excludes the
bulk and cyclic diffusion mechanism because the diffusion mobility of the atoms of
the components (diffusion coefficients) is the same. In a vacancy mechanism, such
equality is unnecessary: The exchange frequencies of atoms of different varieties
with vacancies can differ. Many chemical-thermal treatment processes (cementation,
nitriding, alitization, chrome plating, etc.) are caused by the diffusion of elements
forming solid substitution solutions with iron [25–27]. Based on the material pre-
sented in these works, it can be concluded that the most difficult is a simple exchange
mechanism of diffusion, and the most likely is a vacancy one. It is proved that the
main mechanism of self-diffusion and diffusion in solid substitution solutions is the
vacancy one. Elements such as carbon, nitrogen, aluminum, and chromium diffuse
in iron by a vacancy mechanism. Porosity sometimes occurs in the diffusion layer,
which in some cases can be explained by the Kirkendall effect.

4. Internode mechanism. In this case, the atom moves inside the crystal, jumping
from one internode to another. Migration between the nodes is possible only when
diffusion of small impurities of atoms forms solid solutions and a jump of relatively
little displaced solvent atoms from their nodes in the lattice [23,28].

In industry, the most commonly used chemical-thermal treatment processes are based
on the diffusion of nonmetals such as C, N, and B into iron. These elements have a small
atomic radius and form solid solutions of introduction with iron. The diffusion of C, N,
and B proceeds along with the interstitial mechanism. To perform the elementary act of
diffusion, the free atom must overcome the energy barrier.

For the diffusion process to become possible, an energy fluctuation is needed. The
atom from its neighbors obtains the excess energy because the atoms continuously exchange
kinetic energy. Regardless of the average values of atoms’ kinetic energy in metal, there will
always be a certain number of atoms with increased or reduced energy. Individual atoms
with energy fluctuations can overcome the energy barrier and jump from one equilibrium
position to another.

The frequency of fluctuations exceeding Q determines the probability of jumps of an
atom from one equilibrium position to another f m. The relative time during which an atom
has the energy needed to overcome the barrier is proportional to exp(-Q/RT).

Hence, the value of f m depends exponentially on the temperature.
The activation energy during diffusion by the vacancy mechanism is higher than by

the interstitial one, and the diffusion mobility of atoms is lower. The deduction diffu-
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sion movement also proceeds with less energy consumption in solid solutions than solid
replacement solutions since they have ready-made vacancies in excess.

Diffusion in polycrystalline metals is much more intense than in single crystals. This
is because diffusion is a structurally dependent process and is largely determined by
the presence of defects in the crystal structure of metals [1,20,29]. As shown in these
works, all structural defects, vacancies, grain boundaries and sub-boundaries, external
surfaces, dislocations, etc., affect the diffusion mobility of atoms. During chemical-thermal
treatment, both volume diffusion (in the volume of each grain), which contributes to
diffusion flow, and diffusion along the grain boundaries are realized. The diffusion along
the grain boundaries occurs at a much higher rate than in the grain volume. This is due
to the fact that high-angle boundaries, regardless of their physical model, contain an
increased concentration of vacancies and violations of the periodicity of the arrangement
of atoms, which increases the probability of atomic transitions and reduces the activation
energy of diffusion.

The development of the process of diffusion of atoms of the saturating medium leads
to the formation of a diffusion layer, which is understood as the surface layer of the part
material, which differs from the initial matrix material in chemical composition, structure,
and properties. The material of the part’s matrix under the diffusion hardened layer, which
is not disturbed by the saturating medium’s chemical action, is called the core.

The shortest distance from the saturation surface to the core is the total thickness of
the diffusion layer. In the control of chemical-thermal treatment, the effective thickness of
the diffusion layer is used, which is understood as the shortest distance from the saturation
surface to the dimensional area characterized by the established limit nominal value of the
base parameter.

The basic parameter of the diffusion layer is understood as the material’s parameter.
This test is the criterion for changing the quality depending on the distance from the
saturation surface. As a basic parameter, either the concentration of the diffusion element,
or properties, or a structural feature are taken.

The inner part of the diffusion layer adjacent to the core, determined by the difference
between the total and effective thickness, is called the diffusion layer’s transition zone.

2. Research Methodology

The gas nitriding technology was carried out in an electric shaft resistance furnace of
the SSHAM-12.12/7 type. According to the furnace’s technical requirements, nitriding of
witness samples was carried out in an ammonia atmosphere [30].

Before nitriding, the products’ surface was degreased by electrochemical method or
washing in gasoline or in any other solvents to remove oil, emulsion, and other contami-
nants. Before nitriding, steels require pretreatment of the surfaces to be nitrided, with the
help of which the oxide film must be removed, which prevents the diffusion of nitrogen
deep into the metal. Nitriding of steels without preliminary depassivation leads to a
decrease in the thickness of the layer, to its unevenness, and, as a result, to partial hardness.
The oxidizing film is removed by digestion in an aqueous acid solution or introducing
ammonium chloride or carbon tetrachloride into the furnace working space.

The following equipment was used for the gas nitriding process:

(a) Electric furnace SSHAM-12.12/7 with control panels.
(b) Rack with ammonia cylinders.
(c) Adsorber (silica gel desiccant).
(d) Disociometer, U-shaped pressure gauges, oil gate, taps.

The electric resistance furnace of the SSHAM-12.12/7 type is designed for gas nitriding.
For nitriding, liquid ammonia of the first grade with a moisture content of up to 0.2% was
used in cylinders under a pressure of up to 30 atm. Ammonia was supplied to the furnace
from cylinders. Cylinders with ammonia were installed on a special rack. Flexible hoses
connected all cylinders to the equipment. Liquid ammonia from the cylinders rushed into
the adsorber. The ammonia pressure was monitored by a pressure gauge mounted on the
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collector. The pressure on the first stage of the gearbox should be within 2 atm. Gaseous
ammonia through the collector entered the ammonia two-stage gearbox DR-IA, which is
designed to reduce and maintain pressure in the pipeline system.

The adsorber is designed to drain the ammonia that entered the furnace. An adsorber
is an empty cylinder equipped on both sides with flanges that are bolted to it. A mesh
basket with a moisture separator-silica gel was placed inside the adsorber. Ammonia
entered the adsorber through the lower nozzle, passed through the silica gel and drained
through the lower nozzle, then entered the system. The dissociometer is designed to
determine the degree of dissociation of ammonia and is a capacity graded by 100 divisions.
The principle of operation of the device is based on the property of ammonia to dissolve
in water. Above and below, the container was closed by cranes. One branch of the lower
two-way tap is connected to the liquid discharge line into the sewer, and the second is
connected to the gas discharge line into the air (through the oil gate).

To determine the degree of dissociation of ammonia, both taps were opened so that
the gases leaving the furnace passed through the dissociometer. After 40–60 s, the lower
tap was closed, and the other was turned so that the dissociometer was filled with water.
Ammonia dissolved in water, but nitrogen and hydrogen did not dissolve. The degree
of dissociation of ammonia was determined by the volume filled with gases. During gas
nitriding of steel witness samples at nitriding temperatures, the ammonia dissociation
degree was in the range of 30–50%.

The specimens were placed in the device so that they do not touch each other to
prevent areas on the surfaces of the samples or products diffusion-less hardening, and to
ensure a free contact with the surface of the metal to be nitrided, the decay products of
ammonia, which play an important role in the processes of diffusive saturation. After that,
the witness samples with the details were immersed in the furnace and hermetically sealed.

We purged the muffle furnace until complete air extraction, which from there was
mounted on the dissociate (complete filling of dissociating water indicates the absence of
air in the oven), then the oven was turned on. The purge period was 30–60 min.

Gas nitriding was carried out according to the following technological scheme: Pre-
annealing, improvement (quenching with high tempering), degreasing, direct gas nitriding
for 20, 50, and 80 h, slow cooling of the products together with the furnace to a temperature
of 200 ◦C, followed by cooling in calm air.

The experiments were carried out in the temperature range of 400–700 ◦C in increments
of 10 ◦C.

To obtain a mathematical model, the temperature range 500–560 ◦C was selected.
Namely, the points indicated in Tables 1 and 2 (500, 530, 560 ◦C), where the average values
of the experimentally obtained data after gas nitriding, are presented.

Table 1. Average values of the experimentally obtained data of the nitrided layer depth after gas
nitriding, microns.

Duration of Gas
Nitriding, h

The Temperature of Nitriding, ◦C

500 530 560

20 40 100 190

50 400 500 540

80 570 610 650

The resulting model of the depth of the nitrided layer, depending on the normalized
values of temperature and duration of chemical-thermal treatment, has the form of a
polynomial of the second degree with the following values of coefficients:

y = 402.22222 + 61.679·x1 + 246.716·x2 − 11.727·x2
1 − 116.727x2

2 − 17.5·x1·x2 (1)
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Table 2. Average values of the experimentally obtained data of the surface hardness of steel
38Cr2MoAl after gas nitriding, GPa.

Duration of Gas
Nitriding, h

The Temperature of Nitriding, ◦C

500 530 560

20 7.5 8.5 6.5

50 10 9.5 8

80 9 9.2 7.5

3. Results and Discussion

The problem of controlling the diffusion process to obtain certain qualitative character-
istics of the hardened layer can be briefly formulated as the problem of ensuring a certainly
given distribution of the nitrogen concentration C (x, τ) over the depth of the diffusion
layer x from the surface of the product [8].

The diffusion stage model is used under the following assumptions:

1. The diffusion coefficient of the saturating element primarily depends on the tempera-
ture change.

2. The metal surface is instantly saturated to equilibrium concentrations with the satu-
rating atmosphere.

3. The surface layer and the entire product are heated unevenly. The product tempera-
ture is a function of time and coordinates t (x, τ).

The following partial differential equations represent the mathematical model:
The diffusion equation describing the process of diffusion saturation [20,24]:

∂C(x, τ)

∂τ
=

∂

∂x

{
D[t(x, τ)]

∂C(x, τ)

∂x

}
; (2)

The equation of non-stationary thermal conductivity describing the process of temper-
ature distribution in the product [20,24]:

CV(x)
∂t
∂τ

=
∂

∂x

[
λ(x)

∂t
∂x

]
(3)

where D[t(x, τ)]—the diffusion coefficient;
CV(x)—heat capacity of a unit of volume;
λ(x)—the coefficient of thermal conductivity, which is a physical parameter of a

substance and characterizes a material’s ability to conduct heat. It is also a proportionality
coefficient in the Fourier law equation.

Boundary conditions for concentration:

C(0, τ) = C0(τ) (4)

∂C(L, τ)

∂x
= 0. (5)

The initial conditions:
C(x, 0) = 0. (6)

To solve problem (2), using boundary and initial conditions (4)–(6), it is necessary to
determine the temperature distribution t (x,τ) over the depth of the diffusion layer from
Equation (3).
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For this purpose, the problem of non-stationary thermal conductivity in an inhomoge-
neous body was considered. To simplify the problem, we assumed that the temperature is
a function of the x coordinate and time τ:

t = f (x, τ), if
∂t
∂y

=
∂t
∂z

= 0. (7)

The temperature in the body changed only in the direction perpendicular to the
surface. Simultaneously, the greatest temperature difference per unit length occurred in the
direction of the normal n to the surface. The temperature gradient is a vector normal to the
surface of the product whose value has the opposite sign, indicating that the temperature
drop is the limit of the ratio of temperature change ∆t and the distance between the
isotherms at the normal ∆n:

lim
(

∆t
∆n

)
∆n→0

=
∂t
∂n

= gradt. (8)

According to Fourier’s law, the amount of heat transferred in a solid is proportional to
the drop in temperature, time, and cross-sectional area perpendicular to the direction of
heat propagation. The amount of heat transferred concerning a unit of area and a unit of
time is recorded:

q = −λ grand t (9)

Equation (9) is a mathematical expression of heat propagation’s basic law using solids’
thermal conductivity. The temperature gradient is assumed to be in the flow direction, and
the conducting plane is normal to the flow direction. The heat flux q is the amount of heat
transferred per unit of time through a unit of surface. This value is a vector whose direction
coincides with the direction of heat propagation and is opposite to the temperature gradient
direction, as indicated by the minus sign in Equation (9).

Let us consider the case of when the heat is transferred through a solid, boundary
conditions of the second kind are set on one of its surfaces and of the third kind on the
other. In this case, the heat flux values are set for each point on the body’s surface and at
any time. Analytically, this can be represented as follows:

q0 = f (x, τ) (10)

where q0—the density of heat flow on the surface of the body.
We assume that the density of the heat flow over the surface and over time

remains constant:
q0 = const, i f x = 0

On the other surface of the solid, limit conditions of the third kind are given. In this
case, the ambient temperature t0 and the law of heat exchange between the body’s surface
and the environment are set. The ultimate condition of the third kind of the law describes
the heat transfer between the surface and the environment in the process of cooling the
body according to Newton’s law-Richman, following which the amount of heat given to a
unit of body surface per unit time is proportional to the temperature difference between
the surface of the body tx=0 and the environment t0 (tx=0 > t0):

q = α(tx=0 − t0) (11)

where α is the proportionality coefficient, called the heat transfer coefficient, which charac-
terizes the intensity of heat exchange between the surface of the body and the environment.
Numerically, it is equal to the amount of heat given (or perceived) by a unit of surface
per unit of time when the temperature difference between the body’s surface and the
environment is equal to one degree.
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According to the law of conservation of energy, the amount of heat that is removed
per unit area per unit time due to heat loss must equal the heat supplied to the unit surface
per unit time due to heat conduction from the inner volume of the body:

α(tx=0 − t0) = −λ

(
∂t
∂n

)
x=0

(12)

Thus, the body is exposed to a uniformly distributed heat source with power q0
over the surface x = 0 and convective heat exchange with the environment through the
surface x = L.

We assume that the diffusion layer’s thermophysical characteristics are functions of
coordinates, and the main material of the product has constant characteristics. There are
no internal sources in the body (qv = 0).

Then this problem is described by Equation (3) under the following initial conditions:

t(x, 0) = t0 (13)

and mixed boundary conditions of the second and third kind:

− λ(0)
∂t
∂x

∣∣∣∣
x=0

= q0 (14)

− λ(L)
∂t
∂x

∣∣∣∣
x=L

= α( t|x=L − t0) (15)

To solve the problem (3), (13)–(15), the differential-difference method is applied. A
uniform grid over the variable τ is introduced:

Wτ =

{
τi = (i− 1)hτ ; i = 1, 2, 3, . . . M; hτ =

τM
M− 1

}
By replacing ∂t

∂x with a different relation, the original problem can be mapped to a
differential-difference problem:

∂

∂x

[
λ(x)

∂ti
∂x

]
=

CV(x)
hτ

(ti − ti−1) (16)

− λ(0)
∂ti
∂x

∣∣∣∣
x=0

= q0; (17)

− λ(L)
∂ti
∂x

∣∣∣∣
x=L

= α( ti|x=L − t0); (18)

We present the thermophysical characteristics of an inhomogeneous body (the diffu-
sion layer and the base material) in the form:

P(x) = P0 + lim
N→∞

N

∑
n=1

(P(xn)− P(n− 1))δ(x− xn)hn (19)

where P(x) =
{

λ(x)
CV(x)

; P0 = minp(xn); hn—the characteristic linear size of the inclu-

sion with the characteristics p(xn), δ(x− xn)—a Dirac function that allows you to record
the point impact and heat intensity.

The number of points N is selected depending on the characteristics of the product
material (the geometry of the inhomogeneous layer, inclusions, the number of points in
which the values of thermal characteristics are known).
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Regarding the temperature value obtained in the previous step ti−1(x), let us represent
it in the form:

ti−1(x) = lim
N→∞

N

∑
n=1

t(i−1)nxnδ(x− xn)hn (20)

Thus, the problem (16)–(18) taking into account (19), (20) is transformed into the form:

d2ti
dx2 − γ2ti = −

N

∑
n=1

[
(λn − λn−1)hn

λ0
·dtin

dx
δ(x− xn)−

CVn − CV0

λ0hτ
hntinδ(x− xn) +

CVnhn

λ0hτ
t(i−1)nδ(x− xn)

]
, (21)

where
λn = λ(xn), tin = ti(xn)

γ2 =
CV0

λ0hτ
;

q0 = −λ1
dti1
dx

(22)

− λDL
dtiN
dx

= α(tiDL − t0) (23)

The general solution of equation (21) has the form:

ti = C1eγx + C2e−γx − 1
2λ0hτ

N

∑
n=1

hne−γ|x−xn | ×
[
(λn − λn−1)

dtin
dx

sng(x− xn) +
Cvn − Cv(n−1)

γ
tin −

Cvn

γ
t(i−1)n

]
, (24)

where sng(x− xn) =

{
1, x ≥ xn,
−1, x < xn

—this is a piecewise constant function.

Having satisfied the boundary conditions (26), (27), we define the integration constants
C1 and C2

dti
dx

= γ
(
C1eγx + C2e−γx)+ γ

2λ0hτ

N

∑
n=1

hne−γ|x−xn |×

× sng(x− xn)

[
(λn − λn−1)

dtin
dx

sng(x− xn)−
Cvn − Cv(n−1)

γ
tin −

Cvn

γ
t(i−1)n

]
or

dti
dx

= γ
(
C1eγx + C2e−γx)+ γ

2λ0hτ

N

∑
n=1

hne−γ|x−xn | ×
{
(λn − λn−1)

∂tin
∂x

+
sng(x− xn)

γ

[(
Cvn − Cv(n−1)

)
tin − Cvnt(i−1)n

]}
(25)

We get:

ti =
2q0

λ1γz
(α− λDLγ)e−γLchγx− 2αT0

z
chγx +

1
2λ0hτ

×

×
N

∑
n=1

hn

{
(λn − λn−1)

dtin
dx

[
e−γ(x−xn) +

4(λDL − γ)

z
e−γLchγxnchγx

]
+

+
[(

CVn − CV(n−1)

)
tin − CVnt(i−1)n

]
×

×
[
(1− sng(−xn))

4(λDL − γ)

zγ
e−γLchγxnchγx +

sng(−xn)

γ

]}
where

sng(x) =
{

1, x ≥ 0,
−1, x < 0;

z = e−γL(λDLγ− α)− e−γL(λnγ + α) (26)

Differentiating Equation (26) by x and taking x = xn(n = 1, 2, . . . , N) we obtain together
with (26) a system of algebraic equations for determining tin and dti

dx , which is solved by the
iterative method.
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On the example of the gas nitriding process, according to (34), taking into account the found
values tin and dti

dx , calculations are performed, and results are obtained, which are shown in Figure 1.
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Figure 1. Temperature distribution over the depth of the diffusion layer at different
processing temperatures.

To test the model outside the simulation range, the temperatures shown in Figure 1 were
selected (450, 550, 650 ◦C). This allowed us to conclude the reliability (adequacy) of the mathematical
model both in the modeling range (550 ◦C) and outside the modeling range (450 and 650 ◦C).

The diffusion layer’s temperature distribution’s magnitude and nature depend on the supplied
heat’s power, the heat source’s duration, and influence. With an increase in the gas nitriding
temperature, the curves’ nature almost does not change (Figure 1). An intense temperature drop is
observed from the samples’ surface to about 400 microns of the diffusion layer. For the temperature
range 450–650 ◦C, this temperature drop is 3 ◦C. From 400 microns, the temperature distribution
deep into the samples is very smooth. This temperature distribution may be related to the diffusion
layers’ structural features and the different saturating element concentrations in depth. The dotted
line in Figure 1 shows approximations of the mean values of the experimentally obtained data. The
error of the obtained theoretical and experimental data does not exceed 3–5%. There is a pattern
that the experimentally obtained data are slightly higher than the theoretically obtained ones up to
400 microns, and vice versa at a greater depth of 400 microns.

The research study [31], devoted to the gas nitriding process, a general equation is obtained
that controls the coefficients of each process of development of the kinetic parameter of the growth of
i-th phase, the so-called constant of the parabolic growth of i-th phase, and other coefficients of the
diffusion process. The construction of a general equation for the parameters of this process allows us
to determine the diffusion coefficients of a single-phase and the development of the phase-in time.
The equation describes the direct relationship of the phase’s dynamic parameters with the difference
in the phase boundary and the phase diffusion coefficient. However, this model does not consider
the influence of temperature but depends only on the distribution of the concentration over the depth
of the layer.

In a paper [32], the fundamentals of the model were presented and discussed, including the
kinetics of compound layer growth and the determination of the nitrogen diffusivity in the diffusion
zone. The nitrogen diffusivity in the diffusion zone is determined to be constant and only depends
on the nitriding temperature, which is ~5 × 10−9 cm2/s at 548 ◦C. However, the paper does not
consider the issue of temperature distribution over the depth of the layer. There are no data on the
adequacy of the model for varying the nitriding temperature.
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In the study [33], the diffusion processes occurring during nitriding with FE methods are mod-
eled. Nitriding of gas as a diffusion process was described by a differential equation, namely Fick’s
second law. This equation was solved with the Finite Element (FE) method. Modeling was based on
the Orowan strengthening theory and the classic Johnson–Mehl–Avrami theory of precipitation.

The mathematical model of the diffusion processes of gas nitriding obtained in the present work
does not contradict the existing and generally accepted models but complements the knowledge about
the temperature distribution over the layer depth with the possibility of varying the temperature
range of treatment. Thanks to the obtained model, it is possible to obtain data on the formation
of the diffusion layer not only for the classical nitriding temperature (500–560 ◦C), but also for a
lower nitriding temperature (for example, 450 ◦C), and a higher nitriding temperature (for example,
650 ◦C). All of this makes it possible to expand the knowledge about the features of the formation of
the diffusion layer during the hardening of the surface of the part by gas nitriding.

As a result of the conducted studies, data on the distribution of temperature over the product’s
depth at different values of the exposure temperature necessary for predicting diffusion processes
were obtained.

4. Conclusions
The dependence of the influence of the technological parameters of the chemical-heat treatment

processes on the formation of the depth of the diffusion layers of steels and alloys is obtained. It
is shown that mathematical modeling is advisable for solving a number of technological issues
(e.g., determining and predicting the depth of the diffusion layer to determine specific gas nitriding
conditions based on a given depth of the diffusion layer of steel). The relevance of obtaining
mathematical models is associated with the technological and economic complexity of conducting
a large number of experiments, as well as the need to know the dependencies of the influence of
technological parameters of chemical and thermal treatment processes on the formation of the depth
of the diffusion layers of steels and alloys.

As a result of modeling diffusion processes and experimental studies, data on the temperature
distribution over the depth of the product at different values of the exposure temperature were
obtained. Analytical methods made it possible to obtain functional dependencies for the temperature
distribution over the depth of the layer and analyze the influence of various factors on the body’s
temperature state. The error of the obtained theoretical and experimental data does not exceed 3–5%.
The results of the research can be used in production and scientific research.
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