
 
 
 
Mathematical and Computational Applications, Vol. 10, No. 1, pp. 27-34, 2005.  
© Association for Scientific Research 
 

SPECIAL TWO PARAMETER MOTION 
 

Murat Kemal  Karacan  and Yusuf  Yaylı 
Ankara University,  Faculty of  Science  Department of Mathematics,  06100  

Tandogan,  Ankara,  TURKEY 
mkaracan@science.ankara.edu.tr  

yayli@science.ankara.edu.tr 
 
 

Abstract- In this study all  one parameter motions obtained from  two parameters 
motion on the plane, are investigated. It is shown that the pole points  which on  fixed 
and moving plane at  any position of (λ,µ ) are on a line. It is also shown that the 
velocity vector lengths of these axis are the same. Moreover, the locus of any 
Hodograph of any point, and  accelaration poles of the motion are investigated. 
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1. INTRODUCTION 
 
 A general planar motion is given by  
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If θ , a and  b are given by the functions of time parameter t,  then this motions is called 
as one parameter motion. One parameter planar motion given by (1.1) can be written in 
the form     
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or 
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where, A∈ SO(2)  and Y  and X  are the position vectors  of the same point B, 
respectively, for the fixed and moving systems, and C is the translation vector. By 
taking the derivates with respect to t in (1.3), we get  
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where  the velocities 
•

= YVa , 
••

+= CXAV f , 
•→

= XAVr  are called absolute, sliding, and 

relative velocities of the point  B, respectively. The solution of the equation 0=fV  
gives us the pole points ( )pp yxP ,=  on the moving plane. The locus of these points is 
called the moving pole curve, and correspondingly the locus of pole points on the fixed 

plane  is called the fixed pole curve. The solution of the equation 0=+
••••

CXA  gives  
acceleration pole of the motion. If θ , a and b are function of  λ and µ in one parameter 
planar motion (1.1), then this motion is called two parameters motion and it is denoted 
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by IIM . Now let us analyse  two parameters planar motion given by (1.1). The 
equations of two parameters planar motion is as follows [1]: 
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Here if  λ and µ are functions of t, then one parameter motion is obtained. Therefore this 
motion is called one parameter motion obtained from IIM  and shown by IM  [1]. Note 
that Eq.(1.5) gives Eq.(1.3) for )(),( tt µµλλ == . Let us  investigate P rotation poles 
of all one parameter IM  motion obtained from two parameters IIM  motion at a 
position of ( )µλ, .  

2. THE POLES OF THE  MOTIONS 
 
Theorem 2.1- The pole points of  IM  motions obtained from IIM  on a moving plane  
lie on a line at each ),( µλ  position. 

Proof- Since the point B is fixed on the moving plane, 0=rV  and the same point is 

also fixed on the fixed plane,  then 0=fV . From Eq.(1.5), if 0=+
••

CXA  is solved, 
then we obtain 
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Therefore the point ),( pp yxP =  of the moving plane gives the family of the lines  
0)cossin()cossin( =++−++ λµµ λλλλ bybxb pp lll  . 

Corollary 2.1- On  moving plane at the 0== µλ  position, the pole points of IM  
motions obtained from IIM  lie on the line   
    0=++ λµ bybx pp ll  .                  (2.3) 
This result is obtained by Bottema [1]. 
Theorem 2.2- The pole points of IM  motions obtained from IIM  on a fixed plane lie 
on a line for each ),( µλ . 
Proof- If the point ),( pp yxP =  is substituted for X in the equation which is  

CAXY += , then the pole of the fixed plane is obtained as follows:  
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and simplifiying 
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Therefore the point  ( )pyP ,x p=  of the fixed plane gives the lines   

   0),(2 =−−++ µλµ µλµ bbbybx pp lll   .      (2.5)                
Corollary 2.2- On the fixed plane at the position of 0== µλ , the pole points of  IM  
motions obtained from IIM  lies on the line   
     0=++ λµ bybx pp ll .     (2.6) 
Corollary 2.3- The pole lines on the fixed  and moving planes are coincide at the 
position of 0== µλ . 
Theorem 2.3- For all IM  motions obtained from IIM , if the θ  is the angle  between 

the pole ray going from the  pole P  to the point  B  and the sliding velocity  fV   then at 

a position of ( )µλ, , we have λπθ +=
2

. In addition, these vectors are perpendicular if 

λ=2kπ  (k=0,1,2,...) . 
Proof-  From Eq.(2.1)  
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is derived. If this equality is substituted into  
••

+= CXAV f ,  then  following equation is 
obtained  

  ( ))(sin)(cos,)(cos)(sin ppppf yyxxyyxxV −−−−−−−=
•

λλλλλ   .      (2.7)            
Since 
     ),( pp yyxxPB −−= ,       (2.8)                  
then 

2
sin, PBVPB f λλ

•

−= . 

In addition, we have  
θcos., ff VPBVPB = . 

From last two equations we get λθ sincos −=   and thus 

λπθ +=
2

. 

Theorem 2.4- In all IM  motions obtained from IIM  motion, the length of the sliding 

velocity vector fV  is  

PBV f

•

= λ  . 

Proof- By taking the norms of vectors PB  and fV  in Eq.(2.7) and (2.8),  we have  
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22 )()( pp yyxxPB −+−=  

and 

( ))(sin)(cos,)(cos)(sin ppppf yyxxyyxxV −−−−−−−=
•

λλλλλ
r

 

22 )()( ppf yyxxV −+−=
•

λ
. 

 and hence 

PBV f

•

= λ
. 

Theorem 2.5- The lengths of the directrix vectors of the pole lines corresponding to 
each ( )µλ,   position of all IM  motions obtained from IIM  are equal on the fixed and 
moving planes.  

Proof- If the pole P in Eq.(2.2) is written in terms of the parameter •

•

λ

µ ,  then the pole P 

given by  

 ( ) ( )λλλλ
λ

µλλ µµλλ cossin,cossinsin,cos ll +−+−−= •
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bbbbP      (2.9)                 
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gives a family of lines which passes through the point 1p  with the directrix 1v . 
Similarly, if  the  pole P  of a fixed plane in Eq.(2.4) is written  in terms of the 

parameter •

•

λ

µ ,  we obtain 
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As directrixes in Equations (2.9) and (2.10) are being  
)cossin,cossin(1 λλλλ µµ ll +−= bbv  

and 

),(2 lµbv −=  
 taking the norms, we get 
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22
21 µbvv +== l  . 

Moreover, for the translation vector  ( )),(, µλµ bC l= , since  

( )µµ µ
bCC ,l=

∂
∂

= , 

then 
22

µµ bC += l . 
Therefore, we have  

µCvv == 21 . 

Definition 2.1. When the sliding velocity vectors of a fixed point  are carried to the 
starting point, without changing the directions, then the locus of the end points of these 
vectors, which is a curve, is called hodograph. 

Now as a special case, let  1
22

=+
••

µλ   and  analyse any (x,y)  point of the locus of the 
hodographs in all IM  motion obtained from IIM , according to the position of λ and µ : 
are they ellipse, circle or hyperbol? 
 
Let  the determinant of coefficents of    
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be 
)sincos()cossin(det λµ λλλλ byxyxb −+−+−−=∆ l . 
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Corollary 2.4- In all IM  motions obtained  from IIM  motions, the locus  of the 
hodographs of any point (x,y) is independent of the selection of  µ.  
Theorem 2.6- In all IM  motions derived  from IIM motions,  the hodograph of any 
(x,y)  point is an ellipse at the  position 0=== µλλ bb [1]. 
Proof- Setting 0=== µλλ bb   in Eq.(2.12), we get 
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.      (2.13)                   
which shows an ellipse. 
Theorem 2.7- The hodograph, being on the x-axis at the position 0=== µλλ bb  of the 
symmetric two points, is a circle [1]. 
Proof- Setting )0,(0 l=B  in (2.13), we get  
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are obtained from Eq.(1.5). This orbit changes according to the each ( )µλ, . From the 
last equation  
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are obtained for the point )0,(0 l=B , from which 

2
2

2

2

1 l=+
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yy . 
The scalar velocity of the point 0B  is also given by 

l=
••

),( 21 yy   

which is a constant. Elementary analytic geometry shows us that the area of the ellipse 
obtained from (2.13) is x..lπ . This area is only dependent on  x. The area of an ellipse 
for a point on the pole line  is zero. Moreover, hodograph of this point is circle for 

)0,(0 l−=B  and 0=== µλλ bb .  
 

3. THE ACCELERATION POLES OF THE MOTIONS 
 
Now we  will investigate the locus of  the points which have zero sliding acceleration. 
We need to solve  first, the equation  

      0=+
••••

CXA  .       (3.1)  
For the acceleration of IM  motion obtained from IIM ,  from the equation  
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which are the coordinates of the acceleration poles at a position ( )µλ, . For  0== µλ , 
we have   

  )2)()((

)()()()(

)( 22

2424

2 ••••••••

•••

••⋅

•••

•••

++++

+

−

+

= µλµλµλ

λλ

λ

λλ

λµ
µλλµµµλλ bbbbbxip

l ,   (3.2) 

.)2)()((

)()(

)(

)()(

22

24

2

24

••••••••

•••

•

•••

••⋅••

++++

+

+

+

= µλµλµλ

λλ

λ

λλ

λµ
µλλµµµλλ bbbbbyip

l            (3.3)

    
Theorem 2.8- The acceleration pole  of the  IM  motions obtained from IIM  coincides with 

the pole lines of fixed and moving plane  at  position 0====
••

µλµλ   . 
Proof-  From (3.2) and (3.3), we get   
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are obtained. If ••
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µ is derived from the second equation and substituted in the first 

equation, then we get   
0=++ λµ bybx ipip ll . 
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