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Supplementary Material
Appendix A: Mathematical Formulation

A.1. Crude Distillation Unit

Total crude oil feed to CDU is given by:
Zp Qup < Xer Fer ,u = CDU (Al)
where F,. = flow rate of crude oil type crand Q,,, = flow rate of CDU fraction (i.e., cut) p.

CDU capacity is described by:

L, < cp}**, Yu (A2)
where L,, = load of unit u and ¢py'®* = maximum capacity of u.

CDU outlet flow rate of cut pis given by:



Qup = L ,W,, u=CDU, Vp (A3)

where W, = weight transfer ratio of p that is determined based on true boiling point data of cr.

Weight transfer ratio of p sums to unity:
2, W =1 (A4)

Middle-of-point (or midpoint) weight transfer ratio MW, of fraction p is given by:

MW, =100 <Z Wp/+%W >' p' <p,Vp:(p,p") # BR. (AS)
p’

A.2. Fluid Catalytic Cracking Unit

CDU cut of bottom residue is fed to FCC to be converted into more valuable products. FCC outlet
flow rate of product fraction fis given by:
Qrccr = Lu¥yr, u=FCCVf (A6)
where Qpcc, s = flow rate of ffrom FCC and Y; = weight transfer ratio of /from FCC.
All weight transfer ratios of f sum to unity:
XY =1 (A7)
Yr is determined using the following regression-based relation:
Yy = a0f + alf(conv - zf) + aZf(conV - zf)z, vf (A8)
where regression coefficients given by a0y, aly, and a2 are known constants.
To achieve a desired FCC conversion level, part of its outlet flow of total gas oil (TGO) is recycled

(as QS ) and mixed with total inlet feed (Q}):

Qfcc = Qcpur + Qfco (A9)



where QFcc = total inlet flow rate to FCC, Qcpu,sr = flow rate of bottom residue (BR) outlet stream

from CDU, and Q%o = flow rate of TGO recycle stream.

FCC load is equal to its inlet flow rate:
Lgcc = Qgcc (A10)
TGO recycle stream flow rate are bounded (from above) by the following constraints:

1
Qfco < > QcouBr (Al1)

QFco < Qfcerno (A12)

Remaining TGO stream (after split for recycle) is sold as heavy oil (FHO):

QFCC,FHO = QFCC,TGO - Q%GO (A13)

where Qgccruo = flow rate of FHO product from FCC.

A.3. Gasoline Blending Unit

Lighter CDU fractions of GO and HN are processed further to improve their for gasoline blending

to meet required research octane number (RON) specifications:

Qcpup = Xgec Frg, VP EPR (Al14)
where Fp’? g = flow rate of gasoline product grade g, G = set of gasoline product grades with RON
0f 90 (go) and 93 (g3), and F; = set of CDU fractions for gasoline blending.

To improve product quality, additives (e.g., MTBE) are mixed with blended CDU fractions

according to the following relation:

Q;I; = deG Fplig + Zr Qrfl’ Vp (Al5)

where Q7 = flow rate of additive rand Q,, = flow rate of final product p.



FCC gasoline fraction called Fgasis blended to improve its quality. The flow rate of FCC blended

fraction equals the sum of flow rates of its respective blended products, as follows:

fprod iprod
t JFgas Z FFgas g (AI 6)
fprod _ . iprod .
where Qt = flow rate of final product fraction of Fgas, F g is the flow rate of intermediate

blended product g, which is produced by blending flow stream Fgas from FCC.
The gasoline final products g90 and g93 are sold to customers. Their flow rates are calculated

using equation (A17).

Qgprod _ F;ZrOd n Z F;ﬂizrod 2 lprod, = Fgas,p € Rg’Vg (A17)
r

where Qgpmd represents flow of final product g.

A.4. Diesel Blending Unit

Heavier CDU fractions LD and HD are blended in the DB to improve their properties such as, pour
point. Flow rate of each CDU fraction p to DB equals the sum of flow rates of its respective diesel
blended products (d0 and d10). These blended products are called as iprod, and modelled using

equation (A18).

= Zd EP u=CDU,vp € P, (A18)

Lprod

where F, is the flow rate of intermediate product d from the DB, which is produced by

blending feed p (LD, HD) from the CDU.
The final products d10 and d0, from the DB are sold to customers. Their flow rates are calculated

using equation (A19).



) .
ferod _ szgg”d,p € Py, vd (A19)

where Q (];pmd represents flow rate of final product d from DB.

A.5. Quality Specifications

Octane numbers of light CDU fractions GO and HN and pour points of CDU heavy fractions LD

and HD are calculated using property correlations from the literature:

Pr,, = a0, + al,(MW, — z,) + a2,(MW, — z,)",Vj, ¥ p € (B, U Py)  (A20)

Minimum octane number specifications for gasoline blended product g90 and g93 are given by:

fprod iprod iprod iprod iprod
RON, Q"™ < Py, BN + Pry B + Py i F P + Py R0, (A21)

j=ON,p =GO,p’ = HN, f = Fgas,vg,r
where RONy is the research octane number of gasoline blended products g90 and g93.

A.6. Demand Requirement

Market demand of final products s (g90, g93, d0, d10, FHO, C24) is written as:

[prod < pmax, vs (A22)
where DJ** is the maximum demand of final product s.

A.7. Variable Bounds

FCC conversion level is bounded by equation (A23).

conv'® < conv < conv'? (A23)
A.8. Objective Function

The objective function for refinery profit is defined as:



Profit = Price of valuable products — crude oil cost — additive raw materials cost
— opertional cost of units

Profit = %, QIP /P = % r Ly Cor — T, FB°4 €, — Xy Ly Gy, 0’ = CDU, Vg (A24)
where C_{ Prod s the price of sellable products, C., is the cost of crude oil, C, is the cost of
additive raw materials, C,,is the operating cost of process unit u.

Reformulation of Nonlinear Equations

Total 21 bilinear terms are identified in the NLP model equations. All the equations containing
bilinear terms are first reformulated to apply LP/MILP relaxations on each bilinear term.

Equation (A3) is reformulated as equation (A25).

Qup = RL1,,u = CDU,Vp (A25)

where RL1,, replaces every occurrence of bilinear term L, W, (when u=CDU).

Equation (A6) is reformulated as equation (A26).

Qrccs = RL2;,Vf (A26)

where RL2; replaces every occurrence of bilinear term Ly, Yz (when u=FCC)

Equation (A8) is reformulated as equation (A27).

Yy = a0f + alf(conv — Zf) + aZf(RLB — 2conv - zf + Zfz),Vf (A27)
where RL3 replaces every occurrence of bilinear term conv?.

Equation (A20) is reformulated as equation (A28).

Prj, = a0, + al,(MW, — z,) + a2,(RL4, — 2z,MW, + z,%),j = ON,Vp € B, (A28)
where RL4,, replaces every occurrence of bilinear term M sz (when p € F)).

Also,



Pri, = a0, + al,(MW, — z,) + a2, (RL5, — 2z,MW,, + z,?),j = PP,Vp € P; (A29)

where RL5,, replaces every occurrence of bilinear term M sz(when p € Py).

Equation (A21) is reformulated as follows:

d i .
RONgngpro < RL6 +PT)',rFrer0d + RL7 +P7)’,fF;ngOd'

g =890, f = Fgas,j = ON,r = MTBE

where
od
RL6 = Pr;,F,y °%,j = ON,p = GO, g = g90
iprod . ,
RL7 = Prj,p'FI;?;O JJ = ON'p = HN'g = g90
Also,
RON,Q/P™°?* < RL8 + Pr, . E®™% 4+ RL9 + Pr; (FP"°%
g~g - jrirg iftr.g
g =g93, f = Fgas,j = ON,r = MTBE
where

RL8 = Prj ,E;7™°%,j = ON,p = GO, g = g93

RLY = Pry,F)"?% j = ON,p’ = HN, g = g93

A.9. mc Relaxation

(A30)

(A31)

The mc relaxations for all the reformulated equations are as follows. Here LO and UP refer to

lower and upper bounds of the variables. The resulting relaxed model gives rise to a LP.

RL1, > L,°*W, + L, W, %" — L, ""w,U"

(A32)

(A33)



UpP LO Uup LO
RL1, < L,%*W, + LW, — L,"Pw,

LO Uup LO UpP
RL1, < L,*°w, + L, W, " — L,"°w;,

u = CDU,Vp

RL2 > LuLoyf n Lunyo _ LuLonyo
RL2, > LuUPYf n LuYfUP _ LuUPYfUP
RL2 < LuUPYf n Lunyo _ LuUPYfLO
RL2, < LuLOYf n LunyP _ LuLOYfUP
u = FCC,Vf
LO

LO LO

RL3 = conv© - conv + conv - conv® — conv© - conv

RL3 > convV? - conv + conv - convY? — convV? - convVP
RL3 < convV? - conv + conv - conv™® — convV? - conv©

RL3 < conv® - conv + conv - convY? — conv'© - convYP

LO LO LO LO
RL4, = MWEC - MW, + MW, - MW, — MW, - MW,
RL4, = MWYP - MW, + MW, - MW,"F — MW, "% - MW, P

UP . ) LO _ UP | LO
RL4, < MWYP - MW, + MW, - MW,"° — MW,"" - MW,

LO . . UP _ LO | UP
RL4, < MW} - MW, + MW, - MW,"" — MW,"° - MW,

Vp €F,

RL5, = MW} - MW, + MW, - MW,"® — MW,"° - MW;,"©
UP UP UpP UP
RL5, = MWYP - MW, + MW, - MW,"" — MW,"" - MW,
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(A34)

(A35)

(A36)
(A37)
(A38)

(A39)

(A40)
(A41)
(A42)

(A43)

(A44)
(A45)
(A46)

(A47)

(A48)

(A49)



UpP LO UpP LO
RL5, < MW,YP - MW, + MW, - MW, — MW, "F - Mw,

LO , ) UP _ LO . UP
RLS5, < MWLO - MW, + MW, - MW,"F — MW,"° - MW,

vaPd

iprod,LO ) LO piprod _ piprod,LO LO
RL6 > Fp,g Prj, + Prj‘p Fp,g E, g Prj,p

iprod,UP . UP ppiprod __ piprod,UP UP
RL6 > Fp,g Prj, + Prj‘p Fp,g Fp,g Prj,p

iprod,UP ,__ LO yiprod _ riprod,UP LO
RL6 = F, 4 Prip + Priy g Fog Prip

iprod,LOp . UP riprod _ piprod,LO UP
RL6 = F, 4 Prjp + Py Fpg Fog Prip

p = GO,j =ON,g =g90

iprod,LO LO iprod iprod,LO LO
> ; . — ,
RL7 2 F P 0Py + P E 00 — F T 0P

[ d,up UP iprod iprod,UP _UP
= pipro ] ! _ _
RL7 2 F " "7 Pry o o+ Pry o F S — F 7 OCT Pros

iprod,UP LO iprod iprod,UP ,_LO
< . ; - .
RL7 S 7 T Pr o + Pryg B PS — BV ST Py

iprod,LO UP iprod iprod,LO ,_UP
< . ] - .
RL7 < F 5 Prj 4 Pry i F S — F 0P

p’ = HN,j = ON,g = g90

iprod,LO p_, LO piprod _ piprod,LO p_LO
RL8 = K, 4 Prjp + Prj g g Prip

iprod,UP _. UP priprod _ piprod,UP _ UP
RL8 =2 K, 4 Prjp + Prip Fpg oy Prjp

iprod,UP p_. LO piprod _ piprod,UP 10
RI8 < E,4 Prjp + Prjp pg Fog Prjp

iprod,LO p_, UP piprod _ piprodLO p_UP
RL8 < E,4 Prjp + Prjp Fpg Fpg Prjp

p =GO,j =ON,g =g93

(AS50)

(AS1)

(AS52)
(AS53)
(AS54)

(AS5)

(AS56)
(AS7)
(AS8)

(A59)

(A60)
(A61)
(A62)

(A63)



RL9 > Flprod LOP o+ PT‘LOFlpmd Flprod LOP LO
jp' " p'g p'.g

da,Up UP iprod iprod,UP UP
> lpro
RL9 F Pr; +Pr]p Fp g Fp g Pr]p

RL9 < FLprodUPP o _I_PrLoFlprod FLprodUPP LO
jip' " p'g p'.g

RLO < Flprod LOPT‘ o _I_PrUPFlprod FLprodLOP UP
jip' g p'.g Tip!

p' =GO,j = ON,g = g93

A.10. bm Relaxation

(AG4)
(A65)
(AG6)

(A67)

The bm relaxations for all the reformulated equations are as follows. Here M1, M2,...M9 are

the big-M parameters, A1, A2,... A9 are the binary variables that are equal to one when the relaxed

variable is activated in the subdomain n, and k1, k2,...k9 are the grid points of segments n for the

relaxed variable. The resulting relaxed model gives rise to an MILP.

Yndly, =1,p
Wy = W0 + (k1,1 — W,"0)A1,,, VY, p
Wy S W, = (W, — Kl )ALy, V1, p
RL1, = W,L,"° + k1,1 ,(Ly, — L") = M1,(1 - A1,,)
RL1, = W,L,,"" + k1, (L, — L,"") = M1, (1 — A1,,,)
RL1, < WoL,," + k1, ,(Ly — L,"F) + M1, (1 — A1,,,)
RL1, < W,L,"° + k1, (L, — L,*°) + M1,(1 — 11,,,)

u=CDU,Vn,p

Zn AZn,f = 1,Vf
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(A68)
(A69)
(A70)
(A71)
(A72)
(A73)

(A74)

(A75)



Yy > Y0+ (k2,-yf — ¥0)A2, 4, v, f
Y < ¥ = (G0 = K20, p)A20 5, V1 f
RL2; > YiL, " + k2, #(Ly — L") = M2p(1 = 22, f)
RL2; > Y;L,"F + k2, p(Ly — L") = M2,(1 — 22, f)
RL2; < YLy, "F + K2y p(Ly — Ly, "F) + M2,(1 — 22,,f)
RL2f < YLy, + k2, #(Ly — Ly,"0) + M2,(1 — A2, 5)

u = FCC,Vn, f

2nA3, =1
conv = conv'® + (k3,,_; — conv'©)A3,,vn
conv < convY? — (convY? —k3,)43,,Vn
RL3 > conv - conv'® + k3,,_; (conv — conv®) — M3(1 — 13,),Vn
RL3 = conv - convV? + k3,,(conv — convY?) — M3(1 — 13,),Vn
RL3 < conv - convV? + k3,,_; (conv — convY?) + M3(1 — 13,)),Vn

RL3 < conv - conv'© + k3,,(conv — conv®) + M3(1 — 13,),Vn

YnAn, =1,¥p €P,
MW, > MW,"° + (kdp_1, — MW,"0)A4,,,,,Vn,p € B,
MW, < MW,"" — (MW,"" —k4,,)A4,,,Vn,p € P,
RL4, = MW, - MW,"° + k4, _; ,(MW, — MW,"®) = M4, (1 — A4,,,)
RL4, = MW, - MW,"" + k4, ,(MW, — MW,"") — M4, (1 — 24,,,,)
RL4, < MW, - MW,"F + k4, _; ,(MW, — MW,"") + M4, (1 — 24,,,))

RL4, < MW, - MW,"° + k4, ,(MW, — MW,"°) + M4, (1 — 24,,,,)
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(A76)
(A77)
(A78)
(A79)
(A80)

(A81)

(A82)
(A83)
(A84)
(A85)
(A86)
(A87)

(A88)

(A89)
(A90)
(A91)
(A92)
(A93)
(A94)

(A95)



vn,p € F,

YnASnp, =1, Vp EPy
MW, > MW,"® + (k5,_1, — MW,"®)A5,,,vn
MW, < MW" — (MW,"" — k5, ,)A5,,, Vn
RL5, = MW, - MW, + k5, _, ,(MW, — MW,'?) — M5,(1 — 25,,,)
RL5, = MW, - MW,"" + k4, ,(MW, — MW,"") — M5,(1 — 15,,,)
RL5, < MW, - MW,"F + k4, _, (MW, — MW, ") + M5,(1 — 15,,,,)
RL5, < MW, - MW,"° + k5, ,(MW, — MW,"°) + M5,(1 — 5,,,)

Vn,p € P,

YAy =1,p = GO
P1jp 2 P1jp"° + (K6p_1 — P1j,"0)2655,p = GO, j = ON,Vn
Prip < Pri,°F — (Prj,"F — k6,,,)26,,,,p = GO,j = ON,Vn
RL6 = Prj , E;7°40 + k6,4, (Pry, — Py ,"0) — M6, (1 — 26,,,)
RL6 = Prj , E7°YYF 1 k6, , (Pry, — Prip"F) — M6, (1 — 26,,,)
RL6 < Prj , E;0 Y 1+ k6, ,(Pri, — Py, F) + M6, (1 — 16,,,)

RL6 < P , E2°VY0 k6, ,(PT — Prjp™C) + M6,(1 — 26,,,,)

p = GO,j =ON,g =g90,vn

Sn ATy =1,p' = HN

LO LO r_ P
Pry = Prj 00 + (K7,_y 0 — PTj "0 )A7, 0" = HN,j = ON,Vn
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(A96)
(A97)
(A98)
(A99)

(A100)

(A101)

(A102)

(A103)
(A104)
(A105)
(A106)
(A107)
(A108)

(A109)

(A110)

(A111)



Prj, < Prj " — (Prj " —K7,,/)A7,,,p" = HN,j = ON,vn
RL7 2 Pry B0 4 K7,y i (Prypr = Prypy™®) = M7, (1 = 47,,,)
iprod,UP UP
RL7 2 Prjpy F 7% 4 K7 (P — Prjpy ) = M7 (1= 27,,,1)

RL7 < PryyrF 000 7, (P = Prypyr %) + M7, (1= 27,,,1)

RL7 < Pry B0 4 K7, 0 (Pry = Pryyr ™) + M7, (1= 27,,0)

p’ =HN,j = ON,g =g90,vn

Y A8y = 1,p = GO
Prip = P10 + (k8,_1, — P1j,"°)A8,,,p = GO,j = ON, Vn
Prip, < Pri ¢ — (Prj,"F —k8,,)18,,,p = GO,j = ON,vn
RL8 = Pr;, prlpgmd O 1 k8, _ 1p(Prip — P13,"%) —M8,(1—28,,)
RL8 = Prj , E;7°YYP 1 k8, (Pry,, — Pri,"F) — M8, (1 - 28,,,)

RL8 < Prj , E;7°4YP 1 k8, ,(Pry, — Py, F) + M8, (1 — 18,,,)

RL8 < Pr , E77°4Y0 k8, ,(Pry, — Prjp™C) + M8, (1 — 18,,,,)

p =GO,j =ON,g =g93,vn

YnA9, =1,p" = HN
Prj = Prj 0 + (k9,1 — Prj"°)29,,.,p" = HN,j = ON,vn
Prj,r < Prj i "" — (Pr; °Y —k9,,/)A9,,7,p" = HN,j = ON,vn
RLY = Pry P70 4 K9,y i (Prypr = Prypy™®) = M9, (1 = 29,,.,1)

RLY = PryyrF 7T %9, o(Pr = P ") = M9, (1= 29,,,)
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(A112)

(A113)
(A114)
(A115)

(A116)

(A117)
(A118)
(A119)
(A120)
(Al121)
(A122)

(A123)

(A124)
(A125)
(A126)

(A127)

(A128)



RLY < Prj F P 419,y (Prypy = Prjpr"T) + MOy (1-29,,,0)  (A129)
RLY < Pry P00 4 k9, (Pry = Pry ) + MOy (1= 29,,0)  (A130)
pl = HN,] = ON’g = g93'v'n

A.11. nf5 Relaxation

The nf5 relaxations for all the reformulated equations are as follows. Here 01, 02,... 89 are the
binary variables that are equal to one when the relaxed variable is activated in the nth subdomain,
ql, q2,...q9 are the partition lengths for the relaxed variable, defined as g, = [(n/N)" —
((n—=1)/N)’](xU? — x0), and the continuous variables comprising dU, € [0,1], dQ,, €
[0,yYP -y, n=1,2,..,N, and dV, €[0,y’? —y"O,n=12,..,N—1. The resulting

relaxed model gives rise to an MILP.

W, = Wy© + ¥, q1,,dUL,,, Vp (A131)
dUl,, = 01,, Yn<N,p (A132)
dUl,, <01,_1, Vn>1p (A133)
RL1, = W,L,,"® + W,"°L,, — L,"°W,"° + ¥, q1,,,dQ1,,, (A134)
u = CDU,Vvp
dQl,, = (L,"F - L,"°)du1,, + L, — L,”%, n=1,u = CDU,vp (A135)
dQl,, = dV1,, Vn<N,p (A136)

dQl,, = (L,"" - L,"°)(au1,, — 01, 1) +dV1, ,, u=CDU,vn>1,p (Al137)
1np < (Ly — L,"°), n=1,u = CDU,vp (A138)
dQ1l,, < (L,"F — L,*°)(dU1,, — 01,,) + dV1,,, u=CDU,Yn< N,p (A139)

dQly, < dV1, 1, YR >1,p (A140)

14



dan,p < (LuUP - LuLO)dUln,p, n = N,u = CDU, Vp

Y =Y+ ¥,q2,5dU2,;, Vf
dU2, 5 =02, Yn<N,f
dU2,; <02, 45 Vn>1f
RL2; = Y;L," + LY/ — L,"°V"° + ¥, 42, ,dQ2,, ; ,u = CDU, Vf
dQ2,; = (L,"F — L,"°)dU2,  + L, — L,"F, n=1,u = CDU,Vf

szTl,f > dVZn,f,Vn < N,f

(A141)

(A142)
(A143)
(A144)
(A145)
(A146)

(A147)

dQ2, s > (L, — L,"°)(dU2, s — 02,_15) + dV2,_ 15, u=CDU,¥n > 1,f (A148)

dQ2y, s < (L, — L,*®), n=1,u = CDU, vf
dQ2y s < (L"F = L,*0)(dU2,f — 02, ) + dV2,f, u = CDU, VR < N, f
dQ2,r <dV2, 15 Yn>1,f

dQZn,f < (LuUP - LuLO)dUZn,f, n = N,u = CDU, Vf

conv = conv'® + ¥, ¢3,dU3,
dU3, > 03,, Vn <N
dU3, <03, ., Vn>1

RL3 = conv - conv*® + conv - conv'® — conv'© - conv'© + ¥, ¢3,,dQ3,
dQ3,, > (conv’? — conv®)dU3,, + conv — conv’?, n =1
dQ3, = dV3,,vn < N
dQ3,, = (conv’? — conv%)(dU3,, — 03,,_,) + dV3,_;, Vn > 1
dQ3, < (conv — conv*®), n=1

dQ3,, < (convV? — conv'®)(dU3, — 03,) + dV3,, Vn< N
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(A149)

(A150)

(A151)

(A152)

(A153)
(A154)
(A155)
(A156)
(A157)
(A158)
(A159)
(A160)

(A161)



dQ3, <dV3,_,, Vn>1

dQ3,, < (convV? — conv'®)du3,, n =N

MW, = MW,"° + ¥, g4, ,dU4,,,Vp € P,
dU4,, = 04y, Vn<N,p€EF
AU4np <0441y Vn>1p€EF
RL4, = MW, - MW, + MW, - MW,"® — MW,"® - MWLO + 3, q4,, ,dQ4,,
Vp € F
dQ4n, = (MW" — MW,")dU4, , + MW, — MW,"F, n=1,vp € P,
dQ4,, = dV4,,,Vn < N,p € F,
dQ4n, = (MW,"F — MW,0)(dU4,, — 04,_1,) + dV4p_1,, YN > 1,p € P,
dQ4,, < (MW, — MW,"®), n=1,vp € P,
dQ4n, < (MW,F — MW,'0)(dU4,, — 04,,) + dV4,,, Yn < N,p € P,
dQ4n, < dVa,_1, VN >1,pEF

dQ4n, < (MW" — MW,"©)dU4, ,, n=N,Vp € P,

MW, = MW,"° + ¥, 45,,,dUS5,,,Vp € P,
dUS,, = 05,,, Yn<N,p € P,
dU5,, < 605,41, YN >1,p€ Py
RL5, = MW, - MW,"° + MW, - MW, — MW,'C - MWLO + ¥, 45, ,dQ5,,,
Vp € P,
dQ5,, = (MW,"F — MW,')dUs,,, + MW, — MW,"%, n=1,vp € P,

dQ5,, = dV5,,,vn < N,p € P
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(A162)

(A163)

(A164)
(A165)
(A166)

(A167)

(A168)

(A169)
(A170)
(A171)

(A172)

(A173)

(A174)

(A175)
(A176)
(A177)

(A178)

(A179)

(A180)



dQ5,, = (MW" — MW, (dUS,, — 05, 1,) + dV5,_1,, Yn > 1,p € Py (A181)
dQ5,, < (MW, — MW,"°), n=1,vp € P, (A182)

dQ5,, < (MW" — MW, (dUS,, —085,,) + dV5,, Vn < N,p € Py (Al83)

dQ5,, < dV5,_ 1, Yn>1,p € Py (A184)

dQ5,, < (MW,"" — MW,'°)dU5,,,, n=N,vp € P, (A185)
Prip = Prj,"° + %, 46,,dU6,,, j = ON,p = GO (A186)
dU6,, = 06,, p=GO,Yn<N (A187)

dU6,, < 06,1, p=GO,vn>1 (A188)

RL6 = Prj,F,0/°V0 4 piorodpy, L0 _ pipredlOpyl 1 5 46,,dQ6,, (A189)

p = GO,g = g90,j = ON

6rp > (Flprod UP lprod LO)dU6np F;'Zrod _ Fpi,z;rod,UP (A190)
n=1p=G0,g =g90

dQ6,, = dV6,,, p=GO,Yn <N (A191)

6np = (FETWUP — EPOALON(qU6, , — 86,_1,) + dV6,_1 (A192)
p=G0,g=g90,vyn>1

6np < (B274 — EETOM0) 0 =1,p = GO, g = g90 (A193)

dQ6,, < (EE°WUP — EPretio) (qus, , — 66,,) + dVe,, (A194)
p=G0,g =g90,yn< N

dQ6y,, < dV6,_1,, p=GO,vn>1 (A195)

6np < (BETOMUP — EPTO4LOque, o, n=N,p = GO, g = g90 (A196)

17



Prj, = Prj,p,LO + 3047 dU7, . j=ON,p’ = HN

dU7,, = 07,0, p' =HN VR <N

np’

dU7,, < 07, 1,0, P’ =HN,Vn > 1

RL7 = Pryy BV 040 4 B 04pry 0 — F OO Pl 4 3 4730 AQ 7

p.g9

p’ = HN,g = g90,j = ON

i d,Up iprod,LO lpTOd iprod,UP
dQ7. 1 > (F”””’ —F )dU7 Frot — F
Q7np 2 \Fyr g p'.9 't p'.9

n=1,p" =HN,g =g90

dQ7,, = dV7,,, p' =GO, Yn < N

dQ7 = (FETOMP — FTO0) (qU7,, 0 = 07,y ) + AV T,y

p' =HN,g =g90,vn > 1

dQ7,, < (FFT0¢ — FR40) = 1,p" = HN, g = g90

dQ7,, < (FF0WF — FRTOMO) (QU7,, 0 = 07,,0) + AV,

p' =HN,g =g90,vn < N

dQ7n,p’ = dV7n_1,p’, p' =HN,vn >1

, n=N,p’ =HN,g =g90

dQ7np < (Fz?’o;od,UP _ F¥ iprod, LO) dU7np '

r'.g

Prip = P1i,"° + %,q8,,dU8,,, j = ON,p = GO

aus, , = 68 p=GO,Vn<N

np np’

dU8,, < 08,_1,, p=GO,vn>1

RL8 = Pr Flprod ,LO + Flprodp

d,LO
Tiplp,g j.p _Flpro PLO+an8nde8np

p =GO,g =g93,j = ON

dQ8np > (Flprod ,UP Flprod Lo)dUSnp + Flprod Fpif)gr()d'UP

18
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(A208)
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n=1p=0G0,g=g93

d@8,, = dV8,,, p =G0,vn <N

8, = (Flprod UP Lprod LO)(dUSnp e8n—1,p) +dV8,_,,
p=G0,g =g93,vn>1
8, < (Flprod lprod LO) n=1p=0G0,g = g93
8, < (Flprod UP _ lprod LO)(dUSnp 98n,p) +dV8,,

p=G0O,g =g93,vyn< N

dQ8,, <dV8,_1,, p=GO,vn>1

np < (Flprod JUP lprod LO)dUBnp, — N,p — GO,g — 893

Pr; o

;= Prj,p’LO + ZTL qgn’p,dU(}n’p,, ] = ON’pI = HN
dU9,, = 89,, p' =HN,vn <N
dU9n,p’ < egn_l,p’; p' =HN,vn>1

_ iprod,LO iprod
RLY = Pryy F) 0 + B4 Pry 0

p’ =HN,g = g93,j = ON
iprod,UP _ piprod,LO Lprod iprod,UP
dQ9,,, = (FI" FTo0) qug,, i + FP7o4 — F™

n=1,p" =HN,g =g93

dQ9,, = dV9,,, p' = GO,¥Yn <N

dQ9, = (FEToP — FrottO) (qy9,, v — 09, ) +dV9,_y

p.g9

p' =HN,g =g93,vn > 1

dQ9,,, < (FFTo¢ — FF7040) = 1,p" = HN, g = 93

dQ9,,,r < (FFTO4UP — FTO4L0) (qU9,, v — 89,,,) + AV,

19

- F‘W”d OPr + 2109, dQ9,,

(A213)

(A214)

(A215)

(A216)

(A217)

(A218)

(A219)
(A220)

(A221)

(A222)

(A223)

(A224)

(A225)

(A226)

(A227)



p' =HN,g =g93,vn < N

Q9 < dV9,_,,s, p' = HN,vn > 1 (A228)
dQ9,,, < (FFTo4UP — FFTotL0) qug,, v, n=N,p' =HN,g =g93  (A229)

A.12. nfé6t Relaxation

The nf6t relaxations for all the reformulated equations are as follows. The variable definitions
of 0, dU,, and dQ,, are the same as that of nfS. It is smaller in size than the nfS and does not include

dV, variables. The resulting relaxed model gives rise to an MILP.

W, = Wy© + ¥, q1,,dUL,,, Vp (A230)

dU1,, = 01,, Yn<N,p (A231)

dUl,, <01, 4, Vn>1p (A232)

RL1, = W,L,,"® + W,"°L,, — L,"°W,"° + ¥, q1,,,dQ1,,, (A233)
u = CDU,Vvp

dQ1l,, = (L,"F — L,*°)dU1,, + L, — L,"F,u = CDU,vn,p (A234)

dQlyy < Ly — L,",n = 1,u = CDU (A235)

dQ1p, < dQ1ly 1y, u=CDU,vn > 1 (A236)

dQ1,, < (L,"F - L,"°)du1,,,u = CDU,vn,p (A237)

Y; = ¥° + ¥, 42, ,dU2,, s, u = FCC,Vf (A238)

dU2, 5 > 02, ;Y0 <N, f (A239)

dU2,; <02, 15,¥Vn>1f (A240)

RL2f = Y;L,*® + Y;"0Ly, — L,"°V;"° + ¥,92,, dQ2,,,,, u = FCC,Vf  (A241)

20



dQ2,, > (L,"F = L,*°)dU2, s + L, — L,"%,u = FCC,vn, f
LO _ _
dQ2py < Ly, — L,",n = 1,u = FCC
dQ2py < dQ2,_1,, u=FCCVn >1

dQ2,, < (L,"F = L,*°)dU2, ;,u = FCC,Vn, f

conv = conv'® + ¥, ¢3,dU3,
dU3, > 63,, Yn<N

dU3, < 03,_,, Vn>1

RL3 = conv - conv*® + conv - conv'® — conv'© - conv'® + ¥, ¢3,,dQ3,

dQ3, = (conv’? — conv'®)dU3,, + conv — conv'?, vn
dQ3, < conv — conv*O,n =1
dQ3, < dQ3,_,, ¥n > 1

dQ3, < (convV? — conv'®)dU3,, vn

MW, = MW,"° + ¥, g4, ,dU4,,,Vp € P,

np’

AU4,p = 04,y V< N,pEF

AU4,, < 04,1, Vn>1,p€EFE

_ LO LO LO
RL4, = MW, - MW,'° + MW, - MW, — MW,'C - MW + 3, g4, ,dQ4,,

Vp €F,
dQ4n, = (MW,"F — MW, "0)au4, , + MW, — MW,"%, vn,p € P,
dQ4,, < MW, — MW,'%,n = 1,vp € P,
dQ4n, < dQ4y_1p,Vn>1,pEF

dQ4n, < (MW,F — MW,©)dU4, ,, vn,p € P,

n,p’
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MW, = MW,'° + ¥, 45, ,dUS,,,,Vp € P,
dUS5,, = 05,,, Yn<N,p € P,

dU5,, <05, 15 VYn>1,p€EP,

RL5, = MW, - MW, + MW, - MW,"® — MW,'© - MWLO + 3, 5, ,dQ5,,,

Vp € P,
dQ5,, = (MW,"F — MW,"©)aus,, , + MW, — MW,"%, vn,p € P,
dQ5,, < MW, — MW,'%,n = 1,vp € P,
dQ5,p < dQ5,_1,,Vn>1,pEP,

dQ5,, < (MW,"F — MW,'°)dUs5,,,, vn,p € P,

Prip = Prj,"° + %,46,,dU6,,, j = ON,p = GO
dU6,, = 06,,, p=G0,vn<N
dU6b,, < 06,1, p=GO,Vn>1

RL6 = Prj,F,o/°%0 4 pprodpy, L0 _ pprodlOprl0 4 51 g6, ,dQ6,,

p = GO, g = g90,j = ON

(Flprod JUP Lprod Lo)dU6n » + Flprod Fiprod,UP

np = p.g

p = GO,g = g90,vn

dQ6,, < F2°Y — BP0 1 = 1,p = GO, g = g90

dQ6y,, < dQ6,_1,,p =GO,g =g90,vn > 1

np < (Flprod JUP lprod LO)dU6np,p — GO,g — g90,Vn

Pr;

i j=ON,p’ =HN

;= PT'j,pILO +Xa q7n,p’dU7n,p’ )

Au7, , =07, ,, p' =HN,vn < N
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(A266)
(A267)
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(A270)
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(A273)

(A274)
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(A276)
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AU7,, <67, 1, P’ =HN,Vn >1

np =

RL7 = Pry P 0M0 4 F0pr, 0 — B0 Pl 4 3 473, AQ 7

J.P p.9

p’ = HN,g =g90,j = ON
iprod,UP _ niprod,LO , lprod iprod,UP
AQ7npr 2 (Fp’,g Forg )dU7 tEy gy —Fyg
p' = HN,g =g90,vn
dQ7n,p’ < Fpiz,);od . Fiz,)rod,LO'n — Lp/ — HN,g — 890

p’g

dQ7,, <dQ7,_1,,p" =HN,g =g90,vn > 1

dQ7,, < (FF0F — FPT040) qu7,, ,p' = HN, g = g90,Vn

Prip = Prj,"° + ¥,,48,,dU8,,,, j = ON,p = GO
dU8,, > 08,,, p=GO,vn<N
du8,, <08,_1, p=GO,vn>1

iprod,LO lpT‘Od iprod,LO LO
RL8 = Prj,F} + FPPr )0 — E)F Prld + 3,48,,dQ8,,,

p =GO,g = g93,j = ON

iprod,UP _ Lprod LO lpT'Od iprod,UP
> (E,H )dU8,, + B4 — EF

np =
p =GO,g =g93,vn
dQ8,, < B — EPO40 n = 1,p = GO, g = g93

dQ8,, < dQ8,_1,,p=G0,g =g93,vn>1

np < (Flprod JUP lprod LO)dU8np,p = GO, g = g93 vn

Pr;

it = Prjp"® + ¥0q9,,7dU9, 7, j = ON,p’ = HN

au9, ,» =09, ,, p' =HN,vn < N
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dU9, 0 <69,_,,,, p' =HN,vn>1

np —

RLO = P ,FlprodLO_I_FlprodP ) ,LO FlprodLOP LO +an9n

J.P p.9

p' = HN,g =g93,j = ON

i da,up a,Lo d i d,UpP
dQ9y, = (FFTO4UP — FFTOtLO) qug,, o 4 F704 — F7T04Y

p.g9

p' = HN,g =g93,vn
105, < FIP4 — B9800 = 7 = 1N, g = g93

dQ9,, <dQ9,_,,,p' =HN,g =g93,vn>1

dQ9,,, < (FH0WF — FFT040) qug,, i,p' = HN, g = g93,vn

A.13. de Relaxation

(A296)

(A297)

(A298)

(A299)

(A300)

(A301)

The de relaxations for all the reformulated equations are as follows. This formulation is based

on eigen vector decomposition. It constructs the bounding over and underestimators on each

portioned segment in the & and 1 directions and utilizes SOS Type 2 variables A% and A",

respectively to activate feasible solution domains of the relaxed variable.

RL1, = 1$ — w1}, Vp
g1, = (L, +W,)/2, u=CDU,Vp
1, = (W~ L)/2, w=CDU,vp
w1y > 281, &1, — 12, j=1,..,M5Vp

wls < ¥, 812,115,

np’ Vp

flp = Zn flnp/llrflp' Vp
YaAls, =1, Vp

wlg =>2n1,,ml, —nl2,, j=1,..,M",Vp

24
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wl] < ¥pnli A1, vp

N, = Yanlnpdly,, Vp

Yo A1), =1, ¥p

RL2; = w2} — w2}, Vf
€2y = (L, +Y)/2, u=FCCVf
n2s = (Y —L,)/2, u=FCCVf
w2t > 282,82, — 822, j=1,.., M5,V
w2} < ¥, 822,028, Vf
§27 = B0 820002, ;) VS
Sad2s =1, Vf
w2] 2 22, m2; —n22;, j=1,.,M"Vf
w2 < ¥un2i A2 o, Vf

lef = Znnzn,f/lzz_f; Vf

YnA2) =1, Vf

RL3 = w3% — w3"
¢€3 = (conv + conv) /2
n3 = (conv — conv) /2
w3t >283,63-¢832, j=1,..,M*

w3t < X, €32235, Vf

£3 = ¥, 63,43},
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Tad3n =1
w3" = 213,13 —ﬁ, j=1,..,M"
w3" < ¥, 13323
N3 = Y3043,

YaA3] =1

RL4, = w4}, — w4], Vp € P,
&4, = (MW, + MW,)/2, Vp€E P,

My, = (MW, — MW,)/2, VpER,

w4 > 284, ¢4, — 42, j=1,.., M5 Vp EP,

w4 < 3, 643,045, Vp EP,

E4p = Y EdnpAds,, Vp € P,

YaAds, =1, Vp€EP,

w4 = 204, 4, — 142, j=1,..,M",Vp € PR,

w4y < Yo n4h A4y, VP ER

774p =Xn 774n,p/14z,p' Vp € Rg

Y /142_10 =1, VpeEFR

RL5, = wa, - a)SZ, Vp € P,
&5, = (MW, + MW,)/2, VpE€E P,

n5, = (MW, — MW,)/2, Vpe€P,

w58 > 285, 65, —§52,, j=1,..,M5,Vp € P,
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w55 < 3,653,155, Vp € Py
£5, = %,85,pA55,, Vp € Py

YaA5e, =1, Vp € P,

wSZ > 215, ,m5, —N55,, j=1,..,M",Vp € P,
w5 < ¥nn5% A5 ,, Vp € Py
77519 = Zn nsn,pﬂsz,p' Vp € Py

YaA5, =1, VpeEP,

RL6, = w6}, — w6, p =GO
g6, = (P, + F2°%) /2, p=GO,j=ON, g = g90

n6, = (Pr;, — E;5°Y)/2, p=GO,j=0N,g =g90

w65 > 286, ,§6, — 62, j=1,..,M,p =GO
w65 < 3, 663,265, p =GO
£6p = ZnEbnpl6yy,, P =GO
Ya165, =1, p=GO
w6 = 2106, ,n6, —167,, j=1,..,M",p =GO,j =ON,g =g90

1P’

w6) < Y163 ,A67 ., p =GO

np’
N6y = X Nbppd6n,, p =GO

Y60, =1, p=GO

_ & n r_
RL7pr = a)7p, a)7p,, p = HN
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_ iprod 1 __ P —
§7, = (Prjp + FJ°%)/2, p' =HN,j = ON,g = g90
_ iprod r_ R —
N7y = (Prj — F7)/2, p'=HN,j = ON,g = g90
W78 2 287, &7y —§72,,, j=1,..,M5p' = HN
75, < ¥, 72 27 "= HN
W7y S 28T AT s P
§7p = Yn&TnpATs 1 P = HN

zn,wi'p, =1, p'=HN

“’7Z’ > 207,,M7y =073, j=1,..,M",p" =HN,j=ON,g = g90

w7z, <y, 77731,;,'/172@,. p’ = HN

N7, = an]7n,p’/17szl, p' = HN

a0’y =1, p'=HN

RL8, = w8}, — w8, p =GO
&8, = (P, + £27°%)/2, p=GO,j=ON,g = g93

n6, = (Pr;, — E;5°4)/2, p=GO,j =ON,g =g93

w8 > 288,68, —§82,, j=1,..,M,p =GO
w8 <Y, 82 18° . p=GO
p — n n,p np’
{8y = Zné8npl8y,, P =GO
Y8, =1, p=GO
w8 =218, ,n8, —18%,, j=1,..,M",p=0GO,j =0N,g =g93
w8 < ¥,18%,A8} ,, p =GO

778p =2n 778n,p/18z,p , p=GO
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Y.281,=1 p=GO

_ & _  gn r_
RL9y = w9, —w9,,, p'=HN
89, = (Pryp + F77°)/2, p' =HN,j = ON,g = 93

i d ’ i
N9y = (Prjp — F,724)/2, p’ =HN,j = ON,g = g93

%’ _—
0)9p, = 259]’7)1591,/ — £92

. & 1 _
2 j=1,..,M5p =HN

w95, < ¥n 892,295 ., p' =HN
£ = Xn &9 A9 s, P = HN
zn,19i‘p, =1, p'=HN
w97, = 2119, M9y — n92,, j=1,..,M"p' =HN,j=0N,g =g93
®9) < X195 A9 s, ' =HN

N9, = Xn ’79n.p”19z,p~ p' = HN

Y.’y =1, p'=HN

Nomenclature
Sets
CR Crude oils
U Process units {CDU, FCC}
P CDU fractions {GO, HN, LD, HD, BR}
F, Feed to GB {GO, HN}
P, Feed to DB {LD, HD}
F FCC fractions {Fgas, C24, FHO, Coke}
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= — “»© o x U 9

RON,

Indices

S
]
Parameters

max
CPu

For
aOp, alp, a2p, Z,
aOf, alf, a2f, Zf

Csfprod

Products of GB {g90, g93}

Products of DB {d0, d10}

Additive raw materials {MTBE}

Sellable products {g90, g93, d0, d10, C24, FHO}

Quality properties, octane number and pour point {ON, PP}
Set containing grid-points/number of partitions{1,2,3,...,N}

Research octane number of GB products {90,93}

Refinery process units

Material stream from CDU unit

Material stream from FCC unit

Material stream from gasoline blending unit

Material stream from diesel oil blending unit

Additive raw material stream for improving product quality
Sellable products

Property

Maximum capacity of refinery process unit u
Flow rate of crude oil

Correlation coefficients for CDU fractions p
Correlation coefficients for FCC fractions f
Price of sellable product s

Cost of additive raw materials r

Operating cost of refinery units

Cost of crude oil

Maximum demand of sellable product s

30



Pty Prjf

Property specification j of material streams r and f

Continuous Variables

Ly
Qu,p

Qrcc s

Load of process unit u

Flow rate of CDU fraction p from process unit u
Flow rate of fraction f from the FCC unit
Weight transfer ratio of CDU fraction p

Flow rate FCC final product f

Weight transfer ratio of FCC product streams f

FCC conversion level

Sum of flow rates of FCC recycle stream and FCC feed
Flow rate of recycle TGO from the FCC unit

Flow rate of FCC intermediate product stream f, which is produced by
total mixed feed stream t to FCC unit

Flow rate of intermediate product stream g (g90, g93) from GB, which is
produced by blending CDU fraction p

Flow rate of additive raw material to GB unit to improve blended products
quality

Flow rate of stream g (290, g93) from GB, which is produced by blending
additive raw material stream r

Final products flow rate (290, g93) from GB

Flow rate of intermediate product stream d from DB, which is produced
by blending CDU fraction p

Final products flow rate (d0, d10) from DB

Flow of final sellable products s

Flow rate of final product p

Mid-point weight transfer ratio of CDU fraction p

Property specification j of CDU fraction p
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Profit Total profit of the refinery

Other — Subscripts and Superscripts

iprod Intermediate product
fprod Final product
Abbreviations

CDhU Crude Distillation Unit
FCC Fluid Catalytic Cracking Unit
GB Gasoline Blending Unit
DB Diesel Oil Blending Unit
GO Gross Overhead

HN Heavy Naphtha

LD Light Distillate

HD Heavy Distillate

BR Bottom Residue
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